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1. Introduction

The theory of domains was established in order to have appropriate spaces on which one could define semantic functions
for the denotational approach to programming language semantics. A large number of people have made essential contribu-
tions in this area (see, for example, Scott [6], Gierz et al. [3-5], Abramsky and Jung [1], Mislove [10], Amadio and Curien [2],
Kou and Luo [7-9], Liu and Liang [11], etc.). The lower (upper) topology, the Scott topology and the Lawson topology are the
most basic topologies of posets, which play an important role in domain theory. In this paper, we give an example to show
that if S and T are posets, even continuous domains, the lower topology on S x T need not be the product of the lower
topologies w(S) and w(T). We investigate under what conditions the lower topology on S x T and the product of the lower
topologies w(S) and w(T) agree. We will show that if S and T are nonsingleton posets, then §2(S x T) = £2(S) x £2(T)
iff both S and T are finitely generated upper sets, i.e., S=1A and T = 1B for two finite sets AC S and B C T. A similar
problem is under which conditions the Lawson topology on S x T and the product of the Lawson topologies A(S) and A(T)
agree. We define a property K on posets: a poset L has property K if for any x € L, there exists a Scott-open set U and a
finite set F C L such that x e U C 1F. We show that if S and T are nontrivial posets with o (S) or o (T) continuous, then
A(S xT)= A(S) x A(T) iff S and T satisfy property K.

Firstly, we recall some notions needed in this paper. The reader can also consult [1] or [5].

A poset is a nonempty set L equipped with a partial order <. We say that L is a chain if all elements of L are comparable
under < (thatis, x <y or y <x for all elements x, y € L). An antichain is a partially ordered set in which any two different
elements are incomparable, that is, in which x <y iff x=y. A poset is said to be complete with respect to directed sets
(abbreviated: dcpo) if every directed subset has a sup. A poset in which every subset has a sup and inf will be called a
complete lattice. Let L be a poset, we say that x is way below y, denoted by x « y, iff for all directed subsets D C L for

* Corresponding author.
E-mail address: kouhui@scu.edu.cn (H. Kou).
1 Supported by NSF (No. 10871137) of China and NECT of China.

0166-8641/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2010.04.011


https://core.ac.uk/display/81970409?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:kouhui@scu.edu.cn
http://dx.doi.org/10.1016/j.topol.2010.04.011

1976 D.-J. Chen, H. Kou / Topology and its Applications 157 (2010) 1975-1979

which sup D exists, the relation y < sup D always implies the existence of d € D with x <d. A poset L is called continuous
iff for all x € L, the set {x={u € L: u < x} is directed and x = sup |, x. A continuous dcpo which is a complete lattice is
called a continuous lattice.

Definition 1.1. ([5]) Let L be a poset. An upper set U =4U C L will be called Scott open iff for each directed set D in L the
relation sup D € U implies D NU # @. The collection of all Scott open subsets of L will be called the Scott topology of L and
will be denoted by o (L). The space (L, o (L)) is written as X'(L).

The following result is quoted from [5, Theorem 1I-4.13], only replacing dcpos by posets (the proof also works, just
replacing all directed supremums by all existing ones).

Theorem 1.2. Let S be a poset. Then the following statements are equivalent:

(1) o (S) is a continuous lattice.
(2) Forevery poset T one has X (S x T) = X(S) x X(T).

Definition 1.3. ([5]) Let L be a poset. We call the topology generated by the complements L \ 1x of principal filters (as
subbasic open sets) the lower topology and denote it by w(L). The space (L, w(L)) is written as £2(L).

Dually, we call the topology generated by the complements L \ |x of principal ideals (as subbasic open sets) the upper
topology and denote it by v(L). The space (L, v (L)) is written as 7" (L).

Definition 1.4. ([5]) Let L be a poset. Then the common refinement o (L) vV w(L) of the Scott topology and the lower topology
is called the Lawson topology and is denoted by A(L). The space (L, A(L)) is written as A(L).

We order the collection of nonempty subsets of a dcpo L by G < H if 1H € 1G. We say that a family of sets is directed
if given Fq, Fy in the family, there exists F in the family such that Fq, F <F, i.e, F C 1F; N 1F,. We say that G is way
below H and write G <« H if for every directed set D C L, supD € 1H implies d € 1G for some d € D. We write G < x for
G < {x}.

Definition 1.5. ([5]) A dcpo L is called guasicontinuous if for each x € L the family fin(x) = {F € L: |F| <w, F K< x} is
filtered and tx =({1F: F € fin(x)}. Set 4F ={xeL: |F|<w, F <x}.

Proposition 1.6. ([5]) A dcpo L is quasicontinuous if and only if for all x € L and U € o (L), x € U implies that there exist V € o (L)
and a finite set F C L such thatxe V € 1F C U.

2. The lower topology

Lemma III-1.3 of [5] states that if S and T are posets, then w(S x T) is the product topology of £2(S) and §2(T). This is
incorrect in the generality in which it is stated, as following simple example shows.

Example 2.1. If N is the set of natural numbers, which forms an antichain, that is, m <n iff m =n for all element m,n € N,
then 2(N x N) # 2(N) x 2(N).

Let U =N\1t(n+1) x N\t(m+1). Then (n,m) e N\{n+ 1} x N\{m+ 1} =U € o(N) x w(N) and (N x N)\U is infinite.
For any finite set F C (N x N)\{(n,m)}, V = (N x N)\1F = (N x N)\F € (N x N) with x € V. Clearly, one sees that V ,(Z U
because (N x N)\V =F is finite. Hence, £2(N x N) # 2(N) x £2(N).

In the following, we will show that if S and T are nonsingleton posets, then £2(S x T) = £2(S) x £2(T) iff both S and T
are finitely generated upper sets, i.e.,, S=1F and T = 4G for two finite sets FC S and G C T.

We recall some facts from elementary topology. Let X be a set and let A be a nonempty collection of subsets of X.
There exists a unique smallest (also called coarsest) topology on X such that every A € A is a closed subspace with respect
to this topology. We call A a subbasis of closed sets for a given topology if the topology is the smallest one for which each
A € A is closed. If A is a subbasis of closed sets, then the collection of all closed sets can be generated in a complementary
fashion to the way the open sets are generated from a subbasis of open sets. One first forms all nonempty finite unions of
members of A; we denote this enlarged family of finite unions by A". Then we take intersections of all families F € .AY
(with X =) ¥). The closed sets of the topology for which .4 is the subbasis of closed sets consists of all such intersections,
together with the empty set, if necessary.

If we apply the ideas of the preceding paragraph to the lower topology of a poset S, we have that the sets {1x: x € S}
form a subbasis of closed sets for the lower topology. The finite unions have the form 1 F for F a finite subset of S. Thus any
nonempty proper subset C of S that is closed in the lower topology must be an intersection of some collection of subsets
that are upper sets of finite sets. In particular, a nonempty proper subset C is closed in the lower topology if and only if
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C=(){tF: 0<|F| <00, CStFCS}.

We note two elementary facts about subbases of closed sets.

Remark 2.2. (i) Suppose that f: X — Y is a function between topological spaces. If A is a subbasis of closed sets for Y and
if f~1(A) is closed in X for each A € A, then f is continuous.

(ii) If A4 is a subbasis of closed sets for X and .4y is a subbasis of closed sets for Y, then {A xY: Ae A1} U{X x C:
C € Ay} is a subbasis of closed sets for the product topology on X x Y.

Lemma 2.3. For posets S, T, the lower topology of S x T is contained in the product of the lower topologies on S and T respectively.

Proof. Consider the identity map from S x T with the product of the lower topologies to S x T equipped with the lower
topology. The inverse image of the subbasic closed set 1 (s, t) is equal to 1s x 1t, which is closed in product topology of the
lower topologies on S and T respectively. The identity function is continuous by the comment before the lemma, and the
assertion of the lemma follows. O

Proposition 2.4. For nonsingleton posets S, T, the lower topology of S x T is equal to the product of the lower topologies on S and T
respectively if and only if there exist finite subsets F C S and G C T such that S =1F and T = 1G.

Proof. Suppose that there exist finite subsets F € S and G € T such that S =1F and T = 4G. One inclusion of topologies
holds by Lemma 2.3. By Remark 2.2 we need to show that the sets S x 1b and fta x T are closed in the lower topology of
Sx T.But S x tb =J{1(a,b): a € F}, a finite union which is closed in the lower topology. Similarly ta x T is closed in
the lower topology.

Conversely assume the two topologies are the same. Let y, z be distinct elements of T; without loss of generality we
may assume z £ y. Then 1z is a proper nonempty subset of T, and thus S x 1z is a proper closed subset of S x T with
the product topology, which is the lower topology. As we noted earlier there must be some finite set F C S x T such that
S x 1z C 4F. Then it follows that S = 475(F), where s is a projection into the S-coordinate. In a similar way, T = 1G for
some finite subset G of T. O

By the definition of upper topology, we have the following conclusions.

Corollary 2.5. Let S and T be nonsingleton posets. Then T (S x T) =7 (S) x Y (T) iff both S and T are finitely generated lower sets,
ie,S=|Aand T = | B for two finite sets AC Sand BC T.

Corollary 2.6 is a revised and corrected version of Lemma IlI-1.3 of [5].

Corollary 2.6. If L is a semilattice which is a finitely generated upper set, then §2(L) is a topological semilattice, that is, the meet
operation

x> xay:(Lol)x (L ol) - (L ol))

is continuous.

3. The Lawson topology

In this section, we will study under which conditions the Lawson topology on S x T and the product of the Lawson
topologies A(S) and A(T) agree. Clearly, if a poset is antichain, the result is trivial as follows:

Proposition 3.1. Let L be an antichain, that is, for any y, y* € L, we have y < y* iff y* = y. Then A(S x L) = A(S) x A(L) for any
poset S.

Proof. Since £2(S x L) C £2(S) x 2(L) by Lemma 2.3 and X(S x L) = ¥ (S) x X (T) by Theorem 1.2, we have A(S x L) C
A(S) x A(L). Since L is an antichain, all singleton subsets of L are Scott open. Given U € ¢ (S) and a finite subset F of S,
we have (U\1F) x{y} = (U x {y}) \ (F x {y}) for all y € L. Hence, A(S) x A(L) S A(SxL). O

Definition 3.2. A poset is called nontrivial if it is not an antichain.
Proposition 11I-2.6 of [5] states that if S and T are posets such that o (T) is continuous, then A(S x T) = A(S) x A(T).

In the following, we will show that the condition that o (T) is continuous lattice is not sufficient to make A(S x T) =
A(S) x A(T). To make Proposition IlI-2.6 of [5] holding, we must introduce the following property.
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Definition 3.3. A poset L is said to satisfy property K if for any x € L, there exist a Scott open set U € o (L) and a finite
F € L such that xe U C 1F.

Clearly, if a poset is quasicontinuous domain or generated by a finite set, then L has property K.
Lemma 3.4. Let S and T be posets such that o (S) or o (T) is continuous. If S and T satisfy property K, then A(S) x A(T) = A(S x T).

Proof. Since o (S) or o(T) is continuous and w(S x T) C w(S) x w(T), it suffices to show that A(S) x A(T) C A(S x T). Pick
U\NTF x V\1G € A(S) x A(T) with F #0 or G # @ (otherwise, U\ 1F x V\1G=U x V € A(S x T)). For any (xo, ¥o) €
U\ 1F x V \ 1G, since both S and T satisfy property K, there exist Uy x Vg € 0(S) x o(T), a finite subset Fo C S and a
finite subset Go € T such that

(%0, o) € Up x Vo S (1Fo) x (1Go).
Set U*=UNUpy, V¥*=V NVyand E = (Fyp x G) U (F x Gg). We claim that

(x0, ¥0) € (U* x V¥) \ 1E CU\FF x V\1G.

Note that since (xo, yo) € U* x V*, xo ¢ 1F and yo ¢ 1G, then we have (xp, yo) € (U* x V*)\ 1E. For any (x,y) € (U* x
V*)\ 1E, since U*=UNUg and V* =V NV, we have that (x,y) e U x V and (x, y) € (1Fp) x (1Gp). Note that since E =
(Fo x G)U(F x Gp) and (x, y) ¢ 1E, then x € 1 Fg implies y ¢ 1G and y € 1Go implies x ¢ 1F. Hence, (x, y) € U\1F x V\1G,
e, (U* x V¥)\ 1E CU\1TF x V\1G. It follows that A(S) x A(T) CA(SxT). O

Lemma 3.5. Let S and T be nontrivial posets such that o (S) or o (T) is continuous. If A(S) x A(T) = A(S x T), then S and T satisfy
property K.

Proof. Without loss of generality, we assume S does not satisfy property K. Then there exists x € S such that for any
U € 0(S) with x € U and for any finite subsets in S, we have U ¢ 1F. Because T is nontrivial, there exist y, y* € T with
y < y*. Hence, (x,y) € S x (T\1y*) € A(S) x A(T). Since A(S) x A(T) = A(S x T), there exist U € 6(S), V € o(T) and a
finite set H C S x T such that

(x,y) € (U x V)\tHC S x (T\1y).

Note that since y* € V, it follows that H is not empty and (z, y*) € 1H for all ze U. Let Hy = {s: (s,t) € H}, then xe U C
1+Hy. This is a contradiction. Hence, S and T have property K. O

From Lemmas 3.4 and 3.5, we have

Theorem 3.6. Let S and T be nontrivial posets such that o (S) or o (T) is continuous. Then A(S x T) = A(S) x A(T) iff Sand T
satisfy property K.

Corollary 3.7. Let S and T be quasicontinuous (resp. continuous) dcpos. Then A(S) x A(T) = A(S x T).
Proof. This follows directly from Proposition 1.6 and the above theorem. O

In the end, we give an example to show that there exists a poset which doesn’t satisfy property K. So Proposition III-2.6
of [5] should be modified as Theorem 3.6.

Example 3.8. Let N ={1,2,3,...,n,...} be the set of natural numbers. Set N; =N x {i} for all i € N. Let S ={T}UJ;cy Ni.
Define an order on S as follows: (1) x<< T forall xe S; (2) (n,i) < (m, j) iff n<m and i =j for all n,m, i, j€ N. Then S is
a dcpo and for any nonempty Scott open set U € 6 (S), U N N; # @ for all i € N. It means that S doesn’t satisfy property K.
Therefore, A(S) x A(T) # A(S x T) for any nontrivial poset T with o (T) continuous.
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