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1. Introduction

Let G = (V, E) be a graph or digraph without multiple edges, with vertex set V(G) and edge set E(G). It is well known
that the cycle rank of a graph G is the minimum number of edges that must be removed in order to eliminate all of the cycles
in the graph. That is, if G has v vertices, ¢ edges, and w connected components, then the minimum number of edges whose
deletion from G leaves an acyclic graph equals the cycle rank (or Betti number) p(G) = ¢ — v + w.

A corresponding problem is the removal of vertices. A subset F C V(G) is called a feedback vertex set if the subgraph
G — F is acyclic, that is, if G — F is a forest. The minimum cardinality of a feedback vertex set is called the feedback number
(or decycling number proposed first by Beineke and Vandell [1]) of G. A feedback vertex set of this cardinality is called a
minimum feedback vertex set.

Determining the feedback number of a graph G is equivalent to finding the greatest order of an induced forest of G
proposed first by Erd6s, Saks and Sés [2], since the sum of the two numbers equals the order of G. A review of recent results
and open problems on the decycling number is provided by Bau and Beineke [3].

Apart from its graph-theoretical interest, the minimum feedback vertex set problem has important applications to
several fields; for example, in operating systems to resource allocation mechanisms that prevent deadlocks [4], in artificial
intelligence to the constraint satisfaction problem and Bayesian inference, in synchronous distributed systems to the study
of monopolies and in optical networks to converters’ placement problem (see [5,6]).

The minimum feedback set problem is known to be NP-hard for general graphs [7] and the best known approximation
algorithm is one with an approximation ratio two [8]. Determining the feedback number is quite difficult even for some
elementary graphs. However, the problem has been studied for some special graphs and digraphs, such as hypercubes,
meshes, toroids, butterflies, cube-connected cycles, directed split-stars (see [5,6,8-16]).
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B(2,3)

Fig. 1. de Bruijn digraphs B(2, 1), B(2, 2) and B(2, 3).

The de Bruijn digraph B(d, n) has the words of length n > 1 over an alphabet of size d > 1 as vertices and there is a
directed edge from x1x; - - - X, to Y1y, - - - yn if and only if y; = x;.¢ foreachi = 1, 2, ..., n — 1. The Kautz digraph K(d, n),
d > 2, is defined as the subdigraph of B(d + 1, n) induced by the words with different consecutive symbols.

As a topological architecture of interconnection networks, the de Bruijn digraph and the Kautz digraph have many
attractive features superior to the hypercube, such as it is regular, Eulerian, Hamiltonian, and has small diameter, optimal
connectivity, simple recursive structure, simple routing algorithm, contains some other useful topologies as its subgraphs
(see, for example, Section 3.3 in [17]) and, thus, been thought of as a good candidate for the next generation of parallel
system architectures, after the hypercube network [18].

Kralovi¢ and Rizicka [19] proved that the feedback number of the de Bruijn undirected graph UB(2, n), obtained from
B(2, n) by deleting the orientation of all edges and omitting multiple edges and loops, is (2"7’21. Recently, Xu et al. [20] have
determined the exact values of the feedback number of the Kautz digraph K (d, n) for 1 < n < 7 and the asymptotical values
forn > 8.

In this paper, we consider the feedback number of the de Bruijn digraph B(d, n). Use f(d, n) to denote the feedback
number of B(d, n). By refining and developing the method in [20], we can show the result as follows. For any integers d > 2
andn > 2

1 L
- Zd%p (7) for2 <n < 4;
famy ="
— +0(nd™*) forn=>5,
n

where i | n means i divides n, and ¢(i) is the Euler totient function, that is, ¢(1) = 1and ¢ (i) =i - ]_[;:1 (1 — %) fori > 2,

where p1, ..., p; are the distinct prime factors of i, not equal to 1.
The proof of the result is in Section 3. In Section 2, we give the definition of the de Bruijn digraph B(d, n), construct a
feedback vertex set of B(d, n) and gives several lemmas.

2. Feedback vertex sets

In this section, our main aim is to construct two important sets @(d, n) and F(d, n) in B(d, n), respectively, where the
former is a set of some cycles in B(d, n) and the latter is a feedback vertex set of B(d, n) for n > 2, and then to show that the
feedback number f (d, n) of B(d, n) satisfies f (d, n) = |®(d, n)|for2 <n <4and |®(d, n)| < f(d,n) < |F(d,n)|forn > 5.
The main idea and methods is essentially due to Xu et al. [20].

Definition 2.1. The de Bruijn digraph B(d, n) (d > 2, n > 1) is defined as follows. The vertex set of B(d, n) is
Vid,n) ={xxy---xp:x%€{1,2,...,d}, 1 <i<nj}.
There are d arcs from one vertex X = x1x; - - - X, to d other vertices Y = x,x3 - - - X,&, where « € {1, 2, ..., d}.

The digraphs showed in Fig. 1 are B(2, 1), B(2, 2) and B(2, 3), respectively.
It is clear that the de Bruijn digraph B(d, n) is d-regular and has order d". Moreover, B(d, n) has d cycles of length one, i.e.
self-loops, each one of them is at the vertex iii...ii foreachi = 1,2, ...,d. Let

n
, e i
Vid,n)={iii...iie V(d,n):i=1,2,...,d}.

n
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It is clear that V'(d, n) is included in any feedback vertex set of B(d, n) since any vertex in V’(d, n) is incident with a self-
loop. Since B(d, 1) is a flowered complete digraph Kj obtained from a complete digraph K; by appending a self-loop at each
vertex, there are no non-trivial feedback vertex sets in K;“ . Thus, we assume n > 2 below.

Definition 2.2. Define a mapping ¢, : V(d, n) — V(d, n) subject to
Gn(X) = XoX3 -+ - XpXq1, for X = x1x2%3---x, € V(d, n).
It is clear that ¢, is a bijective mapping. For any X = x1x,x3 - - - x, € V(d, n), ¢, (X) = X, there exists a smallest positive
integer t, denoted by ind (X), such that ¢ (X) = X, which means that t divides j for any positive integerj such that X)) = X.
Moreover, [X]y, = X, $p(X), ..., (/),ﬁ“(X),X) is a directed cycle in B(d, n) for any X € V(d, n) and is equivalent to

(LX), X)), ., AT X)L X, L dN(X), ¢1(X)) for any integer i with 1 < i < t — 1, where t = ind (X). For short,
we will replace [X]y, by [X] in the following discussion. Let

&(d,n) = {[X]:X e V({d,n)}. (2.1)

Theorem 2.1. Let F be a minimum feedback vertex setin B(d, n), d > 2 and n > 2. Then

Fl = [od,m)| = [d n‘d%d,

the equality |F| = |®@(d, n)| holds if and only if |F N [X]| = 1. Moreover, |®(d, n)| > (gl +d+ %d(d — 1) if niseven.
Proof. Let F be a minimum feedback vertex set in B(d, n). Then F must contain at least one vertex of every cycle in @ (d, n)
and, hence, |F| > |®(d, n)|.Itis clear that |[F| = | ®(d,n)| & |[FN[X]| = 1.

It is clear that [X] = [Y] or [X] N [Y] = @ for any two cycles [X] and [Y] in & (d, n). Since B(d, n) is (d — 1) strongly
connected, each vertex of B(d, n) must lie on a cycle. These two facts mean that the vertex sets of cycles in @(d, n) is a
partition of V(d, n). Since d cycles in @ (d, n) have length one, which contain d vertices, and otherwise have length at most
n |®(d, n)| > {uw +d.

Note thatifniseven,letX = ijij - - - ijijwithi # j, then[X] € &(d, n) and ¢,§ (X) = X, thatis, the length of [X] is two. There
are %d(d— 1) such cycle [X]'s, which contain d(d — 1) vertices ford > 2and n > 2.Thus, |®(d, n)| > {g-‘ +d+ %d(d— 1).

The theorem follows. O

The lower bound of f(d, n) given in Theorem 2.1 is best possible in view of B(2, 3). For example, see Fig. 1, f(2,3) > 4
and F = {000, 111, 100, 101} is a feedback vertex set in B(2, 3).
For any integers d and n withd > 2 andn > 1, let

Qin={XX2- - xp€V(d,m:1<m=<n+d"},
where d" = [V(d, n)|. For any X = x1Xp - - - Xy € Q2q.p, let X (i) = x1%3---x;, 1 < i < m, where m is called the length of X,
denoted by ¢(X), i.e., £(X) = mand £(X(i)) = i. We also write X (i) € X ifi < mand X(i) C X ifi < m.ForX = x1x3 - - - Xm,
Y =y1y2 -+ Ve € 240, We Write

m 4
X>Y &Yy xd+ )" > yid+ 1
i=1 i=1
Clearly, Y < X ifY C X.

Theorem 2.2. For any fixed integer d > 2, let F4 be a subset of $24 , satisfying the following conditions:

(@) FN[X] # Dforany X € 2q.p;
(b) X (i) € Fyforany X € Fy and any X (i) C X.

Then F; NV (d, n) is a feedback set of B(d, n) forany n > 2.

Proof. Let F = F; N V(d, n) for convenience and suppose to the contrary that B(d, n) — F still contains a directed cycle C
of lengthj (1 <j <d"):

C=(X1Xy "X, X2X3 =+ Xni 1, « -+ Xnpjm1X1 - - Xn—1, X1X2 =+ - Xp).

Then F N C = # and there is a sequence X = X1X3 - - - XnXp41 * * - Xnj—1 € $24,n With length £ = n 4 j — 1 and also we can
express

C=XMm), X)), ..., 4, X)(n), X(n)).

By the condition (a) there exists an integer k such that Y = ¢2‘(X) € FgN [X]and Y(n) € C. By the condition (b),
Y (n) € Fgy, of course, Y(n) € V(d, n),and so Y(n) € F.Thus F N C # @, a contradiction, and so F; N V(d, n) is a feedback
setof B(d,n). O
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For any integers d and n withd > 2and n > 2, let
Ry, ={X1X2Xm € Qap:M>2,X > X2, X1 = X,3<i<m}.
LetX = Xx1X; - - - Xm € §2),,, p = X1 and let p’ denote the sequence pp . .. p. Then we can write X as
’ N —
t
X =pXip?Xop®---p"X; or X = pXip?Xp"® - pUX;pTH, (22)

where X; is a non-empty sub-sequence of X between p and p'i+! and each digit in X; is less thanp, 1 < t; < n — 2 and
2<i<r+1.

For example, let X = 72177721772 € 9?,11- then p = 7 and X can be expressed as 7X;73X,7%X3, where X; = X, = 21
and X; = 2. [X] N 2} ; = {X, $°(X), ¢° O}

Definition 2.3. For any integers d and n withd > 2 and n > 2, define
F(d,n) =F;NV(d,n), (2.3)

where Fy C §2; , U V'(d, n) such that each X € F; satisfies one of the following forms:

(1) X =p";
(2) X = pXip2X,p® - - - p" Xy, 00 X = pXqp2X;p" - - pUX; piril, 1 > 1;

r r
(3) X = pXip2Xip® - - - p™1X; pX,, r > 3and X, C Xy

r—1

(4) X = pXip2Xop® - - - p" Xy, or X = pX1p2Xop® - - - pUXopTHr = 2, X > X0, Xy = X i=3,..., 1.

For example, {71217121, 71271271, 71271712} C F;,in which the vertices satisfy the forms (2), (3) and (4), respectively.
But 71271272 ¢ F; because 71271272 = 7X17X17X; and X, # X;(1), which does not satisfy any form in Definition 2.3.

Theorem 2.3. The set F(d, n) defined in (2.3) is a feedback set of B(d, n) for n > 2.

Proof. We only need to prove that F; defined in Definition 2.3 satisfies both the conditions (a) and (b) in Theorem 2.2.
(a) We need to check that Fy N [Y] # @ forany Y € 24, LetY = Xx;x;...x, be any element in 24,. If x; =

X, = --- = Xun = D, then Y satisfies the form (1) in Definition 2.3, and so Y € F; clearly. Otherwise, there exists an
integer k such that x, = max{x; : 1 < i < m} with x,.1 < Xy, where the subscript k + 1 is taken modulo m. Let
X = ¢,’§1‘1(Y) = XpXkt1---XmX1X2...Xk—1, then [X] = [Y] and X € Qé,n. We only need to prove F; N [X] # ¢ for any
X € 2,

Let X € Qé,n- Then X can be expressed as one of two forms in (2.2). Without loss of generality, we only consider
the former since the latter does not satisfy the form (3) in Definition 2.3 and the proof is similar and simpler. Let X =
pXap2Xop®s - - P X1 = 1.

Ifr = 1, then X = pX; and satisfies the form (2). Thus, X € Fg, and so Fg N [X] # 0.

Ifr = 2, then X = pXip2X,.If X; = X, then X satisfies the form (2); if X; > X, then X satisfies the form (4). In the two
cases, X € Fi. If X; < X, thenX’' = qbf}fx‘)ﬂz (X) = pX,pX1p"2~! satisfies the form (4). Thus, X’ € F; and F; N [X] # @.

Assume r > 3 below. If X; = X; = - - - = X,, then X satisfies the form (2) and [X] € F;. Otherwise there exists an integer
jsuchthatX; > Xj;;and X; > X;, 1 <i# j+ 1 < r, where the subscript j + 1 is taken modulo r, then

X' = ¢f(X) = pXip™' X;11p2 - - - p" X, pXip'2 - - P X;_qpli!

satisfies the form (4), where k = £(pX;p? - - - p-1X;_;p%~"), and X' € Fy, that s, F N [X] # @.
(b) We now check that Fy satisfies the condition (b) in Theorem 2.2, that is, X (i) € F; for any X € F; and any X (i) C X.
Let X be any element in Fy. If X € V'(d, m), then X (i) € F; for any X (i) C X, clearly. Assume X € §2, below. Then X can be

expressed as one of the forms in (2.2), say, X = pXip2Xop® - - - pX., r > 1. Thus, X (i) C X is of one of the following forms:
X(i) = pXip2Xop® - - - p“X; or
X(i) = pXap?Xop® - - - pXp™'  or
X(i) = pXip2Xop"® - - - p“X;

S

where s < r, X! C X;. We only need to check that X(i) = pX;p2Xyp" - - - pX! (the other cases are similar and simpler)
satisfies the condition (b) in Theorem 2.2.

For s = 1 or 2, X(i) satisfies the form (2) or (4) in Definition 2.3, respectively, and so X (i) € F; obviously. Assume s > 3
below.

If X; = X5 and X only is of either the form (2) or the form (3) in Definition 2.3, we have X; = X; = --- = X;_1 = X;
and X C X; = X;. Then X (i) is of the form (3). Otherwise X; # X, and X only is of the form (4). We have X; > X3, X; > X;,
3 <j<s—1andX; > X, > X. Then X (i) is of the form (4), which also implies X (i) € F;.

The proof of the theorem is complete. O
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Theorem 2.4. For 2 < n < 4, the set F(d, n) defined in (2.3) is a minimum feedback vertex set of B(d, n) and |F(d, n)| =
| @(d, n)|.
Proof. We only need to prove that |F(d, n) N [X]| = 1 for any vertex X € V(d, n) by Theorems 2.1 and 2.3.

Let Y = x1X,...x, be any element in V(d, n).If x; = x, = --- = x, = p, then Y satisfies the form (1) in Definition 2.3,
andsoY € Fyand |F(d, n) N [X]| = 1 clearly. Otherwise, there exists an integer k such that x, = max{x; : 1 < i < n} with
Xk+1 < Xi, where the subscript k + 1 is taken modulo n. Let X = d)"*l(Y) = XpXi+1 - - - XnX1X2 . . . Xg—1, then [X] = [Y] and
X e .Qd .- We only need to prove Fy N [X] # @ forany X € .Qd LNV, n.

Let X € .Qé . NV(d,n). Then X can be expressed as one of two forms in (2.2). Assume, without loss of generality,
X = pXip2Xyp™ ---p"X, € V(d,n) (the case X = pX;p2Xpp" - --pX,p+1 is similar). The proof depends on the form
of Fy4, as defined in Definition 2.3, that X satisfied.

If X satisfies the form (2), then it is easy to verify that F(d, n) N [X] = {X} whenr = 1. Assume r > 2 below. Then
X = px,px; since n < 4. Clearly, F(d, n) N [X] = {X}.

If X satisfies the form (3), then X; = X, and X3 = X; (i), where i = £(X3) < £(X;).Thus,n > 3+2({+ 1) +i > 8, which
contradicts our hypothesis n < 4.

If X satisfies the form (4), then n > 4, that is, X = px;px4. Thus, F(d, n) N [X] C {px2pX4, pPX4pX2}. Since xy > X4, PX4PX>
does not satisfy the form (4), and so |F(d, n) N [X]| = 1.

The proof of the theorem is complete. O

3. Bounds of feedback number

In the preceding section, we construct two important sets @ (d, n) and F(d, n) defined in (2.1) and (2.3), respectively. By
Theorems 2.1-2.4, we have that

f(d,n) = |®(d,n)| for2<n<4

{dnn_d—‘ +d=<|®(d,n| <f(dn) <I|Fdn)]| forn=>5. (3.1)

In this section, we determine the value of | @(d, n)| and establish an upper bound of |F(d, n)| for n > 5. The value of
| @(d, n)| is expressed in terms of the well-known Euler totient function ¢(i), that is,

1 ifi=1;
N r 1
p() = i-H(l——) if i > 2,
j=1 bi
where p1, ..., p, are the distinct prime factors of i, not equal to 1.

Lemma 3.1. Let d > 2 be a fixed integer. Then for any integer n > 2,
1 .o/n . Lo
|®d,n)| = - E do (7> , Where i | n means i divides n.
n4 i
iln

Proof. If we regard a self-loop in B(d, n) as a cycle of length one, then the set {[X] : X € V(d, n)} corresponds to the set of
cyclical multiple permutations of length n on the set of d elements, whose total number is (see, for example, [21] or [22])

1 :
- Z d'o (E) .
n< i
iln
It follows immediately that
@@ ml = XX e vl =~ Y dy (7).
iln

The lemma follows. O

Let

E(d,n) ={X € F(d,n) : |[F(d,n) N [X]| > 2}. (3.2)
For 2 < n < 4,itis clear from Theorem 2.4 that E(d, n) = ¢, and forn > 5

[F(d, n)| < |®(d, n)| + |E(d, n)| (33)

since F(d,n) —E(d,n) ={X € F(d,n) : |[F(d,n) N[X]| = 1} € &(d, n).
For example, in F(2, 5) we have [21212] = [21221] and {21212, 21221} C E(2, 5).
Lemma 3.2. Let d > 2 be a fixed integer. Then for any integer n > 5,

2
E(d, n)| < "—4 4 = 0(nd™™).
n J—
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Proof. Suppose X = pX;p2X;p - --p"X, or X = pX1p2Xop® - - - p"X,p+1 € E(d, n), where2 <p <dand1<r < J.

We first note that [X] N F(d, n) = {X} if X is of the form (4) in Definition 2.3 with r = 2. In fact, if X = pX;p2X, or
X = pXip2X,p" with X; > X,, then [X] N F(d, n) = {X} by the restrictive condition X; > X,.

Suppose that X is of the form (2).If r = 1ort, = t3 = --- = t, = 1, then [X] N F(d, n) = {X}, clearly. Otherwise, r > 2
and 1+t +t3+---+t > r.Then

[XINF(d, n) = {pXip2X1p"Xy - - p" X1, pXip®Xy - - - p"XapXap2 ™', ..., pXipXip2Xip®Xy - - - p"=1 Xip" '}
For a given integer p with2 < p < d, let
Ei(p,n) = {pXip2Xip®Xy - - - p" X1, pXipBX1 -+ pUXapXap2 ™, .., pXapXip2XipB Xy - pr 1 Xap" T € F(d, n) ¢
tb+ts+---+t>1,1>2}

To estimate |E1(p, n)|, letj = £(X;), X' = p“X;p®X;---p"X;and £(X') =n—1—1t;, —t3 — 3j.Because n —rj > r + 1,
1<j= | 1]. There are (p — 1) ways to choose X;, p"~"2753-¥ ways to choose X’ since any digit in X’ comes from

n—3j—

{1, 2, ..., p}, and there are at most ( e

=]

) = n — 3j — 1 ways to choose {t;, t3}. Thus, it is not difficult to get that

[Ex(d,m)| <r Z (p—p" e M -3 - 1)
= =)
<r Z npipnflffzft3f3j —-r Z npn717t27t372j
j=1 j=1
< nzpn 1-tp—t3— 2

Noting 1 + t; + t3 > 3, we have
|E1(d, m)| < n*p">. (34)

We now consider X that is of the form (3) or (4) in Definition 2.3. Thenr > 3.
Assume r = 3. If X is of the form (3), then X = pX;p2X;p'3X,, where X, C X;. It is easy to verify that

F(d, n) N [X] = {pXip"2X1pXa, pX1p™XopXip2 ™'},

where the first element is of the form (3) and the second is of the form (4). If X is of the form (4), then X = pX;p2X,p%X3
or X = pX;p2X,pB3X3p™, where X; > X, and X; > Xs. It is also easy to verify that if X; # X3 or X; = X3 but t; = 1, then
F(d,n) N[X] = {X};ifX; = X3 and t3 > 2, then F(d, n) N [X] = {pX1p2XopB3X1, pX1p2XopX:p~'}. For a given integer p
with2 < p <d, let

Ex(p, n) = {PXap2Xop" X1, pXap2XopXap® ™' € F(d, m)}.
Let j = £(X;). Then there are at most (p — 1) ways to choose X; in E»(p, n). Let h = 1+ t, + t3 with t; > 2. Then

4 <h<n-2j— 1since £(Xy) _n—2]—h> 1,thatis, 1 <j < 52 Thereareatmost(" 4=

) ):n—Zj—Bwaysto

choose {t,, t3}, and at most (p — 1)"%~" ways to choose X;. Thus,
=
|E2(p.m <2 ) (= Dp—1D"7"(n-2-3)

=
2]
<2 ) et <,

j=1
that is,
| Ex(p, m)| < n’p"~>. (3.5)

Assume r > 4 below. It is clear that X; > X;fori = 3,4,...,r — 1.If X; > X;foreachi = 3,4,...,r — 1, then
[XINF(d, n) = {X}. Otherwise, there must exist some integer i with 3 < i < r — 1 such that X; = X;. Then

X = pXip?Xop® - - - P 1XiapliXep i Xy 1 p2 - pU X,
Thus, {X, ¢ (X)} C [X] N F(d, n), where £ = £(pX;p2Xpp's - - - pli-1X;_ypi~1).



722 X. Xu et al. / Computers and Mathematics with Applications 59 (2010) 716-723

For a given integer p with2 < p < d, let
E3(p, n) = {pXip" - - - p 1 Xi 1 pXap"™ Xy p ™2 - - pU X (p"H1) € F(d,m) 13 <i <1 —1}.

To estimate |E3(p, n)|, letj = £(X;), X' = Xop"Xsp™ - - - pi-1X;_1p"i~" and k = £(X'). Then 4 < k < n — 5 — 2j. There are
(p — 1Y ways to choose X;, p* ways to choose X’ since any digit in X’ comes from {1, 2, . .., p}, p"~*"¥~X ways to choose X;.
Thus, it is not difficult to get that

12 sz | 2558 | s
Esdnl< Y. Y - 1pfpiit< SN it
j=1 k=4 4 ica

n
<Y P —2j—8) <n’p",
=1

that is,
|Es(d, m)| < n’p"~>. (3.6)
It holds clearly that

d

E(d,n) [ JE:i(p, m) UE;(p, n) UEs(p, m)). (3.7)

p=2
Thus, by (3.4)-(3.7), we have

d
|E(d, m)| = Z(IEl(p, m| + [Ex(p, W[ + |Es(p. m)])

p=2

d d—1
< anpﬂ—S — nz Z(l + 1)1’!—5'
p=2 i=1

Noting that

n—4

d—1 d—1 d
i+ < / (x+ 1" %dx < ,
=1 0 n 4

24n

we have |E(d, n)| < % = 0(nd"*), and so the lemma follows. O

Theorem 3.1. Let d > 2 be a fixed integer. Then for any integer n > 2,

1 i o(n

EZd(p(?) for2 <n<4
CCRIES SAD

o +0md forn>5.

Proof. By (3.1), we only need to prove that
n

f(d,n) < % +0(nd"*) forn>5. (3.8)

Let k be the biggest non-trivial factor of n. Then k < ng and

oo/n
Yo do (%) =d'e(h) +0) = d" +0(@). (39)
iln
It is from Lemma 3.1 and (3.9) that
n

@, m)| < % +0(nd™). (3.10)

It follows from (3.1), (3.10) and Lemma 3.2 that
n

fld,nm) < [F(d, | <|®(d,n)| + [E(d, n)| < % +0(nd"*) forn>

\%
b

The inequality (3.8) holds and the theorem follows. O



X. Xu et al. / Computers and Mathematics with Applications 59 (2010) 716-723 723

References

[1] L.W. Beineke, R.C. Vandell, Decycling graphs, J. Graph Theory 25 (1997) 59-77.
[2] P. Erdés, M. Saks, V.T. Sés, Maximum induced trees in graphs, J. Combin. Theory Ser. B. 41 (1986) 61-79.
[3] S.Bau, LW. Beineke, The decycling number of graphs, Aust. J. Combin. 25 (2002) 285-298.
[4] 1. Niven, H.S. Zuckerman, An Introduction to the Theory of Numbers, 5th ed., John Wiley and Sons, New York, 1991.
[5] I Caragiannis, C. Kaklamanis, P. Kanellopoulos, New bounds on the size of the minimum feedback vertex set in meshes and butterflies, Inform. Process.
Lett. 83 (2002) 75-80.
[6] P. Festa, P.M. Pardalos, M.G.C. Resende, Feedback set problems, in: D.-Z. Du, P.M. Pardalos (Eds.), Handbook of Combinatorial Optimization, vol. A,
Kluwer, Dordrecht, 1999, p. 209.
[7] M.R. Garey, D.S. Johnson, Computers and Intractability, Freeman, San Francisco, CA, 1979.
[8] V.Bafna, P. Berman, T. Fujito, A 2-approximation algorithm for the undirected feedback vertex set problem, SIAM ]. Discrete Math. 12 (1999) 289-297.
[9] S.Bau, LW. Beineke, Z. Liu, G. Du, R.C. Vandell, Decycling cubes and grids, Utilitas Math. 59 (2001) 129-137.
[10] R. Bar-Yehuda, D. Geiger, ].S. Naor, R.M. Roth, Approximation algorithms for the feedback vertex set problem with applications to constraint
satisfaction and Bayesian inference, SIAM J. Comput. 27 (1998) 942-959.
[11] R. Focardi, F.L. Luccio, D. Peleg, Feedback vertex set in hypercubes, Inform. Process. Lett. 76 (2000) 1-5.
[12] Y.D. Liang, On the feedback vertex set in permutation graphs, Inform. Process. Lett. 52 (1994) 123-129.
[13] E.L. Luccio, Almost exact minimum feedback vertex set in meshes and butterflies, Inform. Process. Lett. 66 (1998) 59-64.
[14] G.W. Smith Jr., R.B. Walford, The identification of a minimal feedback vertex set of a directed graph, IEEE Trans. Circuits Syst. 22 (1975) 9-15.
[15] C.-C. Wang, E.L. Lloyd, M.L. Soffa, Feedback vertex sets and cyclically reducible graphs, J. Assoc. Comput. Mach. 32 (1985) 296-313.
[16] F.-H. Wang, C.-J. Hsu, J.-C. Tsai, Minimal feedback vertex sets in directed split-stars, Networks 45 (2005) 218-223.
[17] J.-M. Xu, Topological Structure and Analysis of Interconnection Networks, Kluwer Academic Publishers, Dordrecht, Boston, London, 2001.
[18] J.C. Bermond, C. Peyrat, De Bruijn and Kautz networks: A competitor for the hypercube? in: F. Andre, J.P. Verjus (Eds.), Hypercube and Distributed
Computers, Elsevier Science Publishers, North-Holland, 1989, pp. 278-293.
[19] R.Kralovi¢, P. Riizicka, Minimum feedback vertex sets in shuffle-based interconnection networks, Inform. Process. Lett. 86 (2003) 191-196.
[20] J.-M. Xu, Y.-Z. Wu, ]. Huang, C. Yang, Feedback numbers of Kautz digraphs, Discrete Math. 307 (2007) 1589-1599.
[21] J. Riordan, An Introduction to Combinatorial Analysis, Princeton University Press, Princeton, 1978.
[22] ].L. Ruiz, M. Mora, De Bruijn and Kautz digraphs of a rooted tree, Discrete Math. 293 (2005) 219-236.



	Feedback numbers of de Bruijn digraphs
	Introduction
	Feedback vertex sets
	Bounds of feedback number
	References


