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Abstract

In this paper we study the existence of positive solutions of a second-order integral boundary value
problems for ordinary differential equations. Our results presented here unify, generalize and substantially
improve the existing results in the literature. Moreover, it is worthwhile to point out that our method will
dispense with constructing a new Green function.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we shall study the existence of positive solutions to the nonlinear integral bound-
ary value problem

—(au) +bu= f(t,u),
cos you(0) — sin you'(0) = Hy ([ u(r) da(r)), (1
cos yru(l) + sinyu'(1) = Ha(fiy u(r) df(v)),

where a € C'([0, 1], (0, +00)) and b € C([0, 1], RT); f € C([0, 1] x RT,R%); 3 € [0, 7/2]
and y; € [0,7/2]; @ and B are nondecreasing functions on [0, 1] with lim,_, ;- a(z) > O,
lim,_, - B(#) > 0 and «(0) = B(0) = 0; fol u(t)da(r) and fol u(t)dp(r) denote Riemann—
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Stieltjes integrals of u with respect to o and B, respectively; H; and H, are nonnegative,
continuous functions defined on R*.

When H; =0 and H> =0, (1) becomes the standard Sturm-Liouville two-point boundary
value problem

—(au) +bu = f(t,u),
cos you(0) — sinypu’(0) =0, 2)
cosyru(l) +sinyu’'(1) = 0;

so (1) can be viewed as a perturbation of (2). When a(¢) =1, b(¢t) =0, Hi(x) = x = Hz(x),
y0o =y1 =0, « and B are step functions on [0, 1] (either o or 8 may be identical to 0), (1) re-
duces to a multi-point boundary value problem, which arises in many applied sciences, for
example, in theory of elastic stability (see [21,23]), and which has thus been extensively studied
(see [2,6-8,11,15-20,22,24,26] and references therein) since the pioneering papers [9,10] have
been published. Clearly our problem (1) does include the two-point, three-point and multi-point
boundary value problems as special cases. Naturally, it can be anticipated that our work here will
unify, generalize, and substantially improves many known results (for example, Ma [15], Ma and
Wang [18], Ma and Thompson [19,20]) in the literature.

To the best of our knowledge, the papers dealing with multi-point boundary value problems all
are concerned with linear boundary conditions, and so new Green functions can be constructed
to transform the multi-point value problems to equivalent integral equations. Our boundary con-
ditions in (1), however, are expressed in terms of possibly nonlinear functions of folu(r) do(t)
and fol u(t)dp(r); generally one cannot expect to construct a new Green function in such a
case. Nevertheless, our method, by making good use of the original Green function for the un-
perturbed problem (2), will dispense with constructing a new Green function, in contrast to the
known papers dealing with multi-point boundary value problems.

The main tool used in the proofs is a fixed point theorem in a cone, a result due to Krasnosel-
skii and Zabreiko [12], combined with a priori estimates.

This paper is organized as follows. Section 2 contains some preliminary results needed in
the proofs in subsequent sections. Section 3 is devoted to the superlinear case (Theorem 1) and
Section 4 the sublinear case (Theorem 2). In Section 5 we consider a problem similar to (1).

2. Preliminaries

In this section we present some preliminary results which will be used in subsequent sections.
First we have the following hypothesis:

(H1) u(r) =0 is the unique C 2 solution of the linear boundary value problem
—(au’) +bu =0,
cos you(0) — sinypu’(0) =0,
cosyiu(l) +sinyu’(1) =0.

Let k; € C2[0, 1] and k» € C2[0, 1] uniquely solve the initial value problems
—(ak})' 4 bk; =0,
k1(0) = sin yp, 3
k{ (0) = cos o,
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and
—(ak}) + bky =0,
ky(1) = sinyy, “4)
ky(1) = —cos y.
Differentiating a(t)(ki (Oky () — kg (t)ké (t)) and using (3) and (4), we find
w = a(t) (ky )k (t) — ki (1)k5(t)) = constant. (3)

Lemma 1. Let k1 and kp be given by (3) and (4), respectively. Then k1 and ky satisfy
Ki(t) >0, ki(t)>0, Vre(0,1], (6)
and

Ky(1) <0, ky(t) >0, Vrel0,1). 7)

Proof. We prove (6) only; the same argument can be applied to the proof of (7). First we suppose
o € [0, 7 /2). In this case (6) can be strengthened to

1(0)>0, ki(t)>0, Vre(0,1]. ®)
Indeed, (3), along with yy € [0, w/2), implies that there is an r € (0, 1) such that
ki(t) >0, Kkj(t)>0, Vie(0,r).
Let
* =sup{r € (0, 1): k{(t) >0, Vt € (0,r)}.
If (8) is false, then 0 < r* < 1, k| (+*) =0, k{(¢) > 0 and k1 (r) > O for all r € (0, r*). Write (3) as

(a(k; (1) = bk (),

and integrate over [ﬁ, t*] to obtain

*

t
a(t*)kj(t*) —a(%>ki<%> = /b(t)kl(t)dt,

T
which contradicts &} (t*) = 0, a(%) >0, k;(%) > 0, and f[t:/zb(t)kl(t)dt > 0. As a result of

this, (8) holds true. On the other hand, if yy = 7 /2, then we can consider the following initial
value problems:

—(ab)) + b6, =0,
6,,(0) = cos L

n’
6,(0) =sin 1,

forn =1,2,.... Now (8) holds with ky =6, (n = 1,2,...). The continuous dependence of
solutions on initial values implies that 6, (1), 6,,(t) and 6, (¢) converge uniformly to k{ (¢), k} (1)
and k(¢) on [0, 1] as n tending to oo, respectively. This leads to (6) and thereby completes the
proof. O
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(H1) implies that k1 and k> are linearly independent on [0, 1]. Consequently w # 0. Moreover,
Lemma I implies w > 0. Let

1 {kl(t)kZ(S)s 0<r<s <1,
K(t,s)=— )
w L ki(s)ka(r), 0<s<tr<1,
and
1
(Bu)(t) = / K(t,s)u(s)ds, uekE. (10)

0
Lemma 1 implies that

K(t,s)=K(s,) >0, V(t,5)€(0,1)x(0,1). (11)

Consequently B: E — E is a completely continuous, positive (i.e., B(P) C P), linear operator.
Moreover, for each g € C[0,1], u e C 2[0, 1] solves the inhomogeneous linear boundary value
problem

—(au') +bu =g(1),
cos you(0) — sinypu’(0) = 0,
cosyru(l) + sinyu’(1) =0,
if and only if u € C[0, 1] can be expressed by
1

u(t):/K(t,s)g(s)ds, (12)
0
see [3,5]. Let E = C([0, 1], R), |lul| = max;c[o,1] lu ()|, and

P={ucE: u®)>0, vt €[0,1]},

then (E, ||-]|) is a real Banach space with P being its positive cone.

Lemma 2. Suppose (H1) holds. Let K(t, s) be defined by (9). Then there results
K(,s)>h(t)K(t,s), Vt,s,7€]0,1],

where

1
ht)= . min{k; (1), k2()}, M = max{[[k1 ], llk2Il}.

Proof. We consider two cases only; the remaining cases can be treated analogously.

Casel.0<r<s<t<1 Now
1 1
K(t,s)= Ekl(l)kz(s), K(z,s)= Ekl(s)kZ(T)-

Lemma 1 implies

k1(s)
M

1 1 1
K(tr,s5) = Ekl(l)kz(s) > Ekl (Dk2(7) = Ekl (D)k2(7)

1 k
= Ekl(s)kz(f) IAE;)

> h(t)K(z,s).
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Case2.0<r<s<1,0<7t<s<1. Now

1 1
K(t,s)= Ekl (Dk2(s), K(z,s)= Ekl (Dk2(s).
Lemma 1 implies

ki(T)
M

> h()K (1, 5).

1 1
K(t,s)= Ekl ®ka(s) = Ekl(t)kZ(S)

1 ki(7)
= —k1(Dka(s)——
” 1(D)ka(s) i
This completes the proof. O

Let
~ k(1)
Y0 = s y0ka(0) — sin 7ok (0) (13
and
k
Y= 10 (14)

cos yrki (1) +siny kj (1)’
then ¢ € C2[0,1]N P and Y e C2[0,1]1N P uniquely solve
—(a¢")' +bp =0, —(ay") +by =0,
[ cos yop(0) —sinypp'(0) =1, and [ cos Yoy (0) — sinyoy'(0) =0,
cosy1p(1) +siny1¢’(1) =0 cosy ¥ (1) +siny ¢/ (1) =1,
respectively. Now it is easy to verify that for each g € C[0, 1], u € C?[0, 1] solves
—(au') +bu = g(1),
cos you(0) — sin you'(0) = Hi (fy u(v) da(z)),
cosy u(l) +sinyu’(1) = Hz(fo1 u(t) d,B(t))
if and only if
1 1 1
u(r) =_/K(l,s)g(S)dS +Hl(/u(f)da(f)><p(t)+H2</u(f)dﬁ(f)>lﬁ(l)-
0 0 0
Hence u € C2[0, 1] is a solutions of (1) if and only if u € E solves
1 1 1
u(t) = / K(t, s)f(s, u(s)) ds+ H; (/ u(t)da(t))gz)(t) + H; </ u(r)dﬁ(t))gﬁ(t).
0 0 0
Notice that u is called a positive solution of (1) if u € C2[0, 11N (P\{0}) solves (1). Define
1 1
(Au)(t) = / K(z, s)f(s, u(s)) ds + H </u(r)da(t)><p(f)

0 0
1

+Hz</u(f)dﬁ(f)>¢(t)- 15)

0
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Then A: P — P is a completely continuous operator. Now the existence of positive solutions
of (1) is clearly equivalent to that of positive fixed points of the operator A. Let A1 be the first
eigenvalue of the eigenvalue problem

—(au’) + bu = \u,
cos you(0) — sinypu’(0) = 0,
cosyru(l) + sinyju’(1) =0
and pe C 210, 1] be the associated eigenfunction with
1
/p(t)dt: 1. (16)
0
Then it follows from (H1) and the positivity of K (¢, s) that

M 0, p@t)>0, Vie(,1), (17)

= >
r(B)
and

Bp=r(B)p, (18)
where r(B) is the spectral radius of the positive operator B, defined by (10) (see [13]).
Define
1
PQ:{MGP: /p(l)u(t)dt>w||u||}, (19)
0
where p is given by (18) and w > 0 is defined by
1 1 1
w= min{ /h(r)p(r) dr, L/q)(r)p(r)a’r, L / Y(t)p(T) dr}.
J lell . vl .
It is easy to verify Py is also a cone of E.

Lemma 3. If (H1) holds, then B(P) C Py and in particular B(Py) C Pp.

Proof. Lemma 2 and (18), along with the symmetry of K (¢, s), imply that
1 1
r(B)p(t) = / K(r,t)p(r)dr > /h(r)l((t, T)pr)dr > wK(t, 1)
0 0
for all (¢, t) € [0, 1] x [0, 1]. Consequently,
1 1 1 1 1
/p(r)(Bu)(r)dr :/p(t)dr/[((t,s)u(s)ds =/u(s)ds/K(t,s)p(r)dr
0 0

0 0 0
1 1

=fr(B)p(r)u(r)dr 2/a)K(t,r)u(f)dr:a)(Bu)(t).

0 0
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Therefore,
1

fp(t)(BM)(t)dt>wllBull,
0
which completes the proof. O

Remark 1. The choice of w implies that ¢ € Py and ¥ € Py. Also, p € Py by Lemma 1 and (18).
Therefore, the completely continuous operator A, defined by (15), satisfies A(P) C Py and in
particular A(Py) C Py. Hence our work will be carried out in Py rather than in P.

The following fixed point theorem in a cone, due to Krasnoselskii and Zabreiko [12] (see
also [4]), is of crucial importance in our proofs.

Lemma 4. Let E be a real Banach space and W a cone of E. Suppose A: (BR\B,)NW — W
is a completely continuous operator with 0 <r < R, where B, = {x € E: |x|| < p} for p > 0. If
either

(1) Au % u foreachu € 9B, "W and Au # u for eachu € dBg "W, or
(2) Au# u foreachu € 3B, "W and Au £ u for eachu € dBg N'W,

then A has at least one fixed point on (Bg\B,) N W.

Lemma 5. [25] Let E be a real Banach space and W a total cone [1] of E. Suppose B: P — P is
a bounded linear operator (therefore, B can be uniquely extended to a bounded linear operator
on P — P = E, and the extended operator is denoted by B again) with r(B) < 1. If wo € E,
w € E satisfies w < wo + Bw, then w < (I — B) 'wg, where (I — B)~! is the inverse operator
of I — B.

3. The superlinear case

Note that the conditions imposed on « in introduction, along with ¢(¢) > 0 for all ¢ € (0, 1),
ensure fol ¢(7)da(t) > 0. Similarly, we have fol Y (t)dB(r) > 0. Let

1 1
ny=-————2>0, Hp=—F7""—>
Jo 9@ da(@) Jhy @ dp()
‘We first list our conditions in this section:

0.

(H2) There exist &1 > 0, & > 0, & > 0 and r > 0 such that
Hi(x) < &ix, Hy(x) <&x, Vxel0,r],
f@u) <&u, V@,u)el0,1]x[0,r],
and
r(N) <1,

where r (N) is the spectral radius of the completely continuous, linear, positive operator N,
defined by
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1

(Nu)(t)=$3/K(I,S)M(S)ds+§1<p(t)/u(f)dot(T)

0

1
+Ezlﬂ(t)/u(f)dﬂ(f)- (20)

(H3) There exist &1 € (0, 1), & € (0, w2) and r > 0 such that
Hi(x) <&ix and Ho(x) <&x, Vx€e[0,r],

and
K1K4 — K2K3 > 0,
where
1
Ky =1 —51/90(7)610!(1) >0, K2 =$2/1/f(f)da(f),
0
and

1 1
=$1/<p(f)dﬂ(f), K4=1—$2f¢(f)dﬂ(f)>0~
0

Jfau)

(H4) liminf,— 00 > A1 uniformly in ¢ € [0, 1].

(HS) limsup,_, o+ f(t “) = 0 uniformly in 7 € [0, 1].
f(f u)
Hl (X)

< A1 uniformly in 7 € [0, 1].
Hg(x) =0.

(H6) limsup,_, o+
(H7) limsup, _, o+

=0and limsup, _, g+
Theorem 1. If (H1), (H2), and (H4) hold, then (1) has at least one positive solution.

Proof. By (H4), there are a sufficiently small ¢ > 0 and C > 0 such that
ft,w)=> M +eu—C

for all (¢, u) € [0, 1] x R*. Therefore, we have
1

(Au)(®) = (M —i—e)/l((t,s)u(s)ds — C/K(t,s)ds 201
0 0

for all (¢,u) € [0, 1] x Py. Let
={u € Py: u> Au}.

We want to prove M is a bounded set in P. Indeed, if 1 € M, then from (21), we obtain

1
u(t) = (M +£)/K(t,s)ﬁ(s)ds —C/K(t,s)ds
0 0
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for all ¢ € [0, 1]. Multiply by p(?), integrate over [0, 1], and use (16) and (18) to obtain

1 1
/ﬁ(t)p(t)dt > hte /ﬁ(t)p(t)dt— .
A Al
0 0
Thus
1
/ﬁ(f)]?(f)dt < %
0

<
Ew

Recalling the definition of Py, we find that ||| <
R > sup,,¢ps llull, we have

. This proves the boundedness of M. Taking

u?Au, Yue€dBrNP,. (22)
On the other hand, (H2) implies that

1

I 1
(Au)(t)<S3/K(t,S)u(S)ds+€1<p(t)/u(f)dot(f)+€2¢(I)/u(f)dﬁ(f)
0 0 0

= (Nu)(t) (23)

for all (¢, u) € [0, 1] x (Bp N Py), where p = min{ "~ r} > 0. We claim that

#1)’ 1)’
us Au, Vu€dB,N Py. (24)
If the claim is false, there would exist u € 9B, N Py such that u < Au. Now (23) implies
u(r) < (Nu)().

Invoking Lemma 5 yields i(f) = 0, contradicting i € 9B, N Py. As a result (24) is true. Note
that (22) also holds. Now Lemma 4 implies that the operator A has at least one fixed point on
(Br\By) N Py. Equivalently, problem (1) has at least one positive solution. This completes the
proof. O

Corollary 1. If (H1), (H3)—(HS) hold, then (1) has at least one positive solution.

Proof. Let
1 1
(Nou)(t)=§1<p(t)/u(f)d0t(f)+Ezlﬁ(t)/u(f)dﬂ(f)-
0 0

Then Ny : Py — Py is a completely continuous operator. We first prove
(H3) = r(Np) <l1. (25)

The conditions, imposed on « and B in the introduction, implies r (Ng) > 0. The Krein—Rutman
theorem [13] asserts that there is 6 € Py\{0} such that

r(No)8 = Nob,
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which can be written as
1 1
r(No)o(1) =§19(1) f O(r)da(t) + &5y (@) f 0(7)dB (7). (26)
0 0

Multiply by do () and integrate over [0, 1] to obtain
1

1 1 1 1
r(No)/G(f)dOt(T)=€1ffp(f)dot(f)/Q(f)da(f)+Sz/Iﬂ(f)dot(f)/O(f)dﬁ(f)
0 0 0 0 0

1

1
= —/q)/e(t)doz(t)—i—lcz/@(r)dﬁ(r).
0 0
Also
1

1 1 1 1
V(No)/O(T)d,B(T)251/fp(f)dﬂ(f)IQ(f)dG(f)+§2/1ﬂ(f)d,3(f)/9(t)dﬂ(f)
0 0 0 0 0

1 1

=K3/9(r)da(r>+<1 —K4)/9(f)d/3(f)-
0 0

Therefore, we obtain
r(Ng) = max{l — k1, 1 — K4}
and
r?(No) = 2 — k1 — ka)r (No) + (1 — 1) (1 — k) — ka3 = 0.

Since «1k4 — k2k3 > 0, we have

2 — k1 — ka4 /(1 — k)2 + dicaics
r(No) = >
- 2 — k1 — ks ++/ (k1 — k)% + dicrica _1
5 =1.

This proves (25). Now taking &3 > O sufficiently small so that r(N) < 1, with N being defined
by (20), we see from (H3) and (HS) that there is » > 0 such that (H2) holds. Therefore, Corol-
lary 1 follows from Theorem 1. This completes the proof. O

The following result can be proved as Corollary 1.
Corollary 2. If (H1), (H4), (H6) and (H7) hold, then (1) has at least one positive solution.
4. The sublinear case

Recall
1

P @ dp

ur=—F——>0 and
Jy 9(x)da(z)
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Now we list our hypotheses in this section:

(H8) There are n; > 0, n2 > 0, n3 > 0 and C| > 0 such that

Hi(x) <mx+Ci, Hyx)<mx+C;, VxeRT,
ft,u)<mu+Cy, VY(t,u)e[0,1] xRT,

and
r(Np) <1,

where r(N1) is the spectral radius of the completely continuous, linear, positive opera-
tor Np, defined by

i 1
(Nlu)(l)=773/K(l,S)M(S)dS+n1<ﬂ(l)/u(f)d0l(f)
0 0

1
+nz¢(t)/u(f)dﬁ(f)- 27)
0

(H9) There exist n1 € (0, (1), n2 € (0, o) and C; > 0 such that
Hi(x) <mx+Ci, Hy(x)<mx+Ci, VxeRT,

and
vivg — vz > 0,
where
1 1
vp=1- m/w(r)da(r) >0, vy = nz/cﬂ(r)dﬂ(t)
0 0
and

1 1
V3=m/w(r)da(r)>0, V4=1—nz/¢(r)dﬁ(f).
0 0

(H10) liminf, .o+ %% > A, uniformly in 7 € [0, 1].

u

Sftu)
u
Sftu)

u
Hi(x)
X

(H11) limsup,_,

= 0 uniformly in 7 € [0, 1].

(H12) limsup,_, < A1 uniformly in ¢ € [0, 1].

=0and limsup, _, | o, HZT(X) =0.

(H13) limsup, .
Remark 2. (H3) and (H9) indicate how the nonlinearities H; and H» are interwoven. It is easy
to see that if Hj(x) = o1x and Hy(x) = oox with o1 > 0 and o > 0 sufficiently small, then

both (H3) and (H9) hold.

Theorem 2. If (H1), (HS), and (H10) hold, then (1) has at least one positive solution.
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Proof. By (H10), there are ¢ > 0 and r > 0 such that
ft,u) >0+, V(t,u)el0,1]x[0,r].
Thus, we have
Au> (A +€)Bu, YueB,NP,.
This implies that
Au%u, Yu € 0B, N Py. (28)

Suppose the contrary. Then there is u € d B, N Py such that Au < u, which can be written as

1
u(t) >+ 8)/K(l‘, syu(s)ds.
0

Multiply by p(¢) and integrate over [0, 1] to obtain
1 N 1
[uwpwar="EE [uwpwar

0 0

Thus fol u(t)p(t)dt = 0. This, along with u € Py, implies that u(t) = 0, contradicting u €
0B, N Py. As a consequence of this, (28) is true. On the other hand, (H8) implies

1

1 1

(Au)(t) <773/K(l,S)M(S)dS+mfﬂ(l)/u(f)da(f)+U2W(t)/u(f)dﬂ(f)+uo(l)

0 0 0
= (N1u) (1) +uo(?),

where ug € Py is defined by
1

uo() = C1 / K (1, 5)ds + Cra(Do(t) + C1 BV ().
0
Let

M ={ue Py: u< Au}.
We are in a position to prove that M is a bounded set in Py. Indeed, u € M implies
u) < (Nu)() +uo(t)
and so Lemma 5 implies
it < (I —Ny) .
This proves that M is bounded in Py. Taking R > sup,, ¢, llu ||, we have
ust Au, Yue€dIBrNP,. (29)

Now (28) and (29), along with Lemma 4, imply that A has at least one fixed point on
(Br/By) N Py. Equivalently, problem (1) has at least one positive solution. This completes the
proof. O
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The following corollaries can deduced as special cases of Theorem 2 by using the same argu-
ment for Corollary 1.

Corollary 3. If (H1), (H9)—(H11) hold, then (1) has at least one positive solution.
Corollary 4. If (H1), (H10), (H12) and (H13) hold, then (1) has at least one positive solution.

Remark 3. Liu and Li [14] studied a special case of (2) with p(r) =1 and ¢ (¢) =0, and proved
the following result: if (H4) and (H6) or (H10) and (H12) hold, then (2) has at least one positive
solution. Corollaries 2 and 4 in this paper signify that if (H7) or (H13) hold, then (1) and the
unperturbed problem (2) share the same existence results for positive solutions.

Remark 4. In [18], Ma and Wang studied the three-point boundary value problem
u +a®u +b@)u) +h)fwm) =0,
{ u0)=0, au) =u(l),
where a € C([0,1]), b€ C([0,1],R7); n € (0, 1); and h € C([0, 1], R™) not vanishing identi-
cally on [0, 1]. It is easy to see that (30) is equivalent to
{ —(exp(fy als)ds)u’) — b(t)exp( [y a(s)ds)u(t) = h(t) exp( [y a(s)ds) f ), 31)
u0)=0, au(n) =u(l),

where exp( [y a(s)ds) > 0, —b(t) exp(fy a(s)ds) > 0. Now (31) is a special case of (1) with
Hi(0)=0, H2(x) =x, po=y1=0, and

ﬁ(t)={

The main result in [18] is the following.

(30)

0, O0<t<n,
o, n<tr<l.

Theorem. If cither fy =0 and foo = 400 or fo =400 and foo =0, then (30) has at least one
positive solution, where
f (u) Sfw)

fo= lim and fso = lim .
u—0t u u——+00 U

Clearly Theorems 1 and 2 in this paper have substantially improved the result in [18]. More-
over, our results have also considerably improved the recent ones in [19,20].

5. Additional results

Consider the integral boundary value problem:
—(au") +bu= f(t,u),
cos you(0) — sinyou'(0) = [y Hi (u(x) de(), (32)
cos yiu(1) +sinyiu' (1) = [y Ha(u(x)dp(z),
where a, b, f, y0, ¥1,®, B, H; and H; are as in the introduction;
1

1
/Hl(u(r))da(r) and /Hz(u(r))dﬂ(r)
0

0
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denote the Riemann—Stieltjes integrals of Hj(u(t)) with respect to «(tr) and of H>(u(t)) with
respect to B(7), respectively. Let (H1) hold. Then it is easy to see that u € C*> N P solves (32) if
and only if u € P solves the integral equation

1

1 1
u(t)=/K(t,s)f(s,u(s))ds—i—go(t)/Hl(u(r))da(r)+1//(t)/H2(u(t))dﬂ(t),
0 0 0

where K (¢, s), ¢(t) and ¥ (¢) are defined by (9), (13) and (14), respectively. Applying the argu-
ments used for (1), we can prove the following results for (32).

Theorem 3. If (H1), (H2) and (H4) hold, then (32) has at least one positive solution.
Theorem 4. If (H1), (H8) and (H10) hold, then (32) has at least one positive solution.
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