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Abstract

By the Riesz representation theorem for the dual of C[0;1], for every continuous linear operator
F: C[0;1] — R there is a function g : [0; 1] — R of bounded variation such that

F(f) = / fdg (f€Clo;1).

The function g can be normalized such that V(g) = ||F||. In this paper we prove a computable
version of this theorem. We use the framework of TTE, the representation approach to computable
analysis, which allows to define natural computability for a variety of operators. We show that
there are a computable operator S mapping g and an upper bound of its variation to F' and a
computable operator S’ mapping F' and its norm to some appropriate g.
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1 Introduction

The Riesz representation theorem is one of the fundamental theorems in Func-
tional Analysis and General Topology.

Theorem 1.1 (Riesz representation theorem[2]) For every continuous
linear operator F : Cla,b] — R there is a function g : [a,b] — R of bounded
variation such that

F(f) = / fdg (f € Clat)

and
Vig)=F].

As usual, Cfa,b] is the set of continuous functions h : [a,b] — R on the
real interval [a, b], equipped with the norm ||h| = max,<,<p |h(z)|. Its dual
C'[a, b] is the set of continuous linear functions F' : Cla,b] — R. The norm of
F € C'[a,b] is defined by || F|| = sup{|F(h)| | h € Cla,b], ||| = 1}. [ fdg is
the Riemann-Stieltjes integral and V'(g) is the total variation of ¢ : [a, b] — R.
Let BVJa, b] be the set of functions g : [a;b] — R of bounded variation.

On the other hand, for every function g : [a,b] — R of bounded variation
the operator f + [ fdg is linear and continuous on Cfa,b]. Therefore, the
dual space of the space C’[a, b] can be identified with a space of (appropriately
normalized) functions of bounded variation on |a, b].

There are more abstract versions of the Riesz representation theorem, for
example, for complex valued continuous functions with compact support on a
locally compact Hausdorff space instead of C'[a, b] and linear positive operators
F [6]. In this article we study aspects of computability of the above simple
version which can be found e.g. in [2]. We prove a computable version of
this theorem in the framework of TTE. For given natural representations of
the spaces we prove that there are computable operators mapping F' to g and
mapping ¢ to F'. For formulating and proving we use the concepts of Type-2
Theory of Effectivity, the representation approach to Computable Analysis [9].
Some aspects of computability of functions of bounded variation have been
already studied in [5,11]

For convenience we consider only functions on the unit interval [0; 1]. The
generalization to arbitrary intervals is straightforward.

In Section 2 we estimate the rate of convergence of a sequence of finite
sums approximating the Riemann-Stieltjes integral. Section 3 contains the
construction of a function g of bounded variation from F. In Section 4 we
outline shortly some concepts of TTE and define the (multi-)representations
of the sets we will use. The last section contains the main theorems. Because
of the detailed preparations their proofs ar short.
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2 Riemann-Stieltjes Integral

In this section we consider the definition of the Riemann-Stieltjes Integral
(see for example [7]) and estimate the rate of convergence of a sequence of
finite sums converging to the integral. We will need this rate for proving
computability.

Let a,b be real numbers such that a < b. A partition of the interval [a; ]
is a sequence Z = (zg,1,...,T,) such that a = o < 27 < ... < x, = b. The
partition Z has precision k, if x; — x;_q1 < 27 for 1 < i < n. A partition
7" = (xf, 2, ..., 20) is finer than Z, if {xg, xy,..., 2, }C{xy, 2}, ..., 2, . A
selection for Z is a sequence T = (ty,...,t,) such that x; 1 <t; < x;. For a
real function ¢ : [a;b] — R define

S(g,Z) = Z lg(zi) — g(zi1)]. (1)

The variation of g is defined by
V(g) :==sup{S(g, Z)|Z is a partition of [a;b]}. (2)
A function g : [a;b] — R is of bounded variation if its variation V' (g) is finite.
In the following let f : [a; b)) — R be continuous function and let g : [a; b] —

R be a function of bounded variation. For any partition Z = (zg,x1,...,2,)
of [a; b] and any selection T for Z define

S(g, f,2,T) = Zf(tz)(g(%) —g(wi1)). (3)

Every continuous function f : [a;b] — R has a (uniform) modulus of
continuity, i.e., a function m : N — N such that |f(z) — f(y)| < 27F if
|z —y <27,

Lemma 2.1 Let f: [a;b] — R be continuous function with modulus of conti-
nuity m : N — N. Let g : [a;b] — R be a function of bounded variation. Then
there is a number I € R such that

11 —-S(g,f,Z2,T) <27"V(g)

for each partition Z of [a;b] with precision m(k + 1) and each selection T for
Z.

Proof: First, we prove that for any two partitions 7, Zs of [a; b] with precision
m(k + 1) and selections T} and T, respectively,

|S<g7f7 Zlle) - S(ga f’ ZZaTZ)’ < 2—kv(g> :
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Let Zy = (zo,21,...,x,) with selection T} = (t1,...,t,) and let Z’ be a
refinement of Z; with selection 7. Then Z' can be written as

L0 =Yg Yls o Yjy = TL =Yoo Ut Yy = T2 - = Y0yl = T
(J1y---yJn=>1) and 7" as
oty b, tht, o 10
such that y; | < t! <yl Then
|S(g7f7 ZlaTl) - (g f Z/ T/)|
IS pe 0t — aten) = 3237 6 (0t — a0t o)‘
=1 =1 =1
n i n
(310032 00t~ 3 3 Aot - n)‘
=1 = i=1 =1
= ZZ D) (9() — 9(yi )
i=1 =1
<Y fE) = FED] 9 — 9y
i=1 (=1
<277 () — 9y )| since [t — t)] < 27"
i=1 (=1
<2771V (g)

Now let Z’ be a common refinement of Z; and Zs and let 7" be a selection for
Z'. Then

|S(g>f> Zl?Tl) - S(.gv fa ZQaT2)|
S |S(g7fa ZlaTI) - S(.ga fa ZlaT/)| + ‘S(gva Z27T2) - S(ga f7 Z/7T/>|
<27*V(g)

Next, for each i € N let Z; be a partition of [a; b] with precision m(i + 1) and
a selection T;. Then for ¢ > 7,

1S(g, f,Z:,T;) — S(9, f. Z;, T;)| <277V (g).

Therefore, the sequence (S(g, f, Z;,T;)); is a Cauchy sequence converging to
some I € R. If Z is a partition with precision m(k + 1) and selection 7', then
for each i > k
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‘I_ S(g7f7Z7T>‘ S ‘I_ S(gafazzuﬂ)’ + ’S(QJfJZZ7E) - S(guf7Z7T)’
<27'V(g) +27"V(g),
hence |I — S(g, f,Z,T)| <275V (g). O

Definition 2.2 [Riemann-Stieltjes integrall

/fdg := I (the real number defined in Lemma 2.1)

3 Construction of a Function of Bounded Variation

In this section for a given continuous linear operator F' : C[0;1] — R we
construct a function ¢’ : C[0; 1] — R of variation ||F'|| such that F(h) = [ hdg
for every h € C0;1] and every extension g : [0;1] — R of ¢’ of bounded
variation.

Let F : C[0;1] — R be a linear continuous operator on the set C[0;1]
of continuous functions f : [0;1] — R. For a function h € C]0,1], and
0 < a < b <1 define the function hy, € C[0,1] as follows. The graph of hy,
is the union of the graph of & from 0 to a, the line from the point (a, h(a)) to
(a+ (b—a)/3,0), the line from this point to the point (b — (b — a)/3,0), the
line from this point to (b, h(b)) and the graph of A from b to 1 (see Figure 1).

hab

0 aé b d 1

Fig. 1. The (a,b)-cut hay of h

Lemma 3.1 Suppose h € C[0,1], € > 0 and 0 < ¢ < d < 1. Then there are
a,b € Q such that c < a <b <d and |F(h — ha)| < €.

Proof: Suppose this is false. Then there are infinitely many pairwise disjoint
intervals (a;;b;) in the interval (c;d) such that |F(h — hg,,)| > €. For each
1 < N define

h—hay,  if F(h—hay) >0
—(h — hg,p,;) otherwise.
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Since ||hap; ]l < ||Blls Rl < 2||h]|]. Choose N > QU\IFH |\h||/e.  Since

13200 hull = maxZy sl < 2llR], [FZEg ko)l < NI 20 hll < 20 F 1A
On the other hand, since F(h;) > e, |[F(XX h)| = |Sn,F(h)| =
SN F(hi) > N - > 2||F| ||h]|. Contradiction. O

The function dg;, := h—hg, has a support in [a; b] and a very small “weight”
|F'(dap)|. Tt cuts the function h into two pices h, and hy, with disjoint supports
such that F(h) and F(h, + hy) are almost the same. Such a cut is possible
eveywhere in the interval [0; 1].

Let an approximate partition be a sequence ™ = (a1, by, ..., ap,b,) (n > 1)
of rational numbers such that 0 < a; < by < ... < a, < b, < 1. Let
bp := 0 and a,; := 1. An approximate partition 7 induces an approximate

decomposition of the function 1, M(x) = 1 for 0 < z < 1, into continuous
functions fo,..., f, € C[0, 1], which are polygons defined by the vertices of
their graphs as follows (see Figure 2).

1_

boal b'1 a; bz Qi1 bz—‘,—l an bn An+1
Fig. 2. Decomposition of I by a partition (a1,b1,..., an,bn)
For1 <1 <n,
by —a;

fO : (0,1),(@1,1),(0,1—|—
bi — a; biy1 — a
fi : (070)7 (bl - ¢ 70)7 (bla 1)7 (ai+17 1)7 (ai+1 + '5‘170’4‘1’0)’ (170)7

3
fn :(0,0), (by — )s (bn, 1), (1,1).

By the next lemma the function 1 can be partitioned into finitly many
functions f; of Norm 1 with disjoint support, such that > |F(f;)| is arbitrarily
close to || F||, and, in addition, for a given interval J € L there is some i such
that (ai; bZ)QJ

); (1,0),

bn_an

Lemma 3.2 Let F : C[0;1] — R be continuous. For every ¢ > 0
and every open interval in JC[0;1] there is an approzimate partion m =
(a1,b1,. .., an,by) such that
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1FI =& <Y [Pl < IF, (4)
i=0

Vi, 1<i<n)b —a;<e¢ (5)

and  (Fi, 1 <i<n)la;b]CJ (6)

Proof: Let ¢ := ¢/(2 + |F||). Since ||[F|| = sup{F'(h)| ||h|| = 1}, there is
some h € C[0; 1] such that ||h]| =1 and

IF|| =& < F(h). (7)
Since h is uniformly continuous there is some £; > 0 such that

g1 < ' and|h(z) — h(y)| <&’ for |z —y| <e. (8)
Divide the interval (0; 1) into consecutive intervals (¢;;d;) (j =1,..., n) such
that ¢; = 0, d; = ¢;41 and d,, = 1 of length < min(sl,length( ))/3 Ap-
ply Lemma 3.1 in turn to each of these intervals (¢;;d;) (j = 1,...,n) with
precision €’/n. The result is a partition as shown in Figure 3.

1__

a; F bl ai—i—liF bi+1

Fig. 3. Approximate decomposition of 1 via h.

Notice that the ranges from a; to b; correspond to the range from a to b in
Figure 1 and that the distance from E; to (b;,0) is (b; —a;)/3 and the distance
from a;q1 to F; is (bjy1 —a;41)/3. For 1 <i < n—1 define h; and g; as follows.
The graph of h; is the union of the line segments from (0,0) to E;, from FE;
to C;, from D; to F; and from F; to (1,0) and the section of graph(h) from
C; to D;. The graph of g; is the union of the line segments from (0,0) to E;,
from E; to A;, from A; to B;, from B; to F; and from F; to (1,0), where the
ordinate of A; and B; is min{h(x) | b; < z < a;41}. The functions hy, go, hn
and g, are defined accordingly.

By the construction and Lemma 3.1 for the approximate partition 7 =
(ay,b1,..., an,by),

@0)lasb] € 7 )
a1 — b < e for i=1,...,n (10)
N

and |F'(h Z hy)| < €. (11)

=0
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It remains to prove (4). By (10) and (8), ||h; — gi|| < &' for 0 < i < n and
hence || 27 (hi — g;)|| < € (since the (h; — g;) have disjoint supports). We
obtain

n

[FQ_(hi = gi))l < ENIF| (12)

=0
and
1El —FZQZSF (h) —FZQH—S’ by (7)
<|F(h) = FO_h)+[FO_h) = FY gil +¢
<&+ |F<Z(hi —g))|+¢ by (11)
i=0

<2+ |F|)<e by (12).

For i = 0,...,n let f; be the function from the decomposition of 1 induced

by the approximate partition m = (ay, b1, ..., an,b,). If g; = 0 then |F(g;)| =
0 < |F(f;)]- Otherwise,

F(g)| = |F ()] = lla] \F(dgj'”ﬂngzn F(RD] < |F())

Since ||F|| — F > g; < € (see above),

1)~ e < FY g =S Flg) < SR < SO 1)

Finally, for each i there is some «; € {—1,1} such that |F(f;)] = F(a.f;).
Since H Za,fZH = 1,

STIF(N = Flaif) =FO_aifs) < | F)l.

Thus we have proved (4).

Since the adjacent intervals (c;,d;) have length < length(.J)/3, there is
some 7 such that [a;;6;]CJ. This proves (6). Finally b; —a; < d; —¢; < g1 <
g <e. O
In the proof the differences a;1 — b; are made small in order to get > h; close
to > ¢g;. Also the differences b; — a; are made small so that the errors by
cutting remain small according to Lemma 3.1.

We introduce some terminology. For d € C[0;1] let supp(d) (the support
of d) be the closure of the set {z | d(z) # 0}. For 0 < a < b < 1 let
(a;0)/3 := (a4 (b —a)/3;b— (b — a)/3). The slanted step at (a,b) is the
function s € C0;1] the graph of of which is a polygon with the vertices
(0,1), (a,1), (b,0), (1,0). Let v(s) := (a;b)C[0,1].
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In Lemma 3.2 the operator F' has small values for every function the sup-
port of which does not intersect the supports of the functions f;, see also
Figure 2.

Corollary 3.3 Let w be the approzimate partition from Lemma 3.2.
(i) If d € C[0;1] such that supp(d)C Ui, (ai; b;)/3 then |F(d)| < el|d].
(ii) If s,s" are slanted steps s.th. v(s),v(s")C(a;;b;)/3 for some 1 < i < m,
then |F(s) — F(s')| <e.
Proof: i. This is true for d = 0. Assume ||d|| = 1. There are signs
o,0;, € {—1,1} such that |F(f;)| = F(o;f;) and F(od) = |F(d)|. Since
lod + 2o (oifi)ll =1,

D+ D IF ()| =Flod)+ Floify)
=F <ad + Z(aifi))

<|F]|.

Since [|[F|| —e < Y7 |F(fi)] by (4), |F(d)] < e. If ||d|| > 0, consider
&= df||d).

ii. Apply i. tod := (s — &). O
Lemma 3.4 For every linear and continuous F : C[0;1] — R and
every open interval JC[0;1] there are a sequence (m*)pen , T =
(a¥, bk ab bk ... ﬁk, bﬁk), of approzimate partitions, a sequence (ix)ren, 1 <

ix < nyg, of indices and a sequence (s*)pen of slanted steps such that for all k,

|F|| —27* <Z!F I <I1FI, (13)
(Vz)bk—af<2 k. (14)

(a) ;09 )C T, (15)

[afths i) C (ag s b7 )/3 (16)
v(s*)C(ay; b5 /3. (17)

Proof: For 7° and iy apply Lemma 3.2 to ¢ = 27 = 1 and .J. For #**! and
ix+1 apply Lemma 3.2 to e = 27571 and J' := (af ;bF )/3. The slanted steps

Zk7 Tk
s* can be chosen appropriately. O
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Lemma 3.5 For the slanted steps s* in Lemma 3.4, |F(s™)— F(s)] <27*
ifk<1<m.

Proof: This follows from Corollary 3.3.i and (16,17). O

Definition 3.6 For the operator F’ and the interval J let (7%)ren, (ix)ren and
(s*)ken be the sequences from Lemma 3.4. Define

vy o= (absth), yy = lim F(s). (18)

By (16) and Lemma 3.5, the numbers z; and y,; are well-defined and
(k) lys — F(s")] <27%. (19)

Let (K;)ien be a canonical numbering of the set of all open subintervals
(¢, d)C[0; 1] with ¢,d € Q. For each i let zk, and yg, be real numbers defined
via sequences (7%)ren and (iy,)xen according to Lemma 3.4 and (18). Then the
set of all zk, is dense in [0;1]. Let

GO ::{(xKi7yKi) | (NS N}7 <20)
G =Gy U{(0,0), (1, F())}. (21)

Lemma 3.7 (i) The set Gy is the graph of a continuous function go.
(ii) The function g" with graph G' has variation V (g') = || F|.
Here, as a generalization of (2), we define the variation V' (g’) of the function
¢’ with dom(g’)C[0; 1] by
V(g'):=sup{S(¢, Z)|(3xo,...,z, € dom(g"))
Z = (wo,...,2,) is a partition of [0;1]}.
Proof: First we show:

lim y; =y if (%y), (I07y0>a ($1,y1), ...€Gy and lim z; =x (22)

Let ¢ > 0. The pair (z,y) is determined by some sequence of approximate
partitions (7%); according to Lemma 3.4 and Definition 3.6. Therefore, there
some number k and a slanted step s* such that
(x — ez +e)C(al ;b)) /3 for some &> 0, (23)
ly— F(s")[ <27 and vo(s*)C(aj; V) )/3. (24)
There is some j such that |z — z;| < £/2. Let (7™),, be the sequence of ap-

proximate partitions defining (z;,y;) and let 5™ be the slanted steps according
to Lemma 3.4. Let ¢ be a number such that i > k and 27 < /2. By (19)

ly; — F(5")] <27 and v(5")C(z —e;2+¢). (25)
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By (23,24,25),
v(s*), 0(s")C(ag; b7,) /3
By Corollary 3.3, |F(s*) — F(5")| < 27% Therefore,
ly =yl <ly — F(s")| + [F(s") = F(5)| +|F(5") —

<ok o7k 4o
< 2—/€+2 )

This proves (22).
Suppose (z,y), (z,y") € Go. Apply (22) to (x,y) and the sequence

(,9), (2,9, (x,9), (z,9), ... .

Then the sequence y,y',y, v, ... converges, hence y = 3. Therefore, G is the
graph of a function gy which is continuous by (22).

ii. First we show S(¢’,Z) < ||F|| for any partition Z = (zo,x1,...,,) in
dom(g’). Let y; :== ¢'(z;) and € > 0. Let ¢ < (z; —x;—1)/2fori=1,...,n
For every i there is some slanted steps s; such that

v(s)C(x; — ;x;+¢) and |F(s;) — yi] < 2 (26)
n’
Then
€
ly1 — yo| = [F(s1)| + [F(s1) — 3| < [F(s1)| + o
€
[Yn — Yn—1| = [F(I) — F(sn)| + [F(80) = Y| < |[F(UL = s,)| + o

and for 1 <1i < n,

lyi — vioal <lyi — F(si)| + |F(si) — F(si—1)| + [F(si-1) — yi1]

9
<|F(si—si)| +2

Therefore,

Z’yz Yi— 1’<’F31\+Z|F i = sic)| + [P = sp)| + ¢

There are signs «; € {—1,1} such that |F(s1)| = F(ays1), |F(Il — s,)| =
F(on (Il — s,,)) and |F(s; — si-1)| = F(ou(s;i — si—1)) for 1 < i < n. Since
lst + 3275 (ilsi = si-1)) + (L = 5,) | = 1
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E |g xz 371 1) |

= |F(s1) \+Z]F si— sio)| 4+ |[F(IL— s,)| + ¢

=F(a181) + Z Fai(si —si-1)) + Flap(IT—s,)) + ¢

=F <a131+z a;(s; — si-1) +an(ﬂ—sn)) +e
<[[F|l +e.
Since this is true for all ¢ > 0 and all Z, V(¢') < || F||.
For the other direction it suffices to show that (Ve > 0)(32)||F| —
e < S(¢',7). By Lemma 3.2 there is an approximate partition m =
(a1, b1,...,an,b,) such that ||F|| —¢e/3 < >"  |F(fi)| (Figure 2). For

1 < i < n define slanted steps u; and v; by the vertices of their graphs as
follows:

u;:(0,1), (ai, 1), (a; + (b; — a;)/3,0), (1,0)
Ui:(07 1)7(bi_(bi_az)/?’?l)v(blvo)?( 70)

Then
fo=u, fi=u1—v (forl1<i<n) and f,=1-uv, (27)

Since the first projection of Gy is dense in (0;1) (20), for 1 < i < n there are
pairs (z;,y;) € Go and slanted steps s; such that

€ (aibi)/3, v(si)Claibi)/3 and |F(s;) =y <& (28)

for e’ := ¢/(6n). We consider the partition Z := (0 = xg, Z1, ..., Tn, Tny1 = 1).
Let «y, B;,vi € {—1,1} be signs and let

h I_ﬂoul + ’)/1(51 — ul)
+ Z a;(v; = 8i) + Bi(uwip1 — vi) + %i(Sip1 — i)

+an(vn — 8n) + Gu(1l = vy,)

Choose the signs such that F'(Boui) > 0, F(y1(s1 —uq)) >0, ...

F(8,(I —v,)) > 0. It is seen easily that ||h|| = 1. Since |F(f )] F(Bif),
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F(h):= !F(fo)! + |[F (51— ua)]

+Z [P (vi = si)| + [F(fi)| + [F(si41 — wira)])

+|F(vn— sn)| + 1F(fu)l -
We obtain

IF] —e/3 < ZIF(J‘})! < F(h) <|IF],

and therefore,

[F (51— w |+Z [F'(vi = s0)| + |F(siv1 — wiga)]) + |F(on — sn) < €/3(29)

Finally,
IF —e/3<) IF(f:)
i=0
n—1
= |[F(un)] + Y [F(uiss —v)| + [F(L=v,)| by (27)
i=1
S|yl + [F(s1) = pa| + [F(ur) — F(s1)]
n—1
+Z(|F(Ui+l = Sip)| + [ F(8iv1) = Yisa| + i1 — vil
i=1
Flyi = F(si)| + F(si — vi)l)
FF) = ynl + [yn = Flsa)| + [F(sn) — F(vn)]
n+1
< Iy —yioal + 208’ +€/3 by (28,29)
i=1
=S¢, Z) +2ne" +¢/3.
We obtain ||F|| —e¢ < S(¢', Z). O

Let g : [0,1] — R be a function of bounded variation which extends ¢'.
Lemma 3.8 For every continuous function h: [0,1] — R, F(h) = [ hdg.

Proof: Let K € N. There is some a € N such that V' (g) <2 Letm:N — N
be an increasing modulus of continuity of the function h. We construct a
partition Z of precision m(K + 2 + a) and a selection T for Z such that

|F'(h) = S(g,h, Z T)\ <27f (30)
Then by Lemma 2.1, |F'(h) — [ hdg| < |F(h)—S(g,h, Z,T)|+|S(g, h, Z,T) —
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[ hdg| < 275714 27K-17ay/(g) < 27K Since this is true for all K, F(h) =

[ hdg.

Let € := 27571 /((2n+1)||h|| + || F'||). Since h is unifomly continuous there
is some &’ > 0 such that |h(z) — h(z')| < e if |z — 2’| < ¢’. By Corollary 3.3,

Lemma 3.4 and (19) there are

a (‘T0> yO)’ (Ila yl)’ ) (xn-i-l: yn+1) € G/’

— rational numbers ¢; < d; (1 <i < n)

— and slanted steps u;, v; (1 <@ < n)

such that Z = (0 = zg, x1, ..., 2,01 = 1) is a partition with
ri—wi <e)2 for i=1,...,n+1

and fori=1,...,n,

Ci < I; <di, dz‘—Ci < (‘Tj —.fj,l)/2 for 1 S] §n+1,
v(wg), v(v) € (¢i;d;), v(uy) < v(v;),

|Fu;) —ys| <e, |F(v) =yl <e,

F(d)] < elld] it supp(d)Clessdi]

MD f; 7

Fig. 4. Approximate decomposition of T via h.

In Figure 4 the slanted step v;_; is given by the line segments via the points

(0,1), A, E,(1,0) and w; by (0,1),C, F,(1,0). Let

fir=uy, fi=mui—vig 2<i<n), for:=10-0v,. (36)
For example, f; is given by the points (0,0), D, B, C, F, (1,0).
In each interval (¢;_1;d;—1) (i = 2,...,n+1) we “pull” the function h down

as shown in the lower part of Figure 4 where the arc from L to G is pulled
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down to L, M, D, G. Let e;_; be the continuous function such that e;_;(x) = 0
for x left to L and right to G and e;_;(z) = 0 is the length the function h has
been pulled down at x otherwise. Then

supp(e;)C(c;;d;) and |le;|| < ||h|| for 1 <i<n. (37)

The function h — 37 ¢; can be written as Y7 h; with pairwise disjoint
supports. In Figure 4 the function h; is given by the sequence of vertices
(0,0),D,G, H, F,(1,0).

Let T'= (ty,...,t,11) be a selection for Z. Define

=h(t;)f; [0<i<n+1]. (38)

In Figure 4 the function g; is given by the sequence of vertices
(0,0),D,I,J, F,(1,0).

By (35,37), |F(e;)] < e||h|. Since h = 327" ei + S hy

n+1
(Zh>| Z ()] < Z |[F'(e;)| < ne|lh]|. (39)
i—1 i—1
Since |z; — x;—1| < €'/2, ||hi — gi|| < ¢, hence ||Zn+1h — Z:Hllng < ¢
Therefore,
n+1 n+1
F (Z h,) —F (ZgZ) <||F| €. (40)
i—1 i=1
By (36,38)

By (34),
n+l n+1 n+1
F (Zgz> - S(g7h’7 Za T) = F(gl> - Zh(tz)(yl y7,71>
=1 =1 =1

+ > h(t)(F(wi) — F(vi1) = (Yi — Yi-1))

=2

+h(l n+1)(F(11 = vn) = (F(1) = ya))|

<|h, tl |5+22|h |5+|h( n+1)|

=2
<(n+1)]h|e.

As a summary,
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|[F(h) = S(g.h, Z,T)| < nel|hll + | Flle + (n+ 1)|[lle = 277

4 The Computability Background

For studying computability we use the representation approach (TTE) to
Computable Analysis [9]. Let ¥ be a finite alphabet. Computable functions
on ¥* (the set of finite sequences over %) and 3¢ (the set of infinite sequences
over X)) are defined by Turing machines which map sequences to sequences (fi-
nite or infinite). On X* finite or countable tupling will be denoted by () [9].
Sequences are used as “names” of abstract objects. We generalize the concept
of representations in [9] to multi-representations and consider computability of
multi-functions w.r.t. multi-representations (see [10] for the definition, which
differs from that in [8], and [3] for an application).

A multi-function is a triple f = (A, B, Ry) such that R;CA x B, which we
will denote by f: CA = B. For XCA let f[X]:={be B| (Ja € X)(a,b) €
R} and for a € A define f(a) := f[{a}]. Notice that f is well-defined by the
values f(a)CB for all a € A. We define dom(f) := {a € A | f(a) # 0}.
For muli-functions f: CA = B and g : CC == D we define the composition
gof:CA= Dby

a€dom(go f): <= a€dom(f) and f(a)Cdom(g), (41)
go fla) = glf(a)]. (42)
Notice that (42) without (41) corresponds to ordinary relational composition

of Ry and R,;. For a multi-function fCM; = M, we will usually interpret
f(z)CB as the set of “acceptable” values for the argument = € M;.

Definition 4.1 [multi-representation]
A multi-representation of a set M is a surjective multi-function ¢ : C3¥ = M.

A multi-representation § : C¥* == M can be considered as a naming
system for the points of a set M, where each name can encode many points.
Therefore, € §(p) is interpreted as “p is a name of z”. We generalize the
concept of realization of a function or multi-function w.r.t. (single-valued)
representations [9] to multi-representations as follows [10]:

Definition 4.2 [realization]

For multi-representations v; : CY; = M; (i = 0,...,k), abbreviate Y :=
Yix...xYy, M:= M x...x M, and v(y1, ..., 9x) : (1) X .. X Y(yp)-
Then a function h : CY — Yj is a (v,70)-realization of a multi-function
f:CM = My, iffforallpeY and x € M,
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z € y(p) Ndom(f) = f(xz) Nyooh(p) #0. (43)

The multi-function f is called (7,7p)-computable, if it has a computable
(7, 70)-realization.
(We will say (71, .. .7, Y0)-computable instead of (v, ~,)-computable, etc.)

Fig. 5 illustrates the definition. Whenever p is a y-name of = € dom(f),
then h(p) (the sequence of symbols computed by a machine for h) is a yp-name
of some y € f(x).

p h h(p)
Y Yo
x Jy € f(z) Ny o h(p)

Fig. 5. h(p) is a name of some y € f(z), if p is a name of = € dom(Jf).

For two multi-representations 6;C¥“ =% M; (1 = 1,2), 01 < d5 (“reducible
to”) iff (V p € dom(dy)) 61 (p) Cdah(p) for some computable function i : C3¥ —
.

If multi-functions on represented sets have realizations, then their com-
position is realized by the composition of the realizations. In particular, the
computable multi-functions on represented sets are closed under composition.
Much more generally, the computable multi-functions on multi-represented
sets are closed under flowchart programming with indirect addressing [10].
This result allows convenient informal construction of new computable func-
tions on multi-represented sets from given ones.

For the real numbers we use the Cauchy representation p : C¥* — R,
for the set of continuous real functions on the unit interval the Cauchy rep-
resentation ¢ : CX* — C'[0; 1] defined via the dense set of rational polygons
(Definitions 4.1.5 and 6.1.9 in [9]). For the space C' of continuous functions
F : C|0;1] — R there is a canonical representation [0c — p| (Definitions 3.1.13
in [9]). For this representation we have the type conversion lemma (Theorem
3.3.15 in in [9]).

Lemma 4.3 (type conversion) For every representation ¢ of the space é,
the function eval : (F,h) — F(h) is (,0c,p)-computable, iff 6 < [0c — p].
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Since the dulal C’[0; 1] is a subset of C', we can use the representation [§c —
p] for it. The norm || || : €’[0; 1] — Riis ([oc — p], p<)-computable (a p.-name
of z € R is an (encoded) increasing sequence of rational numbers converging
to z [9]). The multi-function UB : C'[0;1] = R, a € UB(F) <= ||F|| < a,
is ([0c — pl, p)-computable. But the norm is not ([0¢ — p|, p)-computable [1]
since the space (C'[0;1], || ||) is not separable [4].

For the set B = {m | m : N — N} we consider the representation dp
defined by dz(p) = m, iff p = 1™©@01M1™2)(. ... By Lemma 6.2.7 in [9],
a modulus of continuity m can be computed for every function h € C[0;1]:

Lemma 4.4 The multi-function MC : C[0;1] = B such that m € MC(h) iff
m : N — N is a uniform modulus of continuity of h : [0;1] — R is (d¢,0p)-
computable.

Finally, for the set BV][0;1] of functions ¢g : [0;1] — R of bounded
variation we define a multi-representation dgy by g € dgv(p) iff p =
<T07T17p07 qo0,P1, 491, - - > such that

9(0) = p(ro), g(1) = p(ry),
{p(p;) | i € N} is dense in [0;1],
gp(pi) = p(q;) for i€ N.

Remember that by Lemma 2.1 the values of g on a dense set are sufficient to
approximate [ fdg for continuous f.

5 The Main Results

First, we show that Riemann-Stieltjes integration [ hdg is computable in h
and g. As an additional information for the computation we use some upper
bound of V' (g), the variation of g.

Theorem 5.1 Define the operator S : CBV[0; 1] xR — C’[0; 1] by dom(S) :=
{(g.b) | V(g) < b} and and S(g,b)(h) = [ hdg for all h € C[0;1]. Then S is
(0Bv, p, [0c — p])-computable.

Proof: First we show how [ hdg can be computed from ¢, b and h. We assume
that the function g is given by some dgy-name p = (ro, r1, po, go, P1, q1, - - -), the
bound b by some p-name and the continuous functionb A by some do-name.
For h we can compute some uniform modulus m of continuity (Theorem 6.2.7
in [9]). ¢(From b we can compute some [ € N such that b < 2'. ;From g, k and
[ we can compute points

(0, Y0), (T1,91)s - - -, (Tn,yn) € graph(g) such that 7 = (zg,x1,...,x,) is a
partition of precision m(k + 1 +1). For the selection 1" := (xy,...,x,) for m
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according to (3) we can compute

n

S(gw h’ Za T) = Zf(xl)(yz - yi—l)'

i=1

By Lemma 2.1,
'S(g, h,Z,T)— /hdg’ <27 (g)y <27l < 27,

Therefore, from g¢,b and h we can compute a sequence (zp)reny Of real
numbers such that |z — [hdg| < 27%. Since the limit of such sequences is
computable (Theorem 4.3.7 in [9]) the function (g,b,h) — [hdg for V(g) <b
is (dBv, p, dc, p)-computable. By type conversion, Theorem 3.3.15 in [9], the
operator S is (dpv, p, [0c — p])-computable. O

Theorem 5.2 Define the operator S' : CC"[0;1] x R =2 BV[0; 1] by
ge S'(F,c), iffc=|F| =V(g) and F(h) = [ hdg for all h € C[0;1]. Then
S" is ([0c — pl, p, 0pv)-computable.

Proof: We assume that F' is given by some [0¢c — p]-name and c¢ by some
p-name. We want to compute some dgy-name p = (7o, 71, Po, G0, P1, 15 - - -)
of some appropriate function g. Since by Lemma 4.3 (F,h) — F(h)
is computable, the function, mapping each approximate partition © =
(a1,b1,..., an,by) to > i |F(f;)], see Section 3, is computable. Since ex-
istence is guaranteed by Lemma 3.2, for each interval J with rational end
points and for each k by exhaustive search some approximate partiton 7 can
be computed such that

1F| =278 < Y[R < 1F (44)

=0
Vi, 1<i<n)b;—a; <27" (45)
and (Fi, 1 <i<n)la;b]CJ (46)
Since existence is guaranteed by Lemma 3.4, For each m a sequence (7%)gen
7 = (af, b, ab, 05, ... ak b)), of approximate partitions, a sequence (ix) e,

1 < iy < ny, of indices and a sequence (s¥) ey of slanted steps can be computed
such that for all k,
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IF| —27* <Z|F N =<I1FI,

(Vi) b —al <27,

(a’L()? bo )CK

v(sk) (ai; )/3
Then according to Lemma 3.5 and Definition 3.6 numbers z g, and yg, can be
computed.
Therefore, from F and ¢ = || F|| sets

Go ::{(xKivyKi) | (S N}>

G = Go U {(07 F(0>)7 (17 F(]D)}
can be computed such that Lemmas 3.7 holds true. Computing means to
find r9,71,p;, ¢ € 3¢ such that p(rg) = 0, p(r1) = F(1), p(p;) = zk, and
p(¢;) = yx,. Then for any function ¢ : [0; 1] — R of bounded variation which
extends ¢,

g €0sv(p), p:=(ro,T1,P0,q0,P1,41,---)

There is an extension g[0; 1] — R of ¢’ such that V(g) = V(¢') = ||F||. For
z € [0;1] \ dom(g’) define g(x) := lim{g'(«’) | 2’ < z}. By Lemma 3.8,

= [ hdg for all h € C[0;1].

Therefore, the operator 5" is ([0c — pl, p, dpv )-computable. O

The above proof uses the norm of F' explicitly. As we have already men-
tioned in Section 4, ||F’|| cannot be computed from F'.
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