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, Sunple expmums and expansions by point finite and locally finite collections are studied for
‘ ,part:cular clmes of k-spnees All such expans:ons uf Fréchet spaees are shown to be Fréchet, and
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|- expansion ' on’ . simp s expansion: - Fréchet space
k'-nplee sequential space %-space

Let (X, 7) be a topological space and & a collection of subsets of X, The expansion
of rby & denOted by 7(sf) is the topology on X with rU s as subbase. In case
sl=-{A* e cxpanslon by o is a simple expansion, denoted by 7(A). Simple
extensxons (expansmns) were introduced in 1964 by Levine [8]. Tlns and subsequent

;_snmple expansxons and expans:ons by both point
s of Fréchet,, k', sequential, and k-spaces are

open here dttaty and closc.,d heredttary Basic propertxes of these snaces are
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discussed in Arhangelskil [1] and Weddington {12] for k and k -spaoes, an 1 in.

Franklin [3, 6] for seqquential spaces. Each of these includes a discussion of Fréchet
spaces. Further interrelations among; these: spaces are compiled in Siwiec [1 1]. The
authors wish t0 express their gratitude to 1he referee for hxs Elelpful -and.
suggestions. ~ ,

0. Preliminaries

‘The following results are straight fooward and are stated without proof.

Proposition 1. Let (X,7) be a space. If AcX and Bc X, then cl,;.,,B=
(ch,(B-A) v (Ancl(BnA)).

Proposition 2. Let (X, v) be a space and o4 <2*. Then a sequence in X is r[oA]-
convergent to x if and only if it is T-convergeit to x and is eventually ‘'n X — A whenever
xe(X-A)and Ae A.

Proposition 3. If (X, r) is a space, 4 <2* and B c X, then r[o4]|B = (r|B)[s{'],
where ' ={ANB: A e ).

Corollary 3.1. If (X, 1) isa space, 42X and Bc X, and 4' ={Aed: AnB #},
then (]| B = 7[«¢']| B.

1. Simple expaasions

A topological property is called simple expansive if it is preserved 'u\nd.e\ir si@ple
expansions. The propertiez P e {Fréchet, k', sequential, k} are generalizations of
first-countable, which is easily seen to be simple expansive. '

Theorem 4. Fréchet is simple expansive.

Proof. Let (X, 7) be a Fréchet space and A< X, Let B< X and let x € clegay B. By
Proposition 1, xecl,(B-A)orxe Ancl,(BnA). i xecl.(B - -A), since X, 7)is
Fréchet, there is a sequence in B — A which is 7-convergent to x. By Propos:tnon 2,

this sequence is clearly 7[A]-convergent to x. In case xe A el (B NA), there is a

sequence i B N A which is 7-convergent to x. Again by Proposition 2 it fnliows that
this sequence is 7{A ]-convergent to x.

The following corollary is similar to [7, Corollary 6B] which states that theredo .-
exist maximal elements among the first countable connected T topoingles onX A
submaximal topology on X is one in which each dense set is open, and it is shown in
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“that each connected topology on X has a connected submaximal
ermore,-as a consequence of [7, Theorem 6] it follows that if 7 is a

conn 'ubmaxnmal topology then the r~oompa(..1 subsets are nacessarily finite.

Cor Theredonot exist maxzmaf’ elements among the connected (Hausdonf)
I')'éch ,pa, gtesonX - :

l’mol Let (X -r} bea connected (Hausdorff) T'réchet-space, and let 7' be a connec-
ted submammal ¢xpansion of 7. Since (X, 7) is a k-space and since the only k-spaces
whose compact sets are finite are discrete, then 7' # r. Let A < X be 7'-closed but not
7-closed, Then r < r[A] < 7' and 7 # 7[A]. Since (X, 7') is connected, so is (X, 7[A]),
and by Theorem 4, (X, 7[A]) is Fréchet. Therefore 7 is not maximal among the
connected Fréchet topologies on X.

Cor'ollar_y 4.2. IfPisa topological property such that Fréchet implies P and P implies k,
then (X, 7) is Fréchet if and only if (X, 7[A)) sotisfies P fcrall A € X.

‘Proof. The forward implication follows from Theorem 4. On the other hand if
(X, 7[A]) satisfies P and is therefoie a k-space for all Ac X, then (A, 7|A)=
(A. rTA1l A)is a k-space for all A < X. But the k-snace pronertv is closzd hereditarv.




Corollary 8.1. If (X, 7) and (A, 7| A) satisfy Pe{k’, smquennal k} amd th --A ts
R-open in (X, 1), then (X, r[A)) satisfies P.

2. Infinite expansions

We now consider the preservation of property P : {Fréchet, k' sequent:a! k}
under open expansions by point finite collections and under closed expansions’ by
locally finite collections. Use will be made of the followin g well-known result which is
stated without proof.

Theorem 6. A space (X, 7) is P e{Fréchei, k', sequentinl, k} if and only if (X, 7) is
locally P.

Theorem 7. If (X, 7) ic Fréchet and o is locally finite in (X, 1[4)), then (X, r[sf])) is
Fréchet.

Proof. Let x ecl,;4) B —B and let W be & basic open et in 7[f] which contains x
and intersects only finitely many elements of sf. Let B be those elements of of
which intersect W and do not contain x. Then W = V' A ()%, (X = A,)) for some
Ver and {A;:i=1,...,m}cd Let of'=Hu{s;:i=1,...,m}. Then xe€
{X —A: Ae of'}. For each Uer which contains x, Un(C{X-A: Aed)) is
7[«f]-open and contains x. Hence Un{{ {X ~-A: A: A')B#@foreach Uer
containing x, so that x e cl,(C{X - A: A € o'}~ B). Sin ze (X, 7) is Fréchet, there isa
sequence S in[ {X — A: A € o'} B which is 7-conve: gent to x. Now let A e o for
whichxeX-A. IffAeA' thenSc X~/ andif A¢.¢',then WecX~Aand S is
eventually in W' In either case, by Proposition 2, § is 1 'f]-convergent to x, so that
(X, r{oA)) is Fréchet.

Corollary 7.1. If (X, 1) is Fréchet and o is locally fini:2 in (X, 1), then (X, v[o£)) is
Fréchet.

Theorem 7. If (X, 7) is Fréchet and o is a point finite collection of subsets of X then
(X, 7(A)) is Fréchet.

Proof. Let Tc X andxeclyuy T. Let of' ={Aesf: x : A} and B="Y{A: A e},
Note that of’ may be empty, in which case B =X, Let i/ € r with x € U. Since o' is
finite, UnBer(of), and since xeUnB, (UrB)nT#0. Thersfore xc
cl.{(BnT), so there is a sequence § in B~ T which is r-convergent to x. By the
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obvious dual to Proposmon 2, S is r{A)- oonvergent to x. Therefore (X, r(sf)) is
Fréchet o _ ,

‘The following example ilms‘trates'that the hypotheses in the above results cannot
be weakened to closure praserving and locally countable in the case of Theorem 7 or
to pomt countable in T"xeorem i A =

Emaple For eac‘i wositive isiteger m, let X ={0, 1,4, .. .} with the usual topology,
andlet (X, 7) be the quotient space obtained from the disjoint unicn of the spaces X,
by identifying the zeros. This is example 9 of Siwiec [11] and is commonly called the
‘‘sequential fan”’. It is easily seen to be Fréchet. For each m, let A,, = X, —{0}. The
collections of subsets &£ ={A,:m=1,2,. .} and o' ={X~-A,:m=1,2,..) are
countable and of is closure preserving. However, (X, [« ]) = (X, 7(of")) isnntevena
k-space since it is pseudo-finite but not discrete (zero is not open). Moreover, Siwiec
[11] has modified work of P, Harley and K. Van Doren to show that each Hausdorff
Fréchet space which is not countably bi-sequentiai (a generalization of first countable
which implies Fréchet) has a subspace homeomorphic to the sequential fan. Hence if
(X, ) is a (Hausdorff) Fréchet space which is not countably bi-sequential, and F a
sequential fan in X, then there is a countable closure preserving collection & of
subsets of X for which (F, r[#]| F) is a non-k-space, so that (X, 7[sf]) is not Fréchet.

The follbWiﬁg lemmas are required in order to establish a corresponding result for
Pe{k’,sequential, k}.

Lelmml. Ifr <7’ and (X — A) is R-open in (X, 7), then (X — A) is R-open in (X, 7').

Prooi. Since .4 el (X —A) is r'-closed and cl,(X —A)=cl,(X —A), then An
(X —A)=(ANcl, (X ~ANAcl (X -A) is 7'-closed.

Lemma. If (X~ A) is R-open in (X. 1) and A< B c X, then (X — A)n B is R-open
in (B, 7|B).

Proof, Theset A ncl.(X - A is ~-closed. Itsuffices to show that A ncl, | p(B—A)is
r|B-closed. Now B~Ac X - A implies that cl.(B—-A)ccl,(X—-A), and F=
Anc,(X-A)ncl,( ~A)=Ancl(B-A) is 7r-closed. Therefore Fn
clyp(B—A)is 7| B-closed. But F ~cl, p(B-A)=Ancl,(B-A)ncl, sg(B-A)=
Ancl,g(B—A),sincecl,jp(B—-A)ccl.(B—A). Therefore (X — A) N B is R-open
in (B 7| B).

Theorem& Let (X r)bea spaceandPe{k’ equemial, k}. If (X, ) satisfies Pand if
o is a finite collection of subsets of X, closed under intersectiors, and for which
(A, 7| £) satisfies P and (X ~ A) is R-open in (X, 7) for eiich A € o, then (X, 7{4)
satisfies P.
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Prost. The proof u by induction on |s¢|. If of = {A} then by Corollary 5, 1, (X
satisfies P. Supposs the result holds for each of for which |of|<n. Let . -
collection satisfying tite hypotheses of the Theorem with [8| = n + 1 andlet Be @ be
maximal in B with respect to set inclusion. Let of = 8 —{B}. Then of is chsed under
intersections and |#f| = n. Hence by the induction hypothesis, (X, L)) sansﬁas P.
By Corollary 5.1, in order to conclude that (X, 7[B] = (X, (r[.yl])[ 8 2
suffices to show thut (B, r[sf]| B) satisfies I” ard (X — B) is R-open in r{f]. By the
first Lemma, (X — B) is R-open in r[s¢]. Also by Proposition 3, 7[£]| B.= (= | B)[«#'],
where &' ={A n 7| A € of}. Hence it suffices to show that (B, (7| B)[of')) satisfies P.
By hypothesis, (B, 7| B) satisfies P. Since B is closed under: intersections, then
o' < B,sothat (A N B, 7| (A n B))satisfies P for each A N B € sf'. Furthermore o'is
closed under intersections and |f'| = . Therefore the induction hypothesis applies to
(B, 7| B) and the collection o', provided B — (A nB)is R-openin (B, r{ B)foreach
AnBes' ButB-(AnB)=(X—-(ANnB))nB,andsinceAnBe®B, X~-(AnB)
is R -open n (X, 7),so that by the second Lemma, B~ (A ~B)isR -open in(B, r IB)
Therefore (B, (r| B)[s£']) = (B, r{£]| B) satisfies P.

Theorem 9. Let (X, 7) be a spac- satisfying Pe{k’, Sequennal k} and let o be a

locally finite collecticn in (X, r[£]). If X ~(\of' is R-open and n.nl satisfies P ‘or
each finite subcollection A' < 4, then (X, 7| ) satisfies P.

Proof. Letx € X and let W be a 7[#/]-basic open neighborhood of x which intersects
only finitely many elements of . Then W=V ~("\B"), where Vet and B"=

{X-A:AzB} where B'c o is finite. Let ' ={A e of: A~ W0}, and let B be
the collection of finite intersections of elements of of' U B'. The collection B satisfies
the hypotheses of Theorem 8. Therefore /X, r[®B]) satisfies P. Since W is r[Q']—
open, it is [ ]-open, and since P is open hereditary, (W, 7[8]] W) satisfies P. Now
by Propesition 3, 7[B)| W = 7[£']| W, sitce A~ W =0 for all Ae®’, and also
r[£']| W = 7[s€}| W. Hence (W, 7[o£]| W) is P, so that (X, r[of]) is locally ¥.

The proof of the following dual result for open expansions is sumlar, and wili
therefore be omitted.

Theorem %'. Let (X, 7) be a space satisfying Pe{k’, sequential, k} and let at be a
locally finite collection in (X, v(s8)). If \ ' is R-open and X ~\_sd' satisfies P for
each finite subcol'sction o' < 4, then (X, v(A)) satisfies P. ‘

The example following Theorem 7' illustrates that the locally finite condition in the
above results cannot be weakened to locally countable and, in the case of Theorem9,
to closure preserving. Moreover, the collection & is point finite in X, so that in
Theorer 9, locally finite cannot be weakened to point finite. We co: iclud “xth an
example which sliows that this is also the case in Theorem 9. It f{é.ba‘,,“ or
one-point compa :tification of the space ¥ of Isbell, which is Exampic 210f waxec
[117and is described briefly in Example 7.1 of Franklin [6].
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Enmple. H_zt N be the set of posmve mtegers and let & be an infinite maximal
rwise: almost dlsmmt colleciion of infinite subsets of N. Let = be the topology on
=N U & which is ‘discrete on N and which, for each Fe %, has basic open
nelghborhoods of F consisting of F and all but finitely many elements of F. If (¥, 7')

e-point compactification of (¥, 7), with ¥’ = ¥ L{co}, then (¥, 7') satisfies
Pe {k‘ seqmen ial, k}. Now" for each 7e%, let Ar={F}. The collection o =
‘{Ap Fe .9‘} is pomt ﬁmte in !F' and satisfies all but the locally finite hypothesis of
Theorem 9'.

Consider the space ('I" '(.s’d,)). If B is an infinite subset of N, then either Be & or
else B N F is infinite for some F € &. Since o can be separated from F by a '-open
set, then each compactin (¥, 7'(&f)) intersects N in a finite set. The subset N of ¥ is
.therefore k-closed but not closed in 7'(f) since o is still a limit point of N.
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