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Abstract

In this paper, we pursue the study of the radar ambiguity problem started in [Ph. Jaming, Phase retrieval techniques for radar am-
biguity functions, J. Fourier Anal. Appl. 5 (1999) 313-333; G. Garrigés, Ph. Jaming, J.-B. Poly, Zéros de fonctions holomorphes et
contre-exemples en théorie des radars, in: Actes des rencontres d’analyse complexe, Atlantique, Poitiers, 2000, pp. 81-104, avail-
able on http://hal.ccsd.cnrs.fr/ccsd-00007482]. More precisely, for a given function u we ask for all functions v (called ambiguity
partners) such that the ambiguity functions of # and v have same modulus. In some cases, v may be given by some elementary
transformation of u and is then called a trivial partner of u, otherwise we call it a strange partner. Our focus here iszon two discrete
versions of the problem. For the first one, we restrict the problem to functions u of the Hermite class, u = P(x)e™* / 2, thus reduc-
ing it to an algebraic problem on polynomials. Up to some mild restriction satisfied by quasi-all and almost-all polynomials, we
show that such a function has only trivial partners. The second discretization, restricting the problem to pulse type signals, reduces
to a combinatorial problem on matrices of a special form. We then exploit this to obtain new examples of functions that have only
trivial partners. In particular, we show that most pulse type signals have only trivial partners. Finally, we clarify the notion of trivial
partner, showing that most previous counterexamples are still trivial in some restricted sense.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Radar ambiguity problem; Phase retrieval problems; Hermite functions; Pulse type signals

1. Introduction

Phase retrieval problems arise naturally in the applied study of signals [8,11,17,28]. They are based on the ambi-
guity for the phase choice in a signal with fixed frequency amplitude. To be more precise, let us denote the Fourier
transform of u € L (R) (with the usual extension to LZ(R)) by F

Fu(§) = / u(x)e*sdx, £eR.
R
The phase retrieval problem then amounts to solving the following:

* Corresponding author.
E-mail addresses: aline.bonami @univ-orleans.fr (A. Bonami), gustavo.garrigos @uam.es (G. Garrigés), philippe.jaming @univ-orleans.fr
(P. Jaming).

1063-5203/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.acha.2007.04.001


https://core.ac.uk/display/81968364?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://hal.ccsd.cnrs.fr/ccsd-00007482
http://hal.ccsd.cnrs.fr/ccsd-00007482

A. Bonami et al. / Appl. Comput. Harmon. Anal. 23 (2007) 388—414 389

Problem 1 (Phase retrieval). Given u € L2(R), findallv e L%(R) such that forall x e R,
| Fu)| = |Fo@)]|. (D)

This problem admits always the trivial solutions v(x) = cu(x — ) and v(x) = cu(—x — «), where |c| = 1 and
aeR.

In applied problems, one may usually further restrict the class of functions to which # and v should belong.
A typical example would be to ask for # and v to be compactly supported. In this case, there are usually many non-
trivial solutions and a complete description of them is available in terms of the zeros of the holomorphic functions
Fu and Fuv (see [12,23,28] for a complete description of these solutions). For further information on phase retrieval
problems, we refer to these articles as well as [13], the surveys [17,20], the book [11] and references therein.

In this paper we shall deal with a different, although closely related type of phase retrieval problem, having its
origin in the analysis of radar signals. Following Woodward [30], a radar antenna emits a signal u € L>(T) that is
reflected by a target and modified by Doppler effect. It then returns to the antenna where it is correlated by the emitted
signal, so that, under certain physical conditions (the so-called narrow-band approximation), the radar measures the
quantity:

A(u)(x,y):/u(t)u(t—x)eiy’dt, x,y€R, 2)
R

and A(u) is called the radar ambiguity function of u. As usually happens, receivers are not able to read the phase, but
only the amplitude |A(u)(x, y)|, giving rise to the following radar ambiguity problem:

Problem 2 (Radar ambiguity). Let u € L2(R), then findallv e L2(R) such that
[Aw G p)| =A@ | x.yeR. 3)

Note that, for each x € R, A(u)(x,-) = Flu(-)u(- — x)], so that Eq. (3) is actually a family of phase retrieval
problems as described in (1). Two functions u and v satisfying (3) are said to be (radar) ambiguity partners. The
reader may find a comprehensive historical introduction and further references to this problem in [12,21]. Properties
of A(u) that we may use in this paper can all be found there and in [2,26,29] (note that we slightly change the
normalization for A(u) from [2]).

It is not difficult to verify that trivial solutions to the equation in (3) are given by

v()=cePut —a) and v(t) =ce Pu(—r —a), |c|=1, a,BeR. 4)

The first set of solutions corresponds to a unitary representation of the Heisenberg group, while the second is just a
composition with the isometry Zf () = f(—t). So, following [12], we say that u and v are trivial partners when they
satisfy (4). If u and v are ambiguity partners that are not trivial partners, we will say that they are strange partners
and in [5,9,12], examples of signals having strange partners are given. In the opposite direction, there exist signals for
which every ambiguity partner is trivial.

The aim of this paper is to get some insight on which functions may or may not have strange partners. To tackle this
problem we appeal to two different discrete (finite dimensional) versions of the problem, both being also of practical
interest.

The first discretization is the restriction of the problem to Hermite functions, that is to functions of the form
P(t)e_tz/ 2 where P is a polynomial. There are several reasons for this: first it was proposed by Wilcox in his pio-
neering paper [29], since it is a dense class of functions which are best localized in the time—frequency plane and are
thus well adapted for numerical analysis. Second, in some sense this class is “extremal” for the uncertainty principle,
so one can show that all solutions to Problem 2 are necessarily Hermite functions v(¢) = Q(t)e’tz/ 2 for some poly-
nomial Q (except perhaps for trivial transformations; see [5] or Lemma 2.1 below). Finally, Hermite functions are of
theoretical importance for the problem considered. Indeed, Bueckner [4] associated to each function u € L?(R) an
Hilbert—Schmidt operator K, in a way that finding all solutions for the ambiguity problem for ¥ amounts to finding all
functions v such that K;'K,, = K¥ K. He then proved that K, is of finite rank if and only if u is a Hermite function.
Moreover, the following conjecture was proposed:
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Conjecture. (See [4].) If u is a Hermite function, then u has only trivial partners.

Indeed, Bueckner was considering the bilinear version of (3)
|AGu1,u2)| =|A1, v2)|, (5)

where A(u1, u) is the bilinear functional associated with A(u). He proved that for almost every couple of functions
of the form

(u1,u2) = (Py(x)e 72, Py(x)e ' 1?)

(P1, P> polynomials), the solutions to (5) are trivial partners of (u#1, u2). However, his techniques depend on a certain
criterion that excludes the quadratic case, and hence do not say anything about Problem 2.

In this paper we will prove, using a simple algebraic approach, the following result about ambiguity partners of
Hermite functions:

Theorem A. For almost all and quasi-all polynomials P, the function u(x) = P(x)e_xz/ 2 has only trivial partners.

Here almost all (respectively quasi-all) refers to Lebesgue measure (respectively Baire category) when one identi-
fies the set of polynomials of fixed degree n with C"*1.

The problem has also been considered by de Buda [5], who obtained some partial results in an unpublished report
which unfortunately are not always complete. Although our approach shares some common features with his, it is
essentially distinct as we introduce a new argument by using the fact that A(u) has some factorization if # has non-
trivial partners. Some technical difficulties remain as our use of Bezout’s theorem forces us to assume that some
polynomial associated to # has only simple non-symmetric zeros in order to prove that # has only trivial partners.

The second class of functions we consider is the restriction to signals of pulse type

o0
u(t) = Z ajH(t—j), xeR, (6)

j=—00

where H € L?(T) has supp H C [0, %], and {a;} ez is a sequence of complex numbers (of finite support). This class
of functions is very common in radar signal design (see, e.g., [27, p. 285]). It also leads naturally to a discretization
of Problem 2. Indeed, a simple computation shows that, for all k € Z, y e R and k — % <x<Lk+ %, one has:

A)(x,y) = (Zaja—j—keijy>A(H)(x —k.y). (7
JjEZ
This following discrete ambiguity problem was proposed in [9]:
Problem 3 (Discrete Radar Ambiguity Problem). Given a = {a;} € 22, find all sequences b € 02(Z) such that, for
everykeZandy eR,
[A@ k. y)| = [AB) (&, y)
where

A(a)(k, y) = Zajmeijy_

JEZ

) ®)

Again, a sequence b, solution to (8), is called an ambiguity partner of a. It is easy to see that trivial solutions to
(8) are given by

bj=cePla;_; and bj=cePla_j_y, |c|=1, BeR, kel

Such solutions are again called frivial partners of a and solutions that are not of this type are called strange partners.
The main result of [9] shows that a finite sequence a = {a;} € C4*1 has only trivial partners, except perhaps for a’s in
a semialgebraic set of real codimension 1 in C4*! (see Theorem 4.3 below). This was done by adapting Bueckner’s
method to the Discrete Radar Ambiguity Problem, and then adapting a careful analysis to the obtained combinatorial
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equation of matrices. The form of these matrices was also exploited to produce new constructions of non-trivial
solutions in the exceptional set. A few other points about such constructions, which were only announced in [9], are
proven here in full detail (see Section 4.3).

It was not investigated, however, how to translate these discrete results into uniqueness statements for the general
ambiguity problem, i.e. to Problem 2. This step is now different from the corresponding one for Hermite functions,
since the class of pulse type signals is not extremal for the uncertainty principle. In this paper, we introduce new
techniques for this class based on complex analysis and distribution theory, which allows us to prove the following
theorem:

Theorem B. Let 0 < 1 < %, and let a = (ap, ai, ..., ay) € CN*! that has only trivial partners. Then the pulse type
signal

N
u(t) = Zajxu,jm(f)

j=0

has only trivial partners.

We do not know whether the condition n < 1/3 is optimal. It was essential in the proof to ensure that v is also of
pulse type.

Next, we clarify the notion of trivial solutions. There are numerous phase retrieval problems in the literature and
we think that a natural definition of a trivial solution is to be a linear or anti-linear operator that associates to each
function a solution of the given phase retrieval problem. Using Theorem A, we will show that those trivial solutions
described in Eq. (4) are indeed the only trivial solutions in the previous sense:

Theorem C. The only linear (or anti-linear) bounded transformations T : L2(R) — L2(R) so that
|A(Tw)(x, y)| = |A@)(x,y)| forallu e L*(R)

are those described in (4).

We do not know of an earlier proof of that simple fact. This theorem is also reminiscent of Wigner’s Unitary-
Antiunitary Theorem (see also, e.g., [19,22,24]) which can be stated as follows. Let 7 be an operator on a Hilbert
space H and assume that T preserves the modulus of the scalar product:

(Tx,Ty)|=|(x,y)| forallx,yeH.

Then T is of the form Tx = w(x)U x where w is a scalar valued function on H such that |w(x)| =1 and U is either
unitary or anti-unitary operator on H. Here we are in a slightly different situation and Wigner’s theorem cannot be
applied. It does nevertheless ask whether the (anti)linearity assumption in Theorem C may be removed.

Finally, we also consider a further restriction of the Discrete Ambiguity Problem by considering sequences in
£2(A) for some A C Z. This is natural since most of the known examples of signals with strange partners are of the
form

w(t) ="y ciXiomitj-
jeA
at least when A has “enough gaps” (see, e.g., [12]). Indeed, partners of u(¢) can be easily obtained by multiplying each
¢; by a unimodular constant exp(iw;). Here we clarify the nature of these “gaps” in terms of arithmetic conditions
which appear in the classical theory of trigonometric series with gaps. More precisely, we assume that A is a By or
a Bjz-set (see Remark 3.7 for precise definitions). In particular, and as a consequence of our results we obtain the
following

Theorem D. Let u(t) = ZjeA CjX[0,n+j- Then, if Ais a By-set, then for all real wj,
v() =Y eicixo )
jeAa

is a partner of u(t). Moreover, if 0 < n < % and if A is a finite B3-set these are all partners of u.
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Nevertheless, recall from [9] or formula (50) below, that already when A = {0, 1, 2, 3} there exist exceptional cases
when strange solutions cannot be classified in terms of gaps.

The article is organized as follows. In the next section, we concentrate on the continuous problem for Hermite
functions, and we prove Theorem A. The following section is devoted to the characterization of trivial solutions, both
in the discrete case and in the continuous case. The last section is devoted to the case of pulse type signals. We start
by proving Theorem B and conclude by recalling and completing the main results of [9].

2. The ambiguity problem for Hermite functions

We now prove Theorem A. We will need a certain number of steps in the proof. The two first ones are mainly
due to de Buda [5] and [6]. In particular, de Buda has established the stability of the class of Hermite signals for the
ambiguity problem using an elementary proof (which is not complete in [5]). It can also be obtained as a consequence
of the uncertainty principle for ambiguity functions, as it is mentioned in [3].

2.1. Stability of Hermite functions for the ambiguity problem

Lemma 2.1. Let u(t) = P(t)eftz/ 2, where P(t) is a polynomial. Then, except perhaps for a trivial transformation,
every ambiguity partner v of u is of the form v(t) = Q(t)e”z/z, where Q(t) is a polynomial with deg P = deg Q.

Proof. Using the fact F(e™’ 2/ (&) =/ 2me€ 2 an elementary computation shows

,\‘2+y2

A, y)=e™ 5 P, y)e” T,
where P (x, y) is a polynomial of 2 variables of total degree 2 deg P (see, e.g., [29, Theorem 7.2] or (11) below). Then,

A = AW [ =[Py e

. —a 2
so we can use the uncertainty principle in [3, Proposition 6.2] (see also [10]) to conclude v(¢) = Q(r)e'“* e_%, for
a polynomial Q and two real constants w, a. We only need to show that deg Q = deg P, but this follows easily from

~ x24y2 ~ x24y2
[A@)x, )| =[0G, y]e™F =[P, y)|e”+,
andthefathdegQ=deg§=degﬁ=2degP. O

2.2. Reformulation of the ambiguity problem as an algebraic problem
Let us first give some notation that we will use in this section.
Notation. We say that a polynomial is monic when the coefficient of its term of higher degree is equal to 1.

For a polynomial [T € C[Z], we will write IT* the polynomial given by IT *(2) = (7).

For a polynomial IT of degree n, that is, IT € Cn [Z], we write I1(z) = (—1)"[1(—z). Note that (I7")" = (IT)’. We
will thus write unambiguously IT'. Remark also that IT is monic when I7 is.

For IT, ¥ two polynomials, we write

(11, ¥)_ =0V — 1Y, (M, ¥}, =0V + ITW. )

We shall prove that the ambiguity problem for Hermite functions is equivalent to an algebraic problem, which we
state now. For P € C,[Z], we define its ambiguity polynomial as the polynomial in two variables given by
n
1
Ap(z.w) =Y — P ()P* ™ (w).
m!
m=0
Note that Ap = Ag if and only if there exists some unimodular constant ¢ such that P = cQ.
The ambiguity problem for Hermite functions will then be reduced to the following one:
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The algebraic ambiguity problem. For a given polynomial P of degree n, find all polynomials Q for which one has
the following identity:

Ap(z, wWAp(—z,—w) =Ag(z, w)Ag(—z, —w). (10)
Again, our question is the following: Does there exist other partners than the trivial ones, given by ¢P and P,
with ¢ a unimodular constant?

We first prove the equivalence between the two problems.
Let us denote by

Hk(x)=(—1)kex2£(e_x2) k=0,1,2
dxk b 9 9 9

the Hermite polynomials. We recall that, with the normalizing constant y; = (ﬁzkk!) %, the system

1
Y0 = —Hi (e ™72, k=0,1,2,....
Yk
is an orthonormal basis of L2(R), called the Hermite basis of LZ.
Let 13 be the linear map on C[Z] defined by B(Hy) = 2K/2Z* (i.e. B is the Bargmann transform).
The equivalence between the two problems is given by the following lemma, which is essentially contained in [6].

Lemma 2.2. Let P and Q be two polynomials. Then Pe"12 and Qe”z/2 are ambiguity partners if and only if B(P)
and B(Q) are partners for the algebraic ambiguity problem.

Proof. First of all, an explicit computation gives the well-known formula (see, e.g., [29, Theorem 7.2])
A(Hje 2 Hee ") (x, y) = Lin(x /N2, y /N2 )e 4T (an

where L i is the Laguerre polynomial defined by

k . ¢
k! . Nj—k J (=1 2 20\ ¢ P
Ljx(x,y)=vjv /ﬁ(x+zy)~’ ;_O(k_£> 7 (x +y ) , ifj>k

(and L (x,y) = Ly, j(—x,y) if j < k). We can write this formula in a unified way as

Jnk

i) M (— - Nk—m
‘f*k()"”:mﬂk!z(xfjly_)mn((kfliﬁz '

m=0
Thus, defining the new variable z = x + iy we have
Jnk

m j—m¢__s\xk—m .
A(Hje—tz/z, er—tz/z)(x, y) = ﬁj'k'( %)e_zﬁ/“el?

mzo% (j —m)!(k —m)!

.i/\k m m J m k .
=m0 ()| et
o m! ot \ j! /|, 0t \k!)|,__;
Now, consider the expansion of P and Q in terms of the basis of Hermite polynomials
n n
P=) ojH; and Q=Y B;H; (12)
j=0 j=0

with o, # 0, 8, # 0. Then, calling P := B(P) = Z?:o aj 271277 and using the bilinearity of the operator A we have

> %P“")(ﬁz)ﬁm)(—«/iz)

m=0

2
e 127 /4

A (x, 0| =7
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Calling Q :=B(Q) = Z?:o Bj 2J/277 | the fact that u and v are partners is equivalent to the identity

2 2

n 1 -
> 0" @QM(—2) (13)

m=0

> i'PW)(z)PW)(—z)
m:

m=0

for all complex numbers z. Since two holomorphic polynomials in two complex variables z, w coincide when they
coincide for z = —w, this is equivalent to the identity

n 1 n 1
( > PP “’”(w)) ( > =P P*“")(—w))

m=0 m=0

“ 1
( Z Q('”)(z) Q*(m)(w)> ( Z — Q(m)(—Z) o* (m)(_w)> . (14)
m=0""

mO

We recognize the algebraic ambiguity problem, which finishes the proof of the lemma. 0O

Remark 2.3. Note that the highest order coefficient in (14) is |ay |* = |B,|*, so that | B,| = |onl. Replacing Q by its
trivial partner 0= ﬁ" Q, we may thus assume that 8, = «,,. Then, using the homogeneity of Eq. (14), there is no loss
of generality to assume that 8, = a,, = 1.

2.3. Solution of the algebraic ambiguity problem in the generic case

Definition. By a generic polynomial P we mean a polynomial that has only simple roots and has no common root
with P, that is, P has only simple non-symmetric roots.

Of course, almost all and quasi-all polynomials are generic.
We will now prove the following theorem which implies Theorem A.

Theorem 2.4. Assume that the polynomial P is generic and let Q be a partner of P. Then Q is a trivial partner, that
is, there exists a unimodular constant ¢ such that either Q = ¢P or Q = cP.

The proof is divided into two steps. In the first one, we will directly use Eq. (14) to get substantial information
on Q. The second step will consist in exploiting the factorization that A(P) would have if Q were not a trivial partner.
First step. As explained in Remark 2.3, we can assume that P and Q are monic polynomials and write

P=Z"+p1Z" A puiZ A pn. Q=2+ @i 2"+ g1 Z + g
Equation (14) can as well be written

ApA75 = AQAQV.
Looking at Ap € C[Z, W] as a polynomial in W with coefficients in C[Z], we can write

~1
Ap=PW" +(mP+nP W' ' + <13277 + - Dp P + %7’/) w2

modulo terms of smaller degree. Looking at the coefficient of W2 in (14), we get

PP =Q0, (15)
which in particular implies that
PP+PP =090+ 0d (16)

and

PP+ PP +2P' P =Q'0+ Q0" +200.
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Then, looking at the coefficient of W2"~2 in (14),! an elementary computation which uses the previous identities leads
to

nP'P' + p1(PP = PP) =nQ'Q +G1(QQ' — 0Q). (17
The highest order term in this equation gives |q1| = |p1]-
From (15) we deduce that there exist two monic polynomials A and B such that
P=AB and Q=AB. (18)

Let us further write
A=Z+a; 72" "+ .44 and B:=Z'+b,Z"'+.. +4q.
Then p; =a; + b1, q1 = a1 — by and |q1| = | p1] is equivalent to
aiby +aib; =0. (19)

These relations, written for all possible decompositions of P as a product AB, is sufficient to prove that the set of
coefficients p1, ..., p, is contained in a real analytic variety of codimension 1 in C", and imply Theorem A. We will
not give details for this reduction since we have more information, as stated in Theorem 2.4.
Note that, using the notations defined by (9), (17) may as well be written as
2a1AA{B',B}_ +2bBB{A’, A}_ +n{A’, A}_{B', B}_ =0. (20)
Remark that the condition {A’, A}_ = 0, which may be written as well as AX/ = %, is equivalent to the fact that

A =A.If a is 0, then either {A’, A}_ = 0, which means that Q = P, or 2b1 BB + n{B’, B}_ = 0. This last identity
is only possible when b; = 0, and thus {B’, B}_ = 0. So Q = P. In particular, we have proved the following. At this
point, P is not necessarily generic.

Proposition 2.5. Assume that the polynomial ‘P is such that py = 0. Let Q be a partner of P. Then Q is a trivial
partner, that is, there exists a unimodular constant ¢ such that either Q@ = c¢P or Q = cP.

We will now concentrate on the case when a; and b; are different from zero, and P (thus Q) is generic. As A
(respectively B) has no multiple or symmetric zeros, then AA and {A’, A}_ (respectively BB and {B’, B}_) are
mutually prime. Moreover, zeros of AA and BB are different. It follows from (20) that 2b; BB + n{B’, B}_ can be
divided by AA, while 2a; AA + n{A’, A}_ can be divided by BB. So A and B have the same degree. We conclude
directly that there is a contradiction when 7 is odd. From now on, we assume that n = 2k. Then A and B have degree k.
Moreover, looking at terms of higher degree, we conclude that

n{B’,B}_ =2b;(AA — BB). 1)
Differentiating (21), we obtain

2b1({A’, A}y —{B', B}+) =n{B", B}_. (22)
We can exchange the roles of A and B in the previous identities. In particular, we get that

bi{A’,A}-+a{B',B}-=0. O (23)
Second step. We will now work with polynomials in two variables. For IT € C[Z, W], we define I1 as before, the

degree of a polynomial being taken as the total degree. Using the fact that Ap A'p = AQAQ, we know that there exists
a factorization with polynomials C, D in two variables, such that

Ap=CD, Ag=CD. 24)

' The coefficient of W21 only leads to Eq. (16).
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Let us consider C and D as polynomials in the variable W with coefficients that are polynomials in Z, and write

C =CoW?* (modulo polynomials in W of lower degree),

D = DyW? (modulo polynomials in W of lower degree).

Then P = Co Dy, while Q = £Cy Dy, with & = (—1)dee D+deg Do+ The assumption that P is generic implies that there
is uniqueness in the factorization (18). So Cy is equal to A (up to a constant) and Dy is equal to B (up to a constant).
Exchanging the role of the two variables, we see that « = 8 = k. So ¢ = 1, and we can assume that Cy and Dy are
monic, so that Co = A and Dy = B.

These considerations allow us to write

C(z,w) = ARQA* (W) + Ci1(w*™", D= B@)B*(w)+ Di(x)w*! (25)

(modulo polynomials in W of lower degree). Moreover, C; and D have degree at most k — 1.
We shall now identify A; and Bj.
Writing Ap as a product, we have that

Ap(z,w) =P@)P*(w) + [A@)D1(z) + C1(2) B@) Jw" ™!

(modulo polynomials in W of lower degree), whereas a direct computation, using the fact that P = AB shows that
Ap(z, w) = P(2)P*(w) +n[A(2)B'(2) + A'(2) B() Jw" ™!

(modulo polynomials in W of lower degree). Comparing both expressions leads to
(nA’—C1)B+ nB'— D1)A=0. (26)

Our assumption on the zeros of P implies that A and B are mutually prime so that, using the information on the
degrees of C1, D1, we get that

Ci=nA’" and D;=nB.

Symmetry considerations now imply that
C(z,w) = A(2)A*(w) + 24" (2) A (W) + Ca(2)wk 2,
D(z, w) = B(z) B*(w) + 2B'(2) B"*(w) + Da(2)w" >

(modulo polynomials in W of lower degree). Moreover, C> and D> have degree at most k — 2.
It then follows that

Ap(z,2) =P@P*(w) +P' w)P*(w) + (A@)[ (@ — b1)B'(z) + D2(2)]
+ B@)[(b1 —anA' () + C2(2)] +n*A'(2)B'(2))w"?

-1
=P@@)P*(w) + P ()P *(w) + Lz) (A"(2)B(z) +2A'(2)B'(2) + A(2) B" (2))w" >
(modulo polynomials in W of lower degree). It follows that
(@ —b1)(AB'— A'B) + AF + BE +nA'B' =0, (27)

where E := Cp — @A” and F := Dy — @B” . Exploiting the expressions of Ao, that is changing B into B
(thus also b; into —b; and F into F), we get

@ +b1)(AB'— A'B)+ AF + BE +nA'B' =0. (28)

Let us multiply the left-hand side of (27) by B and the left-hand side of (28) by B, and take the difference. We obtain
that

A(a\{B', B)- —b\{B', B}+ + {F, B})_) + A'(2b1BB +n{B', B} ) = 0.
Using (21) and (23), we can write that
A'(2b1BB +n{B', B}4) =2b1AA'A = A(b{A', A}+ — @ (B, B}-).
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Finally, using (22), we obtain the identity

no
{F+§B ,B} =0.

Since B and B are mutually prime by assumption, this means that F = —5 B".
We could as well prove that E = —5 A”. If we compute the coefficient of the term of higher degree in the left-hand
side of (27), we obtain |a;|? + |b1|> + n, which cannot vanish. This concludes for the proof. O

Remark 2.6. We will need the following: for all integers n # m and a € C, then v, + ay,, has only trivial partners
for the ambiguity problem (equivalently, Z" + aZ™ has only trivial partners for the algebraic ambiguity problem).
Indeed, for |n — m| > 2 this is a consequence of Proposition 2.5. For |[n — m| = 1, this follows directly from (15).

3. Trivial solutions and constructions of special strange partners
3.1. The discrete case

We refer to Problem 3 as Problem (P). In this setting, two sequences a and b are said to be discrete ambiguity
partners (or (P)-partners) whenever (8) holds.

We start by defining the dual problem of (P), when 27 -periodic functions, rather than sequences in Z, are consid-
ered. Here T =R/27Z = [0, 27), and for f € L*(T) we let

27
f)= L/f(t) e~ "M, nel.
27
0

In this way, one can write f(1) =),z f(n)ei"’ in the usual L2(T) sense (and a.e.). We shall also identify L*(T)
with £2(Z) via the correspondence: f > { f (n)}nez. This gives the following equivalent formulation of (P).

(f’) The Periodic Ambiguity Problem. For f € L*(T) define the periodic ambiguity function by
! 2
A(f)(k, 1) = o f f&)fs—ne *ds, (k) eZxT.
b4
0

We want to find all g € L*>(T) such that
Ak, 0| = | Ae)k,1)|  forall (k,1) € Z x T.

Two functions f and g as above are called (?)-partners.

Note that f and g are ﬁ-partners if and only if the sequences of their Fourier coefficients { f (n)} and {g(n)} are
(P)-partners in the sense of (8) since Parseval’s formula gives

ANk, =Y" fo) fon—ke™ = A({fm)}) k. 1). (29)

nez

In the sequel, we will therefore write A( f) instead of A( f) to simplify the notation.

Let us give a precise definition of trivial solutions, as announced in the introduction. Intuitively these should
be simple transformations of the data function that always give solutions to the functional equation proposed. The
definition below, given for P easily adapts to other problems.

Definition. A trivial solution for (13) is a bounded linear operator R : L*(T) — L*(T) preserving (f’)-partners, ie.,
such that for every f € L?(T), f and Rf are (P)-partners. We denote by 7 the semi-group of all such operators.
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Example. Let H=T x Z x T, and define for & = (o, k, 8) € H
Ryif(t)y=ePe® ft+a) and Ruf@t)=ePe ™™ f(—t +a).

Then Rp and Eh are trivial solutions for (P). Note that Ry, is a unitary representation of the periodized Heisenberg
group H, with the product defined by

hell = (k. B)- (@ K B) = (e +a' k+ K p+B +Ka)
while as before ﬁh =ZRy,.

Let us prove that there are no other trivial solutions.

Proposition 3.1. Let R be a trivial solution for (f’), then there exists h € H such that, either R = Rj, or R = ﬁh. In
particular, T can be identified with the group {—1, 1} x H.

Proof. Forn € Z, let f,,(t) = e Then, |A(f) (k, t)| = 80.x, Where 8¢ x is the usual Kronecker symbol. Moreover,

JARf) U, )] = | D RE(ORS (€ —k)e' | =80k
LeZ
implies that there exists a unique m(n) such that fﬁ(m (n)) #0, thatis Rf, (t) = c,e!™™! with |c,| = 1. Note that, if
ny # ny, then m(ny) and m(ny) are different. Indeed, if they were equal, the non-zero function g := ¢, fu; — ¢, fa,
would have a zero radar ambiguity function, a clear contradiction.
We wish to show that either m(n) — n or m(n) + n is a constant. Let us consider the test functions g(r) = /™" 4+
e'™! for distinct ny, ny € Z. Then Rg(t) = ¢y, ™" + ¢, ™12 and therefore,

|A@) (O, 1) = [+ &2 | = [[e, ™D |y, [P 2 | = | A(RE) (O, ).

This implies, |m(n1) —m(ny)| = |n1 — na|, which is an isometry of the integers, and therefore of the form m(n) =
m(0) + en, with a constant ¢ = 1. In particular, when ¢ = 1 we have

(Rf) (1) = cpe™ O £, (1). (30)

We shall show that actually R = R, for some h € H. The case ¢ = —1, then follows by replacing R by RZ.
So, assuming (30), let us establish the dependence of ¢, on n. Testing with &, (t) = '™ + et D i t2) e
obtain

| AR (1, 0] = |1+ €| = |1+ culnrieniae’ | = |[ARRL) (1, 1)].

Therefore ¢, 1cp+2 = Cpcpy1. Writing ¢, = e'? ™ this relation can be expressed as
yn+2)—ym+DH)=ym+1)—ym=---=y(1)—y(@0) (mod2m).
Hence, for some « € T, we must have
ym)=a+ymn—1)=---=na+y(@0) (mod?2r),
concluding that
(Rfa)(0) = coe™e™ " (1) = coe™ " f,(t + ).
Then, the linearity and boundedness of R give R = Rj,, where h = (o, m(0), y(0)). O

Remark 3.2. It is worthwhile to notice that, from the above proof, an anti-linear bounded operator R cannot preserve
P -partners. Indeed, in the last step of the proof one may test with a function f(r) = 1+ ¢!’ + ce?’, for |c| = 1. Then
JACF)(L, £)] = |1 + ce'!|, whereas if R were antilinear, I/Al(f)(l, = |ARF)(1,1)| = |1+ ce'|. This excludes anti-
linear operators to give trivial solutions for P).

A normalization remark. Let f € L?(T) be a trigonometric polynomial. Then, up to a change f % £ we may
assume that supp f C {0, ..., N} for some integer N and that f(0) # 0, f(N) # 0. We then say that f € Py.
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The next lemma shows in particular that there is no loss of generality if we restrict the study of the discrete radar
ambiguity problem to functions in Py when dealing with trigonometric polynomials.

Lemma 3.3. Let f € L*(T) and let A = supp f. Then
supp A(f) := {k: A(f)(k, t) is not identically 0} =A—A.

In particular, if f € Py for some N €N, and if g isa (f’)-partner of f then, up to replacing g by a trivial partner, we
may also assume that g € Py.

Proof. The nth Fourier coefficients of ¢ — A(f)(k, t), namely f(n)f(n — k), will vanish unless n,n — k € A, so
that supp A(f) = A — A.
If f e Py then A C{0,...,N}, thus supp A(f) c {0,...,N} — {0,...,N} = {—N,..., N}. Obviously

A(S)(=N,1) = f(0)f(N) #0, A(f)(N,t) = f(N) f(0)e'N" 0, thus supp . A(f) cannot be included in a smaller
interval.

Now, if g € L%(T) is a (P)-partner of f, then A’ := supp g is such that A’ — A’ is finite, thus A’ itself is finite.
Thus g is a trigonometric polynomial, thus we may assume that g € Py for some M. The first part of the proof then
showsthat M = N. O

Finally, it is obvious from the definition that if f € Py with N =0 or N =1, then f has only trivial partners.
3.2. Restricted discrete problems

In this section we consider the discrete radar ambiguity problem (P) restricted to the subspaces L%‘ (T). Recall that,

for A a subset of Z, this space consists of all functions f € L*(T) with supp f C A. The discrete radar ambiguity
problem may then be restricted in two ways:

The Ambiguity Problems in L (T). Given f € L% (T),

Py find all g € L*>(T) such that for all (k,t) € Z x T
A&, 0] = | A®) (k1) (Py)

. and such a g will be called a P -partner of f;
Pa 4 findall g e L%‘(T) such that for all (k,t) € Z x T

AN K. D] = [A@) k. 1)]. (Pa.a)
Such a g will be called a ISA,A-partner of f.

In other words, the P -ambiguity problem is just the f’—ambiguity problem for functions in L%x (T') whereas in the

ISA, A-ambiguity problem one further seeks for the solutions of the ﬁ-ambiguity partners to be in L%x (T).
Restricted trivial solutions may now be defined in two natural ways:

e an operator R: Li (T) — L?(T) such that, for every f € LE‘(T), f and g = Rf satisfy (ISA) will be called a
ﬁA -trivial solution; .
e an operator R : L%‘ (T) — L%x (T) such that, for every f € LE‘(']I‘), f and g = Rf satisfy (P4 4) will be called a

P a-trivial solution.

Of course, every 13A, A-trivial solution is also a ISA-triVial solution. The converse may not be true as the trivial
solutions Ro k0 and ﬁo,k,o do not preserve L%‘(T) in general. Note also that every trivial solution is a ﬁA-trivial
solution. Again the converse may be false as the example below will show.

It is a remarkable fact that the more lacunary a sequence A is, the more trivial solutions the problem admits.
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Notation. For A C Z and ¢ = {c(n)},c4 a sequence of unimodular numbers, we define the (multiplier) operator
Re:L%(T) — L%(T) by

Ref(t)=) cn)fmye™, teT.

neA

This operator is extended to L>(T) in the obvious way: Ree™ =0if n ¢ A.

Example. Let A = {21 }7‘;0. Then, any multiplier R, is a trivial solution for (ﬁA), but in general not for (ﬁ). This is
due to the fact that A f (0, t) = AR f (0, t), while

AF@Y —2.0)| = [ F(2) F(28)] = | AR F (25~ 2%.1)

for non-negative integers k1 # k».

’

In general, we have the following result:

Proposition 3.4. Let A C 7Z. An operator R : L.24 (T) — L%(T) is a (P4)-trivial solution if and only if it is of the form
R = SR, where S € T and ¢ = {c(n)},e 4 is a sequence of unimodular constants satisfying

c(ny)c(ny) =c(nz)c(ng), whenevern; —ny=n3—nq4, n; €A, i=1,2,3,4. a3

Proof. The sufficiency is easy to check. Indeed, just notice that for R = R, using condition (31) one obtains

JARP D] =| D e fmetm —k) fn—ke™| =|Af) Kk, 1)
n,n—keA
since c(n)c(n — k) depends only on k and is of modulus 1. '
For the necessity, it is easy to see that the operator R will act on the exponentials f,(¢) = ¢ by

either  Rfy (1) = c(n)e™ fo(1) or Rf (1) =cmye™™" f_,(0),
for some m € Z and |c(n)| =1, n € A. Indeed, the part of the proof of Proposition 3.1 to give (30) can be used here.
Factoring out the corresponding (P4 )-trivial operator S = Ry, or S = Rj, with 1 = (0, m, 0) € H, we may assume that
R = R.. It remains to determine the relations in (31) among the c(n)’s.

Excluding the trivial cases, we have only to check (31) when n; > ny and n{ > n3 > n4. This leaves only two
possibilities:

Case 1. ny = n3. Then testing with g(¢) = e"1" 4 ¢!"2! 4 ¢/"4! we obtain

|A(Rg)(n1 = na, )| = |e(n)e(na)e™ + c(na)e(ng)e™ | = [ + ™!

’

and consequently, c(n1)c(n2) = c(na)c(ng).

Case 2. ny # n3. Then, the n;s are all different and we may test with A (t) = /1! 4+ /2! 4 ¢3! 4 ¢i"4!  obtaining:
|ARR) (1 — n3, )| = €™ + ™ + h(n3)h(2n3 —nyp)e™|.

Note that I%(an —n1) # 0 only if 2n3 — n| = ny or ny4. But the last choice implies n, = n3, which is not possible. If
instead n3 — ny = ny — n3, then the previous case gives us the equality

c(n3)c(ny) = c(nz)c(ns).
Therefore

|A(RR)(n1 — n3, )| = |c(n)e@z) (™ + ™) + c(na)c(na)e™ | = | + ™™ + "],

from which we obtain c(n1)c(n3) = c(nz)c(ns). When, on the contrary, ﬁ(2n3 —n1) = 0, then the situation is simpler
since

|ARR)(ny — n3,0)| = |c(n)e(nz)e™ + c(no)c(na)e™ | = | + |,

leading to the same result. 0O
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Remark. We shall denote by 7, the set of all operators which are trivial solutions for (ﬁA). Note that now 74 is not
a semi-group with the usual composition law, unless A = Z.

The previous proposition, translated into the language of the periodic radar ambiguity problem P), guarantees the
existence of many strange solutions for every function in L “4(T), provided A has enough gaps. Further, we obtain the
following:

Corollary 3.5. The set of functions f € L>(T) admitting strange solutions to (P) is dense in L*(T).

Proof. Consider, for every N > 1, functions with Fourier transform supportedin Ay ={—N, ..., NJU{3N +1}. Itis
clear that UIO\,OZ 1 LiN (T) is dense in L2(T). Further, any function f € LiN (T) will have infinitely many (P)-strange

partners. Indeed, these are given by the (P4)-trivial solutions:
N

Rey f) =Y efme™ +¢ fGN + DOV,
n=—N
for |¢| = |¢/| = 1. Since the multiplier cy = {c(=N) =--- =c(N) =¢,c(3N + 1) = ¢’} satisfies condition (iii) of

Proposition 3.4, we must have R, € 74, establishing our claim. O

Here is one more consequence of our proposition, generalizing the example given above. We exclude the case
Card(A) = 2 for which one easily knows all solutions to (P) or (PA)

Corollary 3.6. Let A C Z be such that Card(A) > 3. Suppose that every n € A + A can be written uniquely (up to
permutation) as n =ny + no, withny,ny € A. Then R: L%l('ﬂ‘) — L% (T) isa f’A,A-trivial solution if and only if it is
of the form R = R with ¢ = {c(n)}pen € T4,

Further, if f € Li (T) and Card(supp f) > 3, then every solution to ISA,A is given by R f, for some ¢ € T4,

In other words, this corollary states that the trivial solutions may be identified with T/ and that, if f € Li (T) and
Card(supp f ) > 3, every solution to f’A, Alsa PA’A, A-trivial solution.

Proof. Under the assumption on A, condition (iii) of Proposmon 3.4 always holds, since n| —ny, =n3 — ny, for
n; € A implies n1 = n3 or n; = ny. It follows that the (PA) trivial solutions are all given by R¢Ry kg or by ReRy i g
for some (a, k, B) € H and some ¢ = {c(n)}nen € (S ha =14, Among these operators, the only ones that preserve

L% (T) are R R0, g = Rg with ¢, = e/Ptinae,

We shall show that if g € L? 4(T)isa PA A-partner of f, and Card(supp f) 3, then |f(n)| =|g(n)|,foralln € A.
This will imply that g = R¢ f for some multiplier ¢ € T/ and establish the corollary.

From the assumptions on A, it follows that | A(f)(k, )| = |.A(g)(k, t)| is a constant for each k € Z. For instance,
if we fix ng € supp f, then for every n € A\ {no}, we get, fork =no —n #0

|7 (no) F )| = |a(no)3 (). (32)

Since Card(supp f) > 2, we must have g(ng) # 0. Denoting z = M and using |A(f)(0, t)|2 |A(2)(O0, t)|2 we
obtain:

S| F o)) e + 122 S | Fmy e

n#ngo

| fmo)Pe™ + 3 | fa[*e™

2
n#ng ‘

Thus both trigonometric polynomials have same coefficients so that either |z| = 1 (which is what we wish), or

Z |f(n)|2einl .

A#Ao

|foo)[* =121t

Since Card(supp f ) > 3, we see that the latter cannot happen, so that |z| = 1. The corollary then follows from (32). O
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Remark 3.7. Sets A satisfying the condition of the corollary are usually called B,-sets (or B[1]-sets) and have been
extensively studied by Erdos and various collaborators (see, e.g., [7]), as well as their generalization, the Bg-sets,
where sums of two integers are replaced by sums of k integers. One may show that a subset A of {1, ..., N} that is
a By set has size at most Card A < CN'/¥ and this bound is sharp [7]. A survey on the subject may be found on M.
Koluntzakis® web page (see also [15,16]). By-sets are particular examples of A (2k)-sets for trigonometric series [25].
The two-dimensional version of these sets, contained in the lattice Z2, also appears in the study of certain phase
retrieval problems arising from crystallography [8].

When the gaps of A are even larger, we will now prove that the problem P, has only trivial solutions. To do so,
we will need the following lemma which may be well known.

Lemma 3.8. Let A, A’ C Z and assume that every n € A + A + A can be written uniquely up to permutation as
n=ny +ny +n3 with ny, ny, n3 € A. Assume further that A" — A"’ = A — A, then A" = A —m or A =m — A for
some m € 7.

Proof. Without loss of generality, we may assume that 0 € A, A’. Now, if m € A’ \ {0}, we may write m =m — 0 =
ny —ny for some ny, ny € A. Assume that we may write m = ny —n/, with nj, n, € A, thenny +n,+0=n’ +n, +0.
The property of A together with m # 0 then implies that n} = n; and n}, = ny. It follows that every m € A’ \ {0} may
be written in a unique way as m = n,, — n,, with n,, #n,, € A.

Further, fix mg € A"\ {0} and write mo = ng — ng with ng # np € A. Then, for m € A"\ {0, mg}, as m —mg €
A" — A" = A — A, there exist n #71 € A such that m — mg = n — 7. It follows that n,, + g + 17 = n,, + no + n.
As m # 0, we get 1, # ny,, and as m # mg, we get 7 # n. The condition on A then implies that either (n,,, 7o, 7) =
(ng, n,ny) or (ny, no, 1) = (n, Nm, ng). In the first case, m = n,, — N, = ng — N, € ng — A while in the second case
M=y — Ny =N, — 1o €A — .

It is now enough to prove that, for a given A’, only one of these cases may occur.

If Card A’ < 2 this is trivial. If Card A’ = 3, the uniqueness of the decomposition 0 # m = n,,, — 1, implies that,
if m € (A —"np) N (ng — A) then m = mgy. We may thus assume that Card A" > 4.

Let m #m € A\ {0, mg} and assume that we may write m =ng —n and m =1 — ﬁo with n, 7 € A. Again, as
A" — A" = A — A, there exists n| # ny such that m — m = n| — ny. It follows that ng + 7o +ny =n +n + ny. The
property of A with n| # n, then implies that only four cases may occur:

(no, Mo, n2) = (n,ny, n), (no, Mo, n2) = (n1, 1, n),
(no,no,n2) = (m,n1,n) or (ng,ng,n2) = (ny,n,n.

The two first cases are respectively excluded with m # 0, i.e. ng # n, and m # 0, i.e. g # n. The two last cases are
respectively excluded with 71 # my, i.e. ng # 1, and m # my, i.e. 7y # n. This concludes the proof of the lemma. O

Sets A satisfying the condition of the lemma are usually called B3-sets. See Remark 3.7 above.

Corollary 3.9. Let A C Z be a B3-set. Then every solution to P is a trivial solution, that is if felL? 4 (T), then the
solutions to (P) are all given by SR f, force T4, SeT.

Proof. Without loss of generality, we assume 0 € supp f and Card(supp f ) 2 3. Note that, since A satisfies the
assumptions in Corollary 3.6, all the solutions to ( PA 4) are given by Re f.

We shall show that if g is a (P)- -partner of f, then supp Sg g C A, for some S € 7. This will imply that f and Sg are
(PA A)-partners, and hence g = S~ chf

We denote Ay = supp f and A, =suppg. As f and g are ambiguity partners, A(f) and .A(g) have same support
and, with Lemma 3.3 this implies that Ay — Ay = A, — A,. From Lemma 3.8, we get that either Ay = Ay —m or
Ag=m — Ay for some m € Z.

In the first case, it suffices to ¢ define S € T by Sg(t) = e_”"’g(t) Wh1le in the second case we consider Sg(¢) =

¢/ g(—t). We then have supp Sg g C supp f and, hence, f and Sg are (PA )-partners. The proof of the corollary is

then complete. O
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To conclude this section, let us point out the existing relation between (f’)—trivial solutions and “restricted” solutions
to the ambiguity problem, as they were defined for the continuous case (3) in [12]. In the periodic situation, the
question can be asked as follows:

(P,) The Restricted Ambiguity Problem. For f € L*(T), find all g € L*(T) for which there is some family of
unimodular constants ny such that, for all (k,t) e Z x T

Ak, 1) = niAg) (k, 1). (33)

Two functions f and g as above are called restricted partners.
We have the following result:

Corollary 3.10. Let f € L>(T) and A = supp f . Then, all the restricted partners of f are of the form R f, with
R¢ € Tp, that is ¢ is a sequence of unimodular constants supported in A that satisfies (31).

Proof. Itis clear that for each R, € T4, with A = supp f ,then R, f is arestricted partner of f. Indeed, (33) holds with
Nk = c(n)c(n — k), which by (31) does not depend on n € A. Conversely, Equality (33) for k = 0 implies |f(n)| =
|g(n)| for all n € Z. Thus, g € Li (T) and g = R f for a sequence of unimodular constant ¢ = {c(n)},c4. It remains
to show that condition (iii) in Proposition 3.4 holds. But this once more follows from (33), since for general values of
ke A— A, have gy =c(n)c(n —k), foralln,n —ke A. O

3.3. The continuous case

The definition of trivial solutions immediately adapts to the continuous radar ambiguity problem: a trivial solution
to the continuous radar ambiguity problem is a linear or anti-linear continuous operator T on L?(R) such that for
every u € L*>(R), u and Tu are ambiguity partners. We have the following description of these operators:

Proposition 3.11. The trivial solutions of the continuous radar ambiguity are the operators of the form Tu(t) =
ce'®u(s(t —a)) withceT, e==%1, w,a €R.

Proof. Let T be a trivial solution and let v, be the Hermite basis. According to Remark 2.6, v,,, ¥, + ¥ have only
trivial partners. Thus, for every n, there exists ¢, € T, ¢, = £1, w,, a, € R such that

Ty, (1) = Cneiwnlwn (8n(t - an)) = Cne,rzleiwntwn(t —ap).

We want to prove that these constants do not depend on n: a, = ap, w, = wp and either ¢, €]} = cg or ¢,y = (—1)"cp.

If this is the case, then respectively Ty, (f) = coe' ™y, (t — ap) or T, (1) = coe! ', (—t + ap). By density of the

span of the /s, linearity and continuity of T, it follows that Tu(t) = coe! ™ u(e| (t — ap)) for all u € L2, as desired.
To do so, take n # k and note that by additivity of T,

T W+ ¥i) = T + T = cne™ %726l Hy (1 — ap)e @ tion =072 4 o=@l by (1 — ag)e @ tiont =712,

On the other hand, ¥, + ¥ has only trivial partners, thus there exists constants cx , € T, ex.n = £1, Wk n, akn € R
such that

T (W + Y1) = cne” %l [e], Ho(t — a) + ef , Hi (1 — a) e @ik =/2,

Comparing the growth at +00 and +ico in these two expressions, we get that the exponential parts have to be the
same, that is

ap +iw, =ag +iwg = aky +iwg
so that ax , = a, = ax and wi , = w, = wi, i.e. for every n, a, = ap and w, = wp as desired. We are then left with

k k
cney Hy(t — ao) + creg Hi(t — ag) = ck,ne,'é’n Hy (t — ao) + ck né , He(t — ap).
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But, looking at the highest order term, this implies first that ¢, &), = cx ,,ek and then cke,’{‘ =cp nak .If n and k are
both even then this reduces further to ¢, = ¢, = ¢k, i.e. for every n even, ¢, = co. If n and k are both odd, we
get ¢, &n = Ck.nEk.n = Ck&k, 1.€. for every n odd, c,&, = c1e;. Finally, if n =0,k =1 we get co = c1,0 and c1e1 =

c1,0€1,0- There are thus two alternatives, either 1,0 =1 or €1 o = —1. In the first case, c1&1 = ¢ and then Ty, (t) =
coe' ™, (t — ap). In the second case cje] = —cg so that ¢,&! = (—=1)"co and Ty, (1) = coe' 'Y, (—t + ap) as
desired. O

4. Pulse type signals
4.1. The stability of pulse type signals for the ambiguity problem
The main result in this section can be stated as follows:

Theorem 4.1. Let 0 < n < % and u(t) = Z?’:O a;xij,j+n () for some (ag,ay,...,an) € CN*L. Then (modulo a

trivial transformation) every solution v(t) € L>(R) of the ambiguity problem (3) is necessarily of the form v =
Z;V:o b X1j.j+n) for some (b, by, ..., by) € CN*L,

This theorem may be seen as an “uncertainty principle” for pulse type signals, in analogy to Lemma 2.1 for Hermite
signals. The techniques we use here, however, are different, containing ideas from phase retrieval and various limiting
arguments. The role of n < % is crucial in the proof, and one may conjecture that % is critical to obtain such an
uncertainty principle.

The following elementary lemma will be used in the sequel.

Lemma 4.2. Let u, v be Lebesgue measurable functions and [a, b] C R. Assume that for almost all x € [a, b], and
almost every t € R, u(t)v(t + x) =0. Then, if to € suppu we have v(t) =0 for almost every t € ty + [a, b].

Proof. Consider the set
= {(t,x) eR x [a,b] | u(®)v(t +x) #0}.
By Tonelli’s theorem and the assumption in the lemma
|A| = / {t eRu@) v(t +x)#0}|dx =0.
[a,b]

Without loss of generality, we shall assume ty) = 0. For 0 < ¢ < 2” yetUg ={t € (—¢,¢) |u(t) #0} and Vy, ={x €
[a+¢e,b—¢e]|v(x)z#0}. As O € suppu, for every € > 0, |Ug| > 0.
Consider the set A, = UteUg{t} X (Vg — t) and note that

c{(t.x) €U, x [a,b] |u(t)v(t +x) #0} C A.
Since |A| = 0, it follows that A, is measurable in R? and |A.| = 0. Thus, using again Tonelli’s theorem
|Ag| = / |Ve —t]dr = |Ug||Ve| = 0.

Ue
As |Ug| > 0 this implies that |V, | =0 for every ¢ > 0, thus [x € [a,b] | v(x) #0|=0. O

Proof of Theorem 4.1. We shall assume agay # 0. Let v € L?(R) be an ambiguity partner of u, that is
sin(n — |x —ky/2
y/2

for all x, y € R. We need to show that v is a pulse function of the same type as u. This will be obtained directly from
(34) in various steps. To begin with we recall that, modulo a trivial transformation, we must have

N
17 0o =0) )| = |[F @ =) »)| = Y [Aatk, )|

k=—N

Xi—n.m(x —k), (34

conv(supp v) = conv(suppu) = [0, N + n] (35)
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(see, e.g., Lemma 1 in [12, 3.2.2]). In particular, v is compactly supported and (34) is an equality of continuous
functions in x and y.

Step 1. A bound for the support of v.

From (34) it is clear that, for every x € [n, 1 — n] + Z,
v+ x)=u(u(-+x)=0 a.e. (36)

Since 0 € supp v, we conclude from Lemma 4.2 that v(x) = 0, for almost every x € [n, | — n] + Z. Thus, there are
some smallest intervals I; =[l;,r;] C j+[-n,n], j=0,..., N, so that

N N
suppv C | J 1; = [ J1tj. rj1. (37)
=0 j=0

Observe that /) = 0 and ry = N + n by (35). Further, we claim that our assumption 1 < % actually implies r; —I; < 7.
Indeed, we already know this for Iy = [0, ro] C [0, n]. Let us now show it for I} =[l;,r;] C [1 — 5,1 + n]. Since
[1 € supp v, we can use again Lemma 4.2 and (36) to conclude

v(l1 +x) =0, foralmostevery x €[n,1 —n],

or equivalently, v vanishes in /1 + [n, 1 — n]. Now, this interval cannot be strictly contained in [/1, r1] because the
latter has length not exceeding 21 and the former (with left extreme /1 + n) has length 1 — 25 > 5. Therefore, by the
minimality of /1 we must necessarily have /; + n > r1, which gives our claim. One proceeds similarly with the other
intervals /;.

In particular, we have shown that

N N

suppv C Ulj C U[lj,lj+r)].
=0 j=0

Observe that we cannot exclude the possibility that some /; may be empty. In this case, there is no loss in considering
li=rj=j.
i=T

Step 2. The phase retrieval problem.

Letus now fix k € {0,..., N} and x € k + (—n, ). We then study (35) as the phase retrieval problem

_ i —|x—kDy/2
Lo 06 =] )] = [FuO at = 0] )] = [Aat, ]| 22 'y"/z Dy/2) (38)
By Walther’s theorem ([28] or [12, Theorem 2]), the solution to this problem is necessarily of the form
Flo() 70 =D (0) = ey Ag(k, ) 2RI EZKDVZ () (39)

y/2

where a(x), B(x) are real functions, and G is a unimodular function of the form

G.y»=1]]

)7
zedy - E)e

(1— e

Yy

for some set of (non-real) complex numbers J,. The set J, is a subset of the complex zeros of z — Flu()u(- — x)](z).
The effect of G is to take these zeros into their complex conjugates (the so called zero-flipping).

Since z > SMU=XZKDI/Z pag only real zeros, flipping may only occur in the set Zj of non-real zeros of z —
Aa(k, z) (where as usual, zeros are repeated according to multiplicity). We can partition Z; = I, U Jy, with J, the
subset of zeros that “flip” in (38).

Our first claim is that, foreach k =0, ..., N, J; (and thus G, ) are actually independent of x € k + (—n, ). Indeed,
given one such x( one notices that the holomorphic function Fy,(z) = F[v(-) v(- — x0)](z) is not identically zero, and
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Fy — Fy, in H(C) when x — x¢o. Moreover, given any zero z € Z(Fy,), by Rouché’s theorem we obtain the equality
of multiplicities m(z, Fy) = m(z, Fy,), for all |x — xo| < ¢ provided & = &(xo, z) > 0 is small enough.

Proceeding as before for every xp, an easy compactness-connectedness argument gives m(z, Fy) = m(z, Fy) for
all x € k + (—n, n). Finally, repeating this argument with all zeros z € Z(Fy) one concludes J, = J; for all x €
k + (—n, n). We will then write Gy = G, for such x.

Step 3. Determination of the support of v(-)v(- — x).

Let us now go back to (39) and define the bounded function

Us(y) = 0 POV Aa(k, y)Gr (), (40)
so that U, is a tempered distribution satisfying, for all x € k + (—n, ),
V() V(= X) = Ux * X _nlekl n-lx—kly- (41)
2 ’ 2

Next, we define another distribution ﬁk by

Ur(y) = Aa(k, )G (y),
so that, for x € k + (—n, n),

Ui = e U (- + B()). 42)
Let us emphasize that, in this identity, l7k does not depend on x. Now, if we consider k = 0 and fix x € [0, ) we must
have, using step 1,

N

\Jj +x. 1 + 01 2 suppv(-)o(- =) = supp U # x(_ns n)

j=0

= supp(Uo * x;_1x 122)) + B). (43)

Now, as v(-) v(- — x) is supported in [0, N + n], z +— F[v(:) v(- — x)](z) is entire of exponential type at most N +
(for any x). It follows that 8 is a bounded function and thus we may find a sequence x,, /' n so that 8(x,,) has some

limit, say B4.
Next recall the following elementary fact: for every distribution U € S’ we have

1
—U % y_ — U
25 X—(5,8)

when § — 0 with convergence in S’.
Then, letting x,,, — 7 in (43) we easily obtain

N
supp Uo € |_J{lj +n) — B+
j=0

Further, observe that U 0 is bounded (and hence cannot be a polynomial), which necessarily implies

N
Uo=> il 4n—p,- (44)
j=0
for some complex numbers y;, j =0, ..., N. Thus, we conclude that, if x € (=7, 1),
‘ N
Ur = el Z Vj(sl_/+n+ﬁ(x)—ﬂ+» (45)
j=0
and therefore
N
. T _ da(x) .
v —x)=e ZVJX[*U%M‘U%M]+IJ~+U+¢3()C)7/3+' (46)

=0
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Step 4. Determination of |v|.

We begin by showing that ygyn # 0. Indeed, we test (46) with x = 0, and using the property that 0 € supp v, we
find a smallest integer jg € {0, ..., N} such that

nn
0e |:—§, §i| +lj0 +7’]+,3(0) —,3.
We claim that jy = 0. If not we must have 37'7 + B(0) — B < 0 (since [y = 0), and thus B(0) — 8 < —37'7. But now, since
N + n € supp v we also have

n 3n 3n
N+n<5+1N+n+ﬂ(0)—ﬂ<7+lzv—7=lzv,

which is a contradiction (since ry = N + 1 € suppv). Thus, jo = 0, which forces yp # 0. A completely symmetrical
argument gives yy # 0.
Next, we shall determine explicitly the function §(x) in (39). Recall from (43) that

Ul olx +1;.1;+ 1], ifx €[0,n),

suppv(-)v(- —x) C N ]
U]:O[ljslj+n+x]’ lfxe(_n’()]'

Since ypyn # 0, we see from the (46) that the extreme points _n—T\xl +lp+n+B(x)— B, "_2"“ +iy+n+B(x)— By
must belong to supp v(-) v(- — x). Therefore, if x € [0, ), x 4+ lo < =15~ 4+ Iy + n+ B(x) — By so that

n—x

- < Bx) — B+,

and"%M+IN+ﬁ+ﬂ(x)—ﬂ+<lN+nSOthat

n—x

Bx) — B+ < — 7

Thus, we conclude B(x) = B4 — %, x € [0, n). Proceeding symmetrically with x € (—n, 0] one extends this identity
to all x € (—n, n). In conclusion, going back to Eq. (46) with x = 0 we have shown that

N
2 i (0
P =e“O> "y Xty
=0

Next we shall determine explicitly the values of /;. As we said in step 1, there is no loss in assuming /; = j when
y;j = 0. We will prove that we must also have /; = j when y; # 0. Indeed, we already know that /[y = 0. Moreover,
when y; # 0 we know from step 1 that

[, l;+nlCj+[-nnl

from which it follows j —n <[; < j. Assume by contradiction that for one such j we have j —n <[; < j — ¢, for
some 0 < ¢ < n. Then we can select

x=lj—(m—e)e(G—-D+n1-nl

so that by (36) it holds v(-)v(- —x) =0, a.e. Now, when t € [/}, [; + ¢] we also have t —x € [n — &,n] C [0, ], and
therefore, fort € [/, 1; + ],

vt vt —x) =y;jy #0,

which is a contradiction. Thus, we have proven

N
> =e“O> " yixij - 7)
j=0
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or more generally, looking at (46), for x € (—n, )

N
VOUC=0) =N Y i agey s ‘%)
=0

Step 5. Determination of the phase of v.

From (47) we conclude that there are numbers by, ..., by > 0, and a function 7 — ¢ (¢) real such that
N
v(t) =D b -
j=0

Observe that we can modify v in a null set so that this equality holds in all points ¢ € R. We want to show that the
phase ¢ (¢) is constant in each interval [, j + 5] for which b; # 0. When x € [0, n), using the expression in (48) we
see that

N N
vOVC =) =N "y xerj =€ PO b -
j=0 Jj=0

Since by (47) ¢/*©y; > 0, we must have
ad(x) =a(x) —a(0) =¢() — ¢ —x) (mod27)
whenever x € [0,7), 1 € [x,n] + j and b; # 0. Choosing t = x + j we see that ¢ (x + j) =& (x) + ¢(j) (mod 27),
and therefore
a(x)=a(t)—a(t—x) (mod2w), x,t,t—xel0,n).
This is equivalent to
ai+x)=a(t)+a(x) (mod2r), whenx,t t+x¢€l0,n),

which by continuity of @ (by (39)) implies 5_[ (t) = wt, t €10, n), for some real number . Thus, modulo 27, ¢ (t + j) =
¢(j) + wt, t €[0,7), so calling b; = /@ =)p; we conclude

N
v(t) =" Y b xij,j+n-
Jj=0
Therefore we have shown that, modulo a trivial transformation, v is a signal of pulse type of the same form as u,
concluding the proof of the theorem. O

4.2. Rareness of pulse signals with non-trivial partners

Contrary to Section 3, from now on it will be more convenient to study the Discrete Radar Ambiguity Problem (P)
for sequences rather than the Periodic Radar Ambiguity Problem (P). Let us first note that there is no difficulty to
transpose Proposition 3.1 to this context. Note that the trivial solutions are generated by the two representations of
the periodized Heisenberg group H=T x T x Z on 02(7) given as follows. For h = (B, w,l) e Hand a = (a}) jez €
02(Z), define b = S,a by

bj = ei,B+ijwaj_l’

and b = §ha by
gj — eiﬂJrijwa_j_l.
Further, when looking for partners of a finite sequence a, we may replace a by a trivial partner and assume that
a = (aop, . ..,ay) for some integer N and that agay # 0. We will then write a € S(N). Transposing Lemma 3.3 from
trigonometric polynomials to finite sequences, every partner of a may then also be assumed to be in S(N).
In view of Theorem 4.1, the study of Problem 3 for pulse type signals of finite length is then reduced to the

following finite dimensional ambiguity problem, where N is a fixed positive integer.
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Ambiguity problem in S(N). Given a = (ag, a1, ...,an) € S(N), find all b= (bg, by, ...,bn) € S(N) such that

[A®B) . y)| = [A@ (. )| forall jeZ, yeT. (49)
We will now use the following notation.

Notation. If b is a trivial ambiguity partner of a, we write b =a. If b >~ a (b a partner of a) but b £ a, we call b a
strange partner of a and write b ~ a.

The goal is to describe the class of all signals a which only admit trivial partners b. Several results in this direction
have already appeared in [9], which we describe now. We shall denote the complementary of the searched class by

E(N) = {a € S(N): a admits strange partners}.

It is easy to see that E(N) =@ for N =0, 1, 2. The main result in [9] establishes that for larger values of N this set
cannot be too large.

Theorem 4.3. For every N > 3, £(N) is a non-empty semi-algebraic variety of real dimension at most 2N + 1.

We recall that a semi-algebraic variety is a set defined by polynomial equalities and/or inequalities. The theorem
says that £(N) has this structure, and moreover is contained in a real algebraic variety (i.e., finite unions of polynomial
zero sets) of real dimension 2N + 1. This implies that £(N) has Lebesgue measure 0 in CV +1 and is also thin in the
Baire sense.

Corollary 4.4. For every N > 0, quasi-all and almost all elements of S(N) have only trivial partners.

A full description of £(N) for N = 3, 4 can be found in [9]. In particular, £(3) contains sequences with all a; # 0,
j =0,1,2,3. This shows that sequences with strange partners do not necessarily have to contain “gaps,” a remarkable
fact in view of the results in Section 3. In [9], a general argument showing the non-emptiness of £(N) for N > 3 was
only sketched. The object of the next section is to prove it in full detail.

4.3. Construction of strange partners

A simple way to construct strange ambiguity partners when N = 2K + 1 is odd is as follows: take o = (), ..., ag)
be any sequence of length K. A direct computation of their ambiguity functions shows that for A € C, the sequences

X(xp when k =2p,

hen k = 2p,
akz{“” waent=ap (50)

Aoy, whenk=2p+1 and bk:{

ap whenk=2p+1

are ambiguity partners. In general, these are non-trivial partners (see [9, p. 102]). Since this method is restricted to N
odd, we will now describe another method that gives elements of £(N) as soon as N > 4.
First recall from [9] that when a € S(N) one can reformulate (49) as an equivalent combinatorial problem on
matrices. Namely, if we let K, be the matrix with entries
aj+kaj—k if j, k have same parity,
d J.k = 2 2
0 else,

then we have the following

Proposition 4.5. Tiwwo sequences a, b € S(N) are ambiguity partners if and only if

K K,=K;Kp.
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Example. If a € S(5), the matrix of K, is given by

_ a(z)
al.ago 0 ag.ap
ar.ag O a% 0 ap.ag
azay 0 ajay 0 at.ax 0 asz.ag
ag.ag 0 aj.az O a% 0 ai.az 0 ag.a
as.ag 0 ajas 0 azasz 0 araz 0 ajas 0 as.ag
aras 0 axas O a% 0 aras 0 aj.as
aras 0 azas 0 az.az 0 ap.as
az.as 0 a‘% 0 asz.as
ag.as 0 ag.as

(non-written elements of that matrix are 0).

We shall make use of the Kronecker product of matrices, which for A and B = [b; j]1;, j<x is the matrix defined
by blocks as

Ab11 Abi Aby

Aby1 Abyp Aby p
AQ B = ) )

Ab, 1 Aby2 Aby

This product has the following elementary properties:

~ (A® B)* = A* ® B¥,
- (A®B)(C®D)=(AC)Q® (BD).

We shall compute the Kronecker product of two ambiguity matrices K, and K} and show that it corresponds to the
ambiguity matrix of a new sequence ¢ produced by a certain product rule involving a and b. This turns out to produce
many natural examples of sequences with strange partners.

For this, it is convenient to change the way to enumerate the entries of such matrices, by introducing the following

“lattice coordinates”: let y = [_11 11] and I’ = )/Z2 be a sub-lattice of Z2. Given N > 1 we consider the subset of

entries FN={[*11 11]['1"] 0<m, [<N}.Ifa=(ag,ai,...,ay) € CN*!, then K, is supported in I'y and

(Ka)i,j =amag if [l;]=|:_11 i][’?] 0<m, L<N.

Thus, K, is completely determined by the matrix K,[m, €] := (K,); ; when [/’] =y[7]

Lemma 4.6. Let a = (ap, ...,an) and b = (by, ..., by) be two finite sequences with associated polynomials P(z) =
Z,ICVZO axzk, 0(z) = Z/iuzo bxz. Consider the polynomial P(z) Q(zN*t!) = Z}f:o cxzX andlet ¢ = (co, . .., ck). Then
the ambiguity matrix K. is supported in I'y + (N + 1) Iy and satisfies

Ke[i + (N + Dm, j + (N + 1)€] = bubea;a;. (51)
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In particular, fc = fa ® K » and the matrix K. can be drawn as

Proof. As noted before
Ec[i + (N + Dm, j + (N 4+ D] = it (N4 1ymCj+N+1)e-

Now by construction of ¢, the only non-null coefficients are ¢; (v+1)m = @iby, for 0 <i < N and 0 <m < M. This
gives (51). To justify the drawing observe that the submatrix with coordinates in I'y + (N + 1))/[7] is precisely
bmb¢K 4|y, which as m and £ moves fills each of the parallelograms in the picture. O

Lemma 4.7. Let a = (ag,...,an) and b = (by,...,by) be two finite sequences with associated polynomials
P(z) = Z,ivzo axzk, 0(z) = Z,I{VI:O brz*. Consider this time the polynomial P(z)Q(z2N*1) = Z/f:() ckZX and let
c=(co,-..,ck). Then the ambiguity matrix of c is K. = K; ® Kp.
Proof. Applying the previous lemma to P (z) = Z%ZQ apz* where
a;=a; ifO<i<N,
a;=0 if N<i<2N,
we see that
supp K. C supp Kz + (2N + 1) supp K.
Since K7 vanishes in Iny \ 'y, we actually have
supp K. C supp K, + (2N + 1) supp K.

If we regard K, as a square (2N + 1)-matrix, this implies that K can be written as a collection of disjoint consecutive
square blocks {K, + 2N + 1)[;.]: [j'] € supp K3 }. Next, if we take [j'] =y["}] € suppKp C I'y, then by the
previous lemma the value of K, in the corresponding block is precisely

bmblKa“"N-

This shows K. = K, ® K, as asserted. O

A sequence c constructed from a and b as in the statement of Lemma 4.7 will be denoted by ¢ = a ® b. Recall also
that @ >~ b means that a and b are ambiguity partners as in (49).

Corollary 4.8. Let a, b, a’, b’ be four finite sequences. If a ~a’ and b ~b', thena @ b>~a’ Qb'.
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Proof. From the previous lemma and elementary properties of the Kronecker product we see that
K:’@b’Ka/(@b’ = (Ka/ ® Kb’)*(Ka’ ® Kb/)
=(K} ®K})(Ky ® Kpy) =(K}K,) ® (K, Kpy)
= (K}Ka) ® (K} Kp) = K}ig, Kagp.

Thus,a @ b~ a’ @ b’ as asserted. O
This corollary enables us to construct sequences a € S(N) with strange partners, as soon as N > 4.

Example. Leta = (1,2), b= (1,2) and b’ = (2,1),thena ® b>~a ® b’. But
a®b=(1,2,0,2,4) whereasa®b' =(2,4,0,1,2)

so that @ ® b and a ® b’ are not trivial partners and a ® b € £(4). Moreover, applying the above construction to
a=(1,2,0,...,0) regarded as sequence in CN*L| we obtain a sequence a ® b € S(2N + 2), which shows that
EQN+2)#£@forall N > 1.

Example. Other examples can be produced by iterating this process. For instance, consider the sequence ¢ associated
with the polynomial

J
R@) =[](ej+8iz").
Jj=0
Non-trivial ambiguity partners can be obtained by selecting a collection of j’s and replacing the corresponding factors
in the polynomial by o; + cj,szy or B + cjajzy , with |cj| = 1. It is possible to show (although harder) that these
are all the possible ambiguity partners of c. Observe finally that these kind of examples are of a different nature than
those in Proposition 3.4.

As an application we obtain the following remarkable result.

Corollary 4.9. The set of all functions u € L*(R) having strange ambiguity partners in the sense of (3) is dense
in L*(R).

Proof. Let f € LZ(R), which we may assume with || f|| < 1. Given 0 < ¢ < 1 we can find f, with compact support
such that || f — f.|| < &. Suppose that supp f. C [—% %].
Further, taking a = (1,¢), b= (1,¢) and b’ = (¢, 1), thena ® b~a ® b'. But

a®b= (1, £,0,¢, 82) whereas a @ b’ = (8, 82, 0,1, 8)
so that the pulse type signals

u(t)y=y (@®b);fe(t —Rj) and v(t)=) (c®b);flt — Rj)
are non-trivial ambiguity partners and

If —ull <ILf = fell + (28 + )l fell < 7e. O
5. Conclusion

The radar ambiguity problem is a difficult and still widely open problem. In this paper we have concentrated in
the most common classes of signals (Gaussian and rectangular pulses), and shown how to tackle such cases with real
and complex analysis methods, and also with algebraic approaches. We are still unable to say much about the general
case, but the originality of our methods may be useful when studying similar problems in the phase retrieval literature.

For Hermite functions, we rediscover a conjecture from the 70s which is stronger than the uncertainty principle
for ambiguity functions in Section 2.1. We are almost certain that Hermite functions must have only trivial partners.
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Indeed, we have only used a small part of the relations between partners to conclude in the generic case. On the other
side, our proof becomes technically very complicate when dealing with other cases, and new ideas may be necessary.

In the case of pulse type signals, we have both the rareness of functions with strange partners, some criteria to have
only trivial solutions (see [9]) and various ways to construct functions that have strange partners. On the other hand,
we are unable to attack the discrete problem, that is Problem (8), for general sequences with infinite length. We know
that sequences with strange partners are dense (as well as those with only trivial partners), but it seems likely to us
that they must be “small” in a suitable sense (such as Baire category), although we still lack of evidence for this.

Note also that more general classes would be of interest for instance compactly supported functions (see [12] for
some results) and functions of the form P(x)e_xz/ 2 with P an entire function of order <1. For the later, note that
our techniques do not allow to say anything since we always start with the highest order coefficient of P when P is a
polynomial (it may be shown that every ambiguity partner is of the same form).

Let us conclude by mentioning that this paper only deals with the narrow band case, so that some physical restric-
tions are assumed on the signal. If these assumptions are lifted, as is the case, e.g., for a sonar, then the radar does no
longer measure A(u), but the so-called wide-band ambiguity function which is linked to the wavelet transform in the
same way as the narrow-band ambiguity function is linked to the short-time Fourier transform. We refer to [1,12,14,
18] for a presentation of the physics and mathematics of the wide-band ambiguity function. Of course, measurement
is again phase-less so that there is also a “wide-band radar ambiguity problem.” This problem is still widely open,
but [12] contains some results for what may be called “logarithmic pulse-type signals.” It is likely that some of the
techniques developed in this paper may also be useful for the wide-band case.
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