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When a certain condition is satisfied, a reaction-diffusion equation has a
spatially homogeneous periodic solution, i.e. a temporally periodic solution
that does not depend on spatial variables. We analyse the orbital stability of this
periodic solution. A sufficient condition is given for the homogeneity breaking
instability, which is stated in terms of the manner of dependency of its temporal
period on a certain parameter of the system.

1. INTRODUCTION

In this paper we consider the following partial differential equation with a
temporal variable ¢t and » spatial variables x = (% ,..., x,,)-

0
Pl D4y + f(u), n

—00 < Xx; < 0, i=1,.,n
Here

o 0
. 62 82
D:( . ) 4=zt

0 O

u = (g yerrs Up),

f(u) = (fl(u)"" ’ fm(u))l'

The ' denotes the transposition of a vector. It is assumed that f,(u) are smooth
functions of u and o; are nonnegative constants such that ¢; 4+ - 4 o, > 0.
Equations of this type, called the reaction-diffusion equations, appear in various
fields in chemistry and biology ([3], [6]). For example a spatially distributed
chemical system is described by an equation of the form (1), in which u(x, t)
corresponds to the spatial distribution of chemical components and f,(u) and o;
correspond to the reaction rate and diffusibility of each component respectively.
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One can observe a spatially synchronized oscillation of chemical components
in a chemical reaction-diffusion system called the Zhabotinski system [7].
Namely this reaction-diffusion system has a spatially homogeneous periodic
solution u == ¢(#), i.e. a temporally periodic solution which does not depend
on x. Clearly ¢(t) is given as a periodic solution of the ordinary differential
equation

% i = (). )

The solution u = ¢(¢) of Eq. (1) is not always stable even if i = ¢(t) is a
stable periodic solution of Eq. (2). It is shown by a numerical analysis of the
Zhabotinski system that u = ¢(t) becomes unstable when the values of o; are
chosen suitably. If an appropriate small disturbance which is spatially inhomo-
geneous is added to the spatially homogeneous periodic solution u = é(t),
this inhomogeneity grows and the solution of Eq. (1) begins to deviate from
u = @(t). The instability of this type is called the homogeneity breaking
instability. In this paper we aim to obtain a sufficient condition for the occurrence
of this instability.

In the following, we assume that the ordinary differential equation (2) has a
periodic solution @ == ¢(¢), and we denote by T its minimum period, i.e.

2 o) = £o(),  $1) = #(t + T). ©)

We further assume that ii = ¢(t) is a stable periodic solution of Eq. (2). It is
easily proved that the spatially homogeneous periodic solution u = ¢(¢) of
Eq. (1) is always unstable if i = ¢(¢) is an unstable periodic solution of Eq. (2).

2. MaiN RrsuLt

Let us consider a periodic solution of the following ordinary differential
equation.

(E + vD) % u = f(u). 4)

Here E is an m X m unit matrix and v is a real parameter. It follows from (3)
that Eq. (4) in the case of v = 0 has a periodic solution u = ¢(z). Since this
periodic solution is orbitally stable, v = 0 is not a bifurcation point of the
parameter v (see [2]). Namely, if | v | is sufficiently small, Eq. (4) has a periodic
solution which smoothly depends on » and approaches u = ¢(¢) as v — 0. Let
(¢, v) and L(v) denote this periodic solution and its minimum period respec-
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tively. In order to fix the phase of the periodic solution, we assume the additional
condition

7]
-a—t l/‘l(o’ V) = 0’

where (¢, v) is the first component of (¢, »). The vector function (%, v)
satisfies the following equalities.

(E + vD) 2 9t %) = £(4(, »)
5
Y(t, v) = ‘l’(t + L(V)» v), ( )

$(0) = ¢(1), L(O)=T. (6)
The main result of this paper is given as follows.

THrEOREM. Assume that @ = ¢(t) is a stable periodic solution of Eq.(2).
The spatially homogeneous periodic solution u — ¢(t) of Eg. (1) is unstable and the
homogeneity breaking instability takes place if L'(0) < 0.

This theorem is obtained as a result of two lemmas that are formulated in
the next section.

3. STABILITY ANALYSIS

Let @i(t) be a solution of Eq. (2) slightly deviating from the periodic solution
&(t). The deviation ¥(¢) = ii(t) — () satisfies the following linearized perturba-
tion equation if higher order terms are neglected.

4 ote) = 282D g )

where of(¢)/0u is an m X m matrix given by [of(¢)/0u),; = of(¢)/0u; . Let
¥(t) denote the fundamental solution of Eq. (7), i.e. an m X m matrix which
satisfies (d/dt) W(t) = [0f(p(t))/ou] ¥(t) and W(0) = E. By the use of this
matrix, a solution ¥(¢) with initial data ¥(0) is given by ¥(¢) = ¥(t) ¥(0).

Let A; and ¥40), ¢ = 1,..., m, denote the eigenvalues and eigenvectors of the
matrix P(T') respectively, ie.

ATA0) = V(T)%0) = ¥(T), i=1,,m, 8)

where V() are vector functions given by ¥,(t) = ¥(t) ¥,(0). The eigenvalues A,
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are called the Floquet multipliers of the periodic solution ¢(t). The following
equalities are obtained by differentiating (3) with respect to £.

d dp _ of((t) d$
dt dt ou dt’

do d¢
—r (0) = — (1)
Hence, without losing any generality, we may assume that
- d
W = Lo n=1 ©)

Since the periodic solution ¢(#) is assumed to be stable, the other Floquet
multipliers must satisfy

PA | <1, 1=2,.,m,
(see [1]).

Next let us consider a solution u(x, t) of Eq. (1) slightly deviating from the
spatially homogeneous periodic solution u = ¢(t). The deviation v(x,t) =
u(x, t) — ¢(t) satisfies the following linearized perturbation equation if higher
order terms are neglected.

a of((2))
5V =DAv+—, v, (10)
—o0 < x; < 0, = L., n

Let us consider a solution of the form v(x, t) = a(z) exp(#{w, X)), where p is a
real n-vector which corresponds to a spatial frequency and {w, x> = p,x; -+
A4 g, . It is easily verified that a(t) satisfies the ordinary differential equa-
tion

L at) = —ap + AR o) (11)

where o = || [F = g, 1.
Let ®(t, «) be the fundamental solution of Eq. (11) and w,(«) and a,(0, «) be
the eigenvalues and the eigenvectors of the matrix (T, «) respectively, i.e.

wi(@) a0, o) = (T, o) a0, o) = a(T, a), (12)

where a,(t, «), ¢ = 1,..., m, are vector functions given by a (¢, «) = (¢, «) a,(0, «).
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Since the matrix @(t, o) satisfies (¢, 0) = ¥(¢), we may assume without losing
generality that

ay(t, 0) — ¥,(1) = %;’i ©, wf0)=2=1 (13)

Moreover since @(T, «) depends smoothly on the parameter o and A; = 1 is a
simple eigenvatue of ¥(T'), we may assume that w,(a) and a,(¢, «) are smooth
functions of « if | « | is sufficiently small.

If there exists a vector p, % O such that an eigenvalue w,(o) of &(T, o),
o = || o |# > 0, satisfies | wo,)] > 1, the absolute value of a,(k7T), «,) becomes
large as the integer % increases. Namely the deviation v(x, ) with the spatial
frequence w, becomes large in the course of time. Hence, taking into account
of (13), we obtain a sufficient condition for the instability of u = ¢(2) as follows.

Lemma 1. The spatially homogeneous periodic solution u = ¢(t) is unstable
and the homogeneity breaking instability takes place if w;(0) > 0.

The vector function a,(#, «) satisfies the equation

L COTI

0
g al(t, Ot) = !—aD —+

Since a,(t, «) depends smoothly on « when |« | is sufficiently small, we can
define the partial derivative a; (¢, o) = 0a,(t, @)/éa at « = 0 on the finite
interval [0, T'] of the variable ¢. By differentiating the above equality with
respect to «, we obtain the equality

2 e, 0) = ZED 4, 1,0 - Dayt,0)

_ __“g"’l(’» a1, 0)— D22 (5 (14)

Similarly, by differentiating the equality (12) for ¢ = 1 with respect to « and
setting o = 0, we obtain

a1u(T, 0) = ©,(0) a14(0, 0) + «(0) 2,(0, 0)

— 2,0, 0) + w(0) 22 (0). 15)

Next let us consider the function (Z, v). Since this is a smooth function of v
when | v | is sufficiently small, we can define the partial derivative (2, v) =
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o(t, v)/ov at v = 0 on the interval [0, T']. By differentiating (5) with respect to
v and setting v = 0, we obtain

of(g(z, 0))
ou

¢ (¢, 0) + D ; Wt 0) = $.(t, 0),

300, 0) = $(L(0), 0) + 2 $(L(0), 0) L'(©).
By the use of (6), these are rewritten as follows.
2 4,0 =T g0 p 2 (16)
BT, 0) = ,(0,0) ~ L'(0) 22 (0). (17)

It follows from (16) that ¢,(¢, 0) is a particular solution of Eq. (14). Hence
a,,(t, 0) must be written as

au(t,0) = (1, 0) + 3. B0

where B, is an appropriate constant and (), { = 2,...,m, and appropriate
constants or polynomials of . Substituting this in (15) we obtain

b(T, 0) +- i BAT) v{(T) = $,(0,0) + 21 B:(0) v,(0) -+ w1(0) (0)

By the use of (8), (9) and (17), this is rewritten as
{L'(0) + w1(0)} (0) Z QBT — B0)} ¥:(0).
=2
Since the vector ¥,(0) = (dé/dt)(0), ¥,(0),..., ¥,,(0) are linearly independent
eigenvectors of the matrix ¥(T), it follows that
L'(0) + w(0) = O.
Hence the next lemma holds.

LemMa 2.  The inequality w((0) > O holds when L(v) satisfies L'(0) < 0.

The theorem in Section 2 is an immediate consequence of LLemma 1 and
Lemma 2.
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4. EXAMPLE

Let us apply Theorem to the following second order system.

0
Cla—tu:aldu—{—f(u)-—w,

(18)

c,?

a—tw=o2dw+bu~kw,

—0 < ¥; < 00, i =1,..,n

This system was introduced in [5] as a simplified mathematical description of
the spontaneous spatial pattern formation (morphogenesis) in spatially distrib-
uted biological and chemical system [6]. We assume that f(z) is a smooth
function of # that satisfies

f@) = —f(—w),

f(0)=0, m=f(0)>0,
fw) <0 for |u|>=a>0,
uf(u)y <0  for u=£0,

and C;, 0;, b and k are positive constants that satisfy
mk << b << 2mk.

This equation has a spatially homogeneous stationary solution (x, w) = (0, 0)

because (%, @) = (0,0) is a stationary solution of the ordinary differential
equation

d_ .
Cla_t'u_f(u)—w:
(19)
¢, L w=bi—hw
zdtw-— U w.

If C,/C; > k/m, the solution (&, @) = (0, 0) is unstable and Eq. (19) has a
stable periodic solution (&, @) = (¢,(t), $s(t)) (see Chap. 11 of [4]). On the
other hand, if C,/C; < km, (&, @) = (0, 0) is asymptotically stable and Eq. (19)
has no non-trivial periodic solutions.

First let us consider the stability of the homogeneous stationary solution
(#, w) = (0, 0) of Eq. (18). This solution is not always stable even if C,/C; < k/m.
It is proved in [5] that, if o; and o, satisfy

moy — k01 >0,
(20)
(moy + koy)* — 4boyo, > 0,
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and if an appropriate small disturbance is added to (u, w) = (0,0), there
appears spatial inhomogeneity with a certain periodic spatial structure in the
solution of Eq. (18), and this inhomogeneous solution begins to deviate from
(u, w) = (0, 0). Namely, a sort of homogeneity breaking instability takes place
in this case. The condition (20) is satisfied when o, > o, .

Next let us consider the case C,/C; > kfm and study the stability of the
spatially homogeneous periodic solution (u, w) = (¢(2), $5(t)) of Eq. (18). It is
conjectured from the above consideration that this spatially homogeneous
solution is unstable if ¢; and o, are chosen so that o, >> o, and if the value of
C,/C is chosen suitably.

The minimum period L(C; , Cy) of this periodic solution is obtained as follows
by the use of Poincaré’s method in the theory of nonlinear oscillations (see [8]).

LG, €)= LGy, €)= 2nf( oo — () ) -

Here L,(C,, C,) denotes the first approximation of the period. (The inequality
b/C,C, — (R]Cy)? > 0 follows from the assumptions & > mk and C,/C; > k/m.)
It is shown that L,(Cy, Cy) is sufficiently close to L{C,, C,) if the value of
C,/Cy (>>k[m) is chosen so that C,/C; = kfm. On the other hand, L,(C;, C,)
satisfies

0
ELI(CI’ Cy) <0
if C,/C, is in the range (k/m, 2k?|b). (The inequality 2k%/6 > k/m follows from
the assumption 2mk > b.) Hence, if o,/¢; is sufficiently large and if C,/C, is
chosen suitably, the period L(C,, C,) satisfies

d
—d_vL(Cl + o, Cz + 0'2") fv=0

7

0
=0y _e‘él‘L(Cl » Co) + oy _a—C—z—L(Cl , Gp) <0,

Thus it follows from the theorem in Section 2 that the spatially homogeneous
periodic solution (u, w) = ($y(2), do(2)) is unstable and the homogeneity
breaking instability takes place in this case.
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