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How Universal Is A Universal Unfolding? 
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Abstract. The difference between “pure” and “applied” mathematics lies solely in the fact 
that, in the latter case, there must be external extra-mathematical referents. These external 

referents serve to constrain the mathematics itself in non-formal ways. After giving a few 
examples of this phenomenon, we show that one area of application of bifurcation theory, 

namely failure mode analysis in engineering, requires additional constraints imposed by its 
external referents. 

The primary distinction between ‘pure” and ‘applied” mathematics is that the latter 

is overtly directed towards extra-mathematical referents. That is, in employing mathe- 

matics as a tool to study other things, it is not enough to prove theorems; it is at least 
equally important that the conditions imposed by these extra-mathematical referents be 

respected. Such conditions are, by their very nature, informal; that is why mathematical 

modelling is an art, and is in many ways harder than mathematics itself. 

For example, ecological population dynamics becomes mathematical ecology when it is 

expressed as some kind of mass-action law imposed on a state space coordinatized by 

population sizes or population densities. In this case, the image of a biological population 

is a dynamical system acting on a manifold of states. 

One of the natural things to study in this context is the stability of a biological pop- 

ulation, expressed in terms of the stability of its image as a dynamical system. One 

obvious facet of population stability involves the persistence or extinction of species in 

the population. To study extinction in this context means to investigate the properties 

of the imaging dynamics near the co-ordinate hyperplanes. The literature is full of such 

studies, involving exemplary mathematical investigations, but without regard for the 

fact that, because biological populations are quantized, there is no meaningful dynami- 

cal referent to behavior near these hyperplanes. Such studies, then, show that very good 

mathematics can be combined with very poor modelling. 

As another example, we may consider the Keller-Segel models for slime mold aggrega- 

tion’. This is a simple system of coupled partial differential equations which determine 

the density of a population of free slime-mold cells on a bounded substrate. It was shown 

that, under certain plausible conditions, uniform or constant-density distributions could 

become unstable. Departure from homogeneity means aggregation, and it was here that 
the authors stopped. 

Subsequently, other authors reconsidered the Keller-Segel model, concentrating on the 

asymptotic behavior of its solutions. It took a considerable amount of time and effort 

to show that these solutions made the cells pile up with infinite density at discrete 

points of the substrate. It took further effort to revise the original equations to avoid 

this unacceptable behavior. All of this was done despite the fact that the Keller-Segel 

system stops being a model of aggregation long before we need concern ourselves with 

asymptotics. 

The number of such examples, exhibiting a mismatch between mathematical structures 
and their intended external referents can unfortunately be shown to be very large. 

One area of pure mathematics for which external referents, especially biological regerents, 

are being avidly sought, is the area of structural stability (particularly bifurcation theory 
and catastrophe theory[l]). It is our aim to show that also in this area, failure to respect 

‘For a general discussion of such models, cf. e.g. R. Rosen(1981) “Morphogenesis in Networks”. in 
Progress in Theoretical Biology #6, Academic Press, NY. 
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the requirements of such external referents creates the same kinds of problem described 
above. In such cases, however, it turns out that these very failures can themselves be 

illuminating if properly interpreted. 

As we pointed out long ago[Z], t s ructural stability ‘or bifurcation theory is essentially the 

study of an equivalence relation (similarity) on a metric space. The similarity creates a 

taxonomy or classification of the elements of the space, while the metric allows a notion of 

approximation, or alternatively of perturbation, of the elements of the space. One basic 
question in this context is to determine conditions under which a whole neighborhood of 

an element of the space lies within an equivalence class. In such a case, any sufficiently 

good approximation to, or any sifficiently small perturbation of, the given element is 

also similar to it. Such a situation is called stable. Otherwise, there must be several 

(perhaps infinitely many) equivalence classes of the similarity relation which intersect 
any neighborhood of the element; this is bifurcation. In this situation, the problem 

becomes to enumerate all these similarity classes (or at least, those which can be reached 

generically). 

The most interesting habitat for such studies are spaces S of mappings f : X + X, where 

X is a manifold. There is no preferred way to specify such a space S; they mostly consist 

of differential or analytic functions, whose Taylor series possess particular properties 
(chosen mainly from considerations of mathematical tractability). 

If f e S, then a small neighborhood off consists of all functions of the form f + E g, where 

g E S and E is a %mall” parameter. Alternatively, we can take the Cartesian product 

where lJ, is a subset of r-dimensional Euclidean space containing the origin w. U, is 

variously called a parameter space or control space. Let us consider a mapping F : 

,!? + S, with the protierty that F( s, w) = f(s). In fact, for every u EU,., we can define a 

mapping ftl : S + S, and under suitable restrictions, these mappings fu populate small 

neighborhoods of f. Under these circumstances, we can call F an unfolding of f. If f 

is not stable, the problem is whether there are ‘enough” functions fu to stably put a 

representative into every similarity class which intersects arbitrary small neighborhoods 

of f. This turns out to depend on the dimension r of U,. If there are enough such 

functions (i.e. if r is big enough) the unfolding F is called versal; if r is minimal the 

unfolding is called universal. 

There are many different interpretations (realizations) of these mathematical objects. 

One of them involves the “failure modes” of beams, struts, and other kinds of equilibrium 

mechanical structures. In this case, the mathematical functions f can specify either some 

property of the equilibrium structure itself (e.g. its shape), or else the dynamics which 

generates the equilibrium. The parameter space U, in this case is generally interpreted 

in terms of the stresses or forcings impressed on the structure. 

If such a structure has dissimilar ones near it, then an appropriate small perturbation 

can push it into a different similarity class, and we may say that the structure has failed 

(e.g. buckled, broken, collapsed, etc.). Thus, every such nearby similarity class gives rise 

to a different failure mode. Since by definition the universal unfolding touches almost 

all nearby similarity classes, it is supposed to represent a complete enumeration of all 
possible failure modes. 

The difficulty with this interpretation is that, in general, mechanical failure modes are 

irreversible. Otherwise, we could rebuild or repair a failed structure by simply reversing 

a path through U, which takes us from the original structure to the failed one. On 
the face of it, however, bifurcation theory should be as much a representation of system 

generation as of system failure. Indeed, in generating or manufacturing a mechanical 

structure, such as a bridge, we need the bridge itself to be a bifurcation point, under the 

very same similarity relation pertaining to failure modes; otherwise we simply could not 
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even build it. 
The fact that we cannot in general interpret universal unfoldings in terms of generation 

modes as we can in terms of failure modes raises a number of deep and interesting ques- 

tions. Obviously, it implies that the universal unfoldings are indeed far from universal. 

It might happen, for instance, that construction modes are more special, or less generic, 

than failure modes, and thus fall outside the scope of the standard types of bifurcation 
analysi2. Or it might happen that we must extend f to a larger manifold, in which 
construction modes become generic. 

At a deeper level, the brief discussion we have given above throws new doubt on the 

entire reductionist program in biology - a program which is doubtful on many other 

grounds as well [s]. E m p irically, the reductionist program proceeds from the assumption 

that properties of failure modes completely characterize the function and generation 
of organisms. Indeed, the empirical approach to biological organization is precisely to 

make them fail in a variety of drastic ways, and then employ the properties of the 

resultant rubble to generate properties of the intact organism. The general irreversibility 

of failure modes, together with the fundamental and inherent dissimilarity between failed 

structures and those from which they arise, indicates that such a simple-minded strategy 
is most unlikely to work. Indeed, what we study in such a strategy is more a function of 

how the failure mode was induced than of the system to which it is applied. 
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