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Abstract

In perturbative SU(N) Chern—Simons gauge theory, it is shown that the Schwinger—Dyson equations
assume a quite simplified form. The generating functional of the correlation functions of the curvature
is considered; it is demonstrated that the renormalized Schwinger—Dyson functional is related with the
generating functional of the correlation functions of the gauge connections by some kind of duality trans-
formation.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In quantum field theory, the Schwinger-Dyson equations [1,2] can be understood [3] as a
consequence of the invariance of the path-integral under field translations. Let ¢ (x) denote a set
of fields entering the action S[¢] and let us introduce the product X[¢] = (y1)P(y2) - (yn).
Invariance of the functional integration under a field translation means that the path-integrals
over ¢(x) and over ¢ (x) 4+ n(x) — where n(x) is a given localised classical configuration —
furnish the same result
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Therefore, by means of a functional derivative in (x), one obtains
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Equation (1.2) shows that, in the expectation values, the classical field equations are valid up to
the presence of contact terms, which appear on the right-hand-side of equality (1.2).

The Schwinger—Dyson equations can be generalised to the case in which, in the expectation
values, one considers — instead of the field product X[¢] = ¢ (y1)e(y2) - - - ¢ () — also com-
posite field operators. In particular, when X[¢] = 6S[¢]/5¢ (y1) S[P1/6¢ (y2) - --8S[P1/5¢d (yn),
the Schwinger—Dyson equations concern the expectation values of the products of the composite
operator 3§ S[¢]/8¢ (x) in different points. These expectation values are collectively described by
the so-called Schwinger—Dyson functional
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where b(x) denotes a classical source.

The Schwinger—-Dyson equations give significant constraints on the structure of the correlation
functions in the quantum Chern—Simons (CS) gauge field theory [4,5]. In the case of the abelian
U (1) CS theory, the Schwinger—Dyson functional for the connected correlation functions of the
curvature has the same structure of the action and determines the complete solution [6,7] of the
theory. In the non-abelian case, the form of the two-point proper vertex is completely specified [8]
by the Schwinger-Dyson equations. In this article, the non-abelian CS gauge theory with gauge
group SU(N) is considered; the peculiar form of the Schwinger—Dyson equations is illustrated in
a few examples, and the renormalized Schwinger—Dyson functional Z SD[CDZL] is examined. The
nonabelian extension of the result for the abelian theory turns out to be quite peculiar. In fact,
it is demonstrated that Z SD[QfL] is related with the usual generating functional Z[J%*] of the
correlation functions of the gauge fields Aj, by some kind of duality transformation. The exact
expression of the 3-point correlation function of the curvature in the CS theory is derived and its
gauge-independence is discussed.

Zsplb] =

(1.3)

2. Renormalized Chern-Simons theory

The field variation of the Chern—Simons (CS) action S[A],

k
S[A] = E/cﬂx T {%Azaqu — %f”bfAZA’jAg} , 2.1)
is proportional to the curvature
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Therefore the structure of the Schwinger—Dyson equations in the CS theory is originated by
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In general, equation (2.3) must be integrated with the corrections coming from the gauge-fixing
procedure. This point will be discussed in a while; for the moment let us proceed with the basic
argument. Since the curvature Fy;, transforms covariantly under a local gauge transformation,
the contact terms in the Schwinger—Dyson equations can combine to produce a gauge-invariant
expression. In particular, according to the rule shown in equation (2.3), the 3-points function of
the curvature should be given by the gauge-invariant combination

4

2
. ) fabc vt 53()6 -y 53(2 —-y. 24

(€1 Faty (o) €78 Fy () €77 Fe () = 16 (
In the CS theory, the value of the 3-points correlation function of the curvature corresponds to
the gauge-invariant expression (2.4), which is proportional to the structure-constants tensor f®*¢
of the gauge group divided by the square of the coupling constant k. As it will be shown below,
the expression appearing in equation (2.4) should have a gauge-independent meaning because
it can also be obtained in the limit of vanishing gauge-fixing. As a check, one can easily verify
the validity of equation (2.4) to lowest orders of perturbation theory when the CS theory is
formulated in R3.

In order to proceed with the derivation of the properties of the renormalized Schwinger—Dyson
functional in the CS theory, one needs to specify the gauge-fixing procedure and the renormaliza-
tion conditions. Let us consider the perturbative approach to the CS theory in R3. Really, in the
following argument R> can be replaced by a generic 3-manifold M which is a homology sphere
because, in this case, the field variables have no zero modes [6] and the standard perturbative
expansion is well defined. In the Landau gauge, the gauge-fixing term [9] is given by

Spn = % / d3x{ — BURAY + 94 (aﬂca _ f“bCAZcC) } . 2.5)
Let I be the renormalized effective action of the CS theory; i I is given by the sum of the
one-particle-irreducible diagrams with external legs represented by classical fields.

I' can be computed by means of various techniques; one convenient method is the standard
quantum field theory procedure which is called the renormalized perturbation theory in the
Peskin—Schroeder book [10]. Of course, any other renormalization method leads to the same
physical conclusions; the use of renormalized perturbation theory is quite instructive because the
basic concepts of the renormalization clearly emerge. In renormalized perturbation theory, the
values of all the parameters entering the lagrangian coincide with the renormalized values, and
the so-called local counterterms cancel precisely all the possible contributions to these parame-
ters which are found in the loop expansion. In this way, the normalization conditions [3,10] are
indeed satisfied to all orders of perturbation theory, as it must be.

Renormalized perturbation theory represents one of the fundamental constituents of the theory
of quantized fields [11,12]; this subject was of particular interest for Raymond Stora [13]. So I
will elaborate a bit on this issue in the context of the quantum CS field theory. At the beginning
of the years 90’s, with Raymond we had fruitful discussions on this matter.

The renormalization process of the CS action (2.1) concerns two parameters: the wave func-
tion normalization and the coupling constant. Actually, as in any gauge theory, because of the
gauge invariance one of the normalization conditions is superfluous [3]; therefore, in our case,
only one parameter needs to be specified. The CS normalization conditions can then be expressed
as
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(i) T is invariant under BRST transformations [14] which act on the fields — appearing in the
action — according to
8 A (1) = 8uc? (0) = fPIAT M) L St = 5 S )ed ()
§c¢?(x)=—B“(x) , &§B%(x)=0. (2.6)
(i) The renormalized coupling constant k is specified by the 2-point proper vertex at vanishing

momenta. More precisely, let I'44 be the term of the expansion of I' in powers of the fields
which is quadratic in the field A%,

dp ~ ~ v
Can=} f S AR T ). @.7)
Then the normalization condition takes the form
k
. 2V .
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Since there are no gauge anomalies in three dimensions, condition (i) is well-suited, and con-
dition (ii) gives the definition of the coupling constant. Condition (2.8) is the analogue of the
normalization condition in quantum electrodynamics or in Yang—Mills theory [3,10] and admits
the following equivalent formulation. Let I'4 44 be the term of the expansion of I" in powers of
the fields which is cubic in the field AZ,

d3p1 d3p2 ~ ~ ~. VT
1 a b oy — (€)1
Fan=4 [ o KR A pr = ) TV (1) 2.9)
Because of the BRST invariance, condition (2.8) is equivalent to
. k
Jim TOL (1 p2) = - (E) Jabe ™" (2.10)
p;—>0

In renormalized perturbation theory, the real parameter k multiplying the action (2.1) denotes
the renormalized CS coupling constant that takes integer values (k = 1, 2, 3, ...) and receives no
corrections. Consequently, the coupling constant entering equations (2.3) and (2.4) represents the
renormalized coupling constant. All the equations of the present article are expressed in terms of
the renormalized coupling constant k.

The exact scale invariance [15,16] of I' implies that, in the correlation functions, typical
logarithms of the momenta cannot appear; the CS theory is actually finite because, at the reg-
ularized level, all the potential divergences cancel. The BRST symmetry together with a vector
supersymmetry invariance [17,18] of the action specify the value of I"'4 4 uniquely; in facts the
Sorella—Piguet non-renormalization theorem [19] states

Theorem 1 (Sorella—Piguet). In the CS theory with Landau gauge fixing, one has

k
Cas= o / x LT A% (x)3,A(x) . @11)

Proof. In Landau gauge, the total action Stor = S + Sg5 is invariant under a vector super-
symmetry [17,18]. If, at a given order of perturbation theory, this vector supersymmetry has no
anomalies, one can define a renormalized effective action such that the Ward identities coming
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from this supersymmetry are satisfied. Then the Schwinger-Dyson equations combined with the
Ward identities and BRST invariance imply [8,19] that the 2-point proper vertex has the form
Taa o [ A* AdA®. All the explicit computations at one loop and at two loops show that the
vector supersymmetry in the CS theory has no anomalies. Actually, Sorella and Piguet have
demonstrated [19] that this vector supersymmetry is not anomalous to all orders of perturbation
theory. Therefore the exact 2-point proper vertex is given by ['ya = B [ A% A d A where B is a
real parameter. The value of this parameter is specified precisely by the normalization condition
(ii),and so B =k/8m. O

A consequence of the non-renormalization theorem is that the Feynman propagator for the
components of A}, actually coincides with the dressed propagator,

 — (4_”) d3p eipx SUH)\.pA . 2.12)

b _ b __ gqab
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Similarly, the ghosts propagator also gets no loop corrections [8,19] as a consequence of the
vector supersymmetry

[ — 4 d3 ip-x
A (x — y) =@ (x) et (y) = ise (%) / #% . (2.13)

Equation (2.11) is in agreement with the outcome of renormalized perturbation theory. The result

(2.11) is also consistent with the topological character of the CS theory because the Gauss linking
number does not admit nontrivial radiative corrections.

2.1. Normalization conditions

Let us concentrate on renormalizable quantum field theories. In each model, the normaliza-
tion conditions specify the finite (renormalized) values of all the parameters of the model which
enter the correlation functions, the transition amplitudes, and the observables in general. For
instance, in quantum electrodynamics (QED) the cross sections for the electromagnetic scat-
terings between electrons and photons depend on the electromagnetic renormalized coupling
constant ;. The finite value of «,,, which is measured in laboratories (cte, >~ 1/137) can be
specified by a suitable normalization condition [3,10] that must be satisfied by the 2-point proper
vertex of the electromagnetic vector potential A, . Really one needs to specify a complete set
of normalization conditions but, in order to simplify the exposition, let us concentrate on ®y,.
Since the normalization conditions give the definition of the coupling constant, the normalization
conditions must be satisfied at each order of perturbation theory. Thus the value of «,,, does not
receive loop corrections; there is no shift in «,y,. In fact, the value of «,,, is one of the inputs of
the theory, whereas the predictions are obtained by computing how the other observables depend
on . This is why all the textbooks on quantum field theory do not contain computations of
the radiative corrections to «,;; they contain instead computations showing how the transition
amplitudes, cross sections, etc. depend on «,, >~ 1/137.

In order to construct the renormalized effective action I', certain renormalization methods in-
troduce, in the intermediate steps of the regularization/renormalization procedure, one or several
regulator cut-offs and bare lagrangian parameters. So one could imagine that the dependence of
the renormalized coupling constant on the bare coupling constant is a meaningful issue. But this
is not the case, because the bare coupling constant is not observable; this point is precisely the
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fundamental discovery in renormalization theory. It turns out that the dependence of the renor-
malized coupling constant on the bare coupling constant is not unique and, in the perturbative
expansion, it can be modified [3,10-12] without any observable or physical consequence. Instead,
how the observables of each field theory model depend on the renormalized coupling constant
— that satisfies the normalization conditions — is uniquely determined. For this reason, renor-
malized perturbation theory is very instructive, because in this procedure there are no imagined
bare parameters at all.

Similarly, in the CS theory one needs to specify the value of the renormalized coupling con-
stant k; this can be done by means of the condition (2.8). Gauge invariance requires that the
renormalized value of k must be an integer, k = 1, 2, 3, ... ; precisely like «,, in QED, this inte-
ger k does not get loop corrections [9,20] because the normalization conditions must be satisfied
at each order of perturbation theory. Thus there is no shift of the coupling constant k in the CS
theory simply because there is no shift of «,,, in QED, and there is no shift of the renormalized
coupling constant in any renormalizable quantum field theory.

What is remarkable in the CS theory is that, according to the non-renormalization theorem —
and in agreement with the two-loops computations [9] —, the entire 2-point proper vertex is not
modified by radiative corrections. Consequently, the CS vacuum polarization is vanishing to all
orders of perturbation theory; this implies that, in the CS theory, the ordinary Schwinger—Dyson
equations gets somewhat modified and assume a simplified form, as it will be illustrated in the
next section.

3. Equations for proper vertices

In the gauge-fixed CS theory, the Schwinger—Dyson equations for the proper vertices — con-
taining at least one gauge field — can be obtained [3] from the equation

8801 Jape oy | ifI0\
<[5AZ(X)+J (x)]e >_0, 3.1)

which is a particular case of equation (1.2). The expectation value (3.1) must be computed by
using the gauge-fixed CS action

Stor =S + Spn - (3.2)

Moreover,

e — exp {1/ d’x [J“"(x)AZ(x) + LY(x)BY(x) + n%(x)c?(x) + 7% (x)c? (x)]} ,
(3.3)

in which the classical sources of commuting type J¢*, L and of anticommuting type n?, 7¢
have been introduced. By means of the generating functional W of the connected correlation
functions,

o WL L 7] <eif1-¢>> , (3.4)

equation (3.1) can be rewritten as
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Fig. 1. Vanishing of the vacuum polarization for the connection.

Fig. 2. Vanishing of the vacuum polarization for the ghosts.
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Now one can put
W:r+/[JWA;;+L“B“+n“E“ +7%“] (3.6)
in equation (3.5), where the Legendre transform I of W satisfies
T ST
=) = —L“(x).
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The various functional derivatives of the expressions appearing in equation (3.5) give rise to a
sequence of relations for the proper vertices and the dressed propagators. These relations assume
a quite peculiar form because of the validity of the non-renormalization theorem. As depicted in
Fig. 1, equation (2.11) states that the vacuum polarization for the gauge fields is vanishing.

Because of the CS vector supersymmetry, also the 2-point proper vertex for the ghosts fields
receives no corrections; in agreement with equation (2.13) one has then

Tz = ifd%c AT (x) B (x) . (3.8)
4

Equation (3.8) can be represented by the diagram shown in Fig. 2.

By taking one functional derivative with respect to A‘,f( y) of the functions appearing in equa-
tion (3.5), and by letting all the sources vanish, one obtains the relation

83 r
3 3 eb he A rabc __
/d ud wSAd(y)SAE (M)SAg(w) AL (u —x)Aﬂi(w — x)ehth pabe —
v o

83T
= 2/ dPudPw — AL — x) A" (w — x) £ (3.9)
SAL(y)sc®(u)dch (w)

which can be represented as shown in Fig. 3.
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Fig. 3. Schwinger—Dyson equation for the 2-point vertex of the gauge fields.
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Fig. 4. Schwinger—Dyson equation for the 3-point vertex of the gauge fields.

In deriving equation (3.9), the relations illustrated in Fig. 1 and Fig. 2 have been taken into
account. A further derivative in the gauge field of the functionals entering equality (3.5) leads to
the relation shown in Fig. 4.

It is tempting to conjecture that, because of their simplified structure, the Schwinger—Dyson
equations — for the CS theory in R®* — can be solved. So far, only the first few terms of the
perturbative expansion have been explored.

4. Schwinger—Dyson functional

Another basic feature of the CS theory is that the interaction lagrangian £; is a cubic func-
tion of the gauge fields, i.e. £; ~ A>. Consequently, the Schwinger—Dyson functional is strictly
related with the generating functionals of the correlation functions, as it will be shown in this sec-

tion. The Schwinger-Dyson functional Zsp[®j, ] for the gauge-fixed CS theory in R3 is defined
by

Zspl®§,]1 = <exp (i / dx % (x) [8(S + s¢ﬂ)/aA§(x)])> , (4.1)

where @) (x) is a classical source field. Let Z[J“*] be the standard generating functional of the
renormalized correlation functions of the field AZ,

Z[JM] = <exp <i / d*x J““(x)A;(x))> . (4.2)

Proposition 1. The functionals ZSD[CDZ] and Z[J**] are related by a duality transformation
according to
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Zpl @41 =M1W z[ TT@1] 43)
where
k . .
R[] = —E/cﬁx enve {%CDZBV@‘; n %f”’”cbpﬁcb;} : (4.4)
and
~ k
J[®]*(x) = S—new bl (x) @S (x) 4.5)

Proof. Relation (4.3) is a consequence of the invariance of the path-integral under a field trans-
lation, as indicated in equation (1.1). Indeed one has

SrorlA + @] = Sror[A] + / dx &% (x) [8Sr0r/5A% ()]
k 3 vt pabc qa b c
+ S[P]— — [ d’x "’ fCAT () D) (x) DY (x) . (4.6)
8w H Y '
This equation can be written in the form
Stor[Al + / dx () [8Sror /8 A% (1)] = RI®%] + SrorlA + ®]

k
+3- f dx €T 4P (A9 (x) + DY (x)) DL () DE (x) . .7

Consequently, the integration over the field variables gives

fD(ﬁelds) eiSTOT[A]"rif@Z(é‘STOT/SAZ) _ eiR[q)z]fD(ﬁeldS) eiSTOT[A"F‘:I’]'H f(AZ+¢Z)7aM
[ D(fields) eiStor [ D(fields) e!Stor

)

4.8)
where D (fields) = DAZ D B¢ De® Dc?. Therefore one obtains

<exp <i / d*x @4 (x) [3ST0T/3A;;(x)]>> = ' KI%l <exp <i f d*x 7[@]““(x)AZ(x))> :
(4.9)

and this concludes the proof. O

Note that the validity of equation (4.3) is not restricted to the case of the Landau gauge.
Provided that Sy is a linear function of Aﬁ, the result (4.3) follows where, independently of
the particular choice of the gauge-fixing, R[®),] takes the form shown in equation (4.4). In the
f abe _y () limit, one recovers the results of the abelian CS theory; indeed in this limit one finds
J| [®]%*(x) — 0 and the term of R[CDZ] which is quadratic in the source field @} (x) determines
the Schwinger—Dyson functional of the U (1) CS theory [6].

The composite operator 8 Stor/ SAZ (x) has dimension 2 and enters the construction of the
renormalized CS effective action; so for smooth classical source @Z(x), equation (4.3) is ex-
pected to give the relation between the renormalized Schwinger—Dyson functional Zsp[®Y,] and
the renormalized generating functional Z[J“*].
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In order to recover equation (2.4), let us consider the case in which the action ) of the
gauge-fixed theory is given by

S) =S+ ASpx , (4.10)

where S and Sy, are shown in equations (2.1) and (2.5), and A is a real parameter. Since S and
S¢r are separately BRST-invariant, for any fixed value of A the action Sy is invariant under the
BRST transformations (2.6). Let (Y), denote the normalised expectation value of a generic field
function Y in the particular field theory model that is specified by the action S;. Since the gauge
fixing lagrangian is a linear function of the gauge field A?, one obtains

<exp <i/d3x @4 [SSA/SAfL]>> :e"Rl<1>Zl<exp <i/d3x 7[<1>]““A;;>> : @.11)
A A

Let us now consider the expansion in powers of CDZ of the functions which appear in equation
(4.11); we are interested in the coefficient of the term which is cubic in @l‘i. Because

8SA _ k nof ra U pa apq apu=p g
aA;g(x)_(Q) (e Fs (x) + 22.0" B + 20 fP931T P (x)c (x)>, (4.12)

the left-hand-side of equation (4.11) gives

left |, = <é—) < [eWﬂ F5(x) + 200" B (x) + 20 fP431TP (x)c! (x)] x
T
x [ FLy () + 200" B () 4+ 270 (16 ()]

x [emf F5e(2) +2X07 BS(2) + 2"V 9°¢ (z)c“(z)] > (4.13)

.
Since the nontrivial part of (eif J aﬂAﬁ) is at least quadratic in J“*, only R[®} ] contributes to
the cubic term in @} on the right-hand-side of equation (4.11),

k
right |, = —2i <E) FeTS (x — )83z —y). (4.14)

Let us now consider the A — 0 limit. Expression (4.14) does not depend on A. Whereas,

. 3
. ik

Tim left [, = —¢ (5) (e Fay ) €7 L) €7 Fi (2) (4.15)

denotes the 3-points correlation function of the curvature in the limit of vanishing gauge-fixing.

In the A — O limit, equality (4.11) then implies

1/ k\?
s (= 8=y = ¢ (H) (e Figyx) €7 FLy(3) € Fi ()« (4.16)

which coincides with equation (2.4). Thus, similarly to the expectation values of the gauge-
invariant observables in any gauge theory, equation (2.4) can formally be obtained in the limit in
which the gauge-fixing lagrangian term is absent.
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