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I. INTRODUCTION

In this paper we illustrate by two reasonably simple problems how a certain
concavity technique can be used to obtain nonexistence results for classes of
nonlinear problems which arise in partial differential equations. The first
problem treated is an initial boundary value problem for the heat equation—
one in which the nonlinearity occurs in the boundary condition. This problem
is symbolic of classes of parabolic and hyperbolic equations which may be
dealt with by the same method. Some of these are indicated in the text.
The second problem is a final value problem for the porous medium
equation. For convenience of computation we have actually replaced ¢ by —z
and considered the equivalent initial value problem for the backward porous
medium equation.

We are interested then in the following nonlinear problems:

* This research was supported in part by the Science Research Council of Great
Britain, by the Battelle Advanced Studies Center of Geneva, Switzerland, by the
Forschungsinstitut fiir Mathematik, E.T.H., Ziirich, Switzeriand and by U. 8. Army
Contract No. DA-31-124-AR0-D-462.

319

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.



320 LEVINE AND PAYNE

ProBrLEM A. Let 2 C R™ be a bounded domain with a smooth boundary
and let f: R* — R' be a given continuously differentiable function. Let
i = (ny ,..., %) denote the outward directed normal to 682, We suppose u to
be a real-valued classical solution to

ou .

E:Au n .QX[O,T)
a—lf“fu on 22 x [0, T
an_() n X[) )

u(x, 0) = uy(x),  uyc CYD),

where 4 is the n dimensional Laplacian, du/on = Y., n, du/dx; denotes the
outward directed normal derivative of % on 892, and u, is prescribed on £, the
closure of £2. (Here x designates a point in R™).

For this problem we shall give a wide fail to nonlinearities, f, corre-~
sponding to which global classical solutions will not exist for arbitrary
u,y € C%(2).* (By a global solution, we mean one which exists on £ x [0, 0).)

Physically, problem A can be viewed as a heat conduction problem with
a nonlinear radiation law prescribed on the boundary of the material body.
If the radiation law is actually an absorbtion law, then if certain additional
hypotheses are met the temperature must become unbounded in finite time.

In a number of remarks following the demonstration of the principal result
for problem A, we indicate how analogous results may be obtained for more
general parabolic equations and for systems of such equations when nonlinear
coupling of the system occurs in the boundary conditions. The method can
also be applied to problems for which the governing equation of motion is the
wave equation or a system of such (with the coupling again occurring in the
boundary condition) and to certain types of weak solutions to such problems
(Remark 2.5).

ProBLEM B. Let %, CY(RY), and suppose #, == 0 on R. We wish to
study the behavior of nonnegative solutions {in a sense to be made precise) to

pa 2
e w1y (mHER X [0, T]

l

u(x, 0) = uy(x); xe R,
where in this problem # is a constant satisfying m > 1.

t Similar results for problems in which the nonlinearity occurs in the equation
rather than in the boundary condition, have been obtained by Kaplan, S. (Comm.
Pure Appl. Math., Vol. 16 (1963)), Friedman, A. (Proc. Amer. Math. Soc. Symp.
Appl. Math., Vol. 13 (1965)) and Fujita, H. (J. Fac Sci., Univ. Tokyo, Vol. 13 (1966).
See also [6].
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We shall show that whenever ujf™ e QURY) and (uy), € L(RY), then
forsome 7, 0 << T << o0,

lim sup f [w™ (&, ) 4 {u,™(x, t)}*] dx = +-o0,
=T R

where # is a weak solution in an appropriately defined sense.

The equation u, = (4™),, is the so-called “porous medium” equation and
has been studied by a number of authors. See, for example, [1], [2], [3], and
the references cited therein. Our result then says that the backward Cauchy
problem for the porous medium equation never has global solutions.

The proofs of our results rest upon the observation that if F is a concave
function on [0, T') such that F(0) > 0, F'(0) < 0, and T = —F(0)/F’(0) then
F has a zero in [0, T). This follows from the fact that for such F’s the graph
of F lies below any tangent line. This implies that F(f) < F(0) + tF’(0), and
hence that F has a zero in [0, —F(0)/F'(0)], say at T . Thus if G() = 1/F(z),
then G is unbounded on [0, T¢].

II. Tue NONLINEAR RADIATION PROBLEM

We consider, in this section, problem A, i.e.,

ou .

P du in 2 x[0,T],

ou .

n = f(u) on 82 x [0, T], 2.0

u(x, 0) == uyx), uy € C¥($2).

We prove

Turorem IL1. Let u: 2 X [0, T) — R be a classical solution to (2.1).
If f (=) is of the form f(z) = | z |**Hh(2) for some monotone increasing function
h(2) and some positive constant o, and if

Aug(s)

dy: jﬁm ( JO f(z) dz) ds >}

| Vu, 2 dy,
(9]

o

thenthereisa T, ,0 << Ty << o0 such that if T = T, then

%
im [ [ w(e,q)dxdy = +oo,
(2]

t>Ty Y0 VY
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and consequently

lim sup(max | u(x, £)]) = —-oo.
"TO_ xesd

In other words, every classical solution to (2.1) with u(x, 0) = #,(x) breaks
down by becoming unbounded in finite time. Weak solutions are discussed in
Remark 2.5.

Proof. Assume that u exists in the classical sense on 2 % [0, o). For any
positive constants 8, v, T and all £ € [0, T'), define

i
Ft) = fo fg Wi, n) du dy -+ (T — ) fg uo(x) du + Bt + ) (22)

where 8, T, and = are to be specified later. We note that (F*)" < 0 for some
a > 0 if and only if FF” — (« - I)(F")? == 0. Now

F(t) = fn w¥(x, t) dx — fp u2(x) dx + 28(t -+ 7)
- 2fo J;?uundxdvl + 2B(t - 7)

- f J1vupardy+2 ’ §, il dsn + 28 + ), 3

from (2.1) and an integration by parts. Therefore

Fr(t) = —2 fp [V |2 dx + 2 3€a9 uf (u) ds -+ 28. (2.4)
Thus

F(t) = —4ftfg\7un-§7udxdn _2f9{w0 [2dx+2fmuf(u)ds+2ﬁ
0
= 4J:J:qu,72dxdn -4f: faﬂu,,f(u)dsdn “ng | Vg |2 dx
+2 3539 uf (u) ds + 28
=4+ 1) [ngu,ﬁdxdn +8] +2 [—2f:3€mu,,f(u)dsdn
- fg | Vg |2 dx — Zaftfgundu dx dn
[

. 565,, uf (u) ds — (2« + 1B
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1 -
— 4o+ 1) UO fgunzdxdn +8] +2 gafo[Vu I dx

(@1 fﬂ | g |2 dic - 5[569 [uf(u) — 2t 1)

% fo ta% (fui)") 1(2) ds) dn] ds — (22 + 1)B].
Combining this result with (2.2) and (2.3) we aobtain
FF" — (o + 1)(F')
> 4o+ 1)S2—}—2an£2|§7u}2dx

2g(s)

1+ 2a 4+ 1) [fﬁm ( fo f(z)ds)ds — } jg [Vuy2as]  (25)

ulwx,t)

+{ ([ @ — @x+ D de) s~ @a + vel,

where
§2 = (Ltj;_,ﬂz dx dy + B(t +T)2)(J:L u,2 dx dn +B)

_ U:Luu,,dxdn + Bt +T)]2 >0,

the non-negativity following from Schwarz’s inequality.
From 4, , we note that if we choose

uy(s)

e B e el

then By > 0. At the same time it follows from the representation assumed for

f that for all real =, [y [2f'(2) — (2« 4 1) f(2)] d2 > 0. Thus on [0, T],
with 8 = B, , we obtain

FF" — (a -+ 1)(F')2 > 0. (2.6)
From (2.6) and a quadrature, we then obtain,

F-+(t) < F(0) — atF’(0) F~=+1(0). @.7)
It follows from (2.2), (2.3), and (2.7) that if F(0)/«F"(0) < T, then F~* must
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vanish at some time 7, in [0, T'], where T; << F(0)/aF’(0). One finds, after
some algebra that T" > F(0)/aF'(0) if and only if T and = are related by

Bor < T [20fr — [ (uo(e)? ] *)

This latter condition is clearly satisfied for sufficiently large 7" as soon as
7 > (20B,)™" [o #? dx. Since Ty < T we see that the largest value for T
cannot exceed the smallest value of T for which (*) holds, so that (optimizing
with respect to 7)

< (@3B [ uy? d.
2
Thus
12
lim f f u%(x, ) dx dy = -}o0,

=Ty~ "0 YQ

and the theorem is proved.

Remark 2.1.  The physical content of the preceding result is of course that
if a “radiation law” like du/dn = f(u) is, in fact, an “absorption” law (at
least for large | # |), then under certain additional hypotheses the temperature
of the material body cannot remain bounded for all times.

Remarg 2.2. The preceding theorem can be extended to more general
second-order parabolic equations of the form

Z,j=1

o - % we)mo = f@)  on @ x[0,)

@.j=1

where a;; = a;; and the a; € CY({2). Moreover, the radiation law need only
hold over a part I, x [0, T") of the lateral boundary 02 X [0, 7'} where
I, C 02 has positive (z — 1) dimensional Lebesgue measure. When one
requires that z = 0 on I X [0, T')(where I, = 0@ — I), d, is replaced by

4y :Lz ( |

and Theorem II.1. remains true.

ug{s)

1 = ou ou
f(z) dz) ds > zfg i’].z=1 a;; 5‘72‘; 5‘; dx,
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ReMARK 2.3. Let us consider, instead of (2.1), the problem

2

*u .
P du  in £ x[0,T),
u(x, 0) = uy(x),  uye CHD),
u,(x%, 0) = vy(x), v, € CHQ), (2.8)
ou ,
W—fw on Iyx[0,7)

u(x,0) =0 on I %[0, T),

where I''U T, = 02, I'' NI, = @ and the » — 1 dimensional Lebesgue
measure of I, is positive. If we define, for 8, + > 0 but otherwise arbitrary,

F() = [ 1) dx + Be + 7P (2.9)
then one can prove that
FF" — (o + 1P

= 4(x 4 1) 524 2F

% fQ [ Vu |2 dc

. L : f:(s,» &) — (o4 1) J (@3} de] ds

+ 2020 + 1) U‘F U:D(S)f(z) dz) ds — %L (1 Vg 2 + 242) d.x——gu
2 (2.10)

From (2.10) and the expressions for F(0), and F”(0), one sees that it is possible
to choose B and 7 so that both FF" — (a -+ 1)F')?? = 0 and F'(0) > 0,
provided f(2) has the form |z |**h(z) where % is monotone increasing
(nondecreasing) and

wols)

A

17, o
1) dz) ds > 5 fg (I Vi 2 + 52) d.
We have

Turorem I11.2.  Under the preceding hypotheses on f, uy, vy and T (when
I, + @), every solution to (2.8) satisfies

fim | w(r, £) dx = o0
t->T— V02

for some T, 0 < T < oo and hence is pointwise unbounded in £ x (0, T).
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A remark analogous to Remark 2.2 for more general second-order wave
equations is valid.

Remarg 2.4. The preceding theorem can be extended to systems. We
give a simple example. Let (, v) be a solution of

Pl Adu
t in 2x[0,7)
v
— = Ao
ot
2 (61) = Al 9)
in aQ x [0, T). @.11)
2 (5,1) = £, 0)
on’ 0"
wx, 0) = uy(x)) 1, , 0, € C'(2).

vo(x, 0) = 7)0(9")5

Then the following theorem can easily be proved in a manner similar to that of
Theorem II.1.

Tueorem 11.3.  Suppose that 0f,/0v = 0fy/ou, and let H(u,v) be the
potential associated with f = (f,, f»), (e, VH = f) such that
H(0,0) = 0. Suppose further that there exists a constant o > 0 such that

20+ 1) H(E, m) < Ef(& m) + nfo€ ) for all &, e RY. (In particular the
equality sign holds if H is homogeneous of degree 2(« ++ 1).) If

¢ Huf), vo(®) dx >4 [ (Va2 + | Vo ) d,
aQ 2
then there exists a T, 0 << T' << oo, such that

lim sup f [#%(x, 1) - v¥(x, £)] dx = -o0.
T 2

An analogous version of this result can be proved for the system u; =
Au, vy = doin 2 X [0, T), ou/on = fi(u, v), 0vjon = fy(u, v)on 02 x [0, T).
Also, in each of these systems one could replace du by

< 0 ou
) Ox; (aij (*) Ox; )

i,d=1

and 4o by

3 2o () 5

,j=1
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where (a;;) and (b;;) are continuously differentiable Hermitian matrices with
(pointwise) nonnegative eigenvalues. Then one specifies

ou ju ou
o = ). ay(x) T T AR

2,5=1

and

ov ov
—3;2‘ = 'Zil b;;(x) ——6x,; n; = folu, v)
on @ x[0,T) (orlyx[0,T)).

Remark 2.5. One can prove analogous statements for weak solutions of
(2.1), (2.8) and (2.11) and their various extensions. We illustrate this for the
weak formulation of (2.8) in case I, = 0Q, I} = o using the following
definition of our weak solution.

DrriniTioN. We say that u(x, £) is a weak solution to (2.8)(I; = 2Q)
if it is continuously differentiable in both x and ¢ and if, for all functions
@(x, t) which are continuously differentiable’ in x and ¢ in a neighborhood of
0, = 0 x {t} for each ¢ > 0 the following two relations hold for all t € [0, T):

[ ot 1y e, 1y i = [ g0, 0)enlo) i+ [ [l ) o, ) i iy
o] 2 0 v

— fo ! fp Vo« Vudx dy + fu t ﬂp (s, 7) f (u(s, 7)) ds d,
“ ' 2.12)

and
4 wiw 0y de+ § [ | Vut, )2 do
fe] 2

u(s,t)

+ dz) ds = E(t) < E(0). 2.13
Inequality (2.13) is just an energy inequality.

Tueorem I1.4.  Under the same hypotheses on f, u, , and v, , the conclusions
of Theorem 11.2 hold for solutions to (2.8) in the sense of (2.12) and (2.13).

To prove this we set
F(t) = f u? dx 4 B(t - )2
o

! Clearly the assumption of pointwise continuity of 81/8x and /9t may be relaxed
in the proof of the next theorem.

505/16/2-9
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and choose, in the usual manner a sequence of admissible ¢'s tending to #
in the norms required by (2.12). One finds that

F(t) =2 [ uuydx + 26(t + )

2]

— 2fouovodx +2J'tf u,? dx dn ~2ftf | Vu |2 dx dy
4 0 v 0 YR
+2 fot 5{;59 uf (u) ds dy + 28(t + 7). (2.14)

Therefore, F” exists and

Fr(t) =2 [Q uPdx +2 5&@9 uf () ds — 2 {Q [ Vu2ds +28. (2.15)

One finds, after a short calculation using (2.13), (2.14), and (2.15) that (2.10)
is valid with I, = 882. The remainder of the argument is the same as for
Theorem IL.2.

ReMARK 2.6. Results similar to those of Theorem II-1, IT-2, and I1-3 have
been obtained for certain “abstract” nonlinear evolutionary equations of the
form Pu, = —Au + §(u), Puy; = —Au + F(u), and

Puy, + Aug -+ Au = §u)

where P, 4,and 4 are positive linear operators, § is a gradient operator and
u : [0, T)— H (a Hilbert space), is a solution in an appropriately defined
sense. See [4]-[7] for details.

II1. Tue Porous MepiuM EQUATION
We now consider

ProBLEM B. Let m > 1 and R+ = [0, ). Let u: R' X [0, T) — R+
satisfy
ou o2ym
ot Ox?

u(x, 0) == uy(x), xeRY,

=0 in R x[0,T)
3.1)

where #, >> 0 is at least C! and du,/dx == 0, in the sense of the following
definition:
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DerinitioN. Let Uy = u{™V/% and (1,™), be in £3(R!). We say that
u: R x [0, T)— R* is a weak solution to (3.1) with initial data u, if »
satisfies the regularity hypotheses (i), (ii), (iii) given below, and, for all
¢ : Rt X [0, T]— Rt having compact support in x for each &[0, T) and
continuously differentiable in x and ¢,

/ " | low+ pwm) dxdy + [ g 0) uw)dv = | g, &) u(x, 1) d.
0 "Rt R! R!
(3.2)

(i) For each t&[0, T) the function f(¢), defined as [pi w*(x, ) dx
is finite and Lebesgue measurable on [0, t), and

i
Ao = f un iy, ) dx dy < <0
0 "R

so that f;’(t) = f(¢) for all 1 € [0, T');

(i) for each te{0, T) the function g(¢) defined as le (w2 dx is
finite and Lebesgue measurable on [0, #), and g,(t) = [ [ (#7)2 dxdy < oo
so that g,'(t) = g(¢) for all 2 € [0, T');

(i) U = u'm™+ /2 possesses a t derivative for each x and almost all
t[0, T) and the inequality

[[] veavay <2 EIL [ 102 = i d (*)

o vR 8m
holds for all ¢ [0, T).

Remark 3.1.  For the forward equation, Aronson [2] has shown that for
the class of weak solutions studied in [8], which is a larger class than the one
considered here, if (#y™), is Lipschitz continuous, then {(u™), is likewise
Lipschitz continuous. It was shown in [8] that if #, has compact support,
then u(-, ) has compact support. It follows that if %, has compact support and
is C* then for the forward problem (i) and (ii) will hold. Moreover, the weak
solution in the sense of [8] will exist globally.

Therefore, the regularity restrictions (i) and (ii) are not unreasonable
assumptions to impose on solutions to the backward problem.

Remark 3.2. If one formally puts ¢ = (u™), in (3.2) and integrates by
parts with respect to #, one obtains (formally) (*) with equality replacing
the inequality. The inequality (*) is then a weaker form of a so-called “energy”
identity and is thus a reasonable hypothesis to make.
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Tueorem II1.1. Let u: R* x [0, T)— R* be a solution to Problem B in
the sense of the preceding definition. Then the time interval must necessarily
be bounded. That is to say, there will be a value of T, 0 < T < oo such that

@ i [ e ) + (@ el dedn = oo

teT

and consequently,
(b) lim sup f [m i, £) 4 (™), (%, ))?] dx = +o0.
[ 2 R

Proof. Assume the contrary, i.e., that u exists on R* X [0, 00) and that
(i), (ii), and (iii) hold on every interval [0, T"). For t € [0, T3), let

Fo = fR W, ) dx dy + (T — 1) fR Wy, (33)
o YRl 1

where T} is an arbitrary but fixed positive number. We have that

Fo) — J.t f U, ) dxdy + (T ~1) le U, da. (3.4)

0 "R

We shall show that F(#) must become unbounded on an interval [0, T) C [0, T})
for some T, , thus violating (i). It is clear that at such a point we will have a
breakdown of the assumed weak solution. It could of course happen that the
weak solution breaks down in such a way that F(f) remains bounded at any
finite . We give an example to illustrate this fact after the proof of
the theorem.

A direct computation on (3.4) gives

F(t) = le(U2 — U dx =2 fo ' le U, dx dy. (3.5)

We now choose in (3.2) an admissible sequence {g,}. , such that
Qutt —> w @, — (W), and ug,,, — u(u™), in the norm required by (i), (ii),
and (iii). ((#™); = 2m|(m + 1) Utn-D/=+0 {7, and U, exists a.e.) Then,
passing to the limit in (3.2), we find that

m

m+41

¢ 2

Fo + [ [ @idedy =F),
0 "R

so that

F@)=(m+1) | t jRI (™2 dx dn. (3.6)
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Consequently, from (3.6), (i), and (*), F'(¢) is absolutely continuous, and thus
almost everywhere,

Fi(t) = (m+ 1) | (WM
> 8mim+1) [ [ Urdedy+m+D)[ @MEde ()

as we see from (iif) and (*).
Therefore,

FF” s

Im N ‘ Cpbor £ s
e 0 > Bmim + 1)) Uﬁ JRluzdxqu JRI U.2 dx dy

— (J: ";21 UU,,, dx d-q)ag -+ (m -+ 1)F Jle (uom)x ,

(3.8)
and choosing « = (m — 1)/(m -+ 1), we are led to

F= +n = 1) ([ @ ds) B <.
R

Note that from (3.7) and (3.6), F” = (m + 1) [ (™) dx and F'(£) >0
for t > 0. Thus, if we set G = F~=, then G is decreasing (G' << 0if t > 0).
After multiplying (3.8) by G’ and a quadrature, we obtain (noting that
G'(0) = 0)

[GOF = KGO/ — [GEP, (3-9)

where

K = [(m— 1) 24/ + 1)] | (g™ d.
R
It follows immediately from (3.9) that
G(0)
I = | (GO — ey > K (3.10)
G,
We see that G(0) = MT})™ where X = [z #f"*! dx so that (3.10) reduces to

1
(AT1)1/2f (1 — y2ueyiiz dy > KU2T,
0
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which cannot hold unless

fis 2(3”:7_ 1) rgz(l(gnj j)s/gigg—l )1))) (f o ‘l’“)/ f (") ""‘)
3.1

as a routine calculation using the definitions of A, K, and « shows. Therefore
T, cannot be an arbitrary positive number and the theorem is proved.

Remark 3.3. 'The preceding result can clearly be extended to u, = —4(x™)
where 4 is the #-dimensional Laplacian.

Remark 3.4. As we indicated earlier the boundedness condition assumed
on the space-time integral in (i) need not be the condition that fails. Consider,
for example, Pattle’s [9] solution backward in time:

1) 1/(m=1)

a1 — Dol < 2 — 1) 200),
1
(s, 1) = OSt<@mTn
2 2 1
0, |x[2>2mj(m— 1) %), 0<t<m

0, t=>1/(m+1)
where here
Mz) = [1 — (m 4 Dm0 0 < ¢ < 1f(m + 1)

One finds this expression by noting that if o(x, t) is a solution of v, =
—(25™), then u(x, t) = v,(x, ) satisfies #; + u_» = 0. The solution above
is derived from the similarity solution ¢ which is of the form o(x, #) = 2(£)
where ¢ = xA(f). Clearly « is a classical solution of (3.1) on those points of
R x [0, 1/m + 1] where u is positive as well as in the complement of the
support of u.

It is easily checked that uy(x) = u(wx, 0) satisfies

1

uy € QPH(RY), (u,™),, € L3(RY) and that for 0 <t < P

I N L0

R
1
> J' (1 — y2)mi /=D gy < oo,
-1

ftf ) u™t (%, n) dx dny = \/ mz_’f i

0 "R
% J~1 (1 _yz)(m+1)/(m—1) dy < 00,
—1

{1~ [1 = (m -+ Do)
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and
Y N2 . 4m2 2m 2m+1
(i) le (") dx = (m — 1y \/ m— | [A®)
.1
X ‘ _')12(1 __y'Z)zlr(‘m~1) dy < 00,
ot 2 Y \312
my2 _ & m
Jo le(u Jo dx dy = (m—1) (m—l) {Bo) b
1
% J' Y21 — 3R/l gy,
-1
Also

(iiiy U, == [utmt2?],, exists for all x and almost all £ [0, 1/(m + 1)]
and, after a tedious but routine calculation one finds that

.ij 1 Unz dx dn = ‘1((1;:;-{-1);) / mzm {AO)mt — 1}

1
% f (1 — (m + 1) y2)(m — 12 (1 — y2)Em/m-n gy
-1

= | - G *)

It follows from all of this that u is a weak solution to (3.1) on [0, 1/m -+ 1), in
the sense of our definition. We observe from (i) and (ii) that it is the first of
the integrals in (i)’ and both of the integrals in (if)’ that become unbounded
as t— (m -+ 1)™! from below. Of course, in this case the solution itself
becomes unbounded as (¥, £) — (0, (m + 1)) from the interior of the support
of u. The function F(f) actually remains bounded for ¢ € [0, T} with T} finite
but arbitrary.
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