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1. Introduction

Reaction-diffusion systems of the following form have been used extensively in modeling various
phenomena in many branches of science

ur=diAu+ f(u,v) in 2 x (0,T),
Tve=dyAv+g(u,v) in 2 x (0,T),

1
a_uza_vz on 452 x (0, T), M
v dv

ux,0) =ug(x), v(x,0)=vo(x) in £2,

2. . . . .
where A = 2?21 337 is the usual Laplace operator, £2 is a bounded smooth domain in R" with unit
i

outward normal vector v on its boundary 9£2; di,d, are two positive constants representing the
diffusion rates of the two substances u, v respectively, T > 0 is related to the response rate of v
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versus the change in u, and f and g are two smooth functions generally referred to as the reaction
terms.

Roughly speaking, mathematical progress on (1) is still limited to this date despite much effort in
the past century.

When one of the diffusion rates, say, d, is very large, one attempt in understanding (1) is to let
d, tend to oo and formally reduces (1) to the following “shadow system”

ue=di Au+ fu, £) in 2 x (0, T),
vt = |rlz_| / gu.e)dx i (0,7),
2 (2)
u_y on 982 x (0,T),
av

§(0) =&, u®0)=uok) in L2,

where |§2| is the measure of £2 and &(t) is the formal limit of v(x,t) as dy — co. The idea, due
to Keener [9], is to study (2) first, which seems “easier”, as its second equation is now an ordinary
differential equation (although nonlocal), and then derive the desired properties of (1) at least when
d, is sufficiently large. Such an approach is often typical in activator-inhibitor models, and has been
partially successful in various cases, notably for the steady state solutions of the well-known Gierer-
Meinhardt system [5,13].

The stability properties of steady states of (2) have been analyzed by [11]. In fact, the linearized
stability of steady states of (2) in a more general form, allowing x-dependence in the reaction terms
f and g, has been studied fairly thoroughly in [11]. (See the references in [11] for related papers.)
Various other properties, in particular, the existence of compact attractors, have also been studied.
See [6] and the references therein.

The main purpose of this paper is to compare the dynamics of shadow systems (2) with their
original reaction-diffusion systems (1). Our results indicate, however, that there are serious discrep-
ancies between (1) and (2) even as the fundamental aspects, global existence and finite time blow-up,
are concerned. Thus, one must proceed with great care while using the shadow system (2) to under-
stand (1).

To illustrate our results, we again consider the Gierer-Meinhardt system

up
ut:d1Au—u+—q in 2 x (0, T),
v
u’ .
rvtzdzAv—v—l—; in 2 x (0, T), 3)
ou dv
——_-0 on 082 x (0, T),
v dv
u(x,0)=ug(x) >0, v(x,0) =vox)>0 in £,
where the exponents p, q,r are positive and s is nonnegative, and satisfy
-1
0< p < L (4)
r s+1

The system (3) was proposed in 1972 [5], based on Turing’s idea of “diffusion-driven instability” in
1952 [20], to model the regeneration phenomena of hydra. This system has attracted a lot of attention
since the publications of [16,17] in early 1990s in which spike-layer steady states were established.
We refer the readers to the survey papers [13,14,21] for further details.

The dynamics of (3) is very complicated, and is far from being understood at this time. It is
interesting to note that even the fundamental question of global existence of (3) remained largely
open until recently, and to this date, it is still not completely resolved. First result in this direction
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was due to Rothe in 1984 [18], but only for a very special case n=3, p=2,q=1,r=2and s=0
In 1987, a result for a related system was obtained in [12]. The nearly optimal resolution for the
global existence issue came in 2006 with an elementary and elegant proof by Jiang [8]. In [8], the

global existence of (3) was established for the range p—:1 <1 by an ingenious argument only involving

Hoélder inequality which was used to control the nonlinear term :j—; This only leaves the critical case

qu =1 still open, as it has been known already that in case pr;l > 1 even for the corresponding
ordinary differential equations, i.e. when up and vq are suitable constants in (3), (3) blows up at
finite time. (See [15] for a complete description of all solutions to the corresponding kinetic system
of (3).)

However, the situation for the global existence of the corresponding shadow system

uP
d1Au—u+E—q in 2 x(0,7T),
= —t+ [ in (0,7T)
IQI & T (5)
Ju
™ = on 02 x (0, T),

§0)=8 >0, u®0)=uo(x)>0 in £,

is much less understood. Obviously, the finite time blow-up results obtained in [15] for the corre-
sponding ordinary differential equations still apply to (5). Other than this, not much is known.

In this paper, we establish both global existence and finite time blow-up for (5). Our existence
result reads as follows.

Theorem 1. If ? then every solution of the shadow system (5) exists for all time t > 0.

n+2'

Compared to the global existence result of Jiang for (3) mentioned above, Theorem 1 seems quite
modest, and it seems natural to ask what would be the optlmal condition for the global existence
of (5): Is it possible to improve the upper bound for r] from m to 1 in Theorem 1?

While our result on finite time blow-up, Theorem 2 below, gives a negative answer to the question
above, we still do not know the optimal condition to guarantee the global existence. Nonetheless,
Theorem 2 below does demonstrate a serious gap between the shadow system (5) and the original

Gierer-Meinhardt system (3).

Theorem 2 Suppose that §2 is the unit ball B1(0), and that p=r,T=s+1—qand 0 < g <sh <1l

If p 1o H n > 3, then (5) always has finite time blow-up solutions for suitable choices of initial values ug
and %‘0

The range ﬁ > @ > % remains open. In proving Theorem 2, we first reduce the shadow sys-
tem (5) to a single nonlocal equation. We then use the idea in [7] to construct a sequence of solutions
with the blow-up times shrinking to 0.

Theorem 1 is established in Section 2, and Section 3 is devoted to the proof of Theorem 2. Some

miscellaneous remarks are included in Section 4.

2. Shadow systems: Global existence

We will prove Theorem 1 in this section. Throughout this section we assume that 2 T < % and
let (0, T) be the maximal time interval for which the solution (u(x, t), £(t)) of (5) exists. Suppose that
T < oo, we shall derive a contradiction. For simplicity, we will assume [£2| =1 and denote d; by d
throughout this section.
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Lemma 2.1. £(t) > &e /" forall t > 0.

Proof. From the equation for £ in (5)
1
T’i:s’i:f — _SS+1 4+ / ur dx > _$S+1
1£2] A

since u > 0 in £2 x (0, T). Thus
(e F5 ), >0
and it follows that
e e > gt
and our conclusion holds. O
Our next lemma is inspired by [12]. First, for 0 <t' < T set
¢
Cealt) E/efw/ft)</ ;ﬁ%ﬁ) de.
0 2
Lemma 2.2. C¢ (T) < oo forall £ > 0,a > 0.

Proof. For fixed t’ < T, set

e—ut’—t)

———, O<t<t.
§4(t)

=

Then

—L(t'—t)

P u’ (x, t) dx.
2

o) =(Tl+as —a

Integrating t from O to t’ we obtain, by Lemma 2.1,

t

raw—rdm=ue+®/;mM—aQAw<C—aquﬁ.
0

Thus
aCea(t) <C+78(0) — 78 (0) < C+74(0),
and our conclusion follows by letting t' — T. O

To derive a contradiction, by Lemma 2.1 and standard parabolic regularity estimates, it suffices to
prove that for ¢ large there exists a constant C,(T) such that
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Ju. 0] (g < Ce(T) < 00 (6)

forall0 <t <T.
To prove (6), we set w = u‘/? and compute

d d p
E-/wzdx=E/de:@/ue’l[dAu—u—i-Z—q]dx
Q Q Q

4 -1 p—1+¢
:_#/Wwﬁdx—ﬁfwzdx—i—é Y i 7)
2

&4

(2}

Write

s

—1+¢ r\ 4/%0
up u 1qp—dr
_( ) Pl

g &%
where sg > s+ 1 is chosen such that

p—1 ¢ 2
<

< .
r so n4+2

This can be achieved by (4) and our assumption that Q < % Letting a=so—(s+1) and p = %,
we have

yp—1+¢ u’ P N
&9 = (§s+1+a> (W ) ’

where 6 = %(p —1+L—pr)=1-— %[,or — (p — 1)]. Note that & < 1, and 6 > 0 if £ is large. (In fact,

611 as £ 1 00.) Since p < 25 < 1, Hélder inequality implies that

up—]+li u’ 14 1279 1-p
Eq dx < </ m dX) < wl-r dX) .
2 2 2

For convenience, we denote

ul’
8a= gstita
and (7) becomes
d 5 4 -1) 2 2 p 26
~lwl? g < — VW%, o) — Ellw ¢ w : 8
pra L [0 T VW)~ W) + Bl gy W25, (8)

By Gagliardo-Nirenberg inequality (see e.g. [3])
1—
1wl e < Clwliyalwllz ",

where y =n(p +6 — 1)/(20) € (0, 1) for ¢ sufficiently large, we can control the last term in (8) as
follows:
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20
Olgall 7y W1 < CClgallp [IVWI L Iwlys” + Iwiliz]
Li-pr

1

1 1
< (elvwlzy?) 9(y6)+[gzcngau w25 ”] (1—y6) + €Cllgall & Il wl?

1
by Young's inequality since 0 < y6 < 1 for ¢ large. Choosing € > 0 such that €77 (y9) = w, we
have
d 1
S IWiE < —€Iwiig, + Cllgall w17 +eCligallfy 1wl 9)
To simplify the notation, we set n = ||W||L2(_Q), and (9) becomes
d L =y
—n<—n+Clgall ;" n =7 +Cligallfin’, (10)

dt

where C denotes generic constants which also depend on ¢. Notice that the exponents (%:}{)99 <1,

P i 2
and =0 <1 since p < ;5.

For 0 <t <t' <t < T, integrating (10) gives
t t t

/ d a-y)e ’ /
/e% 70(_’1 +f'7> dt < Csupy 7" f g 7 dt+cSupn"/e%(t’°llga||f1 dt
dt [0.7] [0,5]

T
< cet supn / T (gl + 1) dt
[0.t]

0
T
suan/ e T (|l gqllx + 1) dt
[0,t] 0

(1*}/

(supn) N <supn)9 (11)

[0,] [0,E]

by Lemma 2.2. The left-hand side of (11) equals

I%

d —e(t —t) ’ —et
— dt: t) — 0).
/ T nt)—e " n
0
Hence
(1:1/)99 0
Nt < n(0)+C(supn) 7 +C<supn) . (12)
[0,] [0,E]
Since (12) holds for every t’ < t, we have
(1_729 0
supy < 1(0) +C(supn) " +¢(supn) . (13)

[0,] [0,] [0,E]
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This implies that supy ;7 is bounded, independent of t < T, as both the exponents # and (}:)’:Ef

in (13) are less than 1. Therefore, supjg 1y 7 is bounded, and our assertion (6) is established. This
completes the proof of Theorem 1.

3. Shadow systems: Blow-up

This section is devoted to the study of finite time blow-up behavior of the system (5). In particular,
we will prove Theorem 2 here. Throughout this entire section, we will take £2 in (5) to be the unit
ball B1(0).

First, we reduce (5) to a nonlocal single equation by considering special initial values for &.

Multiplying the equation for £ in (5) by £579, we have

1 uP
s—q+1 s—q+1 _ d 14
(¢ )o+é |B1(0)] / &4 * (14)

B1(0)

since p=r and T =s+ 1 — q. On the other hand, integrating the equation for u in (5), we obtain

B+ ii= — PN (15)
ST YO TR A
B1(0)
where u denotes the spatial average of u
ut) = L / u(x, t)dx
~ IB1(0)] T
B1(0)
From (14) and (15) we deduce that
(i~ 041),+ - £1) =0
i.e.
ef( — &9 = w(0) — £57971(0) for all t > 0.
Thus, if we choose the initial value Sé_qﬂ =g, it follows that £5-9*1(t) = ii(t) and the shadow
system (5) reduces to
up
ur=di{Au—u+ 7 in B1(0) x (0, T),
u
ou (16)

5 =0 on 9B1(0) x (0, T),
u(x,0)=uo(x) >0 in B1(0),
where ¢’ =q/(s + 1 — q). Theorem 2 now follows from the following result.

Proposition 3.1. If p > % and q' > p — 1, then (16) always has finite time blow-up solutions.
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The proof is lengthy. To begin with, we set w = e‘u(x,t) and (16) becomes

we=Aw + K@®)wP in B1(0) x (0,T),
ow

— =0 on 9B1(0) x (0, T), (17)
av

w(x,0) =wo(x) >0 in B1(0),

where K(t) = e@~=P+Dtyw=0 and, for simplicity, we have taken d; = 1. Obviously, w(t) is increasing
and

Ww(t) > w(0) = iio. (18)

To choose the initial value ug, we first consider

r e, s<r<,
P =1 o oy _ o s—(a+2),2
§U(1+9) -9 2, 0<r<3s,

where o = % and & > 0 is small. Direct computations show that ¢ € C1([0, 1]) and
1 f P dx = —— 4 0(s"*P) (19)
[B1(0)]| n—ap ’
B1(0)
1 n
e dx=——4+0(8"%). 20
B1(0)] /‘” e T (20)
B1(0)
Moreover,
+n—1 _i—a(n—Z—(x)(pP, §<r<i,
Pre #r= —napP (8), 0<r<3.
Thus

n—1
Prr + T¢r+na¢p >0

holds for r € [0, 1] in the weak sense. Now, setting ug = A¢@, we compute, by ¢’ > p — 1,

-1 ub [ na 1

n p p
(uo)rr + ——(o)r + RVE W 0(5”*0‘)}4’]“‘] > 2ug (21)

—— =
r (2ug)d

for all § small, say, 0 < & < &g, provided that A is sufficiently small. For the rest of this section A will
be fixed (so that (21) holds for 0 < § < 8p), and our strategy is to show that the maximal existence
time interval for the solution w(x, t; ug) of (17) will shrink to 0 as § goes to 0. We remark that the
choice of ¢ and initial values are inspired by the work of B. Hu and H.M. Yin [7].

For § < &g, let (0, Ts), Ts < oo, be the maximal (time) interval for the solution w(x, t; ug) to exist.
We claim that there exists a constant C > 0, independent of 0 < § < 8¢, such that

Ts < C82. (22)

As a preliminary step, we have the following estimate.
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Lemma3.2. w(r,t) < %2 forall0 <r <1and0 <t < T;.

Proof. Define the operator
n—1 p—1
L[w]zllfr—llfrrJrTl/fr—PK(t)W v, (23)

where ¥ = r"~1w,. Straightforward calculations show that

{Lx[f:O forO<r<1, 0<t<Ts,
Y=0 forr=0,1, and 0 <t < Ty.

Since ¥ (r,0) <0 for 0 <r < 1, it follows from the maximum principle that + <0 in 0 <r < 1,
0 <t < Ts. (The singularity in the term %wr does not cause any complication since ¢y =0 at r =0.)
In particular, we have w, <0in0<r<1,0 <t < Ts. Hence

r r
1
w(r, Hr'' = w(r, t)fnz”’l dzg ——— / w(z, w2 1dz < w(t),
J [B1(0)] ,

where wy, is the volume of the unit ball, and our conclusion follows. O

Next, observe that in % <r<1,0<t<Ts, pK{t)wP~1 is uniformly bounded (for all 0 < § < &g)

by (18), (20) and Lemma 3.2. Comparing v with the solution of

n—1 o1
Pt — Prr + or=0 in-<r<1, O0<t<Ts,
1
p=0 atr:i,l, and 0 <t < T,
1
p(r,0)=1v(,0) in §<r<1,

we see that ¢ < p in % <r<1and 0 <t < Ts. In particular,

3 A" /3
Wwr Z,t g § 1% Z,t g—Co, 0<t<T§, (24)

where the constant Cy is independent of 0 < § < &o.
The key ingredient in our proof is the following

Lemma 3.3. There exists 0 < to < 1, independent of 0 < § < 8o, such that for 0 < t < min{to, Ts}

1
2C1V_Vy > / WdeZ ECQV_VV, (25)

B1(0)

[B1(0)]

where
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1
Ci= sup —— / uP dx < oo,
0<5<80 i1}y |B1(0)] 0
B1(0)

1
Cz = inf Vi o / ug dx > 0,
o< 1B S
1

and

_p@+1
k-1

with 1 < k < p chosen such that n > k

Note that both Cq, Cy are of the order

p—y(_" 1 4
~ (n—ap)[n/(n—a)} +o(D) 27)

for § > 0 small, by (19) and (20).

Proof of Lemma 3.3. To simplify our notation, set £ =q’ + 1. We define the following auxiliary func-
tion
wk

n—

n=r"w, +er" —

where € > 0 will be chosen later. Direct computations yield that

wk
Ln _L|:er [:|

wk 1 . k—1 wh—1+k
< —elr"K(t Pdx — 2ekr™™ — — kK @®)r"
—elr" ()'£+1 B10)] / wFdx — 2ekr wr —€e(p —kK@®)r
B1(0)
k—1 wk (@ —p+Dt ,
= 72€kw n+er" [Zekwk T éelBT)l / wP — (p — k)e@—P+Dtyyp—1 v'v]. (28)
1

B1(0)

We now begin to prove (25). For each 0 < § < 8, let to(8) be the maximal time interval for
which (25) holds. Clearly Ts > to(8) > 0, for each 0 < § < 8p. If to(8) > 1, we take tp =1 and the
statement of Lemma 3.3 automatically holds. We now proceed with the case to(8) < 1.

In 0 <t <tp(8), (25) implies that

k-1 k
G, _
In< —Zekw n+er" ,;sze [2ekw’<—1 - 72@\,\,7 —(p— k)wp—lw]‘

By Young's inequality,

k—l( k—1)’,§%11+ _kﬁ;,l :k—]wp_1+p—k
p—1 p—1 p—1 p—1

k1<

)

we see that in view of (18), there is an € > 0, independent of 0 < § < 8¢, such that
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k—1

Ln < —2¢k n

wt

for0<r< % and 0 <t < tp(8). Observe that n(0,t) =0. At r = %, from (18), (24) and Lemma 3.2 it

follows that
3 3 n—1 3 n—nk B
n(z,t) <—C0<Z) +e<z) WOt <0

(since k < p < ¢) provided that € is sufficiently small, but still independent of 0 < § < 8¢. Finally, for the
initial value t =0 and 0 <r < §, we have

k
n(r,0)=r"" [A(pr +erak-t %]

rar 14k 1
<l - +erakt a+3) - <0
sa+2 sak {m + O((gnfa)}l

(since A is fixed and « 4+ 2 = ap > «k) if € is sufficiently small (but still independent of 0 < § < &p). For
t=0,8 <r< 3, obviously

A 1
n(r,0)=r""1 [— af] +erak-t —— — 5] <0
r ref{ = + 0(8""*)}

(since o +1 > ak — 1) if € is sufficiently small (but independent of 0 < § < 8p). Summing up, we have

k—1
. 3
Ln < —2¢k W n 1n0<r<:l,0<t<t0(5),
3
n<o0 atr:O,Zand0<t<t0(8),
. 3
n<o0 1n0<r<Zandt:O.

Again, the maximum principle implies that n <0in 0 <r < %, 0<t<tg(d); ie.

Wk

Wy < —ET_—Z,
w
and we derive that, for 0 <r < %, 0 <t <tp(d), an “improved” estimate
1
2w k=T 2
w| —— rkT, 29
\[dk—ﬂ] (29)

(The idea of using auxiliary functions to obtain desired estimates in blow-up problems goes back
to [4].) Now, for any 0 < R < 2, we have

1 2 & R
/ wPdx <n wY
1B1(0)] ck-1] a2

Bg(0) -1
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for 0 <t < tp(8). Thus we can choose R so small that

1

S / wPdx < EWV for 0 <t < to(8). (30)
|B1(0)] 8

Br(0)

On the other hand, from (17) and (25) we have

W= e@-pirg o 1 /wl’dxgcmy—q’,
[B1(0)]
B1(0)

where C5 = 2C;e9 =P+, since t < min{to(8), 1}. It follows that
’ _ 1
w(t) < [ig™ "~ C3(y —q' = D] 70

since y —q’ > 1. It is easy to see that

’ _ 1
[dp™ 7" = C3(y —q' = ] 7 < 2ig

‘1_214’!]/*7 ’_
t < min 711})*" Y1t
Gy—-qa-1

Therefore, we have

w(t) <2ug<2M =2 sup ug (31)
0<8<dp
if t < min{to(d), t1}, where
1= 2140~y .
ty =min{7M1+q ‘7’,1}, (32)
Gy —-q-1

which is independent of 0 < § < §p.
Next, observe that the function w/w?, 6 = % (= % > 1), satisfies

w w , wP w 1 wP
— =Al = e(q+17p)t —0—= / dx s
(w‘))t (we) * witd " w [B(0)] J witd
B1(0)

and, in the domain [B1(0)\Bg(0)] x (0, min{to(§), t1}), the terms

w wP w wP

—) ——, —, and ———dx

WG ) W9+q/ ’ V_V’ / W0+q/
B1(0)

are all uniformly bounded in view of the estimates (18), Lemma 3.2, (25), (31), and that y > 6+q’ > p.
Hence the standard parabolic regularity estimates (the DeGiorgi-Nash-Moser estimates, see e.g. [10])
imply that there is t; > 0, independent of 0 < § < §p, such that
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1 p 1 wh
’— / de—— f _—3dx
|B1(0)] wY |B1(0)] w)

B1(0)\Bg(0) B1(0)\Br(0)

1774

G2
— 33
<3 (33)

for 0 <t < min{ty(d), t1, t2}. _
Suppose that there exists § € (0, §p) such that

to(8) < min{ty, t2, Tj}.

Then, from (30) and (33) we obtain that, for 0 <t < to(3),

1 wP 1 u
/ —dx— —— / %dx
|B1(0)] wY |B1(0)] ug
B1(0) B1(0)

1 wP 1 u?
S P T
[B1(0)] wY [B1(0)] ug
Br(0) Br(0)
1 wP 1 u
—I—‘ / —dx — / %dx
[B1(0)] wY [B1(0)| ug
B1(0)\Bg(0) B1(0)\Bg(0)

C, C C 3
<Z+2+2=20
s T8 ts 52

11 1 wP 5

—C1 > —dx > —-Cs.

8 |B1(0)| wY 8
B1(0)

Then, since to(3) < T5, we can extend to(8) further. This contradicts the maximality assumption
of to(8), and therefore (25) holds for 0 <t < min{tg, Ts}, where to = min{ty, t;}. O

We now continue the proof of Proposition 3.1. From (31) we have, for 0 <t < min{tg, Ts}, 0 <1 <1,

wP
We=Aw + e(q/’p“)tm > Aw + CawP,

where C4 = (2M)*q/. It then follows from the comparison principle that w(x,t) > w.(x,t) for 0 <
r<1and 0 <t < min{tg, Ts}, where w, is the solution of

Wy = Aw, + Caw!  in B1(0) x (0, min{to, Ts}),
OW, .
=0 on 9B1(0) x (0, min{to, Ts}),

av
Wy (x,0) = wo(x) in B1(0).

Setting ¢ = W, — wh, we have ¢ > 0 at t = 0 by (21), provided that ¢ is sufficiently small. Moreover,

t=Ar+p(p— DWE VW, 2 + Capw? e > Az + CapwPTle
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with g—i =0 on dB1(0) x (0, min{Ts, to}). Again, the maximum principle implies that ¢ > 0 in B1(0) x
(0, min{Ts, to}); i.e.

p
Wt 2 Wi

in B1(0) x (0, min{tg, Ts}). Straightforward integration gives

1

p—1

w*(r,t)>[ —
wh 1

—(p—l)t]
)

In particular,

1 1

1 —p-1 sa(p=1) =1
w00 {wg—1(o> » )} {[x(wgnpl ?=D

which clearly becomes oo at

1 o 1_"2
t=——[Al1+ = 8°.
p—l[ ( +2>}

Therefore Ts < C82 for § small and our proof of (22) is complete.
Remark. From Lemma 3.2 and (31), it follows that the solution blows up only at the origin at t = Ts.
4. Miscellaneous remarks

Semilinear parabolic equations with nonlinearities involving nonlocal terms also naturally arise
in other applications in science, see e.g. [1,2,19]. Local existence and uniqueness can be handled in
a more or less standard fashion, see e.g. [19]. We also refer the readers to [19] and the references
therein for a brief survey.

The nonlocal equation in Section 3

uP
u[:dAu—u—i—ﬁ—q in 2 x (0,T),

9 34
a—:j=o on 92 x (0, T), (34)

ux,0) =up(x) >0 in £,

seems of independent interest. With different ranges of p and ¢q, (34) exhibits various phenomena.
When q < p — 1, there are obviously finite time blow-up solutions even for ug = constant (which
reduces (34) to a simple ordinary differential equation). Our results, Theorems 1 and 2, imply that in
the case g > p — 1, we have

(i) if p< % then all solutions of (34) exist for all time t > 0;
_n_

-5, then there are finite time blow-up solutions.

(if) if p >

The range # <p< % remains open. We will return to the problem (34) in a future paper.
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