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Abstract

We study blow-up of radially symmetric solutions of the nonlinear heat equation u; = Au + lulP~ Ly
either on RY or on a finite ball under the Dirichlet boundary conditions. We assume that N > 3 and p >

ps = %—f% Our first goal is to analyze a threshold behavior for solutions with initial data ug = v, where

veCNH andv>0,v # 0. It is known that there exists A* > 0 such that the solution converges to 0 as
t — 00 if 0 < A < A*, while it blows up in finite time if A > A*. We show that there exist at most finitely
many exceptional values A = A* < Ay < --- < Ag such that, forall A > A* with A £ 4; (j =1,2,...,k),
the blow-up is complete and of type I with a flat local profile. Our method is based on a combination of
the zero-number principle and energy estimates. In the second part of the paper, we employ the very same
idea to show that the constant solution « attains the smallest rescaled energy among all non-zero stationary
solutions of the rescaled equation. Using this result, we derive a sharp criterion for no blow-up.
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1. Introduction
We consider the nonlinear heat equation

{u, =Au+ul’'lu (xe, t>0),

(1.1)
u(x,0) =uo(x) (x € $2),

where either 2 =R or 2 = Bg :={x e RY | |x| < R}, and ug € L®(2) N C(2). If 2 = Bg,
we impose the Dirichlet boundary condition

ulx,t)=0 (xedf2, t>0). (1.2)

The exponent p is supercritical in the Sobolev sense, that is,

For the threshold result, we consider an initial data of the form
uo(x) = rv(x), (1.3)
where A > 0 is a parameter and
v =0, v#0, ve L¥(2)NC(R). (1.4)

In the case where 2 = RY, we further assume that

ve H'RY) or lim r7Tu(x)=0. (1.5)

|x]—o00

We denote by u* the solution of (1.1)—(1.3). Throughout this paper we deal with radially sym-
metric solutions. We use such notation as U (r, t), Ug(r), V (r) that are defined by

u(x,t):U(|x|,t), uo(x)=U0(|x|), v(x):V(|x|).

By a blow-up we mean an L° blow-up, that is, there exists T € (0, o) such that u(x, t) is
bounded and smooth for 0 < ¢ < T and that

||u(-, 1) ||L°°(.Q) —o00 ast—T.

This value T is called the blow-up time of u. Given a solution u that blows up at t = T, we say
that a € §2 is a blow-up point of u (or that u blows up at x = a) if there exists no neighborhood
of a on which u remains bounded as t — T'.

Now we recall the notion of type I and type II blow-ups.

1

Definition 1.1. We say that the blow-up is of type L if (T — ) »=T||u(-, t)] L remains bounded
as t — T. The blow-up is of type II if it is not of type I.
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The existence of type II blow-up solutions for (1.1) with £2 = R" was discovered by Herrero
and Velazquez [11,12] for the range p > pji, where

{oo if 1 <N <10,
PIL ‘= 4
1+N7472m if N >11.

On the other hand, in the range ps < p < pyr, no type II blow-up can occur as far as radially
symmetric solutions are concerned; see [16] and also [17, Theorems 3.7-3.9]. As we have shown
in [17, Theorem 3.2], any type II blow-up satisfies

. 1
Tim (7' — )77 |uC. )] = o0

Furthermore, as one can easily see from [16, Theorem 3.1], type II blow-ups can occur only at
r = 0 (see also [17, Remark 3.4]).

Let u(x, t) be a solution that blows up at x = a and ¢ = T. Then the rescaled solution at a is
defined by

s s ) 1
wq(y,s) = e_ﬁu(a +e 2y, T — eﬂ) =T —-t)rTu(a+~T —ty,t), (1.6)
where s := log % and y = j% The function w, solves the rescaled equation
0 1 1
8—f:Aw—§y~Vw—Fw+|w|p_lw. (1.7)

As far as radially symmetric solutions are concerned, the limit

1

wy (y) :=Sl_i)ngO we(y,s) = tli_{r}(T - Tula+ T —ty,1) (1.8)

exists. We call w} the local blow-up profile of u at x = a. More precisely, if the blow-up occurs
at a # 0, then the blow-up is always of type I and

wr=Kk:=(p— 1)7ﬁ or w;=-—k.
See [16, Section 6.2] and the references therein. It is known that any blow-up outside x = 0 is
complete; see, for example, [8, Section 8.1] (for positive solutions) and [17, Proposition 5.13]
(for possibly sign-changing solutions). Here, by a “complete blow-up” we mean that the minimal
extension of the solution becomes +oo for a.e. x € 2 and all t > T, see [1,8]; see also [17] for
generalization to sign-changing solutions.

On the other hand, if the blow-up occurs at x = 0, the local blow-up profile at x = 0, which
we denote by wg(y) = Wi (|yl), is a radially symmetric stationary solution — either regular or
singular — of (1.7); hence ¥ = W (r) solves the equation

N-1 |
'+ LTy %w’——1w+|¢r|l’*‘wzo for 0 < r < co. (1.9)
r p—



H. Matano, F. Merle / Journal of Functional Analysis 261 (2011) 716-748 719

Furthermore, as we see in [17, Theorem 3.1], the blow-up is of type I if and only if w((r) is
a bounded stationary solution of (1.7), while it is of type II if and only if w§j(y) = £¢*(y) :=
+@*(]y|), where @*(r) is the singular solution of (1.9) given by:

2 _ 2 2
Q*(ry=c*r 71, where (c*)” - —(N —-2— —) (1.10)
p—1 p—1

Next we recall the notion of single-intersection blow-up, which we introduced in our previous
paper [17]. Let u(x,t) = U(|x|, t) be a solution of (1.1)—(1.2) that blows up at t = T. We say
that the blow-up is a single-intersection blow-up if it occurs at r = 0 and if there exist ro > 0 and
to € [0, T) such that

Zo[|UC. D] —®*] <1, fortg<t<T. (1.11)

Here Z;[w] denotes the number of zeros of a function w(r) in the interval I. If ri(¢), r(¢)
denote the smallest and the second smallest zeros of |U (r, t)| — @*(r), then the blow-up occurs
at » =0 if and only if

liminfri(t) =0
t—>T
(see, for example, [17, Lemma 3.13]), and (1.11) holds if and only if
liminfry(t) > 0,
t—>T

where we set rp(t) = oo if the second zero does not exist. We say that the blow-up is a multi-
intersection blow-up if

liminfry(t) = 0.
t—T

We recall that, so far as p # py., any single-intersection blow-up is of type I and W§ =«
or —«. Consequently the blow-up is complete; see [17, Theorem 5.28]. Conversely, if a type I
blow-up occurs at r = 0 and if Wj = £, then it is a single-intersection blow-up by virtue of
Corollary 4.8 of [17]. Summarizing, we have the following picture:

single-intersection = type I, wg; = %«, complete,
wg # xx, £o*  (if type I),
wy = t¢* (if type 1),

Blow-up at x =0 .. .
multi-intersection =

Blow-upatx =a#0 = typel, w)=x=£«, complete.

Now we return to the problem (1.1)—(1.3). As regards the solution u* of this problem, the
following is known to hold:
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Threshold behavior. Let pg < p < 0o and assume (1.4)—(1.5). Then there exists a A* > 0 such
that:

re (O, A*) = uis globally classical and “u)‘(-, 1) ||Loo — Qast— o0,

re[r*,00) = u* blows up in finite time.
Furthermore, if . = A*, the following hold:

(i) u*" blows up in finite time, say at t = T*, but can be continued as a weak solution (L' so-
lution) for all t > T*.

.o _ . * ~A*
(ii) Blow-up can occur only at x =0, and there exists Ty € [T, 00) such that uy,,;,

for t > Ty, where ﬂﬁ;n denotes the minimal extension of u* . The same holds for any limit

is smooth

L' continuation i** of u".

@Gii) |a* G, 1)L — 0 ast — oo.

@iv) If p # pJL, then there is a sequence T =1t] <t) < --- <ty with 1 <k < 00 such that u
is smooth in the space—time region

A‘*
min

{(x,1) €2 x (0,00) | (x,1) # (0, 1)), j=1,2,....k}. (1.12)
The same holds for any limit L' continuation " if ps < p < pJjL.

See [5] and [17, Section 5] for the definition of “limit L! continuation”. Roughly speaking,
a limit L' continuation is an L' solution that equals a given solution « until its blow-up time
and can be expressed as a limit of classical solutions. The uniqueness of limit L' continuation
of a given solution is not known, but its minimal element coincides with the minimal (or proper)
solution introduced in [1,8], except that the former is defined only until the complete blow-up
time of the latter; see [17, Proposition 5.5].

Statement (i) above was first established in [8] for £2 = Bg, ps < p < pL, Where

[ if 1 <N <10,
PL= 014 58 ifN =11

A similar result was obtained in [16] for 2 = RV, ps < p < pz, under the assumption that v
is compactly supported. Later [20] proved (i) for the range p > p,; by a different argument.
See [17, Theorem 5.15] for a simpler proof of statements (i)—(iii) for ps < p < oo under the
assumption v € H . We note that [4] proves statements similar to (i)—(iii) without assuming
radial symmetry on a bounded convex domain. As for statement (iv), the proof differs between
the case ps < p < pyr and the case p > pjr, but in both cases the assertion follows immediately
from known results found in [17] and partly in [S]. We will give a brief proof in Section 2.4.

It is worth noting that u*" can blow up only at x = 0, no matter where v(x) attains its maxi-
mum (see (i) above). This is a peculiarity of the threshold solution x*", and does not necessarily
hold for u* with A > A*, as seen in Lemma 2.9.

What is also worth emphasizing is that #* can never converge to a positive stationary solution,
which exists if 2 =R" and p > ps. We have either blow-up or convergence to 0. Positive
stationary solutions are unreachable from initial data satisfying (1.5).



H. Matano, F. Merle / Journal of Functional Analysis 261 (2011) 716-748 721

Our first main result is concerned with the blow-up behavior for A > A*:

Theorem 1.2 (Type of blow-up above the threshold). Let ps < p < oc. Denote by u* the solution
of (1.1)—(1.3) and assume (1.4)—(1.5). Then there exist at most finitely many exceptional values
A,y ..., Ax with

A=Al << <l

such that, for any € [A*,00) \ {A1, ..., A}, u” exhibits either a single-intersection blow-up
or a blow-up outside x = 0. Consequently the blow-up is of type I and complete, and its local
blow-up profile is « for these values of A.

Remark 1.3. In the special case where v is radially decreasing (that is, V'(r) < 0, # 0), we have
U(r,t) <0 for t > 0, r # 0, hence blow-up always occurs at r = 0. Therefore u* exhibits a
single-intersection blow-up for almost all A € (A*, 00).

The above theorem, in particular, implies that incomplete or type II blow-up is a highly non-
generic phenomenon. We remark that, as far as generic complete blow-up of u* is concerned,
there is a rather simple argument to prove it, as shown in [22]. Indeed, if 7 denotes the blow-
up time of u* for A > A*, then Ty is a decreasing function of A and, by [14, Theorem 2], it is
discontinuous whenever the blow-up is incomplete. Since a monotone function can have at most
countably many discontinuities, one finds that u#” can exhibit an incomplete blow-up for at most
countably many values of A. Compared with this simple observation, our Theorem 1.2 provides
much more detailed information about the exceptional values of A and the nature of generic
blow-up.

Our next theorem is concerned with the rescaled energy. Let

& = the set of all bounded solutions of (1.9), (1.13)
&4 = the set of all bounded positive solutions of (1.9). (1.14)
We slightly abuse the notation, so that £; (resp. £) will also denote the set of functions of the

form ¥ (x) = ¥ (|x|) with & € &4 (resp. ¥ € &), in other words, the set of radially symmetric
bounded positive solutions (resp. bounded solutions) of

Aw—ly'vw—;llf-l-Wlp_ll//:O, y eRV. (1.15)
2 p—1

We note that, in the subcritical case 1 < p < pg, we have £ = {0, =« } as shown in [9], but it is
known that £ contains other elements if pg < p < pr [13,15].

Theorem 1.4. Let ps < p < 0o and let E denote the rescaled energy defined in (3.1). Then

E@W)>EW) foranyy €U [£¢*}\ {0} (1.16)

Furthermore, the equality holds if and only if ¥ = k or —«k.
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Remark 1.5. We will in fact prove the following stronger version of the above result:

inf E(W) > E(K). (1.17)
Y eEU{Ee*}\{0,%x}

Our proof of the above theorem is “parabolic” and is based on the same zero-number argument
as in the proof of Theorem 1.2. From the above theorem one can derive the following sharp
criterion for no blow-up.

Corollary 1.6 (Non-blow-up criterion). Let u be a radially symmetric solution of (1.1)-(1.2)
with ug € L®(£2) N C(82) that blows up att =T, and w, be the rescaled solution at x = a as
defined in (1.6). Suppose that E(wg,(-;s)) < E(k) for some s > so = —logT. Then u cannot
blow up at x = a.

A result similar to Corollary 1.6 is well known in the subcritical case 1 < p < pg (see [10,
Remark 3.7]), but in the supercritical case p > pg, such a sharp non-blow-up criterion has not
been known. The next corollary follows easily from Corollary 1.6.

Corollary 1.7. Let v be a radially symmetric function satisfying v € L*(£2) N C(2), v £ 0,

and assume that v is uniformly continuous if 2 = RN . Let u* be the solution of (1.1)=(1.2) with
initial data (1.3). Fix ¢ > 0 arbitrarily and set

D’S:{xe.Q

sup [02)] > (1 = &)ljvllz.

|z—x|<e

Then, for all sufficiently large A > 0, u* blows up in finite time and its blow-up points are con-
tained in D®.

By obvious rescaling, the conclusion of Corollary 1.7 remains true for the problem

w=oAu+ulPlu (0«1, u(x,0) =v(x),

where the initial data is fixed and the diffusion coefficients o tend to zero. This case has been
studied previously by a number of authors using super/subsolution methods; see [7] and the
references therein. Those previous results allow v to be non-radial but assume v > 0. Our Corol-
lary 1.7, on the other hand, is limited to radial solutions but it allows v to change sign. As our
method is based on energy estimates, it does not rely on the sign of the solution.

Before concluding this section, we remark that the following proposition can easily be derived
from our earlier results found in [16,17].

Proposition 1.8 (Type of blow-up at the threshold). Let u* and A* be as in Theorem 1.2. Then
the following holds concerning the blow-up of u*’:

(i) if p € (ps, psL), the blow-up is of type I, with wg # k, 0;
(i) if p € (p™*, 00), the blow-up is of type I,
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where

p** i=sup{p > ps | &+ 2 {k}}
and &4 is as in (1.14).

We remark that the only element of £ satisfying Zg,o0)[¥ — @*] =1 is ¥ =« by virtue of
[2, Lemma 3.29] (see also Lemma A.1 of the present paper), therefore

p* =sup{p > ps| Z0,00)[¥ — P*] > 2 for some ¥ € £, }.

It is shown in [15] that p™* > p; =1+ N%IO (> pjr), while p** <1+ ﬁ by [19]. A more
recent result of Mizoguchi [21] shows that p** = p; .

Proof of Proposition 1.8. Statement (i) follows from the fact that no type II blow-up occurs
if ps < p < pyr; see [16, Theorem 1.5] or [17, Theorem 3.7] for the case §£2 = Bpg, and [17,
Theorems 3.8-3.9] (also partly [16, Theorem 1.6]) for the case £2 = R". To prove statement (ii),
suppose the contrary. Then the blow-up is of type I, therefore, w = « by the assumption on p.
This, however, is impossible since the local profile wg(y) for an incomplete blow-up must satisfy

2
the estimate wg(y) < C|y| »=T by Proposition 5.13 of [17] or by Corollary 3.13 of [16]. This
completes the proof of the proposition. 0O

The above result gives a simple proof of the existence of type II blow-up for the range p >
p** = pr. The argument is totally different from the direct proof of [11,12], which is based
on a fine asymptotic analysis and technically delicate calculations. Note that [20, Theorem 1.2]
also shows that u** exhibits a type II blow-up for the range p > p** with 2 = Bg, under the
additional assumption that v is radially decreasing and possesses certain intersection properties.
We do not need such additional assumptions in the statement (ii) above. In fact, the same proof
even shows that any incomplete blow-up (in the range p > p**) is of type II even if the solution
is sign-changing.

This paper is organized as follows. We prove Theorem 1.2 in Section 2, and Theorem 1.4
and its corollaries in Section 3. In Appendix A, we recall the result of [2] concerning the sta-
tionary solution with a single intersection with @* and give a slightly simpler proof for the
self-containedness of the present paper. In Appendix B, we present some general results on the
solutions of (1.1) with singular initial data. In Appendix C, we prove uniform spatial decay
estimates for solutions of (1.1) on RV . In Appendix D, we prove a lemma concerning the com-
parison of blow-up time for an ordered pair of solutions, which is an extension of a result in [14]
to sign-changing solutions.

2. Proof of Theorem 1.2

The theorem follows from the following three lemmas. Note that the assumption (1.5) is not
needed for Lemma 2.3.
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Lemma 2.1. For any Ao € (\*, 00), there exists ¢ > 0 such that, for any A € (Ao, Ao + &), the
solution u* exhibits a single-intersection blow-up if the blow-up occurs at r = 0.

Lemma 2.2. For any Ay € (\*, 00), there exists ¢ > 0 such that, for any A € (Ao — &, Ag), the
solution u* exhibits a single-intersection blow-up if the blow-up occurs at r = 0.

Lemma 2.3. Assume v € L%®°(2) N C(£2), v # 0. Then there exists M > 0 such that, for any
A > M, the solution u” blows up in finite time. Furthermore, the blow-up is of type I and, if it
occurs at r =0, then it is a single-intersection blow-up.

Remark 2.4. As is clear from its proof, the conclusion of Lemma 2.1 holds true in a much more
general setting. First, the condition (1.5) is not necessary, and v can even change sign. Moreover
ug need not be in the form (1.3). All we have to assume is:

(1) u*(x,0) depends on A continuously and is monotone increasing in A;
(2) u0 blows up in finite time, say at 7, and max ut(x,1) —> 400 as t — Ty,;
(3) the smallest zero of U*(r, t) — @*(r) remains simple for ¢ sufficiently close to Ty,

Proof of Theorem 1.2. Denote by Y the subset of [A*, 00) consisting of all A for which u* does
not exhibit a single-intersection blow-up nor blow-up outside » = 0. What we have to show is that
Y is a finite set. Lemmas 2.1 and 2.2 imply that Y has no accumulation point, while Lemma 2.3
shows that Y C [A*, M] for some M > 0. Therefore Y has to be a finite set. The theorem is
proved. O

2.1. Proof of Lemma 2.1
Let us first prove the following general lemma:
Lemma 2.5. Let 2 = RY and let u(x,t) = U(|x|,t) be a solution of (1.1) with ug €

CRM)NHYRYN). Let T > 0 denote the blow-up time of u if u blows up in finite time; otherwise
let T > 0 be arbitrary. Then there exist constants C > 0, r1 > 0 and t1 € [0, T) such that

UG, | <Cr V=22 forr>ry, teln, T). @2.1)
Consequently, |U(r,t)| < @*(r) for all large r and t € [t1, 00).

Proof. By [17, Proposition 2.16], there exists r; > 0 such that

lim sup / |Vu(x,t)|2dx<oo.
t—>T
x| =1y

Thus there exist M > 0 and #; € [0, T) such that

oo
/ \U N Ydr <M forte(n,T).

rl
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Consequently

00 00 1/2 y o© 1/2
2 N—1 1 —N-2
|U(r, 1) </|U,|dr< (/(Ur) r dr> (fﬁdr> <Cr 2
r
r

r r
for all ¢ € [t;, T), where C > 0 is some constant. Since p > pg, we have NT*Z > %, hence

2
|U(r,t)| = o(r” P=T). This proves the last statement of the lemma. O

2
Remark 2.6. The estimate u(x, ) = o(|x| »~1) (0 <t < T) holds also under the second condi-
tion in (1.5). In fact, the following more general estimates hold for solutions of (1.1):

u(x,0)=o(jx|™) forsomea >0 = u(x,t)=o(lx|"%), (2.2)

u(x,0)= 0(|x|7°‘) forsomea >0 = u(x,t)= 0(|x|7°‘) (2.3)
uniformly in ¢ € [0, T'), where T is the blow-up time of u. See Appendix C for details.

Proof of Lemma 2.1. In what follows, 7 will denote the blow-up time of U * for each A > A*.
Then, by Lemma D.1,

T), <T,, forany* <Aij <Ay <oo. (2.4)

Next, in the case where 2 = Bg, we see from [3] that
Z[UM(, 1) — d*] < o0

with I = (0, R) for all ¢ € (0, Ty,). The same holds true with I = (0, oo) for all ¢ € (), Tj,) if
2 =RY, where 1, is as in Lemma 2.5. Thus, no matter whether £2 = B or §2 = RY, the value
of Z;[U (-, t) — &*] becomes eventually constant, since it is monotone non-increasing in ¢ and
is a nonnegative integer. Once it becomes constant, we see, again from [3], that all the zeros of
U*(r,t) — @*(r) are simple. Thus we can choose 7 € (0, T3,) such that U (r, 79) — @*(r)
have only finitely many zeros in I, all of which are simple, and that the set of all the zeros of
U™ (r,t) — ®@*(r) is given in the form

FrO6) <0 (t) < - < r(0) 2.5)

for every t in [79, T,). Here m is an even integer, since UM (r, 1) < @*(r) for0 < r < rf‘o (1) and
for r > rnﬁo (1), the latter being a consequence of Lemma 2.5. By the implicit function theorem,
each r;.0 ) (j=1,2,...,m) is a smooth function of ¢.

Now we choose ¢ > 0 sufficiently small, so that, for any A € (Ao, Ao + €], the zeros of the

function U*(r, 79) — @*(r) are all simple and are given in the form

A by A
PL <Py <o+ <P
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Since U*(r,t) > UM(r,t) for 0 < t < T, by the strong comparison principle, we have
p} <11 (w0) <15 (v0) < p3.
In particular,
Z0.51 e [U (. 10) — @] =1,
where we have put 7 (¢) := rlk" (#). Again by the strong comparison principle,
U*(F1(0),t) — @ (F1(1) > UM (F1(1),1) — @ (F1(1)) =0 fort € [t0, T3),

hence

Z(O,fl(t)][Uk(" ) — 45*] < Z(o,fl(ro)][U’\(, 70) — cb*] =1 fort e[, Tp).

Furthermore, by (2.4) we have T, < T;,, which implies that there exists a constant § > 0 such
that 71 (¢) > 8 for all ¢ € [rp, T)). Consequently

Zos[UC 1) —*] <1 fort e [ro, Th).

Thus U* exhibits a single-intersection blow-up if the blow-up occurs at = 0. The proof of the
lemma is complete. O

2.2. Proof of Lemma 2.2

Let 79 and rjk.o(t) (j=1,2,...,m) be as in the proof of Lemma 2.1. Choose ¢ > 0 small

enough, so that, for any A € [Ag — &, Ag), the zeros of the function U Mr, 19) — @*(r) are all
simple and are given in the form

plk<,ozk<~~~<,o,ﬁ.
By the strong comparison principle, we have U*(r, 1) < U*0(r, 1) for 0 <t < T3, hence
ré‘;)_l(ro) < ,02’\]._l < p%‘j < r;}’(ro) for j=1,2,...,m/2.
Now, for each A € [Ag — &, Ag], we set
Al ={(r1) € (0,00) x [0, T}) | UM (r, 1) — @*(r) > 0}.
Then the inequality U* < U?0 yields
AN {tg <t < Ty ) CAY for k€ [ro — &, Aol

Let J C [Ao — €, Ag) be the set of A’s such that U* exhibits a multi-intersection blow-up. We
will show that the number of elements of J does not exceed m /2.
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Choose A € J arbitrarily. Then, just as we have shown for Ao above, there exists 7, € [t, 73)
such that all the zeros of U*(r, ) — ®@*(r) are simple for each ¢ € [t;, T;) and therefore can be
expressed as smooth functions of . We denote by rlk(t) < rzA (1) the first and the second zeros of
UM(r,t) — @*(r) in the range ¢ € [t), T)). Then clearly

U r.t)—®*(r) >0 for(ntye | (rf@).r3@)=:D"

te[ty, Ty)

Denote by B* the connected component of A% containing D*. Then B* N {rg < < T;} is an
open connected subset of {r > 0, 19 <t < 7T}, and the maximum principle implies

B*N{r =1} #0. (2.6)
Next let I'* denote the connected component of dB* N {ry <t < T;} containing the curve
(rg‘ (t),1), T, <t < Ty. Then it is easily seen from the maximum principle that I'* does not
have a vertical turning point nor does it contain a horizontal line segment. Consequently, I"* can

be expressed as a graph of a continuous function p*(t) (tg < t < Ty) which coincides with r2A (1)
for ¢ close to 7). This and (2.6) imply that

C e Dy . gy — A
liminf p”(t) =0, zi1£l+op (1) = PiGy+1 2.7)

t—>T)

for some even integer 2 < i(A) < m.
Now suppose that there exist A’, A € J with A" < A. Then, since U* < U, we have T, > Ty
by (2.4), and that I'* N I'* = ¢J. Combining this and (2.7), we see that
i(\)>i).

Since i(A) can take values in the set {2,4,...,m} as A varies in J, we conclude that J consists
of at most m /2 elements. The proof of the lemma is complete.

2.3. Proof of Lemma 2.3
In this subsection we simply assume v € L*°(£2) N C(2),v # 0. We rescale U* as
O*(r, 1) := A U (A7 1, =P Dy),
Then @i (x, 1) := U*(|x|, ) satisfies (1.1) on the domain £2* := {)\%x | x € £2}, and
0% (x,0) = v()ﬁpT_]x) = v*(x) forxe 2.
If u* blows up in finite time, say at r = T, then so does #*, and its blow-up time T, is given by
T =277,

Clearly u* exhibits a single-intersection blow-up (or a blow-up outside x = 0) if and only if 2%
has the same property. So we will prove Lemma 2.3 for 7i* instead of u*.
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Lemma 2.7. For all sufficiently large A > 0, i blows up in finite time, and its blow-up time T,
satisfies

- 1 ~(p=1)
1 T=—— 00 . 2.8
im T p_1(||U||L ) (2.8)

A—00
Proof. For simplicity we assume that |v(x)| attains its maximum in §2 (which is always the
case if £2 is bounded). The general case can be treated similarly with minor modification. Let
a € §2 be the point where |v| attains its maximum. Without loss of generality, we may assume
that v(a) > 0.

If #* blows up in finite time, we let IA‘A be its blow-up time; otherwise we set ]A“A = 00. Denote
by g(¢; o) the solution of the problem

dg

7 =g’ (t>0), g(0)=a>0.

Then by the comparison principle, we have

__1
i (e, )| < g (8 wllzee) = (Il 870 = (p — D) 77T,

Consequently,
N 1 —(p—1
f> 5 (Ivl) =D, 2.9)

Next, choose a constant 7 > ﬁ (Iv]lzee)~P—D arbitrarily and define

5 s L/\
wh(y,s):=e T ﬁ}‘(a +e 2y, T1 — e_s) =T =7 i a+VTi —ty, 1),

where s := logﬁ and y =

—log T1. Note that

j%' The function w(y,s) satisfies Eq. (1.7) for s > s¢ :=

1

1 _1
-1

lim w*(y,50) =T, v(@) =T, lvllz= >
L—00

locally uniformly in RV . Furthermore, w*(y, so) is uniformly bounded on R¥ as A varies. Fix
s1 with s; > sg. Then w*(y, §1) converges to some constant k1 € («k, 00) locally uniformly in the
C! sense as A — oo, while both w*(y, s1) and Vyw*(y, s1) remain uniformly bounded on R"
as A — oo. It follows that

Al_i)n;OE(w)‘(n y) = E(x1),

where E denotes the rescaled energy defined in (3.1). Since «k; > k, we have

1 ptl
E() < (G = 5™ =G = 55 gy €7 0(3) dy) 7. Consequently,
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E(w* ! d -
(w (',Sl)) < <§—m>(/‘w (y,51)| p(y) Y>

for all sufficiently large A. By the blow-up criterion of [18] (see also [16, Lemma 2.5]), the above
inequality implies that w” blows up in finite time. This means that the blow-up time of 7*
smaller than 77, hence

R 1 o
lim T, <7y forany Tj > —— (|lvllz=) %"
A—00 p—1

The conclusion of the lemma now follows from this and (2.9). O
Lemma 2.8. Suppose that v(0) > 0. Then for all sufficiently large A > 0, there exist ro > 0 and
to € [0, T;L) such that (1.11) holds for U = U and T = T;L Consequently, the blow-up is a

single-intersection blow-up if it occurs at r = 0.

Proof. Let Ty, denote the right-hand side of (2.8). Fix any fy € (0, T»o). Since v* (x) is uniformly
bounded and converges to v(0) as A — oo locally uniformly, we have

U (r, 10) — g(t0, v(0)), U*(r, o) = 0 locally uniformly in r € [0, 00)
as A — 00. Choose rp > 0 such that
D*(ro) < g(to, v(0)).
Then from the above observation we have
Z0s[0*C 10) —0*] =1 (2.10)
for all large A. Next let ¢*(x, t) = Q*(|x|, ) be the solution of the following problem:

{q?=AqA (x € 25, 1 > 1p),
g (e, t0) =04 (x,t0)  (x € 20).

Here we impose the Dirichlet boundary condition on 9£2), if §2 is a ball. Then

e, t) =gt (x, 1) forx e 24, e, Th).

Since #* (x, o) remains bounded and converges to the constant g(tp, v(0)) locally uniformly as
A — 00, we have

QA (r,t) > g(to, v(O)) uniformly in (r, ¢) € [0, ro] X [to, T1]

as . — oo, where T is a fixed constant satisfying 77 > T (hence 77 > YA"A for all large 1). Since
@*(rg) < g(tp, v(0)), we have 0 (ro, 1) > ®*(ro) for all large A and ¢ € [#g, T1]; hence

U*(ro, 1) > ®*(rg) forallt € [ty, T5).
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Combining this and (2.10), we obtain

Z0[U*C,0) — @] <1 forallz € 1, T3).
The lemma is proved. O

Lemma 2.9. Suppose that v(0) = 0, or more generally that v does not attain its maximum at
x =0. Then for all large . > A*, x =0 is not a blow-up point of .

Since the above lemma is a special case of Corollary 1.6, which is to be proved in Section 3,
we omit the proof here. Now the conclusion of Lemma 2.3 for #* follows immediately from
Lemmas 2.8 and 2.9. This completes the proof of Lemma 2.3.

2.4. Finiteness of the number of blow-up times

Here we prove statement (iv) of the threshold result given in the Introduction. More precisely,
we will show that the minimal extension uﬁu.n of u*" is smooth in a space—time region of the

form (1.12) if ps < p < 00, p # pyr, and the same holds for any limit L' continuation " if
pPs <p <PpJL.

By virtue of statement (ii), we see that i*" (hence ﬁﬁ:m) has no singularity in the region > T
and also for x # 0, therefore what needs to be shown is that #*" (or &%, ) can develop singularities
only at discrete time moments.

If ps < p < pjL, the blow-up is automatically of type I by Theorems 3.9-3.11 of [17] (also
by [16, Theorem 1.5] in the case §2 = Bpg), therefore the above claim follows from [17, Theo-
rem 5.19] on the immediate regularization of type I blow-ups. If we only consider the minimal
extension zlﬁ;n instead of a more general limit L! continuation, the same claim follows also from
[5, Theorem 3.1] provided that £2 = Bp.

In the range p > pyr, both type I and type II blow-ups can occur. The above claim for I:Zi;:;n
follows by combining Theorem 5.19 of [17] for type I blow-ups and Theorem 5.21 for type II
blow-ups. Note that the assumption i (x, 1) # ¢*(x) in [17, Theorem 5.21] is fulfilled by virtue
of Lemma 2.5 and Remark 2.6. This completes the proof of statement (iv) of the threshold result.

3. Minimality of the energy E (k)

In this section we prove Theorem 1.4 and its corollaries. We recall that the rescaled energy of
a solution of Eq. (1.7) is defined by

1 1 1
E<w>=/<5|w|2+mlw|2—mmv’“)p(y)dy, 3.1
RN

where

. _N |y[?
p(y):=@m)" Zexp( ——— |, (3.2)
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and the following identity holds for any solution w(y, s) of (1.7):

d

gE(w(-,s))z—/wf(y,s)ds. (3.3)

RN

If ¢ is a solution of (1.15), Green’s formula yields

1 1
E(W) = (E - m)/ﬂwﬂpﬂ dy.

In particular, E (k) = (% - ﬁ)/{’”‘l.

Given a solution u of (1.1)—(1.2) that blows up at t =T, let w,(y, s) be the rescaled solution
introduced in (1.6). This function is defined for y such that a 4+ ¢~*/2y € £2, but for notational
simplicity we use the expression (3.1) even if £2 # R, by setting w,, = 0 outside its domain of
definition. The integral (3.1) will be understood in this way when we discuss the energy of w,
for 2 = Bp.

3.1. Basic lemma

We start with the following preliminary lemma:

Lemma 3.1. Let u be a solution of (1.1)—(1.2) that blows up at t = T, and let wo(y,s) and
wg‘ (v) be as defined in (1.6), (1.8) with a = 0. Assume that ug and Vug are both bounded. Then

E(wi(-+b)) < E(wo(-350)) forbeRY, (3.4)
where so = —log T. The same holds if s is replaced by any s > so.
Proof. Choose b € RY arbitrarily. Then a simple change of variable shows
W,o—s/2p (¥, 8) =wo(y + b, 5).
Since E(wq(-; s)) is monotone non-increasing, we obtain
E(wo(-+b,5)) < E(we-s25(-, 50)),
the right-hand side being equal to
p+l N

1 1 1 x —e /%
-7 —|Vug|* + —————uo|* — u p“) <7> dx.
/(2' RRTP T R A

RN

T

=

Letting s — 0o, we obtain

Sl_i)ngo E(wo(- 4+ b, ) < E(wo(-, 50)). (3.5)
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Next, given § > 0, we recall that the following estimates hold for |y| > 0, s > 59 + §:

2 +

lwo(y, )| <C(1+1yI"7T),  |[Vwoly,s)| <C(1+|yl”7T),

where C > 0 is a constant that depends on the initial data uq, as well as on p, N, § (see [16, The-
_ 2(p+1)
orem 3.1] or [17, Proposition 2.5]). Since |y| = p(y) is integrable on RY by the assumption

p > ps, we see by the Lebesgue convergence theorem that
E(wi(+5) = E(_lim wo(-+b,5)) = lim E(wo(- +b,5)).
§—>00 §—>00
Combining this and (3.5), we obtain the desired estimate. [

3.2. Proof of Theorem 1.4 (Part 1)

Here we prove the first part of Theorem 1.4, namely (1.16). For Corollaries 1.6 and 1.7, we
only need this part. One can split (1.16) as follows:

E() > E(k) forany ¢ € &\ {0}, 3.6)
E(¢*) > E(x). 3.7)

Let us begin with (3.6).

Proof of (3.6). Let v (y) = ¥ (|y|) be any element of ¥ € £\ {z«, 0}. Without loss of generality,
2
we may assume that ¥ (0) > 0. It is known that v (y) decays with the order |y| 7-T and that

2

_2 .
0< lim [y[7 Ty (y)# lim |y[7-To*(y).
|y|—>00 [y|—00

See, for example, [16, Lemma A.2] or [17, Lemma A.1] and the references therein. Consequently,
W (r) intersects @*(r) only finitely many times. Next we show that

E(Y(+b)<E®W) forbeR". (3.8)

To see this, let u(x, ¢) be the solution of (1.1) in RY with ug(x) = ¥ (x). Then

u(x,t):(l—t)_ﬁ1ﬂ<\/lxj>. (3.9)

The corresponding rescaled solution at x = 0 is given by

X
1—

wo(y,s) =¥ (y), s =—log(l —1), y=

~

Applying Lemma 3.1 to this wg, we obtain (3.8).
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Now, for each & > 0, let u® (x, t) be the solution of (1.1) in RV with the following initial data:

(I1+e&)y(x) where ¢ (x) =0,

(1—e)y(x) where ¥ (x) <O0. (3.10)

uf(x,0) = {

Then u° is given by (3.9), and u® > u® for ¢ > 0. Since u°(0,1) — 400 as t — 1, u® blows
up in finite time. Let T¢ be the blow-up time of u®. Clearly 7¢ < T = 1. Furthermore, the
well-posedness of (1.1) implies that 7¢ is lower semi-continuous in ¢. Hence

T > T%=1 ase— +0. (3.11)
Let a® € RN be a blow-up point of u° and denote by w®(y, s) the corresponding rescaled

solution at x = a®. By Lemma 2.1 and Remark 2.4, for all small ¢ > 0, u® exhibits either a
single-intersection blow-up at x = 0 or a blow-up outside x = 0. In either case,

lim w®(y,s) =«.
§—>00
Consequently,
E(w8(~ , sg)) > E(k), (3.12)

where s; = —log T and

w®(y,s5) = (TS)";—I(I :i:e)w(\/ﬁy +a®).

If |a®*| — oo for some sequence &1 > & > --- — 0, then w*(y,s;) — 0 locally uniformly
in the C! sense along this sequence while |Vw?®| + |w?| stays uniformly bounded; hence
liminf, o E(w®(-, s5)) = 0, which, however, is impossible by (3.12). Therefore |a;| remains
bounded as ¢ — 0. Choose a sequence &; — 0 such that a®** — a* for some a* € RV. Letting
& — 0 in (3.12) along this sequence gives

E(y(-+a*)) > E().
Combining this and (3.8), we obtain the inequality (3.6). O
3.3. Proof of Theorem 1.4 (Part 1) continued

We next prove (3.7). It should be possible to derive this inequality from the expression

2 1 2(p+D

E(¢%) 2 %foooe_TrN =TT ar

= (2N -2 . :
() P— Jo e T pN=1dr

but we will give a more “parabolic proof” without using this explicit formula. We start with the
following lemma which is for the most part well known:
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Lemma 3.2. Let p > ps and let u* be the supremum of all > 0 such that the minimal solution
of the initial value problem

{u,:Au—i—up (xeRN, t>0), 3.13)

u(x,0)=pug*@) (xeRV\(0))

is globally classical for t > 0. Then

() w*=1if p= py, while | <pu* <o0if ps < p < pL;
(ii) for any u > u*, (3.13) has no solution; more precisely, the minimal solution of this problem
equals +00 fora.e. x e RN, t > 0;
(iii) if ps < p < pjL, the solution for u = u* is classical for t > 0.

Proof. It is well known that u* > 1, since for any p € (0, 1) the problem (3.13) possesses a
smooth forward self-similar solution of the form

,L ~ (x|
u(x,t) = ' , 3.14
(x,1) (ﬁ) (3.14)
where ¥ () is a bounded positive solution of the equation
T N —1 7/ r~, 1 T, 7p—1,7
v+ —— +§t1/ +—111/+|11/|1’ v =0 for0<r<oo. (3.15)
r pP—

See [8, Lemma 10.3] for details. Furthermore, if p > p;r, the solution of (3.13) blows up instan-
taneously for any p > 1 [8, Theorem 10.4], which means that ©* = 1 for this range of p. On the
other hand, if pg < p < pyL, there exist smooth forward self-similar solutions of (3.13) for some
finite range of w > 1 (see [23]); hence u* > 1. It is also easily seen by a Kaplan type estimate
that the solution of (3.13) cannot be globally smooth for ¢ > 0 if u is sufficiently large; hence
u* < oco. This proves (i). The statement (ii) follows immediately from Lemma 3.3 below and
the definition of p*. To prove (iii), choose a sequence 0 < u; /' w* and let uy be the solution
of (3.13) for w = ux (k=1,2,...). Then the solutions u; are globally classical for ¢ > 0 and
ur /" u. Arguing as in the proof of Proposition B.1, we obtain an estimate of the form (B.4)
with T}* = oo. Hence the same estimate holds for u. Consequently, by Lemma 3.3 below, u is a
smooth forward self-similar solution. The proof of the lemma is complete. O

Lemma 3.3. Let p > pg and let u be the minimal solution of (3.13) with u > 0, % 1. Then u is
either a smooth forward self-similar solution of the form (3.14) or equal to +00 for a.e. x € RV,
t>0.

Proof. Suppose u % +oo (x € RV, t > 0). Then by Proposition B.1 in Appendix B, there ex-
ists T* € (0, 0o] such that u is C? in x € RV \ {0}, 0 <1 < T*, and that (B 2) holds. Since

A= 'u(«/xx At) is a minimal solution of (1.1)—(1. 2) for the initial data A r- lu(ﬁx 0), and

since (g™ is invariant under the rescaling v(x) + A 7= = v(\/x x), we have

1
AP Tu(vAx,At) =u(x,t) forany A > 0.
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Hence u can~be written in the form (3.14}), and the smoothness of u in (RV \ {0} x (0,T*)
implies that ¥ (r) is C 2 in r > 0. Hence ¥ satisfies (3.15). From this expression it is also clear
that T* = oco. Note that (B.2) implies

~ 2

lI/(r)SC(l—i—r /’—')

for some constant C > 0. It is known that any positive solutions of (3.15) satisfying the above
estimate is either @* or a bounded solution. This can be shown, for example, by the same argu-
ment as in the proof of [16, Proposition A.1] for Eq. (1.9). If ¥ = @*, then u(x, 1) = ¢*(x), but
this contradicts the assumption that u # 1. Therefore ¥ is a bounded smooth solution of (3.15).
The proof of the lemma is complete. O

Now we are ready to prove (3.7).

Proof of (3.7). For each ¢ > 0, denote by u®(x,t) = U®(|x|, t) the solution of

u; = Au +u? (xERN,t>0),

. . % N (3.16)
u(x,O):mm{(l—i—e),u 10 (x),l} (xeR ),

where ©* is as in Lemma 3.2. We first show that u® blows up in finite time. For that purpose, we
define, for each M > 0,

2

ubM(x, 1) :=MrTu (Mx M2t )

Then u®M satisfies the same equation as in (3.16) and

utM(x,0) = min{(1 + &)u*p* (x), ML'}
Suppose that u® does not blow up in finite time. Then its rescaling > does not blow up ei-
ther. Since u®™ (x,0) — (1 + &)u*@*(x) as M — oo, the same argument as in the proof of
Lemma 3.2(iii) shows that the solution of (3.13) with u = (1 + &)™ satisfies the estimate (B.2)
with T* = oo, but this is impossible by Lemma 3.2(ii). This contradiction shows that u® blows
up in finite time. We denote its blow-up time by 7.

Next we show that

Te — o0 ase— 0. (3.17)

It suffices to verify that the solution of (3.16) with ¢ = 0 is globally classical for ¢ > 0. In the
case where p > pyr, we have u* = 1, hence u®(x, 0) < ¢*(x), u®(x, 0) # ¢*(x). Consequently,
by [8, Theorem 10.4(ii)], u®(x, 1) is classical for 0 < 7 < co. In the case where ps <p <piL
the solution of (3.13) with u = u* is classical for ¢ > 0 by Lemma 3.2(iii), therefore the same is
true of u°.

Now we denote by w(y, s) the rescaled solution corresponding to u°:

S S L
wg(y, s) :=eiﬁu8(e_§y,Ts ‘)—(T — )P T ub(Te —ty, 1),
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where s = —log(T. — t). Since U®(r,0) intersects @*(r) only once, and since U®(r,0) is
monotone non-increasing, the blow-up occurs at » = 0 and it is a single-intersection blow-up.
Consequently,

lim wq(y,s) =«.
§—>00
It follows that
E(wf)(-, SS)) > E(k). (3.18)

Here s; = —log T and

1
wi(y.58) = (TP Tt (yTe y) = min{(1 + &) * (). T )

where u* =1 for p € [pyr,00) and u* > 1 for p € (ps, pj). Letting ¢ — 0 in (3.18) and
recalling (3.17), we obtain

E(u*¢*) = E(x). (3.19)

Since the quantity

E(wp*) _ <% _ |M|p+l>fp(¢*)p+1 dy

p+1

attains its maximum at u = £1, we have E(¢p*) > E(u*¢*) > E (k). The proof of (3.7) is com-
plete. O

3.4. Proof of Theorem 1.4 (Part 2)

It remains to prove the second part of Theorem 1.4, namely the assertion E(Y) = E(«x) =
¥ = £k. We will instead prove the stronger statement (1.17).

Lemma 3.4. The constant solution « is isolated in £. More precisely,

inf [y (0) —«|>0. (3.20)
yeb\lk)

Proof. Suppose that (3.20) does not hold. Then there exists a sequence of bounded solutions
Y (y) := Y (y]) # k of (1.15) such that ¥, (0) — « as k — oco. Since lI/,é(O) =0, Y, (r) con-
verges to « locally uniformly in the C! sense in the region r > 0 as k — oc. Define

1 2 1
Jk(r>=5(wk’) - Wk2+m|‘1’k|p+l~

2(p—=1

Then

N -1
) == (M= )iy
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Therefore Ji is increasing in the interval /2(N — 1) < r < oco. Furthermore it is strictly in-
creasing since ¥, does not vanish on any interval of positive size. Since it is known that
Ui (r) = 0 as r — oo, we have Ji(r) — 0 as r — oco. Combining these, we obtain J () < 0 for

V2(N — 1) <r < o0; hence
Ur(r)£0 for/2(N —1) <r < o0. (3.21)

2

Next let Vi (r) :=r »=T¢(r). Then Vi satisfies Eq. (A.2) in Appendix A. Define
-1, 0
Jrk = E(rvk) + G(Vp),

where

x\p—1 1
GRS ez
2 p+1

G(V):=

Then

Fr_ _ _i_f 72
Ji= (N 2 1 2)4w).

Therefore fk is increasing in the interval /2(N — 1) <r < oco. Note that

GO)=GM)=0, G(V) <0 (O<v<M), GV)>0 (M<v<o0),

1 2

where M = (”TH)P—1 c*. Choose ro € [«/2(N — 1), 00) such that Kro”Tl > M. Since ¥} — k in
the C! sense,

Vi(rg) > M, Vk/(r) >0 (O0<r<rg) foralllargek. (3.22)

Fix such k. As we see in the proof of Lemma A.1 in Appendix A, the function 5%, + ﬁd/k
changes sign; hence so does V,. Denote by r > 0 the first zero of V. Then, by (3.22), r{ > ro.
Consequently Vi (r1) > M; hence, by (A.2), V/'(r1) <O0.

Now suppose that Vk’ vanishes for some r > r; and let r» be the smallest such r. Then, since

Vi > 0 for r > ry by (3.21),
Vk’(r) <0 forre(r,r), 0 < Vi(r) < Vi(r1).
Note that G(V) is monotone increasing for V > M and G(V) < 0 for 0 < V < M. Therefore
Ji(r) = G (Vi(r) > G(Ve(r2) = Ji(r2),
but this is impossible by the monotonicity of Ji (). Hence V, does not vanish. Consequently Vj is

strictly decreasing in the interval [rq, 0o) and it converges to some value o with 0 < « < Vi (ry).
This convergence implies liminf, _, o 7|V} (r)| = 0, therefore
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Jk(r) = G(a) < G(Vi(r1)) = Ji(r1) asr— oo,
which again contradicts the monotonicity of Ji (). The lemma is proved. O
Lemma 3.5. For any M > O there exists 5y > 0 such that
/ [ () — K|2dy >3y forany ¢ € EU e I\ {k}with E(Qp) <M.  (3.23)

Iyt

Proof. Suppose that (3.23) does not hold for any some M > 0 and any &7 > 0. Then there exists
asequence Yy € £ (k=1,2,3,...) such that

. 2
EQo<M (k=123  lm f V() — k|*dy =0.
lyI<1

Since E(Y) is uniformly bounded, we have, by Theorem 3.1 and Corollary 3.2 of [16] (or
Proposition 2.5 and Corollary 2.6 of [17]), that

VI < C(y 7T +1) forj=0,1,2,3, k=1,2,3,...

for some constant C > 0. Hence by the Ascoli-Arzela theorem, v, converges to « locally
uniformly in 0 < |y| < 1, while it remains uniformly bounded in |y| > 1. Applying the
“no-needle lemma” (Lemma 2.14 of [17]) — or, more precisely, the argument used in the proof of
this lemma — we see that the derivatives of ¥ are uniformly bounded in RY. Consequently v
converges to « uniformly in |y| < 1. This contradicts Lemma 3.4, and the lemma is proved. O

Now we are ready to complete the proof of Theorem 1.4 by showing (1.17).
Proof of (1.17). Suppose that (1.17) does not hold. Then either of the following holds:

(@) E(p*)=E(x);
(b) there exists a sequence ¥ € £ \ {z£«, 0} such that E(yx) — E(x) as k — oo.

Let us first consider the case (b) and derive a contradiction. The case (a) can be treated similarly
with minor modification. Without loss of generality, we may assume that v (0) > O for all &,
since E(y) = E(—). Define

M :=sup E(yr) + 1. (3.24)
k=1

Next, for each k, we denote by uy (x, ¢) the solution of (1.1) on RY whose initial data is given by
(3.10) with ¥ = Y and € = g > 0, where & is chosen sufficiently small so that

M > E(wi(,s0k)) = E(k) ask — oo. (3.25)



H. Matano, F. Merle / Journal of Functional Analysis 261 (2011) 716-748 739
Here wi (y, s) denotes the rescaled solution for u;, namely

wi(y,s) = e_"%'uk(e_%y, T —e™*),

where T} is the blow-up time of uy, and s ; := —log k. In view of (3.23), we can choose &
small enough so that it satisfies, in addition to (3.25),

1)
/ |wi (-, 50.%) —K|2dy > 7M

lyI<1

where 8y is as in (3.23) with M as in (3.24). Now choose s; such that

5
/ ey, s¢) —«[Pdy =" (3.26)

1
IyI<1

Such s} € (s0,k, 00) exists since wy converges to k as s — oo locally uniformly in R" as shown
in Section 3.2. Furthermore, since each v is a stationary solution, wy stays close to i for a
long time if & is chosen to be very small. Therefore we may assume that

sp=sox+1 forallk=1,2,3,.... (3.27)

Thus, by Theorem 3.1 and Corollary 3.2 of [16], we have, for all j = 0,1,2,3 and k =
1,2,3,...,

j = N x
|Vywk(y,s)|<C(|y| P +1) fory e R" \ {0}, s > s;. (3.28)

Hence, by the Ascoli-Arzela theorem, we can choose a subsequence of {wy(y, s + s{)}, which
we denote by {0 (v, s)}, that converges to some function e (y,s) on (R \ {0}) x [0, 00)
locally uniformly in the C? sense in y and in the C! sense in s. Consequently, W (y, s) satisfies
Eq. (1.7) in (RN \ {0}) x [0, 00).

Since (3.28) also implies that the sequence {wy(y,0)} is bounded in H Y'({lyl < 1}), hence
compact in L2({|ly| < 1)), the convergence wi(y,0) — W (y, 0) takes place in L2({lyl < 1}).
This, together with (3.26), implies

_ 5
/ |woo(y’0)_K|2dy=TM~ (3.29)

lyI<1

Next we recall that wg(y,s) — « as s — oo locally uniformly in RV Since Wy remains
bounded along with its derivatives, we have E (wg (-, s)) — E (k) as s — oo. This and (3.3) yield

o0

/ / @02 (. 5)dyds = E(Dx(-.0)) — Ec).

0 RN
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Combining this and (3.25), and using Fatou’s lemma, we obtain

/ /(aswoo)z(y, s)dyds =0.

0 RN

This implies that s (y, s) is a stationary solution of (1.7) in (R \ {0}) x [0, c0). Hence
Y (y) '= Weo(y,0) satisfies Eq. (1.15) for y # 0 along with the estimate |Wxo(y,0)| <
2

C(lyl »~T + 1). Thus, by Proposition A.1 of [16], W (v, 0) is either a bounded solution of
(1.15) on RY or e (y, 0) = £¢*(y). But this is impossible by virtue of Lemma 3.5 and (3.26).
This contradiction shows that the case (b) above does not occur.

It remains to show that the case (a) does not occur. This follows immediately from (3.19)
if ps < p < pyL, since in this case u* > 1, hence E(¢*) > E(u*¢*) > E(x). In the range
piL < p < 0o, we have u* = 1. In this case, basically the same argument as for the case (b)
above applies, by setting ¥, = ¢* (k =1, 2, 3, ...) and replacing (3.10) by (3.16) in the definition
of uy. The only major difference is that ¢* is a singular stationary solution that does not belong
to the space where Eq. (1.7) is well-posed, therefore deriving (3.27) is not as straightforward as
in the case (b), where 1 is a smooth stationary solution. Nonetheless, by a simple subsolution
argument, one can easily derive an inequality of the form

sp =sox+8 forallk=1,2,3,...

for some constant § > 0, and this is sufficient to derive the estimate (3.28). This shows that the
case (a) above does not occur. The proof of the theorem is complete. O

3.5. Proof of corollaries
Proof of Corollary 1.6. By Lemma 3.1 and the assumption, we have

E (w;’;) < E(x).
In the case where a # 0, the above inequality immediately implies no blow-up at x = a, since
we would have w}; =« if a is a blow-up point. On the other hand, if a = 0, we recall that wy
belongs to £ U {¢*} by [17, Theorem 3.1]. Therefore, by Theorem 1.4, w(’)‘ = 0. As we see in
the proof of [17, Theorem 4.1], w = 0 implies no blow-up at x = 0. This completes the proof

of the corollary. O

Proof of Corollary 1.7. Let a be an arbitrary point of £2 \ D?. Then

lv@)| <A —e)|vllze  for|x —a| <e. (3.30)
From (2.8) we see that
L—(p=1) ot
T, ~ (lvllz) =Y.

—1
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Denote by w()l‘ (y, s) the rescaled solution at x = a, namely

1
wé(y, s)= (T, —t)rT u)‘(a + VT —ty,t),

where s = —log(T; — t). Its initial data is given by

1 1
wf;(y, —logTy) = T)\”’l u*(a++/T.y,0) = ATA’H via++Thy).
Consequently

v(a)k

wh(y, —logTy) — (1—g&)k asi— 00

ol
locally uniformly in y € R Furthermore, by (3.30),

v(a)k

< —e)x.

lvllzee

Thus, for each fixed § > 0,
lim sup!wﬁ (y, —log T, + 8)| < n(8) locally uniformly,
A—00

where 1(#) is the solution of the following initial value problem:

dn__ 1 g ) =(1—¢)
- = — y = — &)K.
o PR n

Since 0 < 17(0) < « by the assumption, we have 0 < n(8) < «, hence

limsup E(wl (-, —log T +8)) < E(n(8)) < E(x). (3.31)

A—00

Consequently E(w?(-, —log Ty + 8)) < E(x) for all large A, which, by Corollary 1.6, implies
that u* cannot blow up at x = a. The above estimates are all uniform in a € §2 \ D?, therefore
we obtain the desired conclusion. The corollary is proved. O

Appendix A. Stationary solution with a single intersection

In this appendix, we prove the following lemma due to [2]. We have used this lemma to show
that the local profile of a single-intersection blow-up is =«. Since this lemma is of central impor-
tance in the proof of Theorem 1.4, and since part of the arguments in [2] rely on extra assumptions
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which we do not assume in the present paper, we give our own proof for the convenience of the
reader.

Lemma A.1. (See [2, Lemma 3.28].) Let ps < p < 0. Then the only bounded positive solution
of (1.9) that satisfies Z,00)[¥ — @*]=11is k.

Proof. Let ¥ (r) be a bounded solution of (1.9) satisfying Z,c0)[¥ — @*] =1 and set

ro, 1
o(r) = 5‘1’ (r) + F‘I/(r)-

Then, as shown in [2], O satisfies

” N—1 1 r /
Q"+ ——0' -0+ (f W -1)0=0 O<r<o0),

along with the boundary condition Q(0) > 0, Q'(0) = 0, where f(u) = —ﬁu + |ulP~ .
Equivalently, the function ¢ (y) := Q(|y]) is a bounded radially symmetric solution of

p 'V (V) + (f'(¥)—1)g=0 (yeR"),

where p is as in (3.2). Since ¥ # @*, we have Q # 0. Therefore ¢ is an eigenfunction of the
self-adjoint operator

Lo:=—p 'V (0Ve)— (f'(¥)—1)gp

in the weighted space L%(RN ) corresponding to the eigenvalue 0. The first eigenvalue of this
operator is given by

) Hy (0) / 2 / 2
— f _ = - —1 dy.
M= e T petdy” T J p(IVel® = (f' () = 1)¢) dy

Here we note that the spectrum of £ consists of eigenvalues, which can be easily seen by us-
ing the orthonormal basis of the Hilbert space le) consisting of Hermite polynomials — or, more
precisely, products of Hermite polynomials of the form Hi(x1)Hz(x2)--- Hy(x,) (see, for ex-
ample, [6]).

Now let us suppose that ¢  «. Then

Hw(xp):/p(wwz—pwv’“+ﬁw2>dy:—<p—1>[p|vw|2dy<o,
RN RN

which implies @1 < 0. Thus 0 is not the principal eigenvalue of £. Consequently g (hence Q)
changes sign. Denote by rg > 0O the first zero of Q(r). Then

00)>0 O<Lr<ry), Q(rg) =0. (A.1)
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2 .
Let V(r) :=r»=-1W(r). Then V satisfies

4 2\ 1 1 p—1
V”+<N—1—F—E>;V’+r—2(—(c*) V4+VP)=0 (0<r<o0), (A2)

2
where ¢* is as in (1.10). Since V' = 2r1’Tl_lQ, (A.1) implies V' > 0 (0 < r < r9) and
V'(rg) = 0. Thus V”(rg) < 0. Since V is not a constant solution of (A.2), V/ and V" cannot
vanish simultaneously, therefore V" (ry) < 0. This and (A.2) yield

() 'V o) + VP (ro) > 0,

hence V (rg) > c*. Since Z(0,00)[V — ¢*] = Z(0,00)[¥ — @*] = 1 by the assumption, and since
V intersects ¢* once in the interval 0 < r < rg, we see that V (rr) > ¢* for r > r¢y. Thus

—(c*)pilV +VP>0 forr>rg.
This and (A.2) imply

” 4 2\ 1 ,
V4 N-1— ———— |-V <0 forr>ry. (A.3)
,

Since V/(rg) =0and V" (r¢) < 0, we have V'(r) < 0 on some interval (7, ro+¢). This and (A.3)
imply that V'(r) < O for r > ry. Hence, again by (A.3), V is concave and monotone decreasing
for all large r. However, this is impossible since V > ¢* for r > r¢. This contradiction shows that
Y = k. The lemma is proved. O

Appendix B. Solutions with singular initial data
The following lemma deals with solutions with singular initial data. This lemma is an imme-
diate consequence of the basic estimates found in our earlier papers [16,17]. We have used it in

the proof of Lemma 3.2 of the present paper.

Proposition B.1. Let ps < p < 00, and let ug € H, l}) -(82) be a radially symmetric function satis-

fying

1o > 0, fe—“‘xlz(|wo|2 +ul)dx < o0 (B.1)
2

for some o > 0. Then one of the following holds for the minimal solution of (1.1)—(1.2).

(@) u(x,t) =400 fora.e x € RN, t > 0 (instantaneous blow-up);
(b) there exists 0 < T* < 0o such that u(-, t) € C*(82 \ {0}) for 0 < t < T* and that

2
0<u(x, < C,(l + |x|_1’j) forx € 2\{0}, 0 <t <T*, (B.2)

where C, is a constant depending on t and uo. Furthermore, u(x,t) = 400 for a.e. x € RV,
t>T%,
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) u(-,t) e C*(2 \ {0}) for 0 <t < 0o and (B.2) holds with T* = oco. If, in addition, ug €
HY($2), then u is smooth for all large t and ||u(-,t)|| L~ — 0 ast — oo.

Proof. Let ui(x,t) (k=1,2,3,...) be the solution of (1.1)—(1.2) for the initial data

ug (x, 0) = ug 0(x) := min{ug(x), k}.
Denote by T (uy) the blow-up time of uy. Here we set T (uy) = oo if uy does not blow up. We use
the same symbol u; for the minimal extension of u; beyond r = T (ux). Let T, (ux) denote the

complete blow-up time of uy (here, again, we set T.(ux) = oo if u; never becomes identically
400 a.e. over §2). By [14, Theorem 2], we have

T(uy) > Te(ua) 2 T(uz) > Te(us) 2T u3) > Te(ug) 2 ---.
Hence the following limit exists:
T* = lim T(uy) (= lim Tc(uk)).
k—o00 k—o00
If T* < 00, then, since u > uf = +oo forae. x € 2,1 > Tc(uk), we have

u(x,t)=+o00 ae.xec$2,t>T" (B.3)

Thus the alternative (a) holds if 7* = 0. In what follows we assume 7* > 0.
Let o be the constant in (B.1), and set

T} = min{T*, oz_2},

where we set 7" = T* if @ = 0. Define a rescaled solution wi (y, s) by

wi(y,s) = (Tl* — t)ﬁuk(,/Tl* —ty, t),

where s = —log(T}" — t). The initial data of wy is written in the form

1
we(y, —Tog Ty') = (T7) 7 Turo /Ty ),

hence its initial energy is given by
E(wi(-, —log T}))

_N 1 1 1 X

= (7)o /<_|V”k0|2+7|uk0|2_—|Mk0|p+1),0<—>dx-
2 ’ 20p—DTF +1 7 TF
RN (P ) 1 p 1

Thus the assumption (B.1) implies that

E(wi(-, —logT)) < C (k=1,2,3,..),
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where C is a constant independent of k. In view of this and the fact that u; is defined for
all ¢ € [0, Tl*), we see from Theorem 3.1 and Remark 3.5 of [16] that there exists a constant
C; — depending on ¢ but independent of k — such that

2

0<up(x,n) <C(14 x| 77T) forxe2\{0}, 0<r<T. (B.4)

Letting k — 0o, we obtain (B.2) for the range 0 <t < Tl*. Now we fix ty € (0, Tl*) arbitrarily.
Then by (B.2) and the assumption p > ps,

/e‘f’""z(!vu(x, 0)]* + 42 (x, 19)) dx < 00
2

for any 8 > 0. Replacing ug(x) by u(x, fo) and repeating the above argument, we see that (B.2)
holds for all 7 € (0, T*). The C? smoothness in x € §2 \ {0} follows from parabolic estimates.
This and (B.3) confirm (b) as well as the first part of (c). The second part of (c) follows from the
same argument as in the proof of [17, Theorem 5.14]. More precisely, assume u € H'!(£2) and
T* = oo. Then, by [16, Remark 3.5], the constant C; in (B.2) tends to 0 as t — oco. Hence, by
[17, Lemma 2.9], ||u(-, t)|| L~ — 0. The proof of the proposition is complete. O

Appendix C. Uniform decay at infinity

Here we make a more precise statement of the estimates mentioned in Remark 2.6. The proof
follows easily by combining known estimates.

Proposition C.1. Let u be a radially symmetric solution of (1.1) that blows up att = T. Assume
that

up(x) = 0(|x|_°‘) for some a >0 (resp. uog(x) = O(|x|_“)f0r some @ > 0) (C.1)

as |x| — oo. Then

u(x, )= 0(|x|_°’) (resp. u(x, )= 0(|x|_°‘)) as |x| — oo (C2)
uniformly int € [0, T)

Proof. We only prove the former estimate o(]x|™%) as the latter can be shown similarly. By the
decay estimate of the heat kernel as x| — oo, there exists 79 € (0, T) such that

lim |x|%u(x,t) =0,
|x]—00

iformly in ¢ € [t9, T'). C3
Jim T Ve, )| =0 oY [to. T) €3
X|— 00

Now we set 11 = tp/2 and take u(x, t;) as the initial data for (1.1) (with blow-up time T — t1),
and denote by w,(y, s) the corresponding rescaled solution at x = a as defined in (1.6). Then
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(C.3) implies
E(wa(,s1) =o0(lal™*) as |a| — o0,
where s1 := —log(T — #1). By Lemma 2.2 of [17], the above estimate yields
|wa(‘, s)’ = 0(e71’+1 E(wa(~, s1)) PJ“' ) = o(efﬁ |a|7%)
uniformly in s € [s9, 00), where so = —log(T — tp) > s1. This implies

lu(a. )| = o(la|"#T)  uniformly in 1 € [1o, T). (C.4)

Consequently, u(x, ¢) is uniformly bounded in |x| > R, 0 <t < T for some R > 0. Combining
this and (C.3) and using again the decay estimate of the heat kernel as |x| — 0o, we easily obtain
(C2). O

Appendix D. Comparison of the blow-up time

The following lemma is used in Section 2.1 to show (2.4). This is essentially the same result
as Lemma 1 of [14], in which the positivity of the solution is assumed. Since we do not assume
positivity, we give a proof to this lemma for the self-containedness of the present paper. Since the
lemma is of interest in its own right, we present it in a rather general setting without assuming
radial symmetry.

Lemma D.1. Let §2 be a domain in RY with smooth boundary, and let u, ii be solutions of (1.1)—
(1.2) with ug, iig € L*°(2) N C(£2), uo(x) < ig(x), ug # itg. Suppose that u blows up att =T
and that its blow-up points are confined in a bounded set. Furthermore, assume that

lim ma-()zcu(x, 1) = +00. D.1)

t—>T xe
Then u blows up at some T with0<T <T. (Here ug, g need not be radial.)

Proof. We modify the proof of [14, Lemma 1] to allow sign-changing solutions. By the assump-
tion, there exists a finite ball B suc_h that u is uniformly bounded in §2 \ B as t — T. We choose
a slightly larger ball B’ such that B C B’. For each 0 <t < T, define

D(t):={x € B" | u(x,1) > 0}.

By the comparison principle we have u < i, therefore, by (D.1), & blows up at some T with
0<T<T.Let

1 - 1
m, U(.X,t) - I =V—V

vix,t):= = o)

for x € D(t), 0 <t < T. A simple calculation shows
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Vv + Vo V|2
7 = Az — p_( )-Vz—i— p_| ~|z

p—1 v p—1 wvv
\Y% Vo
S P VeHVY o D2)
p—1 v

Thus, by the strong maximllm principle, we have u(x,t) <u(x,t) forx € 2,0<1t < T. Hence
z>0inxeD(),0<r<T.
Now fix T} € (0, T) arbitrarily. Since & — u satisfies

(i —u)y = AGE —w) 4+ a)P i — u)P " u > A — u)

along with the Dirichlet boundary condition on 952, the Hopf boundary lemma implies

ax,t) —u(x,t)>Cd(x) forxeQNB, T1<t<T

for some constant C > 0, where d(x) denotes the distance from x to 9§2. This yields an estimate
of the form

2(x,) > C'u P(x,t)d(x) forxeD@), T1 <t < T (D.3)
for some constant C’ > 0.

Let xo be an arbitrary point on d D(¢). Then one of the following holds: xg € §2, u(xp,t) =0
or xo € 92 NAD(r) or xg € 2 NIB’. In the first case, since 0 = u(xo, t) < i (xp, 1), we have

z(x,t) > 00 asx — xg, x € D(¢). (D.4)
In the second case, we again have (D.4) for each ¢ € [T7, 7~’), by virtue of (D.3) and the fact that
u(x,t) = O(d(x)). In the third case, since u is uniformly bounded in B’ \ B, the estimate (D.3)

implies

liminf )z(x, t)=26>0

x—xp,xeD(t

for some constant § > 0 that is independent of ¢ € [T7, f). Combining these, we obtain

liminf z(x,7) >8 forse [Ty, T). D.5)
x—3D(t)

Since z(x, T1) > 0 in D(TY), this and (D.5) imply that z(x, T1) > 8’ in D(T}) for some constant
0 < 8’ < 8. In view of this and (D.5), and recalling that z satisfies (D.2), we see by the maximum
principle that

2(x,1) =8 forxeD@), T\ <t<T.

It f011~ows that u?~! < & )’] for T) <t < T, hence u cannot blow up at t = T. Consequently
T > T. The proof of the lemma is complete. O
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