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1. INTRODUCTION 

In a recent paper Jensen and Yui [2] give a procedure to determine if 
an irreducible polynomial q(x) E Q[x] of odd prime degree p has Galois 
group isomorphic to D,, the dihedral group of order 2~. In this paper we 
give a generalized notion of dihedral group, then present an algorithm to 
determine if the Galois group Gal(q) of an irreducible polynomial 
q(x) E Q[x] of arbitrary odd degree n is a dihedral group of order 2n. This 
algorithm relies on the construction of linear resolvent polynomials, the 
factorization of these polynomials over Q and over a quadratic number 
field, and the factorization of the polynomial q(x) modulo a prime p. We 
will indicate how such computations can be performed by a computer 
algebra system such as MACSYMA, which we used for the computations 
in this paper, and then give examples of polynomials with dihedral Galois 
groups of order 2n for n = 9, 15, 21, and 25. 

In Section 2 we define a generalized dihedral group and note a few 
elementary properties of such groups. We then state some facts from class 
field theory, including Jensen’s result [ 1 ] on dihedral Galois groups and 
ring class fields. 

In Section 3 we define resolvent polynomials and note ways in which 
linear resolvent polynomials can be used to compute Galois groups. 
Following Soicher [S], we show how the linear resolvents that interest us 
may be computed using the resultant functions provided by MACSYMA. 

In Section 4 we give a characterization of dihedal Galois groups, which 
provides an algorithm to determine if Gal(q) is dihedral. Section 5 contains 
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techniques for constructing large dihedral extensions out of smaller ones 
and we give numerical examples of polynomials with dihedral Galois 
groups of order 2n for the first 4 odd, non-prime values of it. 

2. DIHEDRAL GALOIS GROUPS 

Let D, be the group of symmetries of a regular n-sided polygon. D,* is a 
group of order 2n and is generated by two elements: c, a rotation through 
an angle of 271/n, and r, a reflection about an axis. These generators satisfy 
the relations 

We generalize the notion of a dihedral group as follows: Let H be a finite 
abelian group, and let G = { 1, r} be a group of order 2 acting on H via 
O* = g-r. (We say that “G acts by - 1”). Let f be the semi-direct product 
of G and H. As a set f= Hu {ra: OEH} and the group law on r is 
described by 

1. elements of H are multiplied as usual, 

2. r* = 1, and 

3. br = ZO- ‘, for all cr E H. 

Thus, if H = Z,, the cyclic group of order n, then f is the group D,. If 
H = Z,,, x . . . x Z,, we will write D,, x x no to denote the semi-direct 
product of H and a group of order 2 acting by - 1. We note that any 
element of r not in H is of order 2 and that the product of any 2 elements 
of r not in H is an element of H. 

Let K be a quadratic field. The ring class extension of K with conductor 
f is the class field K(f) corresponding to the ideal group P,(f) defined 
mod f: 

w-) 2 P,(f) 3 P,(f). 

Here Z(f) denotes the group of (fractional) ideals of K prime to f; P,(f) 
denotes the group of principal ideals congruent to some (rational) integer 
(modf), and P,(f) denotes the group of principal ideals congruent to 1 
(mod f). The Galois group Gal(K(f)/K) is isomorphic to Cl(OY), the class 
group of Of, the order of K with conductor f, and the Galois group 
Gal(K(f)/Q) is isomorphic to the semi-direct product of Gal(K(f)/K) with 
Gal(K/Q), where the non-trivial element of Gal(K/Q) acts by sending 
elements of Gal(K(f)/K) to their inverses. Thus, Gal(K(f)/Q) is dihedral. 
Moreover, Jensen [l] noted that if L is a dihedral extension of Q of degree 
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2n with n odd and K is the unique quadratic subextension of L/Q, then L 
is contained in some ring class extension of K. Indeed, Jensen’s proof shows 
that L is a subsextension of any ring class extension whose conductor is 
admissible for L/K. Finally, we note that if the prime p remains inert in K 
and p is prime to f, then ~0, splits completely in K(f) and, hence, in any 
subextension of K(f)/K. 

3. RESOLVENT POLYNOMIALS 

3.1. Resolvents 

Let (P(x)EQ[x] be irreducible of degree n2 1 and let al, . . . . ~1, be the 
roots of q(x) in some algebraic closure of Q. We let S,, the symmetric 
group of degree n, act on Q[xl , . . . . x,] by permuting the indeterminates x,. 
Now take PE Q[x,, . . . . x,] and let Psn = {P,, . . . . Pk} be the orbit of P 
under the action of S,. We define the resolvent polynomial R( P, cp) = 
R(P, p)(x) to be 

,fi, (x--,(a,, . . . . a,)). 

Since the coefficients of R(P, q)(x) are symmetric functions of the roots ai, 
we have R(P, q)(x) E Q[x]. When the polynomial P is a linear form, we 
call R( P, q)(x) a linear resolvent polynomial. For instance, if P = x, + x2, 
then R(P,cp)(x)=n,,,(x-(ai+a,)) and if P=e,x,+ezx, with e,#e,, 
then R(P, cp)(~)=n,,,(~-(e,a~+e,aj)). 

The factorization of linear resolvents over Q yields information about 
the action of Gal(q) on ordered and unordered sets of roots of p(x). This 
in turn yields information about the structure of Gal(q), as is discussed in 
the paper by McKay and Soicher [S]. As an example, we note the following 
proposition, which will be used later in the paper. 

PROPOSITION I. Suppose that (P(X)E Q[x] is irreducible of arbitrary 
degree n 2 2 and suppose that e, and e2 are distinct non-zero integers such 
that the resolvent R(e,x, + ezx2, q)(x) has distinct roots. Then the splitting 
field of q(x) has degree n over Q (i.e., Gal(q) is a regular permutation 
group) if and only tf’R(e,x, + e2x2, v)(x) factors into irreducibles of degree 
n over Q. 

Proof: [S]. 1 

Remark. Jensen and Yui [2] showed that if (P(S)E Z[x] is manic, 
irreducible, and of odd prime degree p then 
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1. the resolvent R(x, +.x2, p)(x) always has distinct roots, and 

2. R(x, + x2, q)(x) factors into irreducibles of degree p if and only if 
Gal(q) is D, or Z,, the cyclic group of order p. 

Jensen and Yui note that it is often easy to distinguish between the Galois 
groups D, and Z,,. For example, if p = 3 (mod 4), then Gal(q) = Zp 
(resp. Gal(q) = DP) if disc(q) is a rational square (resp. non-square), or if 
it can be shown that p(x) has complex roots, then Gal(q) must be D,, 
because complex conjugation gives an element of Gal(q) of order 2. 
However, neither of these methods works for q(x) =x5 -68590x3 + 
5212840x’ + 120135385x + 580051912, whose splitting field is a totally 
real D,-extension of Q. Nevertheless, we may always distinguish between 
D, and Z, by factoring the resolvent R(x, -x2, q)(x). We note that 
condition (1) implies that R(x, -x2, q)(x) also has distinct roots and from 
Proposition 1 we see that R(x, -x2, q)(x) factors into irreducibles of 
degree p if Gal(p) = Z, and into irreducibles of degree 2p if Gal(q) = D,. 
We will see later that if Gal(q) = D,, then the (unique) quadratic subfield 
of the splitting field of q(x) is Q(n), w  h ere d is the constant coefftcient 
of any irreducible factor of R(x, - x2, p)(x). 

Of course, the Proposition 1 remains true if Q is replaced by any number 
field K, for instance, a quadratic field. Thus, if we have an algorithm to 
factor univariate polynomials over K, then we have an algorithm to deter- 
mine if the order of Gal(q) equals the degree of q(x), provided that we can 
find e,, e2 such that R(e,x, + ezx2, p)(x) has distinct roots. This can 
always be done, as is shown by the following proposition. 

PROPOSITION 2. Let K be a number field and let ME K[x] be 
irreducible over K and of degree n > 4. Then there are only finitely many 
ratios eJe, such that the resolvent R(e,xl + e2x2, q)(x) has multiple roots. 

ProojY If R(e,x, +e,x,, q)(x) has multiple roots, then there exist 
indices i,, . . . . i,, with i, # i,, i, #id, and such that e,ai, +e,cr,,= 
e, oli, t e2cli4. Now suppose that there are infinitely many pairs of integers 
(e,, e2), none of which is a rational multiple of another, such that 
R(e,xl + e2x2, q)(x) has multiple roots. Then there exist two distinct pairs 
(e,, e2) and (fi,f2) such that e,a,,+e2ai2=e,a,,+e2ai4, for indices 
11 3 . . . . i,, with iI #i, and i,fi,, and f,ai,+f2ai2=f,a,+f2ai,, for the same 
indices il, . . . . id. Thus, we have 

e,(a;, - ais) + e2(ai, - aia) = 0 

.h (4, - ai31 +f2(ai, - ai,) = 0. 
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Since e, f2 -e,f, #O, we must have a,, - aij = ai1 - aq = 0. This contra- 
diction establishes the proposition. 1 

3.2. Resultants 

As we noted above, the coefficients of a resolvent polynomial R( P, q)(x) 
are symmetric functions of the roots ai of q(x), and, hence, can be 
expressed in terms of the elementary symmetric functions of the a;, that is, 
the coefficients of the polynomial q(x). In theory, we could expand 
IT=, (-y--,(a,, . ..> a,)) and express the coefficients of this polynomial in 
terms of the elementary symmetric functions of the 31,. However, this 
procedure is difhcult to carry out in practice except for polynomials of 
small degree. 

Instead, we will follow Soicher [S], who showed how resultants may be 
used to calculate linear resolvents. Thus, we may use MACSYMA’s resul- 
tant functions to compute the resolvents that we will need in this paper. 
namely, those of the form R(e,x, +ezx2, q)(x) with eI #e,. 

The definition of resultants can be found in any basic text on algebra. 
such as Lang [3] or van der Waerden [9]. 

DEFINITION 1. Suppose q(x), $(x)E K[x], where K is any field, and 
suppose that cp and Ic/ factor as follows over an algebraic closure qf K: 

cp(x)=a(x-a,)...(x-a,,) 

~(-U)=b(x-a,)...(~~-Pm). 

Then res(cp, $) = res(cp(x), $(x), x), the resultant of q~ and $, is 

res(cp, $) = a”b” fi fj (ai- /I,). 
,==I /=I 

We see that res(cp, $) E K, since it is a symmetric function of the roots of 
cp and \c/. 

Soicher [S] notes the following lemma. 

LEMMA I. Let cp(x)=(x-a,)-v.(x-a,,) and ~(x)=(x-p,)...(x-p,,). 
Then p(x), the polynomial of degree mn whose roots are 

is given b? 

P(.x) = res(cp(X), $(x - X), X). 

where q(X) and $(-x - X) are viewed as pol,vnomials in a new in&terminate X. 
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We call the polynomial p(x) the root sum polynomial for q(x) and cc/(x) 
and denote this polynomial by S(q, $) = S(cp, e)(x). 

Now fix a polynomial cp(x)=(x--a,)...(.~-cr,). We let qpl(x)= 
el. cp(x/el), whose roots are e, GIN, . . . . e, a,, let (p*(x) = e;. &x/e?), whose 
roots are ezcl,, . . . . e2an, and let L = eix, + ezx2 with e, # ez. Here 
R(L, q)(x) = l’jIi+i (x - (e, a, + e,q)). By the lemma, 

res(v,(X), (P~x-X), Xl= fi fi (x- (elai+e2a,)) 
i=l j=1 

=~(J-(e1ai+e2~j)l~~ tMx-(e~4+e2C5)) 

;=j 

=,~,CX-Ce,ai+e~~j)).~ (x-(e,+edd. 

i= I 

Therefore, if e, + e2 = 0, then 

R(L 
? 

cp)(x) = res(cp,W), 4oAx - -U, Xl 
Xn 

> 

and if e,+e,#O, then 

where &x) = (e, + e2Y. cp(x/(e, + e2)). 

4. DIHEDRAL GALOIS GROUPS OF ORDER 2n, n ODD 

PROPOSITION 3. Let p(x) = n (x - ai) E Z [x] be irreducible of odd 
degree n and let L be the splitting field of p(x). 

First supose that Gal( cp) = Gal( L/Q) is a dihedral group of order 2n, and 
let K be the unique quadratic subfield of L. Then 

1. q(x) is irreducible over K (i.e., Gal(L/K) permutes the roots ai 
transitively) and the splitting field of q(x) has degree n over K. 

2. K= Q(&-d), h w ere d is the constant coefficient of any manic, 
irreducible factor p(x) of the resolvent R(x, -x2, q)(x). Further p(x) is an 
even polynomial (i.e., p(x) is of the form 4(x2) for some polynomial q(x)). 

3. If p/disc(q) remains inert in K, then pc?, splits completely in L : 
~0~ = PI . . . .c??~. The decomposition fields for the primes .# in L/Q are dis- 
tinct. The polynomial q(x) factors into a linear polynomial times a product 
of (n - 1)/2 irreducible quadratic polynomials (mod p). 
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Conversely, suppose that 

1. The manic, irreducible factors of R(x, -x2, cp)(x) are even polyno- 

mials and the field K = Q(&d), w h ere d is the constant coefficient of some 
manic, irreducible factor of R(x, -x2, cp)(x), is quadratic over Q and is 
independent of the choice of irreducible factor. 

2. The polynomial q(x) is irreducible over K and the splitting field of 
q(x) over K has degree n. 

3. For some prime p[ disc(cp) which remains inert in K, q(x) factors 
into a linear polynomial times a product of (n - 1)/2 irreducible quadratic 
polynomials (mod p). 

Then Gal(q) is dihedral of order 2n and K is the unique quadratic subfield 
of the splitting field of q(x). 

If condition (1) in the second part of the proposition fails, then the Galois 
group is not dihedral of order 2n. If (1) is satisfied and (2) fails or (3) fails 
for any prime p 4 disc(q) which remains inert if K, then the Galois group is 
not dihedral of order 2n. 

Remark. Conditions (l)-(3) in the second part of the proposition may 
be verified using a computer algebra system. One only needs to construct 
linear resolvents and factor polynomials with integer coefficients over Q, a 
quadratic extension of Q, and modulo a prime number p. 

Proof First assume that Gal(q) is dihedral of order 2n. 
Part (1): Let axi and 01~ be two distinct roots of p(x) and let u be any 

element of Gal(q) such that ay=a,. Let r generate Gal(L/Q(a,)), so that 
a: = a, and t2 = 1. Then 0 and zc both take ai to a.r and, since r $ Gal(L/K), 
if IJ is not an element of Gal(L/K), then to is. This establishes the first part 
of (1); the second part is trivial. 

Note that r~ and r(~ are the only elements of Gal(q) which take ai to ai, 
so given any aj # a;, there is a unique element (of order 2) of Gal(q) which 
interchanges cli and aj. Further, the non-trivial elements of Gal(L/K) do 
not leave any 2, fixed, since Gal(L/K) is a group of order n acting 
transitively on a set of n elements, and any element of Gal(L/Q) of order 2 
leaves exactly one a, fixed, because the fields Q(ai) are distinct: let a, and 
t(, be distinct roots of q(x) and let r~ E Gal(L/K) be such that c’p = a,. If 
Gal(L/Q(z,)) = { 1, r], then 

Gal(L/Q(ai)) = o-l{ 1, r} (T = { 1, ~0”). 

Since D # 1 has odd order, T # tc2, and Q(ai) f Q(a,). 
Part (2): Let p(x) be a manic, irreducible factor of R(x, -.x2, cp)(.u). 

Then p(x) is the minimal polynomial of E, - a, for some choice of roots 
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ai # a, of q(x). Let /3 = NLIK(rxi- olj) and let r ~Gal(q) be any element of 
order 2, so that r 1 K generates Gal(K/Q). 

Claim. p’ = -/I 
Let CI = C(~ and take rr,~Gal(L/K) such that aP”= 01~. Since any two 

elements of order 2 induce the same action on K, we may take r to be the 
generator of Gal(L/Q(a)). 

Then /? = N,,(a - cF) = n,, oalCWKJ (a - o?)~, so 

=n (cPJ-tx)” 

=(&3 
=- B. 

Now B’= -/3 implies that /?‘EQ and K=Q(j?). Thus, 

Since there is an element of Gal(q) which interchanges ai and aj, we 
have p( -x) =p(x) and p(x) is of the form 4(x*). In particular, p(x) has 
even degree. Thus, N,,o(cl,- O(~) is an odd power of d, the constant coef- 
ficient of p(x). Therefore, 

Remark. In the case where R(x, -x2, q)(x) has distinct roots, each 
ai - aj has 2n distinct conjugates, since no non-trivial element of Gal(q) 
leaves both ai and a, fixed, and the irreducible factors of R(x, -x2, p)(x) 
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all have degree 2n. However, it is possible for the resolvent 
R(x, -x2, q)(x) to have multiple roots when the degree n of q(x) is not 
prime. A typical case occurs when q(x) is a root sum polynomial: suppose 
that go,(x) = ny=, (x - ui) and (p2(x) = l-If=, (X - vi) are polynomials of 
degrees m and k such that mk = n and q(x) = ny=, nj=, (x - (ui + 0,)). 
Then for any i, # i, and any j, # jz, u,, - uiz is a root of R(x, -.x2, V)(X) 
of multiplicity k and uj, - u,, is a root of R(x, - ?cz, q)(x) of multiplicity m, 
that is, R(x, -x?, q)(x) is divisible by R(u, -.Y~, (P,)(X)” and by 
m, -x2, %)(-~r. 

Part (3): If p { disc(q) and p remains inert in K, then p does not divide 
the conductor f(L/K), nor does p divide A the smallest rational integer 
divisible by f(L/K). Thus, ~0, E P,(f), so ~0, splits completely in the ring 
class field K(f). Since L c K(f), pc?, splits completely in L: PC??, = 9, . . . .f,. 
Since 3 has residue degree 2, its decomposition group in L/Q has order 2: 
G,, = ( 1, z ) for some t E Gal( L/Q) of order 2. If q is another such prime, 
then ?=9ag for some ~EG~~(L/K) and G,y,=~-lG.,a= (1, tc?} #G,,,. 
Since the decomposition groups are distinct, any 7 E Gal(q) generates the 
decomposition group for some $. It follows that each field Q(ai) is the 
decomposition field for exactly one prime $. Hence, if F= Q(ai), then PC:,.. 
factors into a degree 1 prime times a product of (n - 1)/2 degree 2 primes. 
Equivalently, q(x) factors into a linear polynomial times a product of 
(n - 1)/2 irreducible quadratic polynomials (mod p), which proves (3). 

Now assume that q(x) = n (x - a,) E Z[x] is irreducible of odd degree 
n and satisfies conditions (1 t(3) in the second part of the proposition. Let 
L be the splitting field of q(x) over Q. The irreducible factors of 
R(s, - .vz, q)(x) are the minimal polynomials of the integers cl; - aj for the 
various choices of i and j. Thus, every ai - ai has even degree over Q and 
(L: Q) is even. Since cp(.u) is irreducible over Q. its degree n divides (L: Q). 
Hence, we know that 2n divides (L: Q). 

Next we know that E, the splitting field of q(x) over K, has degree n 
over K. Since L E E, we see that (L : Q) divides 2n = (E: Q). Therefore, 
(L: Q) = 2n and L = E. We have shown that the splitting field of q(x) over 
Q has degree 2n over Q and has K as its unique quadratic subfield. 

Now take a prime p{ disc(q) which remains inert in K and such that V(X) 
factors into a linear polynomial times a product of (n - 1)/2 irreducible 
quadratic polynomials (modp). We see that q(s) factors completely over 
F,,z = OK/pOK, so pUK splits completely in L. Thus, PC),. = 9, . &, where 
each q has residue degree 2 over p. Therefore, the decomposition group of 
2 in L/Q has order 2. Let F=Q(a,), for some root a, of q(x). From the 
factorization of q(x) (modp), we know that p& is the product of a degree 
1 prime times a product of (n - 1)/2 degree 2 primes. Therefore, F is the 
decomposition field for the prime of L lying over the degree 1 prime and 
is not the decomposition field for any other prime of L lying over p. Hence, 
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the decomposition fields of the various $ are distinct and Gal(L/Q) has n 
distinct elements of order 2. 

We now know that Gal(L/Q) consists of the elements of Gal(L/K) and 
n elements of order 2. Hence, any element of Gal(L/Q) not in Gal(L/K) 
must have order 2. In particular, if OE Gal(L/K) and r EG~I(L/Q) has 
order 2, then tc $ Gal(L/K), so (ta)(ro) = 1, i.e., ZO‘Z = a-‘. It follows that 
ok+a-’ is an automorphism of Gal(L/K), so Gal(L/K) must be abelian. It 
is clear now that Gal(L/Q) is the semi-direct product of Gal(L/K) and a 
group of order 2 which acts by - 1. 

Finally, we note that if any of the conditions (l)-(3) in the second part 
of the proposition fail to hold, then the Galois group cannot be dihedral 
by what we proved in the first part of the proposition. 1 

5. NUMERICAL EXAMPLES 

5.1. Introduction 

For small, odd values of n, there are known ways to construct families 
of polynomials with Galois group D,. For n = 3, one only needs an 
irreducible cubic polynomial whose discriminant is not a rational square. 
We will use a parametric family of D,-polynomials, constructed so that it 
is easy to produce a polynomial in the family whose splitting field contains 
a given quadratic field K. Roland, Yui, and Zagier [7] give a family of 
D,-polynomials, each of the form x5 + ax + 6. A polynomial in this family 
must have complex roots, so the quadratic subfield of its splitting field is 
imaginary. Mestre [6] uses elliptic curves to construct families of polyno- 
mials with Galois groups D, and D7. We will use his method to construct 
a family of polynomials with Galois group D,. 

To construct larger dihedral extensions, we note the following: suppose 
that for i= 1,2, Li is an abelian extension of a quadratic field K contained 
in the ring class field K(fi). Then the field L, L2 is contained in the ring 
class field K(fi f2) and, hence, is dihedral over Q. If for i= 1, 2, 
vi(x) E Q[x] is a polynomial whose splitting field is Li, then we would like 
the root sum polynomial S(cp,, (p2)(x) to be irreducible over Q and have 
splitting field L, Lz. 

First we note the following proposition: 

PROPOSITION 4. Let K be a number field and let cpl(x), cp2(x) E K[x] be 
irreducible over K with splittingjields LI and L, over K. Then if L, and L, 
are linearly disjoint over K (i.e., if L, n L,= K), then S(cp,, (p*)(x) is 
irreducible over K and its splitting field over K is L, L,. 

Proof Suppose that cpl(x) = nl:, (x - cli) and (p*(x) = ny=, (X-/Ii) 
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in some algebraic closure of K. Since L, and L, are linearly disjoint over 
K, we have Gal(L, L,/K) = Gal(L,/K) x Gal(L,/K). Thus, given any two 
roots ai, and ail of pr(x), there is an element of Gal(L, LJK) which maps 
xi, to ail and which fixes every root pi of (p*(x). Similarly, given /?,, and ,!I,?, 
there is an automorphism which maps 13,, to p,? and fixes every ai. It is 
clear that any two field elements of the form ai + /3, are conjugate over K. 
Thus, S(cp,, (p2)(x) = lJj (x - (a,+ /Ii)) is irreducible over K. 

Now let ct, be a root of p,(x) and pi be a root of (P?(X). It is clear that 
K(ai + pi) c K(a,, ej) and, since ai + 13, has degree n,n, over K, these fields 
are equal. Therefore, the extension generated by ai + pi contains ai and /II,, 
so the splitting field of S(cp,, (p7)(x) over K is L, L,. a 

We will use this result in the following situation: suppose that for i = 1, 2, 
cp,(x)~Q[x] is irreducible of odd degree n; with splitting field Lj and 
dihedral Galois group of order 2ni. Suppose further that L, and Lz have 
the same quadratic subfield K. We have noted that cpl(x) and q,(x) are 
irreducible over K, so if L, and L, are linearly disjoint over K, then 
v(x) = S( rp, , cpz )(x) E Q[x] is irreducible over K and, hence, over Q and 
the splitting field of cp(s) over K and over Q is L, L,. Thus, Gal(cp ) is 
dihedral of order 2n,n,. In fact, if Gal(cp,)=D,,,. X,,l, and Gal(goz)= 
Dk,x xk,> then Gal(q) = D m,x xm,xk,x xkl’ When n, and n, are 
relatively prime, then L, and L, are automatically linearly disjoint over K, 
and in many other cases we will be able to show that L, and L, are linearly 
disjoint by studying which primes of K ramify in L, and which ramify 
in Lz. 

5.2. The Case n = 9 

Clearly the extension Q(p3, 13)/Q has Galois group Djx3 and it is 
a easy matter to write down a degree 9 polynomial that has this extension 
as its splitting field: we let q(x) = x9 - 15x6 - 87.x3 - 125, the minimal 
polynomial of 3 + @. Here disc( cp) = 26 . 342 56. We will now use our 
algorithm to show that Gal(q) is dihedral of order 18 by verifying 
conditions ( 1 }-( 3) of the proposition. 

When we verify condition (1) of the proposition, we find that 

R(x, -x2, q)(x) = (xl8 - 8667x’* + 1984265 

(x1’ + 10773x’* + 278405 

(x6 + 108)3 (x” + 243)‘. 

1.~~ + 19683) 

1x6 + 307546875) 

We see that the irreducible factors are even polynomials and since 
19683 = 3. 812, 307546875 = 3.10125*, 108 = 3.6’, and 243 = 3. 92, the 
quadratic field in question is, as we expect, K = Q(n). 
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To verify condition (2), we first factor q(x) over K and find that it 
is irreducible over K. Next we need a resolvent of the form 
R(e,x, + e2x2, q)(x) with distinct roots. R(x, -x2, q)(x) has multiple 
roots, so we consider the resolvent R(x, +2x,, q)(x), which has distinct 
roots. The factorization of R(x, +2x,, q)(x) over Q(n) is 

(x9-(18p+9)x6-4455x3+(162p+81)) 

(x9+(18p+9)x6-4455x3-(162p+81)) 

(x9 - (90~ + 45) x6 + 2349x3 + (20250~ + 10125)) 

(x9 + (90~ + 45) x6+2349x3 - (20250~ + 10125)) 

(x9-(36p+261)x6-(2O412p-9153)x3-(2349OO/,+622647)) 

(x9 + (36~ - 225) x6 + (20412~ + 29565) x3 + (234900~ - 387747)) 

(x9-(54p+189)x6-(2O412p+2187)x3-(153O9Op+194643)) 

(x9 + (54~ - 135) x6 + (20412~ + 18225) x3 + (153090~ -41553)), 

where p is a primitive cube root of 1. This shows that the splitting field of 
q(x) over K has degree 9. 

To verify condition (3), we take a prime p [disc(q) which remains inert 
in Q(n). The first such prime is p = 11 and 

cp(x)r(x-5)(x2+1)(x2-5x+ 1) 

(x2+5x+ 1)(x2+5x+3) (mod 11). 

Thus we have shown that Gal(q) is dihedral of order 18 and that 
Q(s) is th e unique quadratic subfield of the splitting field of q(x). 

Since q(x) = x? - 15x6-87x3 - 125 is a root sum polynomial, the 
resolvent R(x, -x2, q)(x) necessarily has multiple roots and it was 
therefore necessary to factor a second resolvent polynomial of the form 
R(elx, + e2x2, q)(x). Since the amount of computer time required to 
factor these degree 72 polynomials is large compared to the time required 
to construct such polynomials, it is desirable, from the computational point 
of view, to construct another polynomial e(x), whose roots generate 
the same extension as those of q(x), but such that the resolvent 
R(x, -x2, $)(x) has distinct roots. This will essentially cut the computa- 
tion time in half since R(x, -x2, G)(x) will be the only resolvent which 
must be factored: we first factor the resolvent over Q (to determine the 
quadratic subfield K= Q(n)), then factor the irreducible factors thus 
obtained over K (to determine that the degree of the splitting field of t/(x) 
over K is 9). Since we started with specific extension in mind, it is an easy 



ODD DEGREE POLYNOMIALS 165 

matter to construct such a polynomial t&x). We note that the minimal 
polynomial of $-- $ is x9 - 3x6 + 165x3 - 1, so the minimal polynomial 
of (&fi,-’ is +(x) =x9 - 165x6 + 3.x3 - 1. Here disc($) = 26. 342 . 56 
and R(x, -.x2, Ii/)(x) has distinct roots. 

However, if we were merely given the polynomial cp(x) = ?cg - 15.x6 - 
87x3 - 125 without any information about the extension that its roots 
generate, we still would be able to find a polynomial $(x) with the desired 
properties. If a is a roots of C&X), we can easily determine the minimal 
polynomial of a2. (Multiplication by a is a linear map on the vector space 
Q(a). We can determine the matrix of this map with respect to any basis. 
square the matrix, and then compute the characteristic polynomial of the 
resulting matrix.) In our case the polynomial is 

$(x) = xy - 399.x6 + 3819x3 - 15625. 

It is clear that the roots of t/(x) generate the same extension as those of 
q(x) and one may verify that R(x, -x2, ii/)(x) has distinct roots. Thus, 
$(x) is a better polynomial to use to verify that the extension in question 
is dihedral. 

It was easy to construct a D,,,- extension of Q containing Q(n) 
because Q(G) is the field of cube roots of unity. However, it is not dif- 
ficult to construct a D 3 x ,-extension of Q containing an arbitrary quadratic 
field K. We consider the D,-polynomial 

d-u) = cpt~.,.,(x) = x3 - 3(3dt2 + u2) x + 2u(3dt2 + u’). 

Since disc(q) = [18t(3dt2 + u2)12 d, if we choose d, t, u E Z such that d is a 
non-square and q(x) is irreducible over Q, then the splitting field spl(cp) is 
a D,-extension of Q containing K = Q(d). By fixing d and varying t 
and u we will obtain various D,-extensions of Q each containing K. 
We can obtain two such extensions which are linearly disjoint over K by 
constructing extensions in which different sets of primes ramify. Note that 
if pJ2u and p’ is the exact power of p dividing (3dt2 + u2), then q(x) is an 
Eisenstein polynomial, hence is irreducible over Q, and the primes of K 
lying over p are totally ramified in spl(cp). Thus, we may construct a 
D 3 x ,-extension by constructing a polynomial q 1(x) which is Eisenstein for 
some prime p and a second polynomial cp2(x) whose discriminant is not 
divisible by p. If we take q(x) = S(cp, , cp2)(x), then Gal(q) is D3 * 3. For 
instance, if we fix d= 2, then for t = u = 1 we obtain cpl(x) = x3 -21x + 14, 
which is Eisenstein for p = 7, and for t = 1 and u= 3 we obtain 
In> = .Y’ - 45.x + 90, whose discriminant is not divisible by 7. Then 
q(x) = x9 - 198x’ + 312x6 + 10233.~~ - 18504x4 - 164328x3 + 179712.~’ + 
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761472x - 326656 is a D3 X ,-polynomial whose splitting field contains 
Q(,h 

To construct a D,-extension of Q, we first construct a &-extension of 
Q(t), where t is an indeterminate. We consider the elliptic curve 

E:y2+3xy+6y=x3+6x2, 

which is defined over Q and has a Q-rational point of order 9, namely, 
P = (0,O). We let $P = Q(E) = Q(x, y) be the function field of E/Q. For 
Q E E(Q), let Tp : E-P E be the map R H R -t Q, and let T2; : f t--+f o T, be 
the corresponding automorphism of Q(E). Let (P) be the subgroup of 
order 9 generated by P, let H = { Tz: Q E (P)}, and let X = Z”, the fixed 
field of H. Then X = Q(t, u), where 

t=Tr u,&) = 
P(X) 

x*(x + 2)’ (x - 6)2 (x + 6)2 

and 

u = Tr,,&y) = 
4(x) Y + 4x) 

3 
x (x + 3)3 (x - 6)3 (x + 6)3’ 

where p(x)=xg+378x7+68O4x6+33O48x5+5O544x4+7776x3+139968x2 
+279936x + 186624 and q(x), T(X) E Z[x]. Here t and u satisfy the 
relationship 

u2 + 3tu + 54~ = t3 + 18t2 - 2268t - 59778. 

X is the function field over Q of the quotient curve E’ = E/(P) and the 
extension Y/X is cyclic of degree 9. Now let inv: E --) E be the map 
R H -R and let T = inv* be the corresponding automorphism of P’. Then 
z : x H x, y I+ -y - 3x - 6, so t leaves x and, hence, t fixed, and therefore 
s~Gal(Z/Q(t)). We see that rrrr =a-’ for any B= T$EG~~(P/X) so 
Gal(P’/Q( t)) = Dg . Therefore, 

g(x, t) =p(x) -x2(x -t 2)’ (x- 6)2 (x + 6)2 t 

is irreducible over Q(t) and has Galois group Dg. By the Hilbert 
Irreducibility Theorem (see Lang [4]), q(x) =g(x, E) is irreducible over Q 
and has Galois group Dg for infinitely many values c1 E Q. For instance, we 
may take c( = 0 to obtain q(x) =p(x) =x9 + 378x’ + 6804x6 + 33048x’ + 
50544x4 + 7776x3 + 139968x2 + 279936x + 186624. Here disc(q) = 21°8. 370. 
Again we will use our algorithm to verify that Gall(q) is dihedral of 
order 18. 

To verify condition (1) in the proposition, we factor R(x, -x2, q)(x) 
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over Q and obtain 4 irreducible even polynomials of degree 18, whose 
constant coefficients are 

526486815369068544=7255941122, 

11555266180939776=107495424’, 

739537035580145664=859963392’, 

and 

180551034077184=134369282. 

Thus, the quadratic field in question is Q(n). 
To verify condition (2), we note that q(x) is irreducible over Q(n) 

and then factor R(x, -x2, q)(x) over Q(n). Over Q(m), 
R(x, - x2, cp)(x) factors into 8 irreducible polynomials, each of degree 9. 

Finally, to verify condition (3), we take p j’disc(cp) which remains inert 
in Q(G). The first such prime is p = 7 and 

q?(x) = (x - 3)(x2 + 2)(x’- 3x - 1) 

(x2 - 3x + 1)(x2 + 2x + 3) (mod 7). 

Thus, we have shown that Gal(q) is dihedral of order 18 and that 
Q(n) is the unique quadratic subfield of the splitting field of q(x). 

While the algorithm determines if the Galois group is dihedral, it does 
not determine the structure of the abelian subgroup of index 2. We will not 
treat this problem in general in this paper, but we will give several methods 
to treat the special case of a dihedral group of order 18. 

PROPOSITION 5. Suppose that cp(x)~Z[x] is monk, irreducible, and of 
degree 9 with Gal(q) dihedral of order 18. If the resolvent R(x) = 
R(x, + x2 +.x3, q)(x) has distinct roots, then we may determine the structure 
of Gal(q) by> factoring R(x) over Q. Spectfkall~, 

1. ij’ Gal(q) = Dg, then R(x) factors into a product of 1 irreducible of 
degree 3, 3 irreducibles of degree 9, and 3 irreducibles of degree 18, and 

2. ifGal( Djx3, then R(x) factors into a product of 4 irreducibles 
of degree 3 and 4 irreducibles of degree 18. 

Proof: First suppose that Gal(q) = D,. To represent Gal(q) as a sub- 
group of Sg, we note that Gal(q) has a 9-cycle, say d = (1 2 . .9). If z is 
an element of order 2 which fixes CC,, then from 5~~2 = CJ ~- ‘, we see that 
t = (2 9)(3 8)(4 7)(5 6). These elements generate D,, so we may write down 
all elements of Dg and determine the action of Dg on the collection of 
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(unordered) sets of 3 roots of q(x). We find that there are 1 orbit of length 
3, 3 orbits of length 9, and 3 orbits of length 18. McKay and Soicher’s 
results [S] then imply that R(x) factors as described in statement 1 of the 
proposition. 

Similarly, if Gal(q) = D, X 3, then we may represent Gal(q) as the 
subgroup of S, generated by (1 2 3)(4 5 6)(7 8 9), (14 7)(2 5 8)(3 6 9), and 
(2 3)(4 7)(5 9)(6 8) and again determine the action of the group on the 
collection of sets of 3 roots of p(x). This time there are 4 orbits of length 
3 and 3 orbits of length 18. Thus, the factorization of R(x) is as described 
in statement 2 of the Proposition. 1 

The problems with this test are that R(x) has degree 84 and it is quite 
time consuming to construct and factor this polynomial, and that R(x) 
may have multiple roots in which case it would be necessary to find 
another field generator with minimal polynomial e(x) such that the 
resolvent R(xr +x2 + x3, Ii/)(x) has distinct roots. 

We now let q,(x) be the &-polynomial x9+378x7+ 6804x6+ 
33048x5 + 50544x4 + 7776x3 + 139968x* + 279936x + 186624, and let rpZ(x) 
be the D, x3-polynomial x9 - 15x6 - 87x3 - 125. 

When we applied the above test to qI(x), there was no problem: the 
resolvent R(x, + x2 + x3, cpr)(x) had distinct roots and its factorization 
over Q was as predicted by the proposition. However, R(x, +x2 +x3, (p*)(x) 
had multiple roots and it was necessary to find another irreducible degree 
9 polynomial with the same splitting field as q*(x). We used cpj(x)= 
x9 - 177x6 - 648x5 - 1620x4 - 2355x3 - 2106x’ - 1134x - 773, the minimal 
polynomial of $ + 3 + ,j’% + ,‘/iz. (Constructing this polynomial was 
simple, but was possible only because we know the field extension in ques- 
tion.) Then R(x, + x2 + x3, (p3)(x) had distinct roots and its factorization 
over Q was as predicted by the proposition. 

We would like to note other methods to distinguish between D,, 3 and 
D,. These methods are somewhat ad hoc, but are considerably more 
efficient computationally. 

First we note that cpl(x) is irreducible (mod 5). Thus, when we reduce 
modulo primes lying over 5, we have a residue field extension of degree 9. 
Hence, Gal( cpr ) must have a element of order 9, so Gal( cp, ) = D,. 

Next we note that R(x, -x2, q*)(x) has 2 irreducible factors of degree 
6, pi(x) =x6+ 108 and pZ(x) =x6 +243. These are the minimal polyno- 
mials of certain elements of the splitting field of p*(x). For i= 1, 2, let yi 
be a root of p,(x). Now assume that Gal(cp,) = D,. In this case, spl(cp,) has 
only one subextension of degree 6 over Q, so we must have Q(r,) = Q(Y*). 
Thus, y, + y2 can have degree at most 6 over Q. But the minimal polyno- 
mial of y1 + y2 is an irreducible factor of the root sum polynomial 
p(x) = S(p,, p*)(x) and the factorization of p(x) over Q is 
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(x1* - 8667~‘~ + 19842651x6 + 19683) 

(xl8 + 10773~~~ +2784051x6 + 307546875). 

This contradiction establishes that Gal( (p2) = D3 ): .7. 

5.3. The Case n = 15 

We will construct a polynomial with Galois group D,, as follows: let 
q,(x) E Z[x] be a polynomial with Galois group D, whose splitting field 
contains a quadratic field K and let (p2(x)~Z[x] be a polynomial with 
Galois group D3 whose splitting field contains the same quadratic field K. 
Then if V(X) is the root sum polynomial S(cp,, (p2)(x), then Gal(q)= 
D 5 x 3 = D ,5. We would like cp(x) to have relatively small coefficients, so we 
will try to take cp,(x) and cp2(x) with coefftcients that are small and zero 
whenever possible. Roland, Yui, and Zagier [7] give the polynomial 
.x5 - 5.~ + 12, whose splitting field is a D,-extension of Q containing 
Q(m). This will be cpr(x). To produce a D,-extension of Q containing 
Q(p), we will use the polynomial (P~,~+(x) introduced in the last 
section. We take d= - 10, t = 2, and u = 11 to obtain cp2(x) = x3 - 3x + 22. 
The root sum polynomial S(cp,, (p2)(.x) is then q(x) = xl5 - 15~‘~ + 110x” 
+ 75.X” - 1284x” + 4495x9 + 11430x8 - 66840x’ + 76600x6 + 
164844x’ + 153720x4 + 1175520x3 - 1060800x2 - 5179200x + 6187904. 
We now use our algorithm to verify that Gal(q) is dihedral. 

To verify condition (I) we note that the factorization of R(x, - x2, q)(x) 
over Q is of the form As . B’ . C3 D . E. F. G, where A, . . . . G are irreducible 
and even with deg(A) = 6, deg(B) = deg(C) = 10, and deg(D) = deg(E) = 
deg(F) = deg( G) = 30. The constant coefficients of these factors are 

12960 = 10.36”, 

4000 = 10 20?, 

16000 = 10.40’, 

442676506546929664000=10.66533939202, 

and 

so the quadratic field in question is, as we expect, Q(p). 
To verify condition (2), we note that V(X) is irreducible over Q(m), 

that R(x, +2x2, q)(x) has distinct roots, and that over Q(m) this 
resolvent polynomial factors into 14 irreducible polynomials of degree 15. 
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To verify condition (3), we take a prime PJdisc(cp) which remains inert 
in Q(m). The first such prime is p = 17 and 

q(x) = (x + 7)(x2 - 5x - 5)(x2 - 5x + 8) 

(~~-x+6)(x~+4x-2)(~~+5x-1) 

(x2+6x+3)(x2+6x+6) (mod 17). 

We have shown that Gal(q) is dihedral of order 30 and that Q(G) 
is the unique quadratic subfield of the splitting field of q(x). 

5.4. The Case n = 21 

We will treat the Galois group D,, in much the same way as we treated 
the Galois group D,,: we will let cp,(x)~Z[x] be a polynomial with 
Galois group D, whose splitting field contains a quadratic field K and let 
(p2(x) E Z[x] be a polynomial with Galois group D, whose splitting field 
contains the same quadratic field K. Then if q(x) is the root sum polyno- 
mial S(cp,, (p.J(x), then Gal(q) = D, x 3 = D,, . We let 

c&)=x7-2x6-x5+x4+x3+x2-x-l. 

This polynomial is given in Weber [lo]. Its splitting field is the Hilbert 
Class Field of Q(m). In particular, Gai(tp,)= D, and spl(tp,)z 
Q(m). To construct a D,-extension containing Q(m), we again 
use the polynomial qPd,Jx). We take d= -71, t = 1, and U= 15 to obtain 
x3-36x+ 360. We let cp2(x)=x3-9x+45, which clearly generates the 
same extension. The root sum polynomial S(cp,, cpz)(x) is then 

p(x) = x2’ - 6x*’ + 240x” - 1240x’8+24696x’7-108945x16 

+ 1410773x” - 5256357~‘~ + 48234981~‘~ - 149580758~‘~ 

+982724424x”-2487762960x’“+10891586000xg 

-21984384291xa+46779215985x7-74840673504~~ 

-63114954528x5+46891819239x4+41626168828x3 

+50133555678x2-41816335086x-52220177731. 

To verify condition (1) we note that the factorization of R(x, -x2, q)(x) 
over Q is of the form A7-8’.C3.D3.E.F.G.H.I.J, where A,...,] are 
irreducible and even with deg(A) = 6, deg(B) = deg(C) = deg(D) = 14, and 
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deg(E) = deg(F) = deg( G) = deg( H) = deg( I) = deg(J) = 42. The constant 
coefficients of these factors are 

51759 = 71 . 36, 71,71,71, 

1523070322197732566865296381205431=71~4631597421931369*, 

1023102650741521612883649360868151=71~3796036945199191~, 

1134801959955874058911508218451231=71~3997890218172781’, 

1128450079872082230725796754592879=71~3986685728370107*, 

1034032826936881438519101873768071=71~3816260294177249’, 

and 

so the quadratic field in question is, as we expect, Q(p). 
To verify condition (2), we note that cp(-u) is irreducible over Q(m), 

that R(.u, +2x2, q)(x) has distinct roots, and that over Q(m) this 
resolvent polynomial factors into 20 irreducible polynomials of degree 21. 

To verify condition (3), we take a prime ~{disc(cp) which remains inert 
in Q(m). The fist such prime is p = 13 and 

q(x)= (x- 1)(.x2-6x-6)(.+6x-2) 

(x2- 6x + 3)(-u” - 4x + 6)(x’ - x + 5) 

(x2 + 2-u - 6)(.x* + 2x + 6)( .? + 4x - 3 ) 

(x2 + 4-u - 1 )(x’ + 6.x + 1 ) (mod 13). 

We have shown that Gal(q) is dihedral of order 42 and that a(&%) 
is the unique quadratic subfield of the splitting field of q(x). 

5.5. The Case n = 25 

We will construct a D,,, -extension by starting with two D,-polynomials 
whose splitting fields contain the same quadratic field. Roland, Yui, and 
Zagier’s family [7] contains the polynomials cp [(x) = x5 - 5x + 12 and 
cp,(x)=x5+11275x+61500. For i=l,2, Gal(rp,)=D, and spl(cp,)z 
Q(m). Now the root sum polynomial q(x) = S(cp,, qD1)(.x) is 

.xz5 + 56350x2’ + 307560.~~~ + 1277739625~‘~ + 13912159800.~‘~ 

+ 37376011440~‘~ + 14327060755000~‘~ + 235578171264000.~‘~ 

+ 1294343053466400~” + 2412562855697280~‘~ 

+79873363709050000x9+1742406155967120000x8 
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+1422205519438758000x7+51625642989217651200x6 

+2519775O848737274368Ox5+49792765852532736OOOOOx4 

+543O348558563628672oOOOx3+2962586569934658O7872OOOx2 

+806828758126280636313600x+877853835352092424568832. 

We verified that q(x) is irreducible over Q, so it follows immediately 
that spl(cp,) and spl(q2) are linearly disjoint over Q(G). Hence, q(x) 
is a D, x ,-polynomial. 

To verify condition (1) we note that the factorization of R(x, - x2, q)(x) 
overQisoftheformA5.B5.C5.D5.E.F.G.H.I.J.K.L,whereA,...,L 
are irreducible and even with deg(A) = deg(B) = deg(C) = deg(D) = 10, and 
deg( E) = deg(F) = deg(G) = deg(H) = deg(Z) = deg( J) = deg(K) = 
deg(L) = 50. The constant coefficients of these factors are 

10.40*, 10. 202, 10. 2378002, 10.127100* 

10~33544725003850848537600000002 

10. 739727881002484000358400000002 

so the quadratic field in question is Q(e). 
To verify condition (2), we note that q(x) is irreducible over a(,,/%), 

that R(x, + 2x,, i)(x) has distinct roots, and that the factorization of this 
resolvent polynomial over Q( ,/%) is over Q(m); this resolvent 
polynomial factors into 24 irreducible polynomials of degree 25. 

To verify condition (3), we take a prime p/disc(q) which remains inert 
in Q(m). The first such prime is p = 17 and 

p(x) = (x-4)(x2 - 3)(x2 - 7x - 3) 

(x2-7x-2)(x2-6x-5)(x2-6x-3) 

(x2-6x+2)(x2-x-7)(x2-x+3) 

(x2+3x+5)(x2+5x-3)(x2+5x+7) 

(x+8x+4) (mod 17). 
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We have shown that Gal(q) is dihedral of order 50 and that Q(m) 
is the unique quadratic subfield of the splitting field of cp(x). 
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