
a

ausen.
useful

y
n
xeter

seful
eric
a new
ties of

ete

eir

).
Journal of Algebra 276 (2004) 502–514

www.elsevier.com/locate/jalgebr

On homological coherence of discrete groups✩

Gunnar Carlssona and Boris Goldfarbb,∗

a Department of Mathematics, Stanford University, Stanford, CA, USA
b Department of Mathematics and Statistics, SUNY, Albany, NY, USA

Received 2 March 2003

Available online 10 April 2004

Communicated by Efim Zelmanov

Abstract

We explore a weakening of the coherence property of discrete groups studied by F. Waldh
The new notion is defined in terms of the coarse geometry of groups and should be as
for computing theirK-theory. We prove that a groupΓ of finite asymptotic dimension is weakl
coherent. In particular, there is a large collection ofR[Γ ]-modules of finite homological dimensio
whenR is a finite-dimensional regular ring. This class contains word-hyperbolic groups, Co
groups and, as we show, the cocompact discrete subgroups of connected Lie groups.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

Let A be a ring with a unit. A leftA-module iscoherent if it has a resolution by finitely
generated projectiveA-modules. It isregular coherent or said to havefinite homological
dimension if such resolution can be chosen to be finite. This notion is particularly u
whenA is a group ringR[Γ ]; alas, homologically finite-dimensional modules over gen
group rings are very rare. We will describe a weaker notion of coherence and
method for constructing finite-dimensional modules using coarse geometric proper
the groupΓ . Throughout the paper the ringR is assumed to be noetherian.

We should recall that F. Waldhausen [11] discovered a remarkable collection of discr
groupsΓ such that all finitely presented modules over the group ringR[Γ ] are regular
coherent. It includes free groups, free abelian groups, torsion-free one-relator groups, th
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various amalgamated products and HNN extensions and so, in particular, the funda
groups of submanifolds of the three-dimensional sphere. Waldhausen called this prope
of the groupregular coherence and used it to compute the algebraicK-theory of these
groups. He also wondered if a weaker property of the group ring would suffice i
argument (see, for example, the paragraph after the proof of Theorem 11.2 in [11]).
we compute theK-theory of geometrically finite groups of finite asymptotic dimens
in [4–6], by proving surjectivity of the integral assembly map, we indeed require a w
coherence property than that of Waldhausen; however, it is not directly related to h
argument.

Using the coarse combinatorial geometry of the group, we will define a class of
presentations ofR[Γ ]-modules which we calladmissible. We will also use the geometr
to introduce a large collection of finite dimensionalR[Γ ]-modules which we calllean and
which includes all modules with admissible presentations.

1.1. Example. To illustrate the geometric nature of our method, we give a new pro
coherence of the group of integersZ. In this case, we consider anR[Z]-homomorphism of
two free modulesf :R[Z]m → R[Z]n and show that the kernel off is finitely generated
whenR is noetherian.

A geometric viewpoint onf is introduced by filtering each of the free modules by
R-submodules associated to the subsets[a, b] = {a, a + 1, . . . , b − 1, b} of Z. Let R[a, b]k
stand for thek-tuples of group ring elements where all group elements in the formal
expressions come from[a, b]. Notice that for each homomorphismf there is a numberd
such thatf (R[a, b]m) ⊂ R[a − d, b + d]n for all choices ofa � b.

Let k be an element of the kernel ker(f ) and letk be written as a sumk = ∑
ki ,

where ki ∈ R[5di,5d(i + 1)]m, and only finitely manyki are nonzero. Observe th
because of the property of the numberd and the fact thatki + ∑

j �=i kj ∈ ker(f ), we
havef (ki) = si,l + si,r , where

si,l = −f

(∑
j<i

kj

)
∈ R[5di − d,5di + d]n and

si,r = −f

(∑
j>i

kj

)
∈ R

[
5d(i + 1) − d,5d(i + 1) + d

]n
.

In fact, si,r = −si+1,l for all i. SinceR is a noetherian ring, im(f ) ∩ R[−d, d]n is finitely
generated, so there is a numbere such that

im(f ) ∩ R[−d, d]n = f
(
R[−d − e, d + e]m) ∩ R[−d, d]n.

Now chooseti ∈ R[5di − d − e,5di + d + e]m so thatf (ti ) = si,r = −si+1,l and thus all
ki − ti + ti+1 are in the kernel:

f (ki − ti + ti+1) = f (ki) − f (ti ) + f (ti+1) = (si,l + si,r ) − si,l + si+1,l

= (si,l + si,r ) − si,l − si,r = 0.
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Since all elementski − ti + ti+1 ∈ R[5di −d −e,5d(i +1)+d +e]m, we conclude that th
R[Z]-module ker(f ) is generated by theR-submodule ker(f ) ∩ R[−d − e,5d + d + e]m
which itself is finitely generated asR is noetherian.

For a general discrete groupΓ , given anR[Γ ]-moduleF with finite generating setΣ ,
it is also anR-module with the generating setB = Σ × Γ . There is a locally finite se
functions :B → Γ which maps(σ, γ ) to γ . On the other hand, one can associate to e
subsetS of Γ theR-submodule generated byΣ × S.

Recall that a finitely presented groupΓ can be given aword metric specific to the
presentation. This makesΓ a proper metric space. It is known that all word metrics on
group are quasi-isometric.

1.2. Definition. Consider general functorsf :P(Γ ) → ModR(F ) from the power set ofΓ
ordered by inclusion to theR-submodules ofF such thatf (Γ ) = F andf (T ) is a finitely
generatedR-module for each bounded subsetT ⊂ Γ . We will refer toF as anΓ -filtered
R-module. Iff is Γ -equivariant in the sense thatf (γ S) = γf (S) for all γ ∈ Γ andS ⊂ Γ

thenF as anequivariant Γ -filtered R-module.

A homomorphismφ :F1 → F2 between finitely generatedR[Γ ]-modules with fixed
choices of filtrationsfi , i = 1,2, isboundedly controlled with respect to the boundD > 0
if φf1(S) ⊂ f2(BD(S)) for all subsetsS ⊂ Γ . HereBD(S) stands for theD-enlargement o
a subsetS in a metric spaceX that is the subset{x ∈ X | d(x,S) � D}. Let I be the image
of φ and leti(S) = im(φ) ∩ f2(S). If φ in addition satisfiesφF1 ∩ f2(S) ⊂ φf1(BD(S))

then it is calledboundedly bicontrolled of filtration D. WhenΓ is infinite, neither of the
properties is satisfied by allR[Γ ]-homomorphisms.

1.3. Example. A boundedly controlled idempotent homomorphism of an equivar
filtered module is always boundedly bicontrolled. Indeed, ifφ :F → F is an idempoten
so thatφ2 = φ thenφ|I = id, soφF ∩ f (S) ⊂ φf (S).

1.4. Definition. A pair of subsetsS, T of a metric spaceX is (coarsely) antithetic if for
each numberD > 0 there isD1 > 0 so thatBD(S) ∩ BD(T ) ⊂ BD1(S ∩ T ).

Examples of such pairs include any two subsets of a simplicial tree as we
complementary half-spaces in a Euclidean space.

1.5. Definition. A Γ -filtration f of anR-moduleF is lean if it satisfies the following two
properties for some fixed numberd = df > 0:

(1) for any subsetS of Γ andy ∈ f (S),

y ∈
∑
γ∈S

f
(
Bd(γ )

);
(2) for any antithetic pair of subsetsS and T , if y ∈ f (S) and y ∈ f (T ) then y ∈

f (Bd(S ∩ T )).
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An R[Γ ]-module is calledlean if it has a lean equivariantΓ -filtration byR-submodules.

Notice that a leanR[Γ ]-module is finitely generated. The class of leanR[Γ ]-modules
certainly contains all free finitely generatedR[Γ ]-modules.

1.6. Definition. An R[Γ ]-module isfinitely presented if it is the cokernel of a homomor
phism, calledpresentation, between free finitely generatedR[Γ ]-modules. If the homo
morphism is boundedly bicontrolled, we call the presentationadmissible.

1.7. Definition. The group ringR[Γ ] is weakly coherent if every R[Γ ]-module with an
admissible presentation has a projective resolution of finite type. We say the ringR[Γ ] is
weakly regular coherent if every R[Γ ]-module with an admissible presentation has fin
homological dimension.

Groups of finite asymptotic dimension were introduced by M. Gromov [10]. Exam
from this apparently very large class are the Gromov hyperbolic groups [10], Co
groups [9], various generalized products of these, including the groups acting on tree
vertex stabilizers of finite asymptotic dimension [2], and, more generally, fundam
groups of developable complexes of finite-dimensional groups [1]. We show in Sec
that cocompact lattices in connected Lie groups also have finite asymptotic dimensi

The following is the main result of the paper.

1.8. Theorem. Let R be a noetherian ring and Γ be a discrete group of finite asymptotic
dimension. Then

(1) lean R[Γ ]-modules have projective resolutions of finite type,
(2) all R[Γ ]-modules with admissible presentations are lean.

If, in addition, R has finite homological dimension then

(3) lean R[Γ ]-modules also have finite homological dimension.

1.9. Corollary. Let R be a finite-dimensional noetherian ring and Γ be a discrete group of
finite asymptotic dimension. Then the group ring R[Γ ] is weakly regular coherent.

1.10. Example. To illustrate the construction of interesting lean finite-dimensio
modules, recall that idempotents betweenR[Γ ]-modules are boundedly bicontrolle
We will see that images and cokernels of boundedly bicontrolled maps betwee
modules are lean. Existence of idempotents over group rings is well-known. Now give
idempotent between free finitely-generatedZ[Γ ]-modules, reduction modulo a compos
integerm gives another idempotent whose image and cokernel are nonprojective m
overZ[Γ ].
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We will prove weak coherence properties for discrete groups of finite asymp
dimension in Section 2. Section 3 shows that cocompact lattices in connected Lie
have finite asymptotic dimension.

2. Weak coherence and finite asymptotic dimension

2.1. Definition. A family of subsets in a general metric spaceX is d-disjoint if
dist(V ,V ′) = inf{dist(x, x ′) | x ∈ V , x ′ ∈ V ′} > d for all V , V ′. Theasymptotic dimension
of X is defined by M. Gromov [10] as the smallest numbern such that for anyd > 0
there is a uniformly bounded coverU of X by n + 1 d-disjoint families of subset
U = U0 ∪ · · · ∪ Un.

It is known that asymptotic dimension is a quasi-isometry invariant and so is an inv
of a finitely generated group viewed as a metric space with the word metric associated t
given presentation.

The proof of Theorem 1.8 is based on the following characterization of metric spac
of finite asymptotic dimension and a sequence of lemmas.

2.2. Definition. A map between metric spacesφ : (M1, d1) → (M2, d2) is anasymptotic or
uniform embedding if there are two real functionsf andg with limx→∞ f (x) = ∞ and
limx→∞ g(x) = ∞ such that

f
(
d1(x, y)

)
� d2

(
φ(x),φ(y)

)
� g

(
d1(x, y)

)
for all pairs of pointsx, y in M1.

2.3. Theorem (Dranishnikov [7,8]).A group Γ has finite asymptotic dimension if and only
if there is a uniform embedding of Γ in a finite product of locally finite simplicial trees.

We can use the notions of lean filteredR-modules and boundedly controlled a
bicontrolled homomorphisms of such modules associated to any proper metric spX,
with or without a group action. Thus anX-filtration of an R-module F is a functor
f :P(X) → ModR(F ) from the power set ofX to the R-submodules ofF such that
f (X) = F andf (T ) is a finitely generatedR-module for each bounded subsetT ⊂ X.
Now conditions (1) and (2) in Definition 1.5 define the class oflean X-filtered modules.

2.4. Lemma. Let P be a finite product of locally finite simplicial trees, with the product
word metric. Then the kernel of a surjective boundedly bicontrolled homomorphism
between lean P -filtered R-modules is lean.

Proof. SupposeP = ∏
1�i�m Ti andπ :P → T = Tm is themth coordinate projection

Given a surjective boundedly bicontrolled homomorphismφ :F → G between two lean
P -filteredR-modules, letD � 0 be a number such that fil(φ) < D, and letf andg be lean
filtrations ofF andG respectively, both of filtrationD.
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We will show that the kernelK = ker(φ) equipped with the restriction of theP -filtration
f is lean. Fix a vertext0 in T . Given another vertext ∈ T , we define itsshadow as the
subset Sh(t) = {t ′ ∈ T | t ∈ [t0, t ′]}. For everyt ∈ ∂B6kD(t0), 0� k, let

S(t) = Sh(t) ∩ (
B6(k+2)D(t0) − B6(k+1)D(t0)

)
.

SinceD is a filtration off , if k is in the kernelK thenk can be written as the sum
∑

lt , t as
above, wherelt ∈ f (π−1(St )). This is certainly a finite sum. More generally, letS(t, l, u),
for t ∈ T with dist(t0, t) � l � u, be the subset Sh(t) ∩ (Bl(t0) − Bu(t0)). Then

φ(lt ) ∈ g
(
π−1S

(
t,6(k + 1)D − D,6(k + 2)D + D

))
.

Using thatφ(lt ) = −φ(
∑

t ′ �=t lt ′),

φ

(∑
t ′ �=t

lt

)
∈ g

(
π−1S

(
t,6(k + 1)D + D,6(k + 2)D − D

))
,

and thatD is a filtration ofg, we see thatφ(lt ) = y1
t + y2

t with

y1
t ∈ g

(
π−1S

(
t,6(k + 1)D − 2D,6(k + 1)D + 2D

))
and

y2
t ∈ g

(
π−1S

(
t,6(k + 2)D − 2D,6(k + 2)D + 2D

))
.

Notice that

diamS
(
t,6(k + 1)D − 2D,6(k + 1)D + 2D

)
� 16D and

diamS
(
t,6(k + 2)D − 2D,6(k + 2)D + 2D

)
� 20D.

It is clear that the subsetsSt,∗ so obtained are pairwise disjoint. Since fil(φ) < D, there are
elements

z1
t ∈ f

(
π−1S

(
t,6(k + 1)D − 3D,6(k + 1)D + 3D

))
and

z2
t ∈ f

(
π−1S

(
t,6(k + 2)D − 3D,6(k + 2)D + 3D

))
with φ(zi

t ) = yi
t . It is easy to see that

∑
t (z

2
t −z1

t ) = 0. Nowkt = −z1
t + lt −z2

t are elements
in the kernelK, each contained in

Ft = f
(
π−1S

(
t,6(k + 1)D − 4D,6(k + 2)D + 4D

))
,

sok can be written as a finite sum

k =
∑

kt . (∗)
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It follows thatK is generated as anR-module by the submodulesKt = K ∩ Ft for all t

as above. For eacht , the diameter of the setS(t,6(k + 1)D − 4D,6(k + 2)D + 4D) is
bounded above by 28D which is independent oft . In particular, this proves the stateme
whenP = T . In this caseKt are finitely generated as submodules of finitely gener
modules over the noetherian ringR.

In general, one can use induction on the numberm of tree factors inP . Let Pi be the
product

∏
j�i Ti . Let πi−1 :Pi−1 → Pi be the obvious projection. Now given an elemenk

in the kernelK such that there isS ⊂ T with k ∈ f (S) and diam(πi−1(S)) < C, we would
like to see thatk can be written as a sum

∑
kt so thatkt ∈ f (St ) and diam(πi(St )) < B

whereB is a number which depends onC andD but not onn. This is easily achieve
exactly as in the construction of the sum (∗) above withB = 2C + 15D. Applying this
construction inductively, one obtains a decomposition of the originalk ∈ K as the sum∑

kt with kt ∈ f (St ) and diam(St ) < (C + 15D)2m.
Property (2) of the lean modules for ker(φ) is inherited fromF . �

2.5. Lemma. Every R[Γ ]-homomorphism φ :F → G between a lean R[Γ ]-module F and
an equivariant Γ -filtered module G is boundedly controlled as a homomorphism between
filtered R-modules.

Proof. Let f be a lean equivariantΓ -filtration of F . Considerz ∈ f (S), thenz = ∑
rizi

wherezi ∈ f (Bd(xi)) for somexi ∈ S. Sinceφ is an R[Γ ]-homomorphism, there is
numberD � 0 such thatφ(z) is in g(Bd+D(x)) for all z ∈ f (Bd(x)) and allx ∈ Γ . Then
φ(z) = ∑

riφ(zi) ∈ ∑
g(Bd+D(xi)) ⊂ g(Bd+D(S)). �

2.6. Lemma. Every surjective boundedly controlled homomorphism of lean filtered
modules is boundedly bicontrolled. Therefore every surjective R[Γ ]-homomorphism of
lean R[Γ ]-modules is boundedly bicontrolled.

Proof. If y ∈ g(S) theny = ∑
riyi with yi ∈ g(BdG(xi)), xi ∈ g(S). Eachg(BdG(x)) is

a finitely generatedR-module, so there is a constantC � 0 andzi ∈ f (BdG+C)(x) so that
φ(zi) = yi . Now z = ∑

rizi is in f (BdG+C(S)). �
2.7. Lemma. Let φ :M1 → M2 is an injective asymptotic embedding of proper metric
spaces. If S and T are coarsely antithetic in M1 then φ(S) and φ(T ) are antithetic in M2.
Conversely, if U and V are antithetic in M2 then φ−1(U) and φ−1(V ) are antithetic in M1.

Proof. We will show the first statement, the proof of the second is similar. Assumeφ has
the properties listed in Definition 2.2. Now for any choice ofd � 0 with f (d) > D

BDφ(S) ∩ BDφ(T ) ⊂ φ
(
Bd(S)

) ∩ φ
(
Bd(T )

) = φ
(
Bd(S) ∩ Bd(T )

) ⊂ φ
(
Bd1(S ∩ T )

)
⊂ Bg(d1)φ(S ∩ T ) ⊂ Bg(d1)

(
φ(S) ∩ φ(T )

)
.

Here the equality follows from the injectivity assumption. So we can takeD1 = g(d1). �
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2.8. Proposition. If φ :M1 → M2 is an injective asymptotic embedding between proper
metric spaces then the M2-filtration f∗(S) = f (φ−1(S)) induced from an M1-filtration f

is lean if and only if f is lean.

Proof. We show the necessity half of the argument. Notice that the fact thatd2(φ(x),

φ(y)) � g(d1(x, y)) impliesBd(x) ⊂ φ−1(Bg(d)(φ(x)) for all d � 0. Supposef is lean,
then giveny ∈ f∗(S) = f (φ−1(S)) and

y ∈
∑

x∈φ−1(S)

f
(
Bd(x)

)
,

we have

y ∈
∑

x∈φ−1(S)

f
(
φ−1(Bg(d)

(
φ(x)

))) =
∑

x∈φ−1(S)

f∗
(
Bg(d)

(
φ(x)

)) ⊂
∑
z∈S

f∗
(
Bg(d)(z)

)
.

For the second property, ify ∈ f∗(S) ∩ f∗(T ) = f (φ−1(S)) ∩ f (φ−1(T )) then

y ∈ f
(
Bd

(
φ−1(S)

) ∩ Bd

(
φ−1(T )

)) ⊂ f
(
φ−1(Bg(d)(S)

) ∩ φ−1(Bg(d)(T )
))

= f
(
φ−1(Bg(d)(S) ∩ Bg(d)(T )

)) ⊂ f∗
(
Bd1(S ∩ T )

)
for somed1. Sof∗ is lean with characteristic constantd1. �
2.9. Corollary. Let Γ be a finitely generated group viewed as a metric space with the
word metric induced by a fixed presentation. If Γ has a uniform embedding i0 :Γ → P

in a finite product P of locally finite simplicial trees then the kernel of a surjective R[Γ ]-
homomorphism of lean R[Γ ]-modules is lean. In particular, it is finitely generated.

Proof. The given homomorphismφ :F1 → F2 between two leanR[Γ ]-modules can be
thought of as a boundedly controlled homomorphism between leanR-modules with the
P -filtrationsf0 defined byf0(S) = f (i−1

0 (S)). From Proposition 2.8, we see thatf0 is lean
if and only if f is lean. Whenφ is surjective, it is boundedly bicontrolled by Lemma 2
The rest follows from Lemma 2.4.�
2.10. Lemma. The image of a boundedly bicontrolled homomorphism of lean filtered
modules is lean.

Proof. Let D be a filtration degree of the homomorphismφ :F → G. If I is the image
of f , it has the naturalΓ -equivariant filtration given byi(S) = I ∩ g(S). If y ∈ g(S) then
there isz ∈ f (BD(S)) with φ(z) = y written asz = ∑

rizi for somezi ∈ f (BdG(xi)) and
xi ∈ BD(S). Soy = ∑

riφ(zi) andφ(zi) ∈ g(BdG+D(xi)). In other words,

y ∈
∑

i
(
BdG+2D(x)

)
.

x∈S
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To see that the second characteristic property of lean modules is inherited by the
from G, we show that generally the image of a boundedly bicontrolled homomorp
with the kernel satisfying property (1) also satisfies property (2) in Definition 1.5
y ∈ g(S) ∩ g(T ), then there arezS ∈ f (BD(S)) andzT ∈ f (BD(T )) such thatφ(zS) =
φ(zT ) = y. Thus k = zS − zT is in the kernelK = ker(φ). Using property (1) of the
kernelK, write k = kS + kT wherekS ∈ f (Bdf +D(S)) andkT ∈ f (Bdf +D(T )) so that
zS − kS = zT + kT and againφ(zS − kS) = φ(zT + kT ) = y. Now sinceF has property (2)
andzS −kS = zT +kT is in f (Bdf +D(S))∩f (Bdf +D(T )), it is also inf (B2df +D(S ∩T )).
Soy ∈ g(B2df +2D(S ∩ T )). �
2.11. Corollary. The cokernel of a boundedly bicontrolled homomorphism of lean P -
filtered R-modules is lean.

Proof of Theorem 1.8. Given a leanR[Γ ]-moduleF , let F1 be the freeR[Γ ]-module
on the finite generating setΣ of F . We view it as a leanR-module with the canonica
filtration induced from the product generating setΣ × Γ . Then the surjectionπ :F1 → F

is boundedly bicontrolled. The kernelK1 = ker(π) is lean by Lemma 2.4. Construct a fr
finitely generatedR[Γ ]-moduleF2 with a projectionπ1 :F2 → K1. By Lemma 2.5,π1 is
boundedly controlled, hence by Lemma 2.6 it is boundedly bicontrolled. This shows th
F is finitely presented as the quotient of the compositiond1 = i1π1 which is boundedly
bicontrolled. This construction also inductivelygives a resolution by free finitely generat
R[Γ ]-modules.

Part (2) of Theorem 1.8 follows directly from Corollary 2.11.
For part (3), consider thenth syzygy moduleKn = ker(dn) wheren is the homologica

dimension of the ringR. It is known from the syzygy theorem thatG is a projective
R-module if it fits into a resolution

0 −→ G −→ Pn −→ Pn−1 −→ · · · −→ P1 −→ F −→ 0

of an R-moduleF over a regular ringR of homological dimension hd(R) � n and all
modulesP1, . . . , Pn are projective, cf. [12, Lemma 4.1.6]. This certainly applies toKn.
SinceR[Γ ]-modules which are free asR-modules are also freeR[Γ ]-modules, it follows
easily thatR[Γ ]-modules projective asR-modules are projective asR[Γ ]-modules. Since
Kn is lean, it is finitely generated overR[Γ ]. This shows thatF has a finite projective
resolution of length at mostn. �

3. The asymptotic dimension of uniform lattices

This section proves that the asymptotic dimension of cocompact discrete subgro
a connected Lie groupG is the dimension of the homogeneous space of maximal com
subgroups inG.

3.1. Definition. A map between metric spacesφ : (M1, d1) → (M2, d2) is eventually
continuous if there is a real functiong such thatd2(φ(x),φ(y)) � g(d1(x, y)) for all pairs
of pointsx, y in M1.
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3.2. Proposition. If M1 = M2, the identity map id :M1 → M2 is a uniform embedding if
and only if the identity map is eventually continuous in both ways, that is, there are real
functions g and g such that d2(x, y) � g(d1(x, y)) and d1(x, y) � g(d2(x, y)) for all pairs
of points x , y in M .

Proof. If the identity is an asymptotic embedding, we may chooseg for g and define

g(z) = sup
{
z′ ∣∣ f (z′) � z

}
.

Thend1(x, y) � g(d2(x, y)) sincef (d1(x, y)) � d2(x, y).
To see that the identity is an asymptotic embedding, we may again chooseg for one of

the bounding functions and define

f (z) = inf
{
z′ ∣∣ g(z′) � z

}
.

Thenf (d1(x, y)) � d2(x, y) sinced1(x, y)) � g(d2(x, y)). limz→∞ f (z) = ∞ becauseX
is not compact. �
3.3. Definition. Given a spaceM, two metricsd1 andd2 on M form auniform pair if the
identity map id :(M1, d1) → (M2, d2) is an asymptotic embedding.

When two metrics are a uniform pair, metric balls of uniformly bounded diamet
one metric are uniformly bounded in the other metric.

The following result is from [3, Chapter V].

3.4. Proposition. Let G be a connected Lie group and K be its maximal compact subgroup.
Then there is a simply connected nilpotent Lie group N and a simply transitive action of N

on the homogeneous space G/K by isometries with respect to the N -invariant metric d1.
If d2 is the G-invariant metric on G/K then the identity map of G/K with these two metrics
is eventually continuous. In other words, the two metrics d1 and d2 form a uniform pair.

Let Γ be a cocompact lattice in a connectedLie group. A uniform embedding ofΓ in
N can be obtained by uniformly embeddingΓ in G/K as the pullback of the orbitΓ0 of
x0 via the simply transitive action ofN onG/K with either metricd1 or d2 and then lifting
the embedding toN . There is no natural action ofΓ on N but notice that the embeddin
of Γ is commensurable.

3.5. Theorem. Let N be a simply connected nilpotent Lie group with the left-invariant
Riemannian metric. Then

asdim(N) = dim(N).

Proof. A simply connected solvable groupN of dimensionn is isomorphic to the
semidirect productT �N0, whereN0 is a normal simply connected solvable Lie group a
T is isomorphic to the group of real numbers which act onN0. There is a correspondin
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vector space splitting of the Lie algebran = t ⊕ n0 which is orthogonal with respect t
a positive definite bilinear formβ on n. If the metricd in N is the Riemannian metri
associated toβ and T has the metric associated to the restriction ofβ to t then the
projectionπ :N → T is a distance nonincreasing map. In fact, ify = yt + y0 then the
lengthl(y) = l(yt ) + l(y0). One can show that

Br

(
π−1[a, b]) = π−1([a − r, b + r]).

For details, see [3, Section V]. For any pointx ∈ [a, b], the function

ρ(a, b, x) :π−1([a, b]) → π−1(x)

given byρ(a, b, x)(g) = g(x − π(g)) is bounded byb − a, that is,

d
(
g,ρ(a, b, x)(g)

)
� b − a

for all a, b, x, andg ∈ π−1([a, b]). Also, ρ(a, b, x) is equivariant with respect to the le
multiplication action byN0.

There is a useful equivalent characterization of asymptotic dimension [7,10].
metric spaceX, asdim(X) � n if for arbitrarily large numberD there is a uniformly
bounded coverU of X such that every metric ball of radiusD has nonempty intersectio
with at mostn + 1 sets inU .

We will use induction on the dimension ofN . Starting with dimension one, let th
covering ofN = R be by the closed segments

U1 = {
U1

i = [
4Di,4D(i + 1)

] ∣∣ i ∈ Z
}
.

It is clear that asdim(R) = 1. Notice also that each setU1
i in U1 has the property that ther

is the pointxi = 4Di + 2D ∈ U1
i such that the metric ball centered atxi with radiusD is

contained entirely inUi , and another coveringU2 can be obtained by translatingU1 (that
is left-multiplying) by 2D. Because of the first property, each metric ball with radiusD

intersects at most 3 subsets from the new coveringU1 ∪ U2.
Now suppose that dim(N) = n, then dim(N0) = n − 1 in the semidirect produc

decomposition above. We assume that

(1) N0 is given theN0-invariant Riemannian metric,
(2) N0 has a covering consisting of two subcoveringsU1

n−1 and U2
n−1 by uniformly

bounded subsets with the property that each ball of radiusD intersects at mostn
subsets in each coveringU1

n−1 and U2
n−1 and at mostn + 1 subsets in the unio

U1
n−1 ∪ U2

n−1.

In order to construct two similar coveringsU1
n andU2

n of N , consider the translatestiN0
of N0 for ti = 4Di, i ∈ Z, and the corresponding coveringsU1

n−1,i andU2
n−1,i of tiN0. We

will use the notation
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Sl
i (U) = ρ−1(ti − 2D, ti , ti)(U), Sr

i (U) = ρ−1(ti , ti + 2D, ti)(U)

for any subsetU of tiN0. Now define four collections of subsets ofN as

U1,l
n = {

Sl
i (U)

∣∣ U ∈ U1
n−1,i , i ∈ Z

}
, U1,r

n = {
Sr

i (U)
∣∣ U ∈ U1

n−1,i , i ∈ Z
}
,

U2,l
n = {

S2
i (U)

∣∣ U ∈ U2
n−1,i , i ∈ Z

}
, U2,r

n = {
Sr

i (U)
∣∣ U ∈ U2

n−1,i , i ∈ Z
}
.

Let U1
n = U1,l

n ∪ U2,r
n andU2

n = U1,r
n ∪ U2,l

n . It is clear that either of the two coveringsU1
n

andU2
n has the property that a metric ball with radiusD in N intersects at mostn + 1

sets from the covering. It is also clear that a metric ball with radiusD intersects at mos
n + 2 sets from the coveringU1

n ∪ U2
n , as required in the induction step. So by induct

asdim(N) � n.
To see the reverse inequality, recall that Gromov [10] defines another noti

asymptotic dimension which he denotes simply asdim. This notion is different from
asymptotic dimension conventionally used in this and other papers in the literature. In
to avoid confusion in this proof, we will use the notation asdim∗ for this possibly differen
number. Now Gromov shows that for a compact acyclic manifoldM, asdim∗(M̃) =
dim(M). The general inequality asdim∗ � asdim gives dim(M) � asdim(M̃). Applying
this inequality in the case ofM = Γ \N , for any cocompact latticeΓ in N , we see tha
dim(N) = dim(Γ \N) � asdim(N). �

A map between metric spacesφ : (X1, d1) → (X2, d2) is auniform embedding if there
are two real functionsf andg with limx→∞ f (x) = ∞ and limx→∞ g(x) = ∞ such that

f
(
d1(x, y)

)
� d2

(
φ(x),φ(y)

)
� g

(
d1(x, y)

)
for all pairs of pointsx, y in X1. It is known from [10] that asymptotic dimension does n
decrease under uniform embeddings.

3.6. Corollary. Let Γ be a cocompact lattice in a connected Lie group G. Then

asdim(Γ ) = dim(G/K).

Proof. Clearly, asdim(Γ ) = asdim(G/K) sinceΓ embeds uniformly and commensurab
in the homogeneous spaceG/K. Now there are mutual uniform embeddings ofG/K in a
simply connected nilpotent Lie groupN with theN -invariant Riemannian metric, and vic
versa, according to [3, Section IV]. Thus the three metric spaces have the same asymp
dimension. �
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