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Abstract

In this paper, we establish functional convergence theorems for second order quadratic variations of
Gaussian processes which admit a singularity function. First, we prove a functional almost sure convergence
theorem, and a functional central limit theorem, for the process of second order quadratic variations, and
we illustrate these results with the example of the fractional Brownian sheet (FBS). Second, we do the
same study for the process of localized second order quadratic variations, and we apply the results to the
multifractional Brownian motion (MBM).
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The aim of this paper is to provide new results to estimate the regularity parameters of
Gaussian processes. Usual examples are the fractional Gaussian processes (family of processes
that generalizes the d-dimensional fractional Brownian motion). Since the papers [17,20], it is
well known that second order quadratic variations yield strongly consistent and asymptotically
normal estimators of the regularity parameters.
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The convergence of the sequence of second order quadratic variations has already been studied
in [14]. Then, we have generalized it to the case of irregular subdivisions in [5]. In [4], we
have proved an almost sure asymptotic development and a central limit theorem (CLT) for the
sequence of second order quadratic variations. These papers are generalizations of known results
for the fractional Brownian motion, which can be found for instance in [12]. The second order
quadratic variations have been introduced in [7,20].

For the almost sure convergence of first order quadratic variations, a result has been shown
in [3] and extended in [16,22] to a large class of Gaussian processes. In [25], the author has
shown a functional CLT for the quadratic variations of the first order, with an application to time
deformation. In [10,28], the authors have studied more general quadratic variations under the
assumption that the processes are Gaussian and have stationary increments.

The localized quadratic variations have been introduced in [6] to construct estimators of the
Hurst function of multifractional Gaussian processes. Then, these results have been generalized
in [13,23] to localized quadratic variations of any order and of non-Gaussian processes.

In this paper, we consider a Gaussian process X = {X;; ¢ € [0, 1]}. We denote by M its mean
function and R its covariance function

vtel0,1], M,=EX,;, Vs, tel01], R(s,t) = E((X; — M) (X5 — My)).

In the first part of this paper, we want to establish a functional almost sure convergence
theorem, and a functional central limit theorem, for the sequence of processes of second order
quadratic variations ({V,(X):; t € [0, 11}),.eN, under suitable conditions on X. The process of
second order quadratic variations V,(X) = {V,,(X);; t € [0, 1]} is defined by

[(n=1)1] 5
Viel0 1] VaCi= Y [Xem + X —2Xc ] (1)
k:] n n n

where [x] denotes the integer part of x: [x] € Z and [x] < x < [x] + 1. The trajectories of
this process belong to D([0, 1]) (the space of real functions defined on [0, 1], which are right-
continuous and admit limit from the left at each point) endowed with the Skorohod topology. We
also consider the process of linear interpolations v, (X) (as in [25])

Ve e 0.1 v(X); = Va(X)r + ((n — Dt — [0 — DID(AX) 1%

Un (X)1 = Va(X)1, (2)

where, forl <k <n-—1, AX,((") is the second order increment of X at point k/n with mesh 1/n
AX™ = X1 + Xt — 2X4. 3)

The trajectories of v, (X) belong to C([0, 1]) (the space of continuous real functions defined on
[0, 1]) endowed with the topology of uniform convergence. The aim of the first part of this paper
is to study the convergence of the process (V,(X):)se[0,1] (resp. (v, (X)s)refo,17) in the space
D([0, 1]) (resp. C([0, 1])) when n — +o0.

Next, we illustrate the result with the example of the fractional Brownian sheet (FBS). We
explain why in [14] the authors have not obtained a CLT for all possible values of the Hurst
indices of the FBS. Indeed, the limit is always a Gaussian law but the bias term may become
infinite. Moreover, we correct an error done in [14], about the domain of possible values for the
Hurst indices, in the case where the authors have obtained a classical CLT.
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In the second part of this paper, we adapt the preceding results for the sequence of processes of
second order localized quadratic variations (V,}oC (X))nen, under conditions on X. The process
of second order localized quadratic variations V,{OC(X ) = {V,%OC(X )r; t €10, 1[} is defined by

| 2
Vi €]0, 1, V,”(X); = Z [Xﬁ+Xk;1 —2Xg] , 4)
keve @y ! !
where V" (¢) is a neighbourhood of ¢ defined by

k
- —t

Vf,"(t):{k;lfkfn—land
n

=< én} s )

and €, = f(n), with f :]0, +oo[ — ]0, +oo[ such that limy_, 4~ f(x) = 0.

Next, we apply these results to the multifractional Brownian motion (MBM), under the
condition that its Hurst function is three times continuously differentiable. Please note that the
functional limit theorem corrects an error made in [13]. Indeed, we show that the limit process
for the CLT of localized quadratic variations of the MBM is a white noise (up to a deterministic
multiplicative normalization), whereas in [13] the limit process is a continuous Gaussian process.

2. Notations

To prove the weak convergence of the processes V,(X) and v,(X), we use the same
assumptions as those of Bégyn [4], Cohen et al. [14]. First, let us state some notations. We define
the second order increments for the covariance function R, forO <h < landh <t <1 —h:

S'R(s,1) = R(s +h,t) + R(s — h, 1) —2R(s, 1),
SAR(s, 1) = R(s,t +h) + R(s,t —h) — 2R(s, 1).

If1 <j,k<n—1,onesets

d](,']z) ZE(AXE")AX?)), jk=1,...,n—1,

and, whenever it is possible, we note d j for d%).
We define the following quantities that appear in the formulas for the asymptotic variance:
IfleZandy €]0, 1[U]1, 2[:

(=217 =4l — 1277 + 61277 =4l + 11777 + [ +2[*77)

oy (1) = (6)
v (y =2y —Dy(y+1
IfleZandy = 1:
1
() = 5(|1—2|1og|1 —2| — 4|l —1|log|l — 1| + 6]I|log |I|
— 4|1+ 1|log|l + 1| + | +2|log |l + 2|), @)

with the convention that x logx = 0 if x = 0.
One can check that 3K > 0, VI > 2, |p, (1)| < KI1727Y For y €10, 2[, one sets

2 _ = 2
oy I =" oy (). ®)
=2



A. Bégyn / Stochastic Processes and their Applications 117 (2007) 1848-1869 1851
We use the following definition of a regularly varying function:

Definition 1. A Borelian function ¢ :]0, a[ — R (a > 0) is regularly varying of index 8 € R
if ¥ (h) = hP L(h), where L is a slowly varying function

L
Vi>0, Tim 9 _y
x—0t L(x)

. . . L .
The convergence in law will be noted with the symbol Q) and, through all the paper, K will
denote a generic positive constant, whose value does not matter.

3. Functional convergences of V, (X) and v, (X)

Let us give a functional version of Theorem 5 in [4]: the weak convergence in D([0, 1]) of
the process of second order quadratic variations {V,,(X);; ¢t € [0, 1]}. Let us note that Theorem 5
in [4] yields the conclusion of Theorem 2 in the case ¢t = 1.

For sake of completeness we recall the assumptions of Theorem 5 in [4].

Theorem 2. Let X be a centred Gaussian process, satisfying:

(1) R is continuous on [0, 11?;
) Let T = {0 <t <s < 1}. We assume that the derivative ngz exists on 10, 11> \ {s =1},
and that there exist a continuous function C : T +— R, a real y €10, 2[ and a positive slowly

varying function L 3]0, 1] — R such that

(s —0)>t7 3R
L(s —1t) 0s20t2

V(s.0) €T, (5.1) = C(s. 1), ©)
where 7? denotes the interior of T, i.e. ]ciz {0<t<s <1}
(3) We assume that there exist q + 1 functions (q € N) go, g1, ..., 8¢ from 10, 1[ to R, q real
numbers 0 < vi < --- < vy and a function ¢ : 10, 1[ > 10, +o0[ such that
(@) if g > 1 then V0 <i < q — 1, g; is Lipschitz on 10, 1],
(b) g4 is 1/2 + €4-Holderian on 10, 1[ with 0 < ¢, < 1/2,
(c) there exists t €10, 1] such that go(t) # 0;
(d) one has
1 (8" 0 84R) (1, 1) ! .
lim — su — —go(t) — (PR ] =0, 10)
Jim, (h“lfh oL S0 ;g,( )b (h) (

where, if ¢ = 0, then Z?:] gi()p(h)" = 0 and where, if g # 0, then lim;,_ o+ ¢ (h) =
0;
(€) there exists a bounded function g : 10, 1] —> R such that:

SodtRYt+ht)
lim  sup | OL° 2 )\ ) _ sl =o. (11)
h—0% p<t<1-2n h==Y L(h)
Then, one has almost surely and uniformly int € [0, 1]:
nlfy t
lim ——V,(X), 2/ go(x)dx. (12)
0

n——+00 L (

)

==
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Moreover, the process

nl—y t q t 1 Vg
Vi | = Va(X), — f go(x)dx — ) f gi<x>dx~¢<—) : (13)
L (ﬁ) ° =10 ! [0.1]
tel0,

converges in law, when n — 00, in the space D([0, 11), towards a Gaussian process Z =
{Z:; t € [0, 11} defined by

t
Viel0.1], Z = / V280002 + 43002 + 4l py I2C (x. )2 W, (14)
0
and W is the standard Brownian motion.

Remark. (i) Since the functions g, g and C are bounded, the Kolmogorov criterion yields that
the process Z takes its values in the space C([0, 1]). Moreover, let us note that Z has independent
increments.

(i1) The assumptions are the same as in Theorems 3 and 5 in [4], except for the sequence of
subdivisions and for the function ¢. In [4], the assumptions are stronger because we wanted to
show an almost sure asymptotic development.

(iii) Assumption (10) yields that the functions g;, 0 < i < ¢, are continuous on ]0, 1[.

Proof of theorem 2. To simplify notations, choose the convention vg = 0 and set for all
t €[0,1]
q t 1\ Vi
bu (1) =Z/ gi(x>dx-¢>(—> : (15)
i=0 70 n
nl=v
To(t) = V= Va(X):, (16)
L(3)
To(t) = T, (1) — E(T(1)). a7

Step 1. We start with the proof of (12). In the case t = 1, it is done in [4], and one can check that
the same arguments hold for any ¢ € [0, 1]. Then, uniformity in (12) is a simple consequence of
Helly theorem (see [11] pp. 114-115).

Step 2. Next we prove (13).

We split the proof into three steps: first the convergence when n — +o00 of the finite-dimensional
margins of the process T towards margins of Z, next the tightness of the family (T )neN in the
space D([0, 1]), and last the convergence announced in (13).

Step2.1.Let0 <s <t < 1. One sets

t
Oy = f 280(x)* +48(x)* + 4oy [2C(x, x)*dx. (18)
One has
T () — To(s)) L2 N0, 0.), (19)

when n — +o00. Moreover,

lim_Var(T, (1) — Tu(s)) = o.r. (20)
n—400
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In the proof of Theorem 5 in [4], one has shown (19) and (20) in the case s = 0 and # = 1 but
one can check that the same arguments hold for any 0 < s < ¢ < 1. So the proof of (19) and (20)
is a straightforward consequence of the proof of Theorem 5 in [4].

Now we prove the convergence of the finite-dimensional margins of fn towards margins of Z.

e First we show that, for all ¢ € [0, 1], ﬂ([) converges towards Z;, when n — +oo. This is a
consequence of (19) with s = 0.

e We show that, for all s,¢ € [0, 1], (7:,'1(5), ﬁ(t)) converges in law towards (Zs, Z;) when
n — 4-o00. It is clear that one can assume that s < ¢ without loss of generality. One considers
the one-dimensional variable,

nl=v
Sn(h, 1) = ——< AV (X)s + u Vi (X)1),

1
L (i)
where A and p are nonnegative real numbers.
First one has to study the asymptotic property of Var(S, (A, i)). One has

22y

Var(S, (., ) = — (W2Var(V, (X)) +p2 Var(V,y (X)) +22 1 Cov (Vi (X)s, Vi (X)1))-

)

n

2

Therefore,
1 ~ ~ ~
Var(S, (A, 1)) = ;(xz\far(Tn (8)) + u2Var(T, (1)) + 2auVar (T, (s))
+24uCov(Ty (5), T (1) — To(s))), Q1)
However, one has
Var(T,, (1)) = Var(T,(5)) + Var(T,,(t) — T, (s)) 4+ 2Cov(T,,(s), T, (1) — T (s)),
and with formula (20) it yields
lim  Cov(7T,(s), T, (1) — Tn(s)) = 0. (22)
n— =400
Consequently, formulas (21) and (22) yield
lim nVar(S, (A, n)) = A>Var(Z,) + p>Var(Z,) + 2AuVar(Z)
n——+00
= Var(\Z; + uZ;). (23)

Next, one applies the Lindeberg CLT. For that, one considers S, (1, ) as the Euclidean norm
of the Gaussian vector (G;; 1 <i < [(n — 1)t]), with

l<i=<[(n—Ds]

1_
Gi = Vi %AXE"), [(n—Ds]+1<i<[(n—1l.
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Therefore, by the classical Cochran theorem, one can find a, positive real numbers
(T1,0s -+ Ta,,n) and one a,-dimensional Gaussian vector &,, such that its components are
independent Gaussian variables A/ (0, 1) and

an .
SuG ) = i &)
i=1

As in the proof of (30) in [5], one can check that

Consequently, with (23), one gets
‘Cl’l

lim ————==0,
n=>+00 \/Var(S, (&, 1))
and so the Lindeberg CLT implies

(£)
V(S Gy ) = ESy (A, 1)) —> AZs + puZy,

when n — +o00.
Moreover, let us note that

AT (s) 4+ T (1) = /n(Su(h, ) — ES, (G, ).

Therefore,

~ ~ c
WTy(5) + uTo(t) B 0z + uz,.,

when n — +-o00.

Next, one can check that the arguments of the proof of Lemma 4.3 in [25] also hold for
the second order quadratic variations. The Cramer—Wold theorem yields the convergence of the
finite-dimensional margins of the process 7}, towards those of Z.

Step 2.2. To prove the tightness of (ﬁz)neN in D([0, 1]), one shows that the condition of Theorem
15.6 in [9] is satisfied, i.e. forall0 < <t <1 < 1:

E(|T,(t) — T, (t) P1Tu(t2) — T, ()1 < Kt — 11/, (24)

for n large enough, where K is a generic positive constant which does not depend on n, ¢, t1, t>
(the value of K may change from one line to another).

Let us note that if 1, — #; < 1/n for n large enough, then one has either [(n — 1)¢] = [(n — 1)#1]
or [(n — 1)t] = [(n — 1)z]. So, in this case, one has either T,,(¢) = T,,(t;) or T,,(t) = T, (1) and
(24) is true for any positive constant K.

Now let us examine the case r, —t; > 1/n. By the Cauchy—Schwarz inequality, it is sufficient to
prove that, forall 0 <x <y <1,y —x > 1/n:

E(T,(y) — T,(x)[*) < K|y — x|%. (25)

One has
1=y [(m=Dy]

Tu(y) = Ty(@) = Vi~

1 (AX)2
L (Z) k=[(n—1)x]+1
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Therefore, by the Cochran theorem, one can find a,(x,y) positive real numbers
(t1,,(x,¥), ..., Ta,,n(x,y)) and one a,(x, y)-dimensional Gaussian vector &,(x, y), such that
its components are independent Gaussian variables A/ (0, 1) and

an(x,y) .
T() =T =V Y i »E @ )%
j=I
which implies

an(x,y)

)~ L) =vn Yt NE” @ 0= 1.
j=I

As in the proof of Lemma 4.4 in [25], one can check that it yields

N - an(x,y) 2
E (172 - Taolt) < Kn? ( > r,,n(x,y>2>

j=1
Therefore,

E(T, () = Tu0)[*) < Knay(x; )55 (x, )%,
where 7,7 (x, y) = maxi<j<q, Tjn(x, y).
The same proof as in Proposition 30 in [5] yields

. 1
T, (x,y) < K-,
n

where K does not depend on (x, y). Moreover, a, (x, y) is less or equal to the dimension of the
vector (AX,(("); [(m — Dx]+1 <k <[(n—1)y]), which yields

an(x,y) <[(n— Dyl —[(n—Dx].
Consequently, one has

([(n = Dy] = [(n = Dx])?

E(T,(y) — T,(x)[*) < K 3

n
Therefore,

(n=Dy—x+1?

E(T,(y) — T,(x0)[* < K 3

n
Since y — x > 1/n, (25) is satisfied. This proves the tightness of (fn)neN in D([0, 1]).
Step 2.3. To prove Theorem 2, one uses the decomposition

T (t) — /nba(t) = T, (1) + BT, (1) — /nby (1) (26)
One has
lim  sup |ET,(t) — v/nb,(1)| =0, @27)

n——+00 0<t<1
because one has shown (27) in the proofs of Theorems 3 and 5 in [4] in the case ¢+ = 1 and one
can check that the main inequalities in these proofs are uniform in 7.

Next, combining Prokhorov theorem with Steps 2.1 and 2.2, and Slutzky lemma with (26) and
(27), one gets (13). N
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It is clear that the process Z belongs to the space C([0, 1]). It suggests the natural question: is
it possible to find a continuous form of the second order quadratic variations process V; (X),
such that the convergence announced in (13) also holds in the space C([0, 1])? The answer is
affirmative if one considers the process of linear interpolations v, (X). This is the subject of the
next corollary:

Corollary 3. Under the assumptions of Theorem 2 and the following additional assumptions:

(1) the paths of X are (1 —y /2 — B)-Hélderian on 10, 1[ forall0 < B <1 —y/2,
2)

1
lim +/nL (—) = 400,
n

n—-+00
the process
nl=7 t q t 1\Vi
Vi | e (X — f go(dx — ) / g,»<x>dx~¢<—) : (28)
e
1€[0,1]

converges in law, when n — 400, in the space C([0, 1]), towards the process Z defined by
formula (14).

Remark. If there exists a constant K > 0 such that

3R
a.a. (S’ t) s
asot (s — 1)

then the Kolmogorov criterion yields that the paths of X are (1 — y /2 — 8)-Holderian on |0, 11,
forall0 < B <1 —y/2.

Y(s, 1) eTo, =<

Proof of corollary 3. We keep the notations of the proof of Theorem 2. One has

[0, = by | = v [ v, P R0
L (,%) L (%> t <%>
+ET, (1) — v/nby (1)

n 7w 2
+((n— Dt —[(n— l)t])\/};—l(AX[(n—l)tH-l) .
L(7)
(29)

In steps 2.1 and 2.2 of the proof of Theorem 2, one has shown that the first term of the right-
hand side of (29) converges towards the process Z when n — +o00, in D([0, 1]). Limit (27)
implies that the second term of the right-hand side of (29) converges towards 0 when n — +o0,
uniformly in ¢ € [0, 1]. For the third term, one has supepo,11((m — Dt — [(n — D¢]) < 1. The
assumption on the Holder regularity of the paths of X yields that this term converges almost
surely towards O when n — 400, uniformly in ¢ € [0, 1].

Consequently, the process

nl=v
V| ——va(X); — ba(t) | ;1 €0, 11 ¢,

()
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converges towards the process Z in D([0, 1]), when n — +o0. Since the considered processes
have continuous paths, the convergence also holds in the space C([0, 1]). W

3.1. Case of processes with stationary increments

Under the assumptions of Theorem 2, and the additional assumption that X has stationary
increments, one can check that the functions go, g and t — C(z, t) are constant. Therefore,
in this case, the process Z defined in (14) is equal to the standard Brownian motion up to a
multiplicative constant.

If X is the standard fractional Brownian motion with Hurst index H € ]0, 1] i.e.

Vs,t €R, R(s,1) = %(s”’ + 121 s — 12, (30)
one gets
Vi €[0,1], Z; =orsm.uW,
with
UFZBM,H — 2(4 _ 22H)2 + (22H+2 —7— 32H)2
+QH)’2H — 1)*(2H —2)*2H — 3)* | pr2u I, 31
as it has been defined in [4] p.26.

3.2. Application to the fractional Brownian sheet

For H\,H, €]0,1[, Hi < Hj, one considers the two-dimensional standard fractional
Brownian sheet of index (Hj, Hy), denoted by SH1-H2 = (s71-#2 1 ¢ R2} and defined as the
unique centred Gaussian process with covariance function

1
2 HiH, oH),H 2H 2H 2H
Vu,v e R%, Cov(S, ", S, Z)ZZ(|“1| V Jug [ = Juy — o7

x (Jua 2 + 02 P72 — |up — vy *H2), (32)

where u = (u1, up) and v = (vq, vp). This field has been introduced in [21] and studied in [2,
15].

In [14], the authors have presented estimators of Hj, H> and of the field axes, constructed
from one realization. For that, they consider the restriction of S¥1-/2 along a radial segment
[AB] with length L > 0. The distance between the segment and the origin is Le > 0; the angle
of the segment with respect to the field axes is «. One assumes that for all k € Z, o # kmr /2. The
restriction of S along [AB] yields a centred Gaussian process X = {X;; ¢ € [0, 1]} with
covariance function

1
Vs, t € [0, 1], R(s, 1) = ZLz(H1+H2)(|S + P 4t 4 €)PH — s — P

x (Is 4+ €*2 4 |1 + €)?M2 — |5 — 1)?™2)

X |coscx|2H'|sinoz|2H2. (33)
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On the one hand, according to the computations of Cohen et al. [14], the function C, defined

onf‘by

Vs,teT,  C(s,0)=(s —n* 2 (5. 1),

82 82t
which can be extended to a continuous function on 7. Moreover, one has, for all ¢ € [0, 1]
C(t,1) = L2+ | cog o | [ sina P2 H (2H — 1)2H; — 2)(2H; — 3)(1 + €)*H2,
if Hi < Hp, and
C(t,1) = 2L cos o[ sina|*H H (2H, — 1)(2H; — 2)(2H) — 3)(t + €)*,

if H = H». Hence, X satisfies assumption (2) of Theorem 2 with L(h) = 1l and y =2 — 2H].
On the other hand, one can check that

R(t +8jh,t +5kh) = L—ILLZ(H‘JFHZ)I coso|*1 | sinae|?2[4(1 + €)>HiHH2)
+4(Hy + Hp) (8 + 8p) (1 4 €)1 THI=1),
—218; — & [*1 (1 + €)*"2n?Mh
—218; — &2 (1 + €2y
—2Hy(8; 4 8)I8; — 8P (1 + €22 12+
—2H (8] + 81)18; — 8 P12 (r + €)1 p2 1]
+18; — 8y |2(H1+H2) p 2(Hi+Ho)
+2H, (2H) — 1)(87 + 8 (1 4 €)? 1 HHI=2p2
+ Hy(2Hy — 1)(87 + 87)(t + €)> 1+ =22
+2H Ha(8; + 807 h°1 + 22 HntD () ++ 0 (),

where, for j,k = 1,2, 3, one sets §;, § = —1, 0, 1. Moreover, one can check that the functions

T);(l), i = 1, 2, are such that

sup  sup |nl(i)(h)| < +o00.
O<h<l h<t<l—h

It yields
o 8!R) (1,1
sup (—)() L> i) cog o |2H1| gin o2
hZHl
h<t<l—h

29" om?y.

Let us note that it corrects an error made in [14] formula (40).
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Moreover, with the same method, one can prove that

Mot RY(t +h,t) 1
lim  sup (01 0% 2)15 ) _ — L2 | o5 o211 | sin o |22
h—0% p<i<1—h h=" 2

X [([ + €)2H2(22H1+2 _ 7 _ 32H1) + (t + 6)21‘[1 (22H2+2 _ 7 _ 32H2)h2(H2—H1)]
=0.

Thus, X satisfies assumption (3) of Theorem 2 with

q =2,

vy = 2(H; — Hy),
vy =2H,,

& =1/2,

¢ (h) = h,

go(t) = L* 1) | cos o PH  sin |2 (4 — 22H1) (1 + €)2H2,
g1(t) = L2 HHH) | cos o 2H sin o |22 (4 — 2212 (1 + €)1
g2 (1) = L2+ | cos o |2 sin o |22 (4 — 22(Hi+H2)y

~ 1 .
20 = ELZ(H1+H2)| cos or| 2| sin o 2F2 (22H1+2 _ 7 — 32H1y(p 4 )22,

in the case H| < H», and

q=1,

V1 =2H1,
6 =1/2,
¢(h) = h,

g0(1) = 2L*1| cos |1 | sinae|?H1 (4 — 22H1) (1t + )21
g1(t) = L | cos a2 sin |21 (4 — 24y,
() = L cos || sin | ?H1 (22112 — 7 — 32H1y (1 4 )2

in the case H| = H,.
Therefore, one can apply Theorem 2 to X. It yields that, if 0 < H; < H> < 1

_ 1 1
{\/ﬁ (nzHl W (X) — o(t) — m’ﬁl(ﬂ — nz—HzWZ(f)> ;1 € [0, 1]}

Bzt e 1011},

with obvious notations. One sees that this central limit theorem is of a classical form, which
means that one has

{ﬁ(n”l*‘vm)z —¥(0);t €0, 1]} Bz ero, 1),

where ¥ (¢) is not related to n, if and only if H, > Hy + 1/4 or Hy = Hy > 1/4 (here it also
corrects an error done in [14] Proposition 2, where the condition is H; = Hy < 3/4).
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Let us note that one has the same results for the process of linear interpolations v, (X),
because, from the remark of Corollary 3, it is clear that the paths of X are (H; — )-Holderian
forall0 < 8 < H;j.

In the next section, we consider the second order localized quadratic variations to have
the same kind of results for multifractional processes. We obtain a weaker convergence in
distribution, because the limit process is not smooth.

4. Functional convergence of V,l"c (X);

Let o €]0, 1[. In this section, we establish a new version of Theorem 2 for the process of
second order localized quadratic variations (V,; ’lOC(X )r; t € [0, 1]), which is defined by

. 2
Viel0 Al VRO, = 3 [Xew + Xe —2X: ]
keVa(r)
where V7 (¢) is a neighbourhood of ¢ defined by

k
- —t

V,‘f(t):{k;lgkfn—land
n

1
< _}. (34)

nOt

Let us note that the number of elements of this set, noted gV (1), satisfies
+ _
141 " ol e,

Theorem 4. Let X be a centered square integrable process, with Gaussian increments, satisfying

(1) R is continuous on [0, 11%;

2) Let T = {0 <t <s < 1}. We assume that the derivative 33452 exists on 10, 1] \{s =t}, and
that there exist a continuous function C : T + R and a continuously differentiable function
y 1 [0, 1] + 10, 2[ such that

o vstv 84
Vs, ) €T, (s—1)> 2 FYORY 5 (s, 1) = C(s, 1), (35)
where ](i denotes the interior of T;
(3) We assume that there exist q+1 functions (q € N) go, g1, ..., &4 from 10, 1[ to R, g functions
V1, V2, ..., vy from )0, 1] t0 10, +o0[, and a function ¢ : 10, 1[+—]0, +o0[ such that
(@) if g = 1thenVt €10, 1[, 0 < v1(#) < v2(t) < --- < vy(1);
d) if g > 1thenV0 <i <gq — 1, g is Lipschitz on 10, 1[;
(c) gq is 1/2 + €4-Holderian on 10, 1[ with 0 < ¢, < 1/2;
(d) there exists t €]0, 1[ such that go(t) # 0;
(e) Forallt €]0, 1],
1 q
lim — sup —20(s) — ) &i(®)p(m)"®
h—0+ /I \i—he<s<t+he ; l
=0, (36)
where if ¢ = 0 then Vs €]0, 1], Z?:l gi ()P ()" = 0, and where if ¢ # 0 then
limy, o+ ¢(h) = 0.

(87 0 84R) (s, 5)

h2=s
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(f) there exists a bounded function g :10, 1] —> R such that for all t €10, 1[:

Mo 8RR (s+h,s)
lim  sup (51 053 2)( ) 2| =o0. 37)
h—0% _po<g<iyhe h==vs
Then, for all t €10, 1[, one has almost surely
lim n!=7teyelocxy — 260(r). (38)

n——+00

Moreover, the finite-dimensional laws of the process

q Vg (1)
{n‘z“ <n1—yr+“v,?*1°C(X>t —2g0() =2 gi(1)¢ (%) )} , (39)

i=l1 +€10,1[

converge, when n — 400, towards those of a centred Gaussian process Z'°° = {Z}OC; t €10, 1[},
whose covariance function is defined by

4g0(1)> +83(1)* + 8llpy IPCt, 1)* if s =1,

0 ifs#t. (40)

Vs,t €10, 1[, R(s,t) = {

Remark. (i) One has stated a result with the convergence of the finite-dimensional laws because
the limit process is a white noise and so it is not measurable (see [26] chapter VI exercise (2,18)).
(i1) Assumption (36) yields that the functions g;, 0 < i < g, are continuous on ]0, 1[.

Proof of theorem 4. We proceed as in the proofs of Theorems 3 and 5 in [4]. In all the proof,
we note V, (¢) for V7 (¢), whenever it is possible.

Step 1. We start with the proof of (38).

Step 1.1. Let ¢t €]0, 1[. Prove that

) nlfy,+a .
Jim =BV, = g0(0). )
One has
nl—)/l-HY 1 nl—)/l-H)l
3 EV(X); — go(r)| = 3 dii — go(t)
keV,(r)
14« [k
= ”2 > du|n —n ()
keV, (1)
ne-l dik k
5 e )
kEV, (1) ny(;)—Z "

a—1

n k
+ 5 E 80 (—) —8o(®)
n
keV, (1)
=L+ L+ Ls.

By a Taylor expansion, one has

- —y(k k
" —n V‘n’|=‘y,—y<—)

n

n_y(%)e_ﬂ"v" logn 169 1,
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(&
where Bl < |y (1) — ¥ (§)| Moreover, assumption (36) implies that n* y(")dkk is bounded
in n uniformly in k € V), (¢). It yields

v (i)

where B = supcy, (1) |Bk.n|- Since y is Lipschitz, previous inequality yields

.
L) = ePnloen Jogp,

lim L;=0.

n—+o00
FCERElO
ny<§>72 * nj|

With assumption (36), it yields

Moreover, one has

Ly < sup
keV, (1)

lim L, =0.

n—-+00

One also has

lim L3 =0,

n—-400
because go is a Lipschitz function.
Step 1.2. Prove that, for all ¢ € ]0, 1[, one has almost surely

lim n!7rteyelcxy, — EvEoc(x),) = 0. (42)

n—-+00

Since the localized and normalized second order quadratic variation can be considered as the
Euclidean norm of a Gaussian vector, one can apply the classical Cochran theorem, which yields
that there exist #)),(¢) nonnegative real numbers (Ag ,; k € V,(¢)), and a V), (¢)-dimensional
vector (Y,fk); k € V,(t)) whose components are independent reduced Gaussian variables, such
that

nl—]/;-Hl Vna,lOC(X)t — Z )"k,n(YrEk))Z (43)
keV, (1)

Following [5] formula (25) p. 699, the Hanson and Wright inequality (see [18]) yields that
there exists K > O such that forall0 <a < 1

K 2
P(n1*7t+0!|vr(zx,10c(x)t _ EV';){,]OC(X)I| > Cl) < 26:Xp (_ )\'Z ) ,
n

where K > 0 and A} = max{Ax ,; k € V,(¢)}. With the arguments of the proof of (30) p. 701
in [5], and the fact that gg is Lipschitz, one can prove that

1
— 400
)‘Zn = O(nl—a>'

Thus, if one sets

2 2logn

ap = Knl—a’
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one has

lim a, =0,
n——+00

+00 2—y;
n
P

———— VX0~ BV Q0 > an | < oo,
= \evne (1)

and the Borel-Cantelli lemma yields (42).
Step 2. Next we prove (39).

1863

Step 2.1. Prove that there exist a constant K > 0 and a sequence of positive real numbers (a,),eN
such that lim, ;o0 a, = 0, such thatif 0 <t <s < 1,j € V,(s),k € V,(t)and j —k > 3

then,

nvstvi—4
ay.
(j —k —2)vstrta n

(5 = Cls, P Hppn (j = 0| < K

We follow the proof of (31) in [4]. One has

J+l1 k+1

e u = X 84R
djx = L du /urll dvfz dx /x}, 332082 (v, y)dy

o u B C
= / du / dv [ " dx %dy
L u & x—1 v—1y) =2

Therefore,

s+yve .
djk = Cls,0n" 7 20 (= )|

1

Jj+l k+1
sncnoo/ du/ dv/ dx/
n n (U—
/+1 k+1
[C(v, y) — C(S f)l
o, T e [T SRR SEE

where ||C|loo = sup,cr |C(s, 1)].
Taylor formula and the following inequality:

(v—y)

Yw € R, |e —1‘<2e2 smh(';)l),

yield that one has

1 1

2 [0
- e
Yvtv,

B CE) h

7% ,,%log(v—y)
- 24 Ystwe
(v—y)*F2

(Yl 1
s1nh< 5 n—alog(v—y) .

Ystve
2

( )2+

Ystve
2+ 55

dy

(44)

(45)
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Furthermore, on the set of integration {(v, y) : -1 <u —% <v<uc<

J+1 k=1
n 9

1
<x—=<
n n =X T =

y<x< knil},onehas

1_j—k=2_ _Jj—k+2

where K is a positive constant. This proves that the first term of the right-hand side of (45) is
bounded by

Ystvt
H -2

n
()]
K Ys+ve 42 Ay

(J—k—=2)72

where (a,(,l))nEN is a sequence of positive real numbers such that lim,,_, 4+ a,(ll) =0.

For the second term of the right-hand side of (45), the uniform continuity of C on T implies
that it is bounded by the same expression with a different sequence (a,(ll))neN. Then (44) is a
direct consequence.

Step 2.2. Lett €]0, 1[. Prove that

lim n372"FevVar vOloe(x), = 8gq(1)? 4 168(1)* + 16]1p,, I>C(t, 1)*. (46)

n——+00

We follow the proof of theorem 5 in [4].
Isserlis formulas (see [19]) yield

Var VEIOoxX), =2 Y dh +4 Y dy. 47
keV,(r) k<j;j.keV,()

e First, prove that

“+00
nl}Too n372)/r+0( Z djzk — zc(t, t)z Z Py, (1)2 (48)
J—k=>3;j,keV, (1) 1=3

From (44) with s = ¢ and the dominated convergence theorem, one has

n472m

, . Ct.n? 2
lim ——— > d% = lim y Py (J — k)
i ik A Vi

n—-+oo #V, (1) k=R TRV n—+oo #V, (1) J—k=3: 1 keVa ()

+00
=Ct, 0% Y py (1,
=3

which yields (48).
e Following the proofs of (34), (35), (36) in [4] and the preceding proof of (48), one gets

. 3-2y4a 2 2
nLHJIrloon ' 2 Z di +4 . Z djk
keV,(t) 1<j—k<2;j,keV,(t)
= 8g0(1)> 4+ 168(t)* + 16p,,(2)>C(t, 1)*. (49)

Hence, (46) is a consequence of (47)—(49).
Step 2.3. Prove that, if s, €]0, 1[, s > ¢:

lim 377 Coy (V16 (X)), VEIoC (X)) = 0. (50)

n——+00
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Isserlis formulas (see [19]) yield
Cov(V*(X)s, V(X)) =2 Y > dy >0 (51)
JEVu(8) keVy (1)

Let us note thatif j € V,(s) andk € V,(¢) then j —k > (s — t — n%)n. Therefore, there exists
K > 0 such that for large n

VjieVy(t),keV,(s), j—k—2>Kn. (52)
Moreover, (44) yields that there exists a constant K > 0 such that if j € V,(s) and k € V,(¢):
nyx+yt -4

2
dj = K (j —k —2yvstrt4’

which implies
n4vs—n
BV ()8Vn (1)
K 1
= e X X G
VOO [ S5 1 S U — k= Dt

K
W\/ BVn ($)Vu (1)

nl—a

nrstvetd’

Cov (V&1¢(X)s, V&1o¢(X),)

and this last inequality proves (50).
Step 2.4. Prove that the finite-dimensional margins of ﬁlloc converge towards those of Z'°° where
Vi €101, T)(r) = na T yeloex),
and
~ loc _ ~loc loc
viel0, 1[, T, (1) =T," @) — ET,™@)).

As in the proof of Theorem 2, step 2.1, one only proves the convergence in law of

(ﬁ,loc(s), ﬁlec(t)) towards (Zi"c, Z}OC) forall s, ¢ €10, 1[, s > t. One considers

Sk 1) = AT, (1) + uT,*(s),

where A and p are nonnegative real numbers.
From (46) and (50), one has

lim _ Var (S°¢(x, ) = A2Var (Z1°%) + p*Var (Z1°)
n——+0oo

= Var (AZ!°¢ + 719, (53)

Next, one applies the Lindeberg CLT. For that, one considers Sil"c (A, n) as the Euclidean norm
of the Gaussian vector (G;;i € V,(t) UV, (s)), with

Gi = iy AXD i e Vo,
Gi:ﬁmAxl@), ifi € Va(s).
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Therefore, by the classical Cochran theorem, one can find a, nonnegative real numbers

(T1,0s -+ Ta,,n) and one a,-dimensional Gaussian vector &,, such that its components are
independent Gaussian variables A/ (0, 1) and

[
SR ) =Y T E
i=1

As in the proof of Theorem 6 pp. 24-25 in [4], one can check that:

Consequently, with (53), one gets

lim —2—— =0,
n=>+o0 /Var(S, (A, 1))

and so the Lindeberg CLT implies

)Lfnloc(t) " Mﬁloc(s) _ S;zoc()“ 1) — ]E(S;lzoc()“’ ) (_E)> AZ}OC + ,uZiOC,

when n — +o0.
Next, one can check that the arguments of the proof of Lemma 4.3 in [25] also hold for the
second order localized quadratic variations. Consequently, the Cramer—Wold theorem yields the

L . . ~1
convergence of the finite-dimensional margins of the process 7,  towards those of Z'¢. W
4.1. Application to the multifractional Brownian motion

Let H : R — ]0, 1[ be a three-times continuously differentiable function. One considers a
multifractional Brownian motion B = {B,(H); te R} with Hurst function H. It is defined
with the following harmonizable representation

1 itx __ 1
B — ° aw,, (54)

vVt € R, = ;
D(H,) JR |x|Hit2

where W is a random Brownian measure on R (see [8]), and from formula 7.2.13 in [27]:

|eix _ 1|2d
T = .
R |x|2H+] HI'(2H)sin(Hr)

VH €10,1[, D(H) = (55)

Computations yield that BU?) is a centred Gaussian process with covariance function given by
(see [1])
Vs, 1€ R, Cov(BID, By = R (s, 1) = f(H;, Hy)(|s |t 4 o) ot
= Is — 1| "FH, (56)
D(x+)' )2
where for all x, y €10, 1[, f(x, y) = W)ZD(”.

This field has been introduced independently in [8,24] and the identification of the Hurst
function has been performed in [6,13].
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On the one hand, computations yield, for all s, ¢ € ]O’ :
94 RUD B 1
352972 (5. 1) = (s — )yBs+HHi =3 (5 1) — E(HS + H)(H, + H, — 1)

x (Hs + H; — 2)(Hy + H; — 3)(s — )l THi=4,

where (s, t) is a continuous function on [0, 112. Therefore, assumption (2) of Theorem 4 is
satisfied with y; =2 — 2 H;.
On the other hand, computations also yield
87 o S8 RU) (s, 5) = 2f (Hy, Hyn)h ™+ 42 f (Hy_y, Hy)n oot s
— f(Hy_p, Hop)@h)H=rHHsen o (h),
where
Ns(h) = f (Hysn, Hyn)(s + 0040 = 2 f (Hy, Hyp) (571000 4 (5 iy ot
—2f (Hy—p. Hy)((s — byttt gHoonttley 4 4 £ (H,, Hy)s?
+ f(Hy—p, Hyn) (s — )it swn g (g py oot Hscon)
+ f (Hy—p, Hy—p)(s — h)*-n,
One can check that 7,(0) = 1,(0) = 5} (0) = 0. Therefore Taylor formula implies that

hop 2
mm>=/ B=07® (xydx,
0 2

and since for all 7 €10, 1[, (s, x) — ng(x) is three times differentiable on [t — h%, t +h*] x [0, K]

(for h small enough), one has for all 7 € 10, 1[:
h—07F

sup  [ns()| = O@).
t—h% <s<t+h*
Consequently, for all # € ]0, 1[:
(8l o 8ERM) (s, 5)
h2H;

—(4- 22Hr)

1
lim — sup
h—0+ /I (t—h"‘<s<t+h°‘
And with the same method, one can prove that for all ¢ €]0, 1[:

) _o
@ o stRMY(s +h,s) 1

1A, ;@ -3 =0,

lim sup
h—0% t_po <s<t+he

Therefore, B satisfies assumption (3) of Theorem 4 with

q=0,
€ =1/2,
go(r) = 4 — 22H,

- 1
g(t) — E(22[{;4‘2 _ 7 _ 32H¢)
Consequently, Theorem 4 yields that, for all # € ]0, 1[, one has almost surely

p2H—1+a V,f"loc(B(H))t nodee 2(4 — 2%, o7
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Moreover, the finite-dimensional laws of the process
{n%gm”#4“Wfb%Bwbt—2@—2“hxte[Qlﬂ, (58)

converge, when n — +00, towards those of a centred Gaussian process Zloe — {Z}OC; t €10, 1]},
whose covariance function is defined by

2 : _
2ofgm. g, ifs =1,

0 ifs #1, (59)

Vs,t €]0,1[, R(s,t) = {

where O'l_%BM’ H has been defined in (31).
Let us note that the last formula corrects an error in formula (10) p. 7 in [13], in the case s # ¢.
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