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Abstract

Let p be an odd prime and a be an integer coprime to p. Denote by N (a, p) the number of pairs
of integers b, ¢ with bc =a (mod p), 1 < b, c < (p — 1)/2 and with b, ¢ having different parity. The
main purpose of this paper is to study the sum Z([; ;I(N (a,p)—(p—1) /8)2, and obtain a sharp
asymptotic formula.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let p be an odd prime and a be an integer coprime to p. For each integer b with
1 < b < p, there is a unique integer ¢ with 1 < ¢ < p such that bc =a (mod p). Let
M (a, p) denote the number of solutions of the congruence equation bc = a (mod p) with
1 < b, c < p such that b, ¢ are of opposite parity. D.H. Lehmer posed the problem to find
M(1, p) or at least to say some thing nontrivial about it (see problem F12 of [1, p. 251].
The second author [2] proved that

—1
M1, p) = pT +0(p2n? p).
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For the further properties of M(a, p), he studied the mean square value of the error term
M(a, p) — 55—, and obtained

r—1 2
p—1 3 3lnp
E M —— ) ==
< @n 2 ) 4" +0(p p(lnlnp))’

a=1

see [3]. In [4], the second author used the properties of Dedekind sums and Cochrane
sums to study the D.H. Lehmer problem for the general case of an odd number ¢ > 3, and
obtained the following sharp asymptotic formula:

p+1)‘ 1

q
$(@) G Hng
Z (M(a q)——) —¢ (g )l_[ . :_Jrr +i: +0(lep<lnlnq>>'

a=1 p*llq P

In this paper, we will study the D.H. Lehmer problem over a short interval [1, pT_l]
Denote by N(a, p) the number of pairs of integers b, ¢ with bc =a (mod p), 1 <b,c <
2L and with b, ¢ having different parity. The methods of [2] give also the formula:

1 L. 5
N(, p)= g(p ~ D+ 0(p2In”p).
For any fixed positive integer a with (a, p) =1, let

1
E(a,p)=N(a, p) — g(p— 1.

The main purpose of this paper is to study distribution properties of E(a, p) by using the
mean value theorems of Dirichlet L-functions. That is, we will prove the following result:

Theorem. Let p be an odd prime. Then we have the asymptotic formula

ZE (a, p) = —p 2+ 0(p'),

where € is any fixed positive number.
In fact, our method also works for the D.H. Lehmer problem over the shorter interval

[1, 2]. For the general case of an odd number g > 3, whether there exists an asymptotic
formula for mean square value

4 /
Y E*a.q)
a=1

is an open problem, where Z’ denotes the summation over all a such that (a,q) = 1.

2. Some lemmas

To prove the theorem, we need the following lemmas.
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Lemma 1. Let x be a primitive character modulo m with y (—1) = —1. Then we have

1 & i }
— > bx(b) = —t(x)L(1, %),
m b4
b=1
where T(x) =Y o, X(a)e(g) is the Gauss sum, e(y) = e*™ and L(s, x) denotes the
Dirichlet L-function corresponding to x.

Proof. This can be easily deduced from Theorems 12.11 and 12.20 of [5]. O

Lemma 2. Let g > 3 be an odd number. For any nonprincipal character y mod g, we have

q
. x@)q
;ax(a) o (2)2 x(@).

Proof. See [6]. O

Lemma 3. Let g > 5 be an odd integer and x be a primitive Dirichlet character modulo g
such that y (—1) = 1. Then we have
[%]

= )T(XX4)L(1 X X4)

a=1
where x4 is the primitive Dirichlet character modulo 4.
Proof. First, we suppose ¢ = 1 (mod 4). Since x4 is the primitive Dirichlet character

modulo 4, so we have y4(1) = x4(—3) = 1 and x4(3) = x4(—1) = —1. Then the following
identity is obvious:

4q g—1 g—1
Y ax(@a@ =Y (@a+ Dx@a+1) =Y @a+3)x(4a +3). (1)
a=1 a=0 a=0

Noting that Y4~} x (a) = 0, we can write

q—1
Y (@da+Dyxa+1)
a=0
q—1 B g—1 B B
=4x4)Y ax@+H=4x4 Y (a+Hx@a+%
a=0 a=0
o B B q—1 B B
=4x®) ) @+DHx@+H+4x@ > (@+dHx@+3), )

a=0 _q 1+1
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where 4 -4 = 1 (mod ¢). We know that 3q+ is an integer and 4 =

- -1
0<a+id<q, ifa<qT
and
. q— 1
qg<a+4<2q—1, 1fa>T

Hence, we have

1
q g—1

4)((4)Z(a+4)x(a+4)+4x(4) > @t+dHx@a+d
a=0 g—1 1

a—1

a=0 a:qz‘;l—i-l
q—1
+4x@ Y qx(a+4)
a=17 41
q—1 q—1
=4xH) Y ax(@ +4x4q Y xla+3).
a=1 a:q—l—H

Noting that x (—1) = 1, we can get (see [5, Theorem 12.20])

q—1
Zax(a) =0
a=1

Now combining (2) and (3), we have

q—1

> @da+)x(@a+1)

a=0

g—1

=—4x(4)q ) _ x().

a=1

By using the same method, we can also get

759

3

“
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g-—1

q—1 X
Y (a+3)x@a+3)=4xHq ) x(a. ©)
a=0 a=1

From (1), (4) and (5), we have

1

4q T
Y ax(@xa@) =—8x#g > x(a. 6)
a=1 a=1

Since yx(a) is a primitive character modulo ¢, x4 is a primitive character modulo 4 and
(g,2) =1, 50 x x4 is also a primitive character modulo 4g. Noting that

xxa(=D = x(=Dxa(=1)=-1,

combining (6) and Lemma 1, we can easily get

b

i X (4
xiay= 2

T(X x4)L(L, X xa)- @)

[

2
I
—_

For the case of ¢ =3 (mod 4), by the same argue we can get

X
w

ix4)
21

R

x(@)=— T(x x4)L(L, X x4)- (8

)
Il
—_

Combining (7) and (8), we have

—
—

g _
ix4)
2

x(@)=— T(x x4)L(1, X x4)-

a=1

This proves Lemma 3. O

Lemma 4. Let p be an odd prime. Then for any positive integer a with (a, p) = 1, we have
the identities

=y Y r@kx@® - 1)(7@ -2)° 2L, 1)
L)
! Y i 2 2 _
oD szm,, X(@x T (xxa)L*(1, X x4) +r(p),
x(=D=1
XFX0
where
_ 0 if p=1 (mod 4);
1= { 2(17]—1) if p=3 (mod 4).
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Proof. From the orthogonality relation for character sums modulo p and the definition of
N(a, p) we have

p—1 p—1
1 2 2
Nap=5 Y3 (1-D")
b=1 c=1
bc=a (mod p)
. gy
e PO DRLE
p x mod p b=1 c=1
- > x(a)(Z( 1)”x(b))>
x mod p
_p—1 1 . b
=5 T35 X(@) Zx()
Xmodp b=1

XFX0
p—1
e

2
1
~35°D > x<a)<2(—1>”x(b>>. )

x mod p b=1

Now if p =1 (mod 4) and x(—1) = 1, then we can deduce that

2
> x)=0 (10)
b=1
and

Y (=D x by =) x(2b) - Zx(p 2b+1)
b=1 b=1 b=1

p=t pt

7 2

=) x@b) = x(b)
b=1 p=2F3

@)

if x = xo is a principal character;
p=l ) an
2x@) 3,2 x () if x(=1)=1and x # xo,

while if y (—1) = —1, then we have

1 l

'ts

PT
> o (=DPxb) = Zx<2b>+Zx(p 2b+1)
b=1

b=1 b=1
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s

—1 p—1

X@2b)+ Y x(2b)

1 _pt3
p=133

M#\

S
Il

p—1

=x2) Y x(b)
b=1

and (see Lemma 2)

1(2) — 25
)= L2250,
P b=1

For the case of p =3 (mod 4), we can also get

s

7+

S
Il
—_

-1 if x = xo;
p=3
=D xb) = 2X(2)Zb“1x(b) if x(—1)=1and x # xo:

—1

s

07

- X@ X, xb) i x(—D)=—1
and

. 0 if x(—1) =1;

D xb)= LO2 50 by (b) if x(—1) =—1.

S
Il
—_

Now combining (9)—(15), Lemmas 1 and 3, we can write

pt 2
p—1 1 2
NG p)="—5=+3-—7 Y x@(1-x@ (;;«w)

x mod p
x(=DH=-1

(] 2
2
- )_((a)x(4)< X(b)>
TRy 2

x mod p
x(=D=1
XFX0
_r-1
8
1 _ - 2
o > K@@ -1)(x@ -2)7
2r<(p — 1)
x mod p
x(=DH=-1
1
. D —— X ¥ (412 Lzl,' ,
+2n2(p_1) Y X@XH TG L, X xa)
x mod p
x(=D=1
XFX0

if p=1 (mod 4). Similarly, we have

OOL*(1, %)

12)

13)

(14)

5)
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p—1
N(a, p) = ——
(a,p) g
1 _ - 2 -
o > @@ -1 (3@ -2) T 0L %)
2r(p—1)
x mod p
x(=DH=-1
1
tomg——— Y X@IBT LA, Xxa) + 57—
2(p — _
amAp—1) A 2(p—1)
x(=D=1
XF#X0
if p =3 (mod 4). Now Lemma 4 can be easily obtained from the definition of E(a, p). O

Lemma 5. Let p be a prime and m be a fixed positive integer. Then we have the identity

i t2"m)t(n)  Bm+57* (p?—1)°
— n2 12 prpr+ 1)

Proof. Noting that t(n) is a multiplicative function, we can write

= T(2"n)T(n) e T2(n) = T(2Mn)T(n)
Z#ZT(Z)Z "+Z#

n? n?
n=1 n=1 n=1
(n,p)=1 (n, p)=1 (n,p)=1
2tn [n
[ee) 2 [ee} e e} m+j N2
T°(n) (2" )T (2T (0)
=(m+1) Z n2 + Z Z (r_zj)z
n=1 r=1 j=1
(n,p)=1 (r.p)=1
2tn 24r
00 . . 00 2
m+j+D@G+1) T (n)
:<m+1+z . > W g
j=1 n=1
(n,p)=1
24n
After some simple calculation, we can get
i(m+j+l)(j+1)_21m+53 an
ot 4J 27

For the summation

*(n)
n2 ’
n=1
(n,p)=1
2tn

by using the Euler product formula we can write
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o 2 2 20,2
> Tn(zn)Z [1 <1+T (1271)+T (p‘)+~~>

4
n=1 PI#P Pi P
(n,p)=1 p17#2
24n
22 32
=[] <1+—2+—4+~~).
PI#p Pr P
P1#2
Let
22 32
S=14+—=+—+--
Pq Pq

It is clear that

Hence,
[} 2 -3
1 1
PO (zn) [1 (1——2> (1+—2>
n
n=1 PI#P P Py
(n,p)=1 P1#2
24n
5 1105) ()
~ Q0 ) 2
80 PI#D Py Pi

_25') (PP -1 3nt (P - 1)
© 80 prpP D 128 pr(pP D)’

where we used the identities ¢ (2) = %2 and ¢ (4) = 79’—3. So from (16)—(18), we have

(18)

e8]

5 ")) Gm+5nt (p2 1)}
n? T2 P+ D)

n=1
(n,p)=1

This proves Lemma 5. O

Lemma 6. Let p be a prime, x be a Dirichlet character modulo p and m > 0 be a fixed
integer. Then we have

m 4 QGm+35)mt
X;i X(2 )’L(I,X)| =WP+O([75).
x mod p

x(=D=-1

Proof. For convenience, we put

A, 0= Y, xmtm),

N<n<y
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where N is a parameter with p < N < p* and 7 (n) is the Dirichlet divisor function. Then
from Abel’s identity we have

[e.e]

> A
L2(1,X)=ZX(")T(”)= Z x(n)r(n)+f (yéx)dy.
n=1 n 1<nN n N Y
Hence, we can write
> x@ea ol
x mod p
x(=D==1
_ ¥ X(zm)( 3 x(m)r<n1>+/A<y,2x)dy>
x mod p 1<nm KN 1 N Y
x(=D=-1
X( 3 x(nz)r(nz)+/A<y;x)dy)
1<na <N 2 A
_ Z X(Zm)< Z X(m)ﬂm))( Z X(nz)f(n2)>
x n;;)d 2 1<n <N e 1<m<N n2
Y (—D)=—
. X(Zm)( v )?(m)f(nl))(/A(y,zx)dy)
x mod p 1<n <N 1 N Y
x(=D=-1
Py X(Zm)< 3 x(nz)r(nﬁ)(/A(y,z@dy)
x mod p 1< KN 2 N Y
x(=DH=-1
<>QA % OOA ,
S X(zm)(/ (y2x)dy></ (yzx)dy)
x mod p N Y N Y
x(=D=-1
=M+ M> + M3 + My. 19)

Now we shall calculate each term in the expression (19).

(1) First, we calculate M. From the orthogonality relation for characters modulo p, we
have

M, = Z X(zm)( Z )_((nl)f(nl))< Z x(nz)r(n2)>
1<na <N

n n
x mod p 1<m <N ! 2
Y (—D)=—1

1 -
:E Z Z M Z (I_X(_l))x(zmn—lnz)

ninz
1< KN I<m<N x mod p
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—45(17) Z Z T(nl)f(nz) Z Z T(n1)f(n2) . (0)

ning nin
1< KN 1< <N 1<n <N 1<na <N

2Mpp=n1 (mod p) 2Mpy=—n; (mod p)

where Z/lgnlgN denotes the sum over integer n1 such that (n1, p) =1 and 1 <n; < N.
For convenience, we split the sum over n; or n; into the following cases:

(I)P Na2n1<n2<N;

(ii) pénléN,1<n2<%—l;
(i) 1<n <p—1, 45 <np < N;
iv) 1<m<p—-1,1< nzgi—l

So we have
Z Z T(nl)f(’lz) Z Z (nlnz)é
niny niny
p<nI<N L 2’” <noN p<miSN £ s SN2 SN
2"py=ny (mod p) 2Mny=n; (mod p)

< Y > (rirap?) " < p2,

1< <R 1< <y

D DIRACELCINS I

niny
PSMSN 1< < —1 1< <Y 1< <y -1

2"ny=ny (mod p)

and

Z Z f(nl)f('lz) <p5_l
nin ’
I<ni<p— lzm <m<EN 172
2Mny=n1 (mod p)
where we have used the estimate 7(n) < ne

Forthecase 1 <ni<p—1,1<n; < 2,,1 — 1, the solution of the congruence 2" n; =
n1 (mod p) is 2"ny =ny. Hence,

Z/ Z/ t(ny)t(ny) _ % Z/ 7:(2’"}122)1'(1’12)

niny n
ISm<p=11<m< -1 1<m <=1 2

2Mpy=n1 (mod p)
/ T(Zmnz)f(nz) 1
= Z —————+0(p).
npy=1 n2

Now from Lemma 4, we can immediately get

1 Z’ Z/ t(n)t(n2)  (3m+5)r?

mma 72 o p+ O(pé)_ 21)

ISm<p=11<n < -1
2M™ny=ny (mod p)
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Similarly, we can also get the estimate

1 / r t(n)t(no)
3 > Yo ———==0(r). (22)
ninz
1<n<p—1 lgnzgzlmfl
2Mpy=—n1 (mod p)
Then from (19), (21) and (22), we have
Bm + 5)7'(

M= Sy e P+ O0):

(23)

(ii) Noting the partition identity

A, 0=2 ) x(m) Y xm)=2 Y xn) Y x(m)

2 2
—< > x(n)) +< > x(n)) :
n<y n<v/N

and from the P6lya—Vinogradov inequality
b

D o xm

n=a

<+/plnp,

we can easily get

Z |A(y, )| < p/ypInp.

x(=DH=-1

Then we have

we ¥ (xS (a0,
N

x mod p 1<ni <N 1
x(=D=-1

<« T /(

1<m <N x(=D=—1

o0
3n
<<Nf/ pfd < 22P (24)
e y N2~ €

|A(y,x)|)dy

(iii) Similar to (ii), we can also get

piin P
N b—e
(iv) From Lemma 4 of [7], we can get the estimate

3 A 0 <yt (),

XFX0

M3 <L (25)
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where xo denotes the principal character. Hence, by the same argument as in section (ii),
we can write

OOA . X OoA ,
Mi— Y X(zm)(/ (;x)dy)(/ (;x)dy)
N

x mod p
K(=D=—1 N

¢*(p)
N2—e :

00 Ay, 5

o0
1
dy < ¢*(p) / e dy <
N

Now, taking N = p3, combining (19)—(26), we obtain the asymptotic formula

i} 3m + 5)7*
> el =S+ o).

x mod p
x(=DH=-1

This proves Lemma 6. O

Lemma 7. Let p be an odd prime, x be a Dirichlet character modulo p and x4 be the
primitive character modulo 4. Then we have

3
3 |L<1,x><4>|4—ﬁp+0( ).
x mod p
x(=DH=1
XFX0

Proof. By using the same method as in the proof of Lemma 6, we can also get this

lemma. O

3. Proof of the theorem

In this section we will complete the proof of the theorem. From Lemma 4, we can write

ZE(ap) W( i

xZ[ Y @@ -1)(x@ -2’ 200L 1. 0

x mod p
x(=DH=-1

2
+ ) 2(0)2(4)T2(XX4)L2(1,XX4)+F(P)i| :
x mod p
x(=D=1
XFX0

Note that

p—1
> xixal@) =0,
a=1
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if x1(—=1) = —1 and x2(—1) = 1. So from the orthogonality relation for character sums

modulo p, we can write

p—1
> E*a. p)
a=1

1 p—1 2
=m§[( > X(a>(x(4)—1)(;2(2)—2)2r2<x>L2<1,x>>

x mod p
x(=DH=-1

2
1
+< ) )_((a))_((4)T2(XX4)L2(1,XX4)) ]+0<F>

x mod p
x(=D=1
XFX0
1 _ 2 _ _
=——— > |(x@®-1)(x@ -2’00t OLAL DL, 0
am (p_l) x mod p
x(=DH=-1
1 _ _
o ) r2(x><4)r2(x><4>L2<1,xm)Lz(l,xm)+0(
4a4(p —1) X od p
x(=D=1
XFX0
»?
= Z (58—4X(16)+20X(8)—25X(4)—20)((2)—20)2(2)
4a4(p —1) « od p

x(=DH=-1
—25%(4) + 205 (8) — 47(16))|L(1, )|*
4p? 4 1
+m Z |L(1, xx4)| +0<F>,

x mod p
x(=D=1
XFX0

where we used the facts t(x)t(x) = —p if x(—1) = —1 and t(x x4)t ()X xa) = —4p if

x(—1) = 1. Now from Lemmas 6 and 7, we can easily get
p—1 9
Y Era.p=gprt+0o(p').
a=1

This completes the proof of the theorem.
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