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1. INTRODUCTION

In [13] and [14], Hudson and Zeeman proved in the PL category
that if M is a manifold properly embedded in a manifold N and
F: M x I"—~> N is a locally unknotted n-isotopy (see definition below),
then F extends to an ambient isotopy H: N x I* — N x I™ If the
codimension of M is at least 3, then the local unknottedness condition
is automatically satisfied. My purpose here is to prove that this condition
is satisfied for codimension 1 if dim NV < 3 and to apply this result to
obtain uniform versions of some theorems of Bing and Sanderson on
approximating homeomorphisms by PL ones.

I assume that the reader has some acquaintance with the two papers
of Hudson and Zeeman cited above. The isotopy extension theorems
in the topological category were proved in several of my own papers [7,
9, 10]. Many of the ideas involved are discussed in my expository
paper [12]. In particular, outlines of the proofs of the approximation
theorems appear there.

2. DEFINITIONS AND BACKGROUND

I work in the two categories PL and TOP. In the first, all objects are
polyhedral manifolds and all morphisms are piecewise linear (PL) maps;
in the second, everything is topological. In either category, let M be a
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manifold properly embedded in a manifold N, ie., M N 6N = oM.
I suppose once and for all that M has codimension 1, dim N < 3 and
that M and N are compact.

The symbol I denotes the unit interval, I the unit #-cube, 4" the
standard n-simplex, and S"! the (n — 1)-sphere bounding either 1" or
A", As usual, ¢ denotes boundary and o denotes interior. If f: M — N
is an embedding, I write f: M c— N; if f: Nc— N is onto, I write
f: NDO. A homeomorphism f: M x I"— N x I* is level preserving
(with respect to I") if f commutes with p,, projection on the second
factor. In this case, f determines, for each ?e/”, an embedding
fi: M c— N defined by f(x) = py(x, t). A homeomorphism such as f
above is called an n-isotopy. An S™-isotopy is similarly defined by
replacing I* by S" in the definition of n-isotopy. In all cases, 1y denotes
the identity homeomorphism on N, the subscript being dropped if
there is little danger of confusion.

In TOP, the symbol Top(/N) denotes the identity component of the
space of homeomorphisms of N onto itself with the sup norm metric
and Top(N; M) denotes the subspace consisting of all those homeo-
morphisms leaving M pointwise fixed. In PL, the symbol PL(/N) denotes
the semisimplicial complex whose k-simplices are level preserving PL
homeomorphisms f: N x 4% O, each f, PL isotopic to 1 and PL(N; M)
denotes that whose k-simplices are level preserving PL. homeomorphisms
fi N x 4% 5 leaving the points of M x A* fixed, each f, PL isotopic
to | under an isotopy leaving M pointwise fixed. Since Top(N) is a
topological space, homotopy is defined there in the usual way. There is
a homotopy theory in PL, the details of which can be found in [16, 18].
It suffices here to note than an element of =, (PL(N)) is represented by
a level preserving PL homeomorphism f: N x 4¥*5 such that
fIN x 4% =1 and that f and g represent the same element of m;, if
there is a level preserving F: N x 4% x I D, F,=f, F, =g and
F|N x ed* x I = 1. It is also possible to look at homotopy in TOP
in this same way.

Also, it is useful to consider PL(N x I"). Here, the k-simplices
are PL level preserving (with respect to I* and 4¥) homeomor-
phisms f: N x I* X A% O. Similar definitions hold for Top(N x I%),
PL(N x éI") etc.

In either category, n-connected means that 7, = 0 for & <<n. The
set PL(V) is LC™ if for each € >0, there is a 8 > 0 such that if
SN X 88D, k < mn,is a level preserving homeomorphism that moves
no point as much as 8, then there is a level preserving PL. homeomor-
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phism F: N x S* x IO that moves no point as much as € and is such
that F, = f and F; = . Similar definitions hold in TOP and for
PL(N; M) and Top(N; M).

The celebrated Alexander trick proves that PL(I*; S*~!) and
Top("; S*1) are k-connected and LC* for each k& ([2; 12, Sec. 2,
chap. II). Since PL([4, 1]; {3}), PL([0, 31; {3)), and PL(S%; {p}), p € S,
are isomorphic to PL(Z; &I), it is an immediate consequence that
PL(I; {3}) and PL(S*; {p}) are k-connected and LC* for each k. It also
follows that PL(I®) and Top(I") are homotopically equivalent to
PL(S™) and Top(S™1), respectively. For dim N <3, PL(VN) and
Top(N) are LC* for each k [8, 10, 15]. Also, PL(S') and Top(S?) are
homotopically equivalent to S*; PL(S* x I; §* x 0) and Top(S* X I;

1 x 0) are k-connected for each % [1, 8, 20].

Finally, I list some facts that follow readily from results in [7, 10, 11].
First, PL,(I? x S%; oI? x S") and Top,(I? x S"; oI? x S*) are k-con-
nected and LC¥ for each k. Second, since PL(N, M) is LC* for each &,
PL(N x 8%, PL{N x S M x S"), PL(N x I*; M x I¥), and
PL(N x I*; (M x I*) U (N x &I¥)) are LC® In general, if PL(N) is
k-connected for each k, PL (N x $")is also and in any case, PL (N x I")
is connected if PL(N) is connected.

I now consider the local unknottedness condition of Hudson and
Zeeman (see their papers for more details). This is a PL definition.
Everything in this paragraph is PL. A ball pair (B B™), ¢ >m, is a
pair of balls with B™ properly embedded in B? It is unknotted if it is
PL homeomorphic to the standard pair (24™, 4™), where 2 denotes
(¢ — m)-fold suspension. If f: M<— N is a proper PL embedding,
fis locally unknotted if for some triangulations K, L of M, N, for which f
is simplicial, the ball pair (st(f(2), L), f(st(v, K)) is unknotted for each
vertex v of K. (Here st denotes the closed star) This is equivalent to
saying that the pair (lk(f(v), L), f(lk(v, K)) is PL homeomorphic to
(ZSm-1, SmYy if 9 e M or (ZAmT, AnY) if vedM. A proper isotopy
fi M x I"c— N x I" is locally unknotted if for each t € I, f, is locally
unknotted and for every simplex o linearly embedded inI*, f | M X o ¢—
N X o 1s locally unknotted.

3. LEmMas oN FrrTiNG Isotopries TOGETHER

LeMMa 1. Suppose that f: M x S* — N x S™ is a locally unknotted
PL Sr-isotopy and that PL(N; M) is k-connected for each k. Then, f
extends to a P1. S™-isotopy I of N.
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Proof. Consider S" as the union of two PL balls, D, and D, , with
D, N D, = S*', By the Hudson-Zeeman theorems, f| M x D, and
f1 M x D,extend to a level preserving homeomorphisms F;: N X D; .
The homeomorphisms F; and F, must be fitted together on N X S"1,
Let S*t x J, J=1[0,1], denote a standard collar of S*71 in D,,
x % 0 being identified with x for each x in S™ 1. It is easy to see that
F37F, | M x S*' =1, so that F3'F, e PL{N x S» 1, M x S*1).
Thus, by the remarks in Section 2, there is a level preserving (with
respect to .S and J]) homeomorphism @: N x S* 1 x ]9, such that
QI M x S x J=1,0,=F;F,,and &, = 1. Then, Fy: N x D, 5,
defined by Fy' | N X (Dy — (8™ ' X N =F, | N x (Dy — (S*1 x ]))
and Fy N X S" 1 X J=F,®| N x S"1x J extends f| M « D,
and equals I, on NV x S*L

The notation in the proof of Lemma 1 appears below.

LemMa 2. Suppose that f, and f, are PL level preserving homeomor-
phisms of M x D, and M x D, into N x D, and N X D, such that
H(M x D) N fo(M x D,) = (M x S*). If PL(M) is k-connected
for each k, then there is a PL homeomorphism f of M X D, onto fo(M X D)
such that f| M x St = f, | M x S

Proof. 'The proof is essentially the same as that for Lemma 1.

Lemma 3. For each € > 0, there is a 8 > 0 such that if F, and F, in
the proof of Lemma 1 move no point as much as §, then F can be chosen so
as to move no point as much as e.

Proof. Since PL|(N < S} M x S*1) is LC° (see Section 2),
there is a 6, 0 << 8 < €/2, such that any element of PL(N x S,
M > §™1) within 26 of the identity is isotopic to the identity in an
¢/2-neighborhood of the identity. Thus, if F; and F, move no point as
much as §, then F3'F, | N x S*! moves no point as much as 28, so
that @ can be chosen so as to move no point as much as €2. Thus,
F,® and, therefore, F move no point as much as e.

There are several useful variations of these lemmas whose proofs are
virtually identical to the proofs above. These will be mentioned as
needed.

4. THE Locar UNKNOTTEDNESs OF IsoTorirs IN Low DIMENSIONS

In this section, everything is PL.
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Prorosition 1. If P is a polyhedron properly embedded in I x O,
where Q = I" or S and P meets each I X {x} in a point of I x {x}, then P
15 locally unknotted.

Proof. Suppose P has a triangulation 7. For each vertex v of T,
st(v, T) is a ball, The union of the I X {x} that meet st(z, T) is clearly
a ball B and (B, st(v, T)) is an unknotted ball pair.

CoroLLARY. If f: {3} X Q1 % Q is proper, then f extends to an
ambient isotopy F: I x O O.

Proof. Since (see Section 2), P1(I; {$}) is LC* and k-connected for
each &, this follows from Proposition 1 and L.emma 1 of Section 3.

ProposiTioN 2. Proposition 1 is true with I replaced by S*.

Proof. Let v be a vertex of T and «x its Q coordinate. There is a
I-cell U in S? that is a union of two I-simplices such that U > {x} is
a neighborhood of v in S X {x}. There is a ball neighborhood B of x
in O such that (U x B)N P = . If T’ is a refinement of T so fine
that st(v, 7") C U X B, then, as in the proof of Proposition 1, the ball
B’ that is the union of the segments U X {y} that meet st(z, 7") is such
that (B', st{(v, T")) is an unknotted ball pair.

CoroLLARY. If f:{p} X QCc— S X Q is a proper isotopy, then f
extends to an ambient isotopy F: S* x O O.

Proof. Since PL(S; p) is k-connected for each k (see Section 2),
the proof is like that of the coroliary to Proposition 1.

THEOREM 1. Let P be a polyhedron properly embedded in I* x I*
such that for each geI®, P N (I* X {q}) is an arc. Then, (1) P is locally
unknotted and (2) there is a level preserving PL. homeomorphism of I X I"
onto P.

Proof. This is done by induction on 7z and is evident if #n = Q.
Suppose the theorem is true for n < k and that we have n = k& + 1.
Let v be a vertex of P with second coordinate ¢. The worst possible
situation is when g e oI**! and v e dI* X {g}, so I consider this case
and leave the other cases to the reader. Throughout, I use the linear
structure of 12 x J5+1,

Let L be a triangulation of I? x I*+! and K a triangulation of P such
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that = is a vertex of K, K is a subcomplex of L, K restricted to
PN (I* x {g}) is a subcomplex K, and L restricted to I* x {q} is a
subcomplex L, . Consider st(v, Ky) and st(v, Ly). The first consists of a
single 1-simplex, o; the second has two edges, o, and o, , on 0I% X {q}
and 1s the cone of a polyhedral arc that meets ¢I? X {g} in two points.
There 1s a convex polyhedral disc D in I? with D X {¢} a neighborhood
of = in int st(z, Ly) such that D X {g} has on its boundary three edges
T, Ty, T2, perpendicular to o, oy, o, , respectively, = crossing o. If p is
a (k -~ 2)-simplex of K having ¢ as an edge and p meets some J? X {x}
in a l-simplex, then that |-simplex is parallel to o. Thus, if Q is a
sufficiently small convex polyhedral neighborhood of ¢ in I+,
D » O Cintst(z,L) and for each x in Q, éD X {x} consists of an arc
Dy x {a} in 8I* X {x} and an arc D, X {a} in I* X {x} that meets P
in just one point and ¢éI* x {x} in two points. Note that if X =
cdle(D x Q) nint(> x [FY] and ¥ = (X N P), then (X, Y) is a
(R + 2),(k 4+ 1)) ball pair, D x Q =92, X,and (D x Q)N P =12,Y.
If (X, Y) is an unknotted ball pair, then, since D < Q is convex and lies
in st(z, L), (lk(v, L), lk(v, K)) is an unknotted ball pair.

Note that ¢Q is the union of nonoverlapping balls, O, C éI¥*! and Q,
lying except for 3Q, in /i+1, Then, &(D x Q) = (8D x Q) U (D x Q) =
(D ROV D XO)N)U((Dy x QYU (D xQy)). The set X is
(Dy X O) U (D x Q,) and Y meets each D, x {x} in an interior point
of D, % {x} and each D X {x} in an arc with one endpoint in D, X {x}, the
other in D, < {x}. By the induction hypothesis, (D x Q,, ¥ N (D X Q,))
is an unknotted ball pair and by the corollary to Proposition 1,
(D, X O, Y N (Dy x Q)) 1s as well. These fit together properly so that
(X, Y) is an unknotted ball pair. The other cases are handled similarly.
Thus, (1) 1s proved.

To see that (2) is true, note that the induction hypothesis and Proposi-
tion 1 tell us more. There is a PL level preserving (with respect to Q,
and Q) homeomorphism £ on (I X Q) U ({0} x O) taking I x Q, onto
Y N (D x Q,) and {0} x O onto Y N (D, x Q). Get a triangulation of
I x O isomorphic to that induced on v, Y by st(v, K) and use this to
star /2 and thus, extend F to a level preserving homeomorphism of
I x O onto PN (D x Q). This construction can be made at any point
of P. Therefore, for each ¢ € I*¥*1, there are a sequence O, ,...,Q, of
PL (k& — 1)-ball neighborhoods of ¢ in /**! and a sequence D, ,..., D,
of discs in I? such that the balls B, = D; x Q; are nonoverlapping,
U B; is a ball neighborhood of P n (12 x {q}), and for each i, B, " B,
isaball, BN B; = @ unless |1 —j| < 1, and PN (D; x Q) is level
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preserving homeomorphic to I X Q. By fitting the B; together, we
get a PL ball neighborhood Q of ¢ such that PN (12 X Q) is level
preserving homeomorphic to I X Q. Now, I**! is a union of balls
0:,05,...,Q,, such that for each 7, Q;,; N ;1 O; is a ball. Since the
Q; can be chosen, as above, so that P N (I* x Q,) is level preserving
homeomorphic to I x Q; and P1(I x I*+!) is connected (see Section 2),
a suitable variation of Lemma 2 can be applied to fit the P N (12 x Q,)
together to obtain the required homeomorphism of P onto I x [*+1,

CorOLLARY. There is a PL level preserving homeomorphism of I3 = I
onto itself taking {5} x I x I" onto P.

Treorem 2. If P is a polyhedron properly embedded in N x I™,
where N is a compact 2-manifold, such that each P N\ (N X {q}) is an arc,
or each P N (N X {q}) is a simple closed curve, then P is locally unknotted.

Proof. 'The proof of Theorem 1, although it uses the linear structure
of I* x I is essentially local. Let 4 be a ball neighborhood of v in .
There is a PL. homeomorphism of 4 onto I2. We use this homeomor-
phism and apply the proof of Theorem 1 locally in 4 x I*.

CoroLLARY. If M is a 1-manifold properly embedded in the 2-manifold
N and f: M x I"c— N X I" is a proper n-isotopy, then f extends to an
n-isotopy F: N x I* 5.

TueoreM 3. If Q is S* or I and P is a polyhedron in I* X Q such
that P N (I* x {x}) is a simple closed curve for each x in Q, then there is
a PL level preserving homeomorphism of S > Q onto P.

Proof. The proof of Theorem 1 shows that P is locally unknotted
and that for each x €, there is a PL ball neighborhood B of x such
that P N (I? X B) is level preserving homeomorphic to S* X B. Since
I is the union of balls B, ,..., B, such that for each 7, B,.;, N Ui B;
is a ball and PL,(.S* x I") is connected, a suitable variation of I.emma 2
can be applied to prove Theorem 3 in the case Q = I™.

If QO = S7, then Q is the union of two balls D, and D, such that
D, n D, = 8. The Hudson—Zeeman theorems and the proof above
imply for S? in I2, that there are PL level preserving homeomorphisms
F;,i=1,2,0fI*> x D;ontoI? x D;taking S* X D;onto P N (I? X D)
and leaving each point of 812 x D; fixed. These may not agree on
I? x §*1 However, if 4 is the annulus in 72 bounded by S! and oI%,
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PL(A4; ¢I?) is k-connected for each k (see Section 2) so that F'; | A x D,
and F, | A x D, may be fitted together to obtain a level preserving
homeomorphism F of 4 . S" onto itself taking S x S™ onto P. The
Hudson-Zeeman theorems and L.emma | imply that F extends to all
of I* . S™

CoroLLARY. If S*C I2and f: S x S — I2 x S is a PL S™-isotopy,

then f extends to a PL isotopy I: I* x S" D.

2}

THeoREM 4.  Suppose that M is the disc{%} x I* in I® and that
[ M x I"c— I8 x I* is a proper level preserving embedding. Then, f is
locally unknotted.

Proof. The proof is by induction on # and is evident if n = 0.
Suppose the theorem is true for #n < k and we have n = k + 1. Let 4
be a simplex linearly embedded in I*+1. By the induction hypothesis,
f1 M > 4 is locally unknotted if dim 4 < k, so suppose 4 has dimen-
sion £ - 1. Let K and L be triangulations of M x 4 and N x 4 with
respect to which f| M x 4 is simplicial and let ¢ = (p, ¢) be a vertex
of K. Again, the worst situation is when g € 04 and p € oM. However,
the proof is much like that of Theorem | in spirit, so, for variation,
I consider the case v € M > I*+! and use, as before, the linear structure
of M x I*' and I*® x I**'. Suppose further, that L | I* x {g} is a sub-
complex Ly of L, K M X {g} is a subcomplex K, of K and that for
each x € M, f(x, q¢) = («, g). This last is assumed for notational con-
venience and is made possible by composing f with f7* < 1.

Consider f(st(v, Ky)) and st( f(v), L,). The first is the cone of a
polyhedral simple closed curve; the second is the cone of a 2-sphere
and (st(f(<), Ly), f(st(z, K,)) is an unknotted ball pair. There is a
convex (triangulated) polyhedral ball D in I? such that (1) D x {g} C
int(st( f(2), Ly)), (2) neither L, nor D contains a vertex of the other,
(3) no edge of D meets an edge of L and (4) any face of &D x {g} that
meets f(M x {¢g}) is perpendicular to f(M x {g}). It follows, then,
that D > {g} meets f(st(z, K;)) in a disc E X {g} and that oF x {g}
meets each interior l-simplex of f(st(v, K;)) in exactly one point,
that point interior to the edge of éE x {g} containing it. Suppose that
o is a (k 4 3)-simplex of K having a 1- or 2-simplex = of f(st(v, K,))
as a face. If 7 is a 2-simplex and x is near ¢, then f(o) meets I3 x {x}
in a 2-simplex; if 7 is a 1-simplex, then f(o) meets I*> x {x} in a 2-cell.
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Thus, f(M x {x}) has an obvious cellular decomposition. If O is a
sufficiently small convex polyhedral neighborhood of ¢ in 4, D x Q
lies in st(f(v),L) and for each x in O, ¢D x {x} meets f(M x {x})
in a simple closed curve. To see that this intersection is a simple closed
curve, note that (1) if ¢ is a simplex of @D, ¢ x {x} meets f(M =« {x})
if and only if ¢ X {g} meets f(M x {g}), (2) neither éD x {x} nor
f(M x {x}) contains a vertex of the other and (3) no 1-simplex of
oD x {x} meets a 1-simplex of f(M X {x}). Thus, if a 2-simplex of
0D x {x} meets a 2-cell in f(M x {x}), the intersection is a straight
line interval. It readily follows that (6D x {x}) N f(M x {x})is a simple
closed curve. By Theorem 3, there is a PL level preserving homeo-
morphism 4: 8E x Q ¢ f(M x Q) taking 8E x {x} onto (6D X {x}) N
f(M x {x}). By Theorems 1 and 2 and the corollaries, 4 extends to a PL,
level preserving

hy: (E'U 8D) X Q S (@D X Q) U (D % Q) N f(M x Q)).

By the induction hypothesis, Hudson-Zeeman theorems, and Lemma 1,
hy | (E U 2D) x éQ extends to H: D x @0 O. Now,

D X 0) = (0D x QYU (D x 0Q) =~ SH3,
FA) N D x Q) = h(PE < Q) U hy(E < 80) = S™2,
and (8(D X Q), f(M) N (D x Q)) is an unknotted sphere pair. As in

the proof of Theorem 1, (Jk(f(v),L),f(lk(z, K)) is an unknotted
sphere pair. Thus, the isotopy f is unknotted.

THEOREM 5. If M is a 2-manifold properly embedded in the 3-manifold
N, then every proper n-isotopy f: M X I" C— N x I* extends to an
ambient n-isotopy F: N x I* O,

Proof. Again, the proof of Theorem 4 is essentially local.

5. APPROXIMATIONS OF ToporocicAL Isotopries By PL ONEs

In this section, N is a compact 3-manifold, M is a compact 2-manifold
properly embedded in N, and N has a fixed PL structure in which
M is a polyhedron. The proofs have been outlined in [12].

In [4] and [17], Moise and Bing prove that if f € Top(N) and « > 0,
there is an f* e PL(N) such that d(f, f*) < e. Sanderson proved in
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[19], that if F e Top(N), f = F| M, and f*: M c— N is a proper PL
embedding sufficiently close to f, then f* extends to F* e PL(N), a
close approximation to F. In [3], Bing proved that every proper
embedding f of M in N can be approximated by a proper PL embedding.
In this section, I give some uniform versions of these theorems in
the form of approximations of isotopies. In [5, 6], Craggs also proves
some approximation theorems. In particular, he approximates 1-
isotopies.

Remark. All the theorems below are true for dimM = 1 and
dim N = 2.

Notation. Suppose we have N x I. If a,bel, let 7, ,: N X {a} —
N x {b} be the homeomorphism taking (x, @) onto (x, b). Note that

Ta,b7b.a = L.

THEOREM 6. If f: N X I D is a topological n-isotopy, then for each
€ > 0, there exists a PL n-isotopy f*: N x I" O such that d(f, f*) < e.
If fIN xoI" =1, ie., f represents an element of m,(Top(N)), then
f* may be chosen to represent an element of = (PL(N)).

Proof. 'The theorem, which is obvious if » = 0, is proved by induc-
tion on #z. Suppose the theorem is true for » < k and that here, n =
k-1, fIN x oI* = 1, and € > 0. For the rest of the proof, all
homeomorphisms are 1 on N x 0I**! and explicit mention of this
fact will not be made. Consider I**1 as I¥ X I. From a slight variation
of the proof of Lemma 3, it follows that there is a positive number &
such that if 0 << a << b < ¢ < 1 and F, and F, are level preserving PL
8-approximations to f| N X I*¥ X [a,b] and f| N x I* x [b, c], then
there is a level preserving e-approximation F to f' N x I*¥ x [a, ],
such that

FINXI¥ > [a,b] =F, and F|NXI*x{c)=F,'NxI"x{c.

Now, let 0 = ¢ty << t; <C -+ <Z t,, = 1, be such that for each 7 and each
S, 1€y, 8], d(f(x, 9, 5), f(x, 3, 1)) < 84 Letfy: N x I¥ < {0} Dbel,
foai N X I8 x {t, ;}D be |, and for | <7 << n— 2, let f; be a PL
d/4-approximation to f| N x I* x {t;}. Let F; | N x I* X [t;_,,t;] be
defined by Fy(x,y,t) = =, __ fiam,_ (%, 1), i.e, F(x, v, t) has the
same first coordinate as f;_,(x,y, #;_,). Then, F; is a §-approximation
to fIN X I* X [t;_;,t]. Thus, as indicated above, F, can be fitted

607/19/1-2
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to Fy to get f,*, F3 can be fitted to f,* to get f;* and so on until the
required f* is obtained.

Remark. As observed in [12, Sec. 3.1], this argument proves that
for compact 3-manifolds N, Top(N) and PL(N) are homotopically
equivalent.

THEOREM 7. Let f: M X I" > N X I* be a topological isotopy
that extends to an ambient isotopy F: N x I"D and let ¢ be a positive
number. Then, there is a positive number § such that if h: M x I c—
N x I is a proper PL isotopy and d(f, k) << 8, then h extends to a PL
ambient isotopy H such that d(F, H) < e.

Proof. By the theorem of Sanderson mentioned above, the theorem
is evident if # = 0. Suppose the theorem is true for n << k and that
here n = k + 1 and € > 0. Consider I**! as I* x I. Since PL(N; M)
is LC¥ for each k, PL(N x I*; M x I*) is LC® (see Section 2). Tt
follows from a suitable variation of the proof of LLemma 3, that there
1s a positive number 7, such that if 0 <a << b < ¢ < 1 and F, and F,
are PL level preserving »-approximations to F' | N X I* X [a, b] and
F|N xI¥F X [bc] that agree on M x I* x {b}, then there is a PL
level preserving e-approximation H to F | N x I* x [a, c], such that
H|NxI¥x[abl =F,H|MXIFx[bc =F|MxIxI[b,c]
and H| N x I¥F x {¢} = F, | N x I* x {c}. It follows from the induc-
tion hypothesis, that for each zel, there is a &, < 5/2 such that if
h; is a PL §,-approximation to f| M X I* x {#}, then A, extends to a
PL »/8-approximation to F | N x I*¥ x {t}. There is a §,/4-neighborhood
U of t such that if se U, d(F(x,y,s),F(x,y,1t)) < §,/4. Thus, if h,
is a PL 8,4-approximation to f|M X I*¥ x {s}, m b, is a PL §,-
approximation to f|M X I* x {t} and thus, extends to a PL 7/8-
approximation H,to F | N X I* x {t}. Then, =, H,is a PL 5;2-approxi-
mation to F'| N x I*¥ x {s}. Thus, a compactness argument shows that
there is a 6 > 0 such that for 2, if &, is a PL. 8-approximation to
SfIM x I¥ x {t}, then h, extends to a PL = 2-approximation H, to
F|N xI* x {t}.

Let 2 be a PL 8-approximation to f. Then, for each ¢,k | M < IF x {1}
extends to a PL 7 2-approximation H, to F'| N x I¥ x {t}. For any
s€l, Theorem 4 and the Hudson-Zeeman theorems yield a PL level
preserving homeomorphism H¥: N x I¥ x [t, 5] D, extending H, and
h| M x I, x [t,s]. If s is close enough to #, Hf is an n-approximation
to F'| N x I¥ x [t,s]. Thus, there are numbers 0 = #; < #; < -+ <
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t, = 1 and PL n-approximations H; to F|N x I* x [t; ;,t;] that
extend £ | M x I* x [t,_,,t]. By the remarks above (see proof of
Theorem 3), these fit together to yield the required H.

Remark. Since PL(N; M) is LC* for ecach k, it follows that
PL{N x I*; (M x I*y U (N x éI¥)) is LC? (see Section 2), so that a
variation of Lemma 3 can be applied to prove that if F | N x ¢I* =1
and k| M x &I* = 1, then H can be constructed so that | N X oI" = 1.

THEOREM 8. If f: M x I["c—> N x I" is a topological n-isotopy
fIM x oI = 1, then f may be approximated arbitrarily closely by a
PL n-isotopy h such that h | M > ¢I* = 1.

Proof. In what follows, all homeomorphisms are 1 on N x al™
It is convenient to consider I* as the union of two copies of I™
ILr U Ly, where I,” N [,» = I*1. By the topological version of the
Hudson-Zeeman theorems [10, 12, chap. 1], f| M x I;* extends to
Fi: N x I»9. Let € be a positive number. Since PL(N; M) is LC¥
for each k, PLy(N x I""1; (M x I"1) U (N x ¢I*71)) is LC?, as noted
in Section 2. Thus, there is a positive number 6 < €2 such that if
G,, G, e PLYN x I, (M x Iy U (N x ¢I" 1)) and d(G, , G,) < 3,
then there is a PL level preserving €:2-homeomorphism @: N xI*-1x1 5
such that @, = G3*G, and @, = 1. By Theorem 7, there is a positive
number 7 < €2 such that if At M x [""'c— N x I*71 1s PL and
within » of F| M x I"', then % extends to a PL H: N x I""1 D, a
8/2-approximation to F; ! N X I»'. Let H;: N x I;” O be a PL ,2-
approximation to F;. Let I*~1 x I denote a PL collar of I*=! in I,
I"1 identified with I*~! x {0}, so small, that =, (H,7, ; is within 5/2 of
H, | N > I/t Then, H,|M x I"? and = oHymy, | M x I*' are
within % of f| M x I*1, so extend to PL &/2-approximations G, and
G, to Fy | N x I"=' (There is no reason why G, cannot be taken to be
H, | N xI1) Let h: M x I" = N X I" be defined by A(x,t) =
Hy(x, t) if teli® b(x,y,s) = nmy Gy, oD(x,y,5) 1f (y,5)el"t X1,
and A(x, t) = Hy(x, 1) if tel, — (I"1 x I). Since G, M « ["! =
my.oHymy 1 , this definition is consistent and d(f, k) <Z e.
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