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Abstract

In this work we apply the techniques that were developed in [M.N. Lalin, An algebraic integration for
Mabhler measure, Duke Math. J. 138 (2007), in press] in order to study several examples of multivariable
polynomials whose Mahler measure is expressed in terms of special values of the Riemann zeta function
or Dirichlet L-series. The examples may be understood in terms of evaluations of regulators. Moreover, we
apply the same techniques to the computation of generalized Mahler measures, in the sense of Gon and
Oyanagi [Y. Gon, H. Oyanagi, Generalized Mahler measures and multiple sine functions, Internat. J. Math.
15 (5) (2004) 425-442].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The (logarithmic) Mahler measure of a Laurent polynomial P € (C[)cfEl U xfl] is defined
by

1 1
m(P) :=/---/log|P(eZ”i01,...,eZ”ie") do; - - db,, (1)
0 0
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dx;  dx,

X1 Xn

/1og|P(x1,...,xn)| 2)

Tn

~ @n)

where T" = {|x{| =--- = |x,| = 1}.

The Mahler measure of a one-variable polynomial has a simple expression in terms of the
roots, due to Jensen’s formula. The several-variable case, however, is much more complicated to
describe.

Many formulas for specific examples have been computed, especially for polynomials in two
and three variables. An interesting fact is that many of these formulas express the Mahler measure
of a polynomial in terms of special values of the Riemann zeta function or Dirichlet L-series.
A typical example is Smyth’s formula [Smy81]

m(1+x+y+z)=l2§(3). 3)
2m

Moreover, L-series of varieties also appear in these kinds of formulas.
Inspired by these results, Deninger [Den97] established the relation between Mahler measure

and regulators in many cases. More precisely, he wrote for P € C[xy, ..., x,],
P)=m(P* ! 4
m(P) =m( )+W Na(m)(x1, ..., Xp), 4
r
where
F={P@xi.....x) =0} N{lxi| =" =lx, 1l =1, [xa| > 1},

and 7, (n) is Goncharov’s regulator, a C* form on the generic point of I" (see Definition 1).

Boyd [Boy98] computed many more numerical examples that fit into this context. Rodriguez-
Villegas [R-V97] applied the ideas of Deninger and developed others to understand and prove
many cases in two-variables by making explicit computations with the regulator. This work was,
in certain sense, continued by Boyd and Rodriguez-Villegas [BR-V02,BR-V03] for two-variable
polynomials. One of the ideas in these works is to identify the cases where 72(2)(x1, x2) is exact
and proceed to the computation of the Mahler measure by means of Stokes’s Theorem, obtaining
special values of the Bloch—Wigner dilogarithm.

Later Maillot suggested a way to continue these ideas for more variables keeping in mind the
cohomological interpretation.

In [Lal07] we developed these ideas for some three-variable cases involving evaluations of
trilogarithms and shed some light on how these computations could be carried on for more
variables. Let us consider the three-variable case. In favorable cases there is a primitive for
n3(3)(x1, x2, x3) (say w), one may apply Stokes’s Theorem and obtain an integral | o @. Mail-
lot proposed a way that desingularizes oI to certain 9T that has an algebraic description and
nontrivial boundary. This process also allows the possibility that e (restricted to 91" ) is exact. If
that is the case, we may continue the integration by applying Stokes’s Theorem again.

In this work we explore the techniques of [Lal07] in application to several concrete examples.
Most of the examples that we study here are in three variables, but we also include an example
in four variables, and we apply the method to compute some generalized Mahler measures.
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More precisely, we recover formula (3) as well as the following results:

m(1+x+y_l+(1+x+y)z)=31ﬂ—42§(3) Smyth [Smy02]
m((1—x)1 -y + (1 +x)1+y)z)= 2:(3) Lalin [Lal03]
log?2 )
m(l+x+2y+(1—-x)z)= 5 2;(3)4—7 Lalin [Lal03]
m((l -yl +x)+1 - x)z) 2;(3) Condon [Con03]
Sm
m((1+x)(1+x)+ 1 —x)(1+y)z) = %L(X_4,4) Lalin [Lal03,Lal06]

Generalized Mahler measures were introduced by Gon and Oyanagi [GO04] who studied their
basic properties, computed some examples, and related them to multiple sine functions and spe-
cial values of Dirichlet L-functions.

Given f1,...,fr € (C[xfl, cee, x,jfl], the generalized (logarithmic) Mahler measure of
f1, ..., fr is defined by

dx dx;,

m(fivees )= )nT[max loglfil .. Jog 1} 4+ 2. 5)

Notice that for r = 1 one obtains the classical Mahler measure of f;. On the other hand, for
r=2,

m(f1, o) =m(fi +zf2),

where 7 is a variable that is independent of x1, ..., x,.
In this work we use regulators to study generalized Mahler measures when f; = P(x;) for a
fixed polynomial (or rational function) P. We obtain explicit formulas for

m((1=x1),.... (1= x)), m(l_xl,..., 1_x">,

1+ xq 1+x,

and
m(1+x1 —xfl,...,l—i—x,,—x;]).

The first case was known to Gon and Oyanagi [GO04]. To our knowledge, the other two cases
are new results.

Finally, we study the behavior of the generalized Mahler measure in the general case of
fi =P(x,...,x;,) (again, P is fixed) when the number of functions f; goes to infinity. The
conclusion is that the generalized Mahler measure approaches the sup norm of P in T". This is



1234 M.N. Lalin / Journal of Number Theory 128 (2008) 1231-1271

the content of Proposition 3. This result may be combined with the aforementioned examples in
order to compute limits of sums involving zeta values, such as

m—1 . 2j
. 2m— 1\ 2)1(1 =2%) .
E —1)/ e = 7 —
e 2! 1)( 2j ) Qry (D le

2. A construction for regulators

Our goal is to apply the techniques of [Lal07]. In this section we describe our main ingredi-
ents. We will be following Goncharov’s construction of the regulator on polylogarithmic motivic
complexes [Gon02,Gon05].

First recall Zagier’s modification of the polylogarithm [Zag91]:

n—1 j

~ — 2/ B; i
L (x) :=Ren<z j'J (log |x])’ Li,,_j(x)), (6)

j=0

where B; is the jth Bernoulli number, Liy is the classical polylogarithm and Rey denotes Re or
iIlm depending on whether n is odd or even. For the record, £, is defined using Re, instead of
Re,, where Re, denotes Re or Im depending on whether n is odd or even.

Polylogarithms satisfy functional equations such as

z:n<1) = 1) )
X

forn > 1, and

L (x?
Lo = (D" L), L)+ La(—x) = zn(fl 5
For n =2, one obtains the Bloch—Wigner dilogarithm,
Lo(x)=D(x) = Im(Liz(x)) + log|x|arg(1l — x), @)

which satisfies the well-known five-term relation

1— 11—
D(x)+D(1—xy)+D(y)+D< y)—i—D( x):o. )
1—xy 1—xy
In particular, D(x) = —D(1 — x). A useful functional equation for n =3 is
1
L3(x)+ L3(1 —x)+£3<1— ;) =¢(3). )

Finally, for an element z of a field F, we denote by {z}, the class of z in B,(F) :=
Z[IP’};] /R, (F), where R, (F) is a certain subgroup of Z[IP’}V] (see definition in [Gon95], for in-
stance) that conjecturally consists of all the rational functional equations of the n-polylogarithm
in F.
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Given a complex variety X, Goncharov considers certain C*° forms on the generic point of X,

() \(CCO*)g > 2% x), (10)
-1
(D) Bui11(CO) ®@g N\ (CX)*) g = 2= (x), 1 <n. (11)

The construction is as follows

Definition 1. Let x; be rational functions on X.

Na(n) X1 Ao Axy =
2p+1

log |x1]
Altn<pz>0(2p+l)!(n_2p o /\dlog|xj|/\ /\ dlargx,> (12)

Jj=2p+2

where

Al F(tr, .. tm) = > (=D F oy, . tom)-

oESH

This form has singularities in the zeros and poles of x;. This will not be a problem in the
present work, but we refer the reader to [Gon02] for a detailed discussion. Notice that

— (dx; dx,
dﬂn(n)(xl,...,xn):Ren — A A X

X1 Xn

We need more notation for the construction of 1, (/).
For any integers p > 1 and k > 0, define

L
(p—1D! & (k+p+1 i
Bp = (1) = — Z )2 By

(k+p+1)! 2j+1
Then let
Lpg(x) == Lp(x)log™" |x|dlog|x|, p>2,
El,q(x) = (log |x|dlog|1l — x| —log |1 —x|dlog|x|)log"_1 |x].
Definition 2. We have

M) {xbhh 1 ®x1 A AXj1 —

2p -1
—~ 1
Ly—+1(x) Alty— ( Z D —1-2 )| /\ dlog|x;| A /\ dlargx]>

j=2p+1
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+ Z Bic.pLn—11-kk (X)

1<k, 1< p<i—1

-1
log |x1] " .
A Alt,1((p_1)!(l_1_p)!j/_\zdlog|xj|/\j_/\p+ldlarng ) (13)

Notice that
M (1D(x) = Ly (x),

nl’l(n)(xla 1 — X1, X2, "'5'xn*]) :dnl’l(n - 1)(x17x2"‘9xn7])7
(D, X1, x2, ., x—1) =dn (U= D(x, x2..0,x-1), I <n.
This equality is to be understood in any open set U C X where the forms are defined, i.e., ex-

cluding the zeros and poles of x;.
To be concrete, we describe the two-variable case. We have

n(x,y) :=m@2)(x,y) =log|x|diarg(y) — log|y|diarg(x). (14)
Moreover,
m2)(x,1 —x)=diD(x).
The forms for n = 3 are

nx,y,2):=n303)(x,y,2)

1
= log|x| (§d10g|y| Adlog|z| +diargy A di argz)
1 . .
+ log|y| <§dlog|z| Adloglx| + diargz A di argx)

1
+ log |z|<§dlog|x| Adlog|y| 4+ diargx A diargy),
mGx, 1 —x,y) =dn2)(x,y),

. . 1
w(x,y):=n32)(x,y)=1D(x)diargy — g(log |x|dlog|1 — x| — log]|1 —x|d10g|x|) log|y].

For future reference, observe that n(x, y, z) changes sign under complex conjugation of x, y,
and z, and that w(x, y) is invariant under complex conjugation of both x and y.

3. The relation with Mahler measure

In this section we summarize the method described in [Lal07]. Let P € C[xli, e xni]. We
may assume, without loss of generality, that P is actually a polynomial. Then we may write
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d
P(xi,...,xp) =aq(x1, ..., xXp—1)X,; +---+ao(x1, ..., Xp—1).

Thus, formally,
d
P(x1,...,xp) =aq(x1,...,Xn—1) H(Xn — (X1, .y Xn=1)).
j=1

By Jensen’s formula,

1 d dx; dxy—1
_ F oy - i n-
m(P)_m(ad)+WZ f log |cx](x1,...,x,,_1)| o Ao A o
]=1']I‘n—l
From Definition 1,
m(P>=m<ad)+W/nnm)(xl,...,xn), (15)
r
where
F={PGx1,..ox) =0} O [l = = x| = 1, bxal > 1}

Thus we have recovered Deninger’s expression (4).

We have to compute the integral. Our strategy is as follows. For a given polynomial, we try
to prove that 1, (n)(x1, ..., x,) is exact. In order to achieve that, we try to express x; A --- A X,
as a linear combination of elements of the form y; A (1 — y1) A y2 A -+ A y,—1. At the same
time we compute the boundary of I". Then we apply Stokes’s Theorem in order to obtain a linear
combination of integrals of the form

/ﬂn(n = DOty yu-1).

or

We continue by examining the restriction of {y;}» ® y» A --- A y,—1 to each component of |01
and trying to express it as a linear combination of elements of the form {z1}> ® z1 AzZa A+ Azy—2.
This will be different for different components, since n,(n — 1) is not even closed on 91" itself.
If we are successful, then we may obtain a sum of integrals of the form

/ nm(n —2)(z1, ..., 2n—2).

92r

Notice that 32I" should be empty. However, typically 81" will have singularities. Upon desingu-
larizing 01", we obtain a set with nontrivial boundary.

If we are fortunate enough, we may continue this process until we compute the integral com-
pletely. The success of this method depends on the polynomial P. See [Lal07] for a discussion
of sufficient conditions and other details.
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4. Examples

Now we will apply the machinery that was described in the previous sections in order to
understand many examples of Mahler measure formulas in three variables. We will study many
of the examples that are known to be related to ¢(3) and the trilogarithm.

It is hard in practice to apply the technique when the polynomial has degree higher than 1
in the variable x, (= x3). From now on we will replace (x1, x2, x3) with (x, y, z). Hence, all the
examples will be written as

z=R(x,y) (16)

where R(x, y) is a rational function with real coefficients.
In computing the boundary d1”, we apply the idea proposed by Maillot [Lal07]. Since

r={z=Rx,n}n{lxI=Iy=1,lzI > 1},
we have

ar ={z=Rx, »}n{lx|=yl=lzl=1}.
Notice that R has real coefficients, therefore we can describe

AIr={z—Rx,y)=z"=R(x"1y Y=0}n{ixI=lyl=lzI=1}.
Then we may write
yi=ar =Cn{lx|=yl =zl =1},
where C is the curve defined by
R(x,y)R(xil,yfl)zl. a7

For the case in four variables we can follow a similar process.

In most of the cases the denominator of the rational function R is a product of cyclotomic
polynomials. We may multiply Eq. (16) by the denominator in order to obtain a polynomial
equation whose Mahler measure is the same as the Mahler measure of z — R. We will call this
polynomial P. The only exception to this case is P =1 + x + y~! — (1 + x + y)z, since the

measure of 1 4+ x + y is not zero. In what follows, we will compute the (logarithmic) Mahler
measure of P.

4.1. Smyth’s example

We are going to start with the simplest example in three variables, which was also due to
Smyth [Boy81,Smy02]:

nzm(l+x+y+z)=%§(3). (18)
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It is easy to see that this problem amounts to computing the Mahler measure of the rational
function

1—x
z =y

We would like to see that n(x, y, z) is exact. The equation with the wedge product yields

1—
x/\yAz:xAy/\l—x:xAy/\(l—x)—xAy/\(l—y)
-y

=—xAl=x)Ay—yA(l—y)Ax.
In other words,
n(x,y,z)=—n@,1-x,y)=n(y, 1 —y,x).
After performing the first integration, we are left to analyze
A=—-{xh®y—{yh®x.
Equation (17) yields for [01"|
(xy=Dx—-y)=0

in this case.
When xy = 1 we obtain

A=2{x} ®x.
When x = y we obtain
A=-=2{x}r ®x.

One could have problems in the cases when z has a pole or is equal to zero. But those corre-
spondtox =1ory =1, and A =0 in these circumstances.

We obtain
—w(x,y) — oy, x) =20(x, x),
which yields
(7= s [ 2060
m =12 o(x,x),
Y
where y =0T

We now need to check the path of integration y. Since the equations xy =1 and x =y
intersect in (%1, £1), there are four paths, which can be parameterized as
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Fig. 1. Integration set for 1 +x +y + z.

x=e", 0<a<m, y=x, —2{x)3;
x=eY 7>a>0, yx=1, 2{x}3;
x=e 0>a>-nm, y=x, —2{x}y

o T
x=e¥ —7<a<0, yx=1, 2{x}3,

where the right-hand side column indicates the primitives for the pullback of A to each compo-
nent of y. Figure 1 shows the integration set for the problem in terms of argx and argy. The
shaded region corresponds to the original surface I", where the first integration is performed, and
y 1is the boundary of this surface.

Finally we obtain

m(P) = ﬁS(&(l) —L3(=1) = #EG)- (19)

It is important to notice that the orientation for y is not the one that we could naively expect
without taking into account the singularities at (1, 1). That is to say, if we think of the diagonals
in the picture as two circles, the boundary would be zero and we would get the erroneous result
m(P) = 0. The fact that different paths in each circle are oriented differently is crucial for the
result.

The orientation of I" is not as easy to determine. The simplest way to do this is to choose
any orientation for I" and use the induced orientation in y. If the chosen orientation for I is
incorrect, then we obtain m(P) with the wrong sign, but that can be easily corrected since we
know m(P) must be positive.

4.2. Another example due to Smyth

We will now be concerned with another example due to Smyth [Smy02],

1

P=1+x+y —(+x+y)z
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In this case, the equation for the wedge product yields

x/\y/\Z:)C/\y/\(1+x+y_l)—x/\y/\(l+x+y)
=—x Ay "A(T+x+y)—x Ay A +x+y).
But

X
x/\y/\(l—l-x—l-y)z;/\y/\(l—i—x—i—y)

X X X
=;/\(x+y)/\(l+x—|—y)—;/\<l+;>/\(1+x+y)

1241

=(—x—y)/\(1+x+y)/\£—(—f)/\(1+i>/\(l+x+y).
y y Yy

Then we need to analyze
1 1
A:—{—x——} ®xy+{—xyh ® <l+x+—>
Y2 y
X X
S ST LR B S PR
y Y2
The technique of Eq. (17) yields for |01
(x — x_l)(y — y_l) =0.
Ify=-1,

A=—{1-xh @) +{xh®x—{l—xh®(—x) +{x}2Qx
=4{x}» @ x.
Ify=1,
A=-2{-1-xh®x+2{—xhR®QR+x)=22+x}r ®x +2{—x}r ® 2+ x).
We will use the five-term relation starting with {2 + x}, and {—x},,
202+ xh +2{—xh + {(1 +x)?},=0.
We obtain (by using —{a}> = {1 — a}»),
A=-2{—xhex—{1+x)?},®x

—2{2+xh®Q2+x) —{(1+x)?},® 2 +x)
=2{—xh ® (—x) —2{2+xh ® 2 +x) + {-2x —x?}, ® (—2x — x?).
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Ifx=-1,

1 1
A=—{1——} ®y—{y}z®y+{1—y}z®(—y)+{—} ®y
Y2 Y2
=-4{yh®y.
Ifx=1,
1 1 1 1
A=—{—1——} ®y+{—y}z®<2+—)—{—l—y}z®—+{——} ® (2 +y).
vl y y y

2

We will use the five-term relation starting with {%}2 and {—1 — y}»,

1
2{__} +2{—1—yh+{-2y—»*},=0
Y2
then
1
2{__} +2{=1—yh={1+y?},
Y2
Now

1 1
—{—l—y}2®—+{——} ®(2+y)
y Y2

1 5 1 1 11 )
:—5{(1+y) }2®;+ -3 2®;+§{(1+y) L®Q2+y) —{—1-yh®Q2+y)

1 1

1
=—{--rhe(-2w-y)+ {——} ® (——) +2+L®Q2+y).
Y2 y

Then we obtain

1 2 1 2 1 1 1
st dhe () rmocnefred] o(or)
y Y )2 y oy Yo y

1

1 1
—5l= -y he(-2y-y)+ {——} ® (——) +2+yh®Q2+y).
V)2 y

We may need to take into account the poles or zeros of z. But those are at the points (x, y) =
(G656 1, and they do not affect the integration because they are a set of points and the integration
is in dimension 2.

We compute the boundary y (see Fig. 2) and primitives for pullbacks of A.

o y=—1, 4{x}s;
x=eY 0>a> -7, y=1, 2{—x}3—-22+x}3+ {—2x — x2}3;

y=e¢, 0<a<n, x=—1, —4{yh
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—1

Fig. 2. Integration set for 1 +x 4+ y~ ' — (1 +x + y)z.

y=e", m>a>0, x=1, —3{-2y"' =yl +{-yh
+2+y T h -y -l T h 24k
x=e", 7>a>0, y=—1, 4{x)s;
y=1, —2{—xh—-2{24xh+{-2x—x?};;
T, x=-1, =4yl
y=e", -1 <a<0, x=1, —3{-2y"' =y}, +{-yhs
+2+y T - -k T 2+

Then we obtain

4% m(P) = 16(L3(1) — L3(=1)) +4(2L3(=1) — 3L3(1) +2L3(3) — L3(=3))
=4L3(1) —8L3(—1) +8L3(3) — 4L3(-3).

It will be necessary to use the identity:
13
2L33) — L3(=3) = €§(3) (20)

which is essentially Lemma 6 in Smyth’s [Smy02].
Finally,

14
m(P)=3—-72Q). 21

It is worth noting that this example involves the evaluation of the element 2{3}3 — {—3}3. As
we noted above, Smyth [Smy02] also encountered this difficulty in his direct computation.
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In order to evaluate the element 2{3}3 — {—3}3 in B3(Q), we need to use Goncharov’s 22-
term relation (see [Gon95]). We follow the notation in Zhao [Zha03], and take the relation with
(a,b,c) =(3,—1,1), obtaining

4{3}3+2{1} —3{—1} +6{—1}3 —2{1}3=0.
3 3 3 3

Using that {—1}3 = —3{1}3 and {1}3 = {x}3,

13
6{3}3 —3{-3}3 — 7{1}3 =0,
thus, proving Eq. (20). We owe this argument to the referee of this paper.

4.3. Another three-variable example

The following example was first computed in [Lal03]. It is easier to consider the following
rational function

Z_(l—x)(l—y)
(I+x)14y)

For the wedge product we have,

XAYAZ=XAYAQ =x)+xAYAA =) —xAYyA L +x)—xAYA(1+Y)
=—xA{l=-x)Ay+yAd—=—Ax+()AA+x)AYy=(=)AA+y)Ax.

Thus, we need to consider
A=—{xh®y+{yh@®x+{—xh®y—{-—ryh®x.
This time Eq. (17) implies
xy+Dx+y)=0.
When xy = —1,
A=2{x}r @x —2{—x}2 ® (—x).
When x = —y,
A==2x}hr@x+2{—x}» @ (—x).
The poles or zeros in this case occur with x = +1 and y = +£1, but we always obtain A =0

and they do not affect the integration.
We now need to check the integration path ¢ and primitives for pullbacks of A.
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Fig. 3. Integration set for (1 —x)(1 —y) — (1 +x)(1 + y)z.

>-n, y=-x' 2{x};—2{—x}3;
x=¢€ ‘, T>2a>20, y=-x, —2{x}3+2{—x}3;
< y=—x"1 2{x}3—2{—x}3;

T
x=¢ ., —r<a<0, y=-—x, —2{x}z3+2{—x}3.
Therefore, we obtain,
4m?m(P) = 16(L3(1) — L3(=1)),

7
m(P)=;§(3)- (22)
4.4. An example with non-trivial symbol

Now we will study an example that is of different nature because its symbol in K -theory is
not trivial (see [Lal07]). In other words, n(x, y, z) is not exact in this case. This example was
first computed in [Lal03]. As before, we will consider a simpler form than the one in [Lal03],
that is to say the rational function

14+ x+2xy
I——.
1—x

We have
XAYAZ=XAYAA+x+2xy) —x Ay A (1l —Xx).

Now we use that

x A2y A1 +x+2xy) = (—x) A (=2y) A (1 +x(1+2y))
= (—x(1+20)) A (=20) A (T +x(142y)) — (1 4+29) A (=2y) A (T +x(1+2y)).
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Then

XAYAZ=2AX /\Z—l—x/\(l—x)/\(Zy)—(—x(1+2y))/\(1+x(1+2y))/\(—Zy)

+ (=29 A +2y) A (T +x(142y)).
We need to analyze

A={xh®Q2y) = {—x(1+2y)}, ® (=2y) + {2y} ® (1 + x(1 +2y)),

and then we also need to compute the integral of 1(2, x, z) (the nontrivial part in K -theory, i.e.,

the non-exact part).
By Eq. (17)on |01,

Forx = —1,
A=—{1+2y} @ (=2y) + {2y} ® (—2y) =2{-2y}» & (—2y).

Fory=-1,A=0.
For xy = —1,

1 1+2y 1
A={——} ®(2y)—{ } ®(—2y)+{—2y}z®<—1——).
Y2 y 2 y

But

{ 1+2y } _ { ] 1 }
Yy 2 vy
and we may use the five-term relation (ignoring torsion) in order to get

{—1—1} +{—2y}2+{—1—2y}2+{—1} =0.
Y2 Y2

Then

1 1
A= (=25} ® (~2)) — (~1 — 2y} ® (~2y) — {—1 - ;} ® (—1 - —)
2

y
1 1 1
y Yo y

=—{—2y}2®<—2y>—{—1—1} ®(—1—1)+{1+1} ®<1+1
N ) y A ) y
+{242yh ® (24 2y).

)

(23)
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Fig. 4. Integration set for 1 + x +2xy — (1 — x)z.

There are zeros of z when 1 4+ x 4+ 2xy = 0, and that only can happen in the unit torus if
(x,y) = (1, —1) and that is just a point. There are poles for x = 1, in this case

A=—{-1=-2yH ®2y) +{-2y}r ®(2+2y).
By the five-term relation (23),
1
A= {—1 - ;} ® 23) +{(~2712 ® ) — (—y} ® 2)
2
1
—{—1—;} ®2+2)) +2+25h 8 2 +2) +{—yh ® 2 +2).
2
This integrates to
1 1
Q={-2y+{2+2y}3+ {1+ —} - {—1 - —} ;
Y3 3

hence to zero when y moves in the unit circle.
We now need to check the integration path y and the primitives for pullbacks of A.

y=e", 0<

N

mo x=-1, 2{-2y)s;
<0, x=—y', =2yl —{-1-y ' +{1+y i+ 2+ 2}

S

o
y=e", —m <

y=e 0za>-n, x=-1, 2{=2y)3;

=
y=e", 1>«

v WV

0, x=—y ', —(=2hs-{-1-y'L+{1+y"+2+}.

‘We obtain,

4*m(P) = / n(2,x,2) +2(2£3(2) — 2L£3(=2)) +2(L3(4) + 2L3(2) — 2L3(—2)).
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1248
But {4}3 = 4{2}3 4+ 4{—2}3, then
4n2m(P)=—/n<2,x,z)+ 16£3(2).

Since {—1}3 + {2}3 + {2}3 = {1}3, we obtain
1 7
{2}3= 5({1}3 —{—1p)= §{1}3~

Then
4n2m(P)=—/n(2,x,z)+ 142 (3).

We still need to compute
f n(2,x,2).

B

where B = {(x, y) € T2 | -7 <argx,argy,argx +argy < m}.

Since z(1 —x) =1+ x + 2xy,
d 2 1 2
z_ z+2y+ dr + X dy.

z(1 —x)

z z(1 —x)

z
But |x| =1, so
dx dz dx 2x
dargx Adargz=—Rel — A — ) =—Re| — A y
X Z X Z(l—x)
Thus,
1 dxdy
— | n(2,x,z)=1log2 | dargx Adargz = —Re| log2 — .
1+ 58 Xy
B B B xy
‘We need to consider
/i( 1+x>kdxdy
4 o 2xy Xy
Setting x = el y= elf,
0 T T T—o 00 (1+ —i()t) _ip\ k
e e
— _ -~ ) dBda.
(J o] [)s () v
-T-7—a 0 -7 k=0

(24)
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We consider each term in the series separately,

f / (1+e )e %) dp da.

-7 —T—a

If k =0, the above integral is —=%—. If not,

-7

. k—1 1 k—1
_ifa K. (1= (=1 1-(=1)
__%<?(1_( 1))+Z<1>1( T TR ))

=1
k I
2 K\ 1—(=1)
_E;<l> I

Hence, in order to evaluate the first term in Eq. (24), we need to evaluate

0 0
gk (=DF( =) i —ia
= [(-+e ))"_—lkda:_E/(He J(1-c

1249

ikﬂt) da

ik%ZQ) - (=D _ i - (- 1)12(1)]{;

k=1 =1 I=

But

0 k [ [ ql—1
K\ Ak A A
SN k-1 k—1+ DAkt =
kZ;(l)k I X_:( ) +h 11 oAl 1(

A= Al
“na —x)l =y

Using this with A = 1,

> 2 K\ 1—(=1) 1= (=1
Yar() ke

k=1 =1 =1

The second integral is the same, so as a conclusion, we get

k
/i(_l-i-x) d—Xd—y=—2n2.
4 =0 2xy Xy

)

2
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And,
—/n@ﬁ&ﬁﬁh%%z
B

Finally, the whole formula becomes

T s o2
m(P)—2n2§(3)+ > (25)

4.5. Condon’s example

The last and most complex example that we will analyze in three variables was discovered
numerically by Boyd and proved by Condon [Con03]. It may be expressed in the following way:

I=y)(d+x)
77—
1—x

The wedge product equation becomes:
XAYAZ=XAYAA =)+ xAYA A 4+x)—xAYA(—X)
=yAd—NAx—(X)AA+xX)AYy+xA (1l —=x)AY.
Hence we need to consider
A={yh@x —{—xh®y+{xh®y

Equation (17) implies (on [01"])

1+x 2_ y
<1—X)__U—yﬁ'

‘We now use the five term relation,

| | 1—x 2 _0
(=1 + +x}2+{l+x}2+{l+x} ,

1—x x—1
{x}z—{—x}z-i-{1+x}2—{1+x}2=0~

Then

A y X + .

Let us write y = 2 so that

1
tr_4
1—x 1—1¢2

(26)
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Let us take the “+”-case. Then

P41
R T a

Thus we may write,

| -7 ?—1
A={*},® i { } ®z2+{ } ® 1.
S b )

—241+1

It is clear that a change in the sign of ¢ will simply change the sign of A.
We will split the integration of A into two steps. In order to do that, write

24r—1

_[42
a={rhe o

M=2{r—1'}, @r—2{r —1}, ®1,
so that

A=A+ As.

We will first work with Aj. Let ¢ = #, sop?—p—1=0.
By the five-term relation,

1-— 1—(p—1
{¢1}2+{(¢—1)l}2+{1—t2}2+{1 "’;} +{L2)’} _o,
—t= ), 1—1 2

1 1 -1
{—(pt}2+{(l—g0)t}2+{1—t2}2+{%} +{L2)t} =0.
—t2 ), 11—t )

Observe that we have

2 - —_ —_—
M ={},® -1 = (12} (pr = D(¢ = Dr +1)

—2+r+1 U 2T (@r+ (g = Dr = 1)
O ek AN P NP e ot 2
=1r }2®1—(<p—1)t { }2®1+(<p—1)t'

Now let us apply the five-term relations (27) and (28):

1 — ot 1 — ot
1—(p— Dt 1—(p— Dt

1— ot 1— ot 1—(p— Dt 1 — ¢t
+{ <p2}® @ +{ (wz)}® @
1—22f, " 1—(p— )t 1—¢ , 1= (p—1)

1+ ¢t
—{—W}Z(XJm—{(l—‘P)f}z@m

3 14 ¢t 14 ¢t B 1+ (p— 1t 1+ ¢t
1—12f, 1+ (p— 1 1—1¢2 , L+ (—Dt

= {p1h® +{@e-Dt},®

1+ ¢t

1251

27)

(28)
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Then we obtain

Ar=—{1—pth®(1 —9t) +{1—(@—Dt},® (1 — (¢ — )t)
+{I+eth®U+e)—{I+@—Dt},® (1+ (@— i)
—{pth®(1—-(@— 1) +{—pth® (1+ (¢ — 1))
+{@-Dt},®@ A =gt —{(1 — )}, ® (1 +o1)

1 — ot 1 — ot 1—(p— 1)t 1 — ot
+{ ¢}® @ +{ (¢ )}® 7
2

1—12 1—(p— Dt 1—2 |,  1—(p—1x
_{1+<pt} 1 + ot _{l-l-((p—l)t} 1+ ot
1—12f, 1+ (p— 1 1—1¢2 5 I+ (p—Dt

Now we will work with A,. By the five-term relation,

1 -1 -1
A A L e
2 2

1—(p—1 —1
{90—1_1}2+{1—(1—<P)t}2+{t_l—t}2+{ 1(fr2 )t} +{(t‘p_t_)lt} =0,
2 2

{1+<pt}z+{t‘l—(go—l)}2+{t—t‘1}2+{ _(ft } +{1_¢2t} =0,
==, | 1-7%),

=l —t), | 1-12],

Applying the above equalities, we obtain

dy=2{t—t7"}, @t =2t -1}, ®1

1—(p—1
={¢—t—1}2®t—{(1—¢))t}2®l‘+{l(g’%ﬂ)t}z@t

1+(<p—1)t} 2t
2

~fo+r Lot lw - er- |

- 1+ ot
—{pth®t—{p+1 1}2®t+{ﬁ} ®1
- 2
-1 1—(pl
+{—pth@t+{p—17},®1— T8
- 2

We will now use the fact that we will integrate in a set where |¢| = 1. Under those circum-
stances we have the following two identities (at the level of the differential form w):

{p—Di},@t={(¢p— i}, @1 ={pt}r ®1, (29)
{A—p)i}, @t ={—gt}r ®1. (30)
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Both identities depend on the fact that || = 1 since we are conjugating and using that 7 = ¢!,
We will work henceforth on the level of w (i.e., in the coimage of 13(2)). Thus,

Mm=2p-17"}, @t —2{p+17'}, ®1

1—(p— Dt 14+ (p— 1t
+{ (¢2)}®I_{ (wz)}@)t
14 ot 1 — ot
T R AR O Y ki O 9
1—12), 1-12],
We will add A; and A,. But first, let us note
1— ot 1 — ot P - 1— ot
= - 1—
{1—t2}2®t(1—((p—1)t) {tl—t 2® t—o 1 —12 2®( ¢)
-t - 1 — ot
= — - 1—
AR LR
t—o¢ t—o 1— ot
=— - - 1.
EEr R E RO

Using this and similar identities, we obtain

A=—{l—gpth®A—en)+{l1—(p—Dt},®(1-(¢— 1))
+{l+pth®U+e)— {1+ @—-Dt},®(1+ (@ — i)
—{pth ® (1 — (¢ — Dit) +{—pth @ (14 (¢ — 1))
+{@—Dt}, @1 —pt) = {1 —@)t}, ® (1 + 1)

t— t— t—(p—1 t—(p—1
__1<0}®_1<p+{_1(<p)}®_1(<p)
T ), T -9 T =(e—=1f, t7—(p—-1
N t+o } t+o _{ t+(@—-1) } t+(@—1
o), e 4D, i+ (@-D
1— ot 1—(p— Dt
— 1 - v 7
1—f2}2®(¢ )+{ 1—12 }2®<p
1+ ot 1+ (¢ —
S YD Bl
* 1—f2}2®((p ) { 1—12 }2®<p

+2{lp—1'L et 2o+, ®1.

Now observe that

1 — ot 1—(p— 1Dt 1+ ¢t I+ (p— Dt
{1—12}2®(p+{ 1—12 }2®¢ {l—tz 2®€0 I—r 2®(p

={—pth®e+{1-9t},@¢—{pth®e—{(¢—-Di},®0¢
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by five-term relations (27) and (28).
Therefore (using ﬁ =)

A=—{l—-gth®1—gn)+{l—(p— D}, ®(1—(¢— 1)
+{l+oth®(+e)—{1+@—-Dth,® (1+@@— i)
—{pth ® (1 —(p— Dit) +{—pth & (14 (¢ — 1))
+{@—Dt}, @ (1 —pr) — {1 —@)t}, ® (1 + 1)

B {ftl_—(pfﬂ }2 ® ’f]_—(pfp * {lt]_—((iﬂ_—l)l) }2 ® ffl_—(iﬂ_—l)l)
{ t+¢ } t+¢ _{ t+(@—1) } t+(@—1)
L X2 PR A U (R V) PR e S R )

+{—0th@e+{1-91},®0—{eth®e—{(@—Di},®¢
+2lp—1'L et 2o+, ®1.

Next we gather some similar terms together,

A=—{1—gpth®(—et)+{1—(p—Dt},® (1 —(¢p— 1))
+{l+pth®U+e)—{1+@—-Dt},®(1+(@— 1))

_{ t—¢ } o L=? +{ t—(@—1) } ® t—(—1)
2 2

=1 —¢ tl—¢ |t =(p—1) =1 —(p—1
{ t+¢ } t+¢ _{ t+@-1 } t+(p—1)
o), Tttt L+ =Dy T+ (e -D

—{pth®@—1)+{—et},® (¢ +1)
+{@e-Di},@ (=D —1) {1 -}, ® (9 — 1) +1)

+2{p—t'L @t 2o+, @1
Observe that

{e-Dthe(@-D-1)={@-Dre(@-1)+{@-Di},®E—1").

Now conjugate the elements of the second term (using ¢ € R)

={e-Dt},® (¢ —Dt)+{(@¢ - Dt '}, ® (9 — 1)
{(p—Dr},® (9 — D) —{pth & (p —1).

Hence the last two lines of A above equal
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—{eth @@ —1)+{-90th(@+1)
+{-Dt},®((e—D—1)— {0 -}, ®(@—1 +1)
+2{p—t'L et —2{p+171}, @1
=2pth@@—+2{e—1t'L,@t+2{—pth® @+ —2{p+t7'}, &1

+{e—Dt},® ((¢ — D) = {d =)}, @ (1 — p)1).

We want to simplify the term —{@1}> ® (¢ — 1) + {¢ — "'} ® £. On the one hand,

—~{oth® (- =—{pth®t+{1—pth®(1—e™").
On the other hand,

lo—t,@t={p—th®t'=—{p-1th®@@-+{p—th®(1-e™").

By the five term relation
I—pth+{l-gh+{p—th—{l—g+7'},+{@- i}, =0,
but {1 — ¢}, corresponds to zero in the differential since it is a constant real number and D (R) =
0. We then get
U—pth®(l-@ ) +ip—rhe(l—e™)
={l—g+he (- ) —{-Di},®(1—e)
={i-g+rhe(l-et+i)—fi-p+rhol-9
+{1—(@—Dt},® (1 —(@— i)+ {(¢— Dt},® ((¢ — D).

Then
—{pth®@-H+{p—1t7'},®1
=—{pth®t—{p—th®@-nD+{l-¢+'},@(1—p+17")
—fl—p+1 Lol -o)+{1—(p—Dt},® (1 — (¢ — Dr)
+{(p = D1}, ® ((¢ — D).
Analogously,

{—oth® @+t —{p+t7'},®1
={—¢pth®t+{p+th®@+n—{l—p-t7"},@(1—p—1t")
+{l—p—t7",@U—9) = {1+ (@-Dt},®(1+ (@ — 1)
—{ -}, ® (1 —9)).
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Thus the last two lines of A above reduce to

—2pth®@-nH+2{p—t7'},@t+2{-pth® @+ —2{p+17'},®1

+{(@—Dt},® ((¢ — D) — {(1 —)r}, ® ((1 — 9)1)
=2pth®er +2{pth ®¢ —2{p—th ®(p —1)

+2{l—p+r 'L, @o(l—p+t ) =2{l—p+1'}, @1 -9
+2{1 = (¢ — Dt},® (1 = (¢ — Dt) +3{(¢ — Dt}, ® ((¢ — D)
+2{—pt}r & (—¢1) =2{—pt} L @ +2{p + 1} @ (p + 1)
—2fl—p—tT"he(l-e—tH+2{l—p—1t7"},®1-9)
—2{1+(@—Dt},® (1+ (@ — 1) = 3{(1 —)t}, ® ((1 — p)1).

Next we will see that

fo+i7,@o—{o—1"", @0+ {pth®¢—{—pth®¢

corresponds to zero in the level of the differential form.
Using that |#| = 1 and darg ¢ = 0, the differential is

3w
—— =log|l — ¢ —t|dlog|p + t| — log|e + 7| dlog|1 — ¢ — £
logg

—log|l — ¢ +t|dlog|lg — t| + log|p — t|dlog|l — ¢ + |
—logpdlog|l — ¢t| +logpdlog|l + ¢t|
=log|1 + ¢t|dlog|e + t| — logp dlog|p + t| — log|e + | dlog|1 + ¢t|

—log|—1+4 ¢t|dlog|p — t| +logp dlog|p — t| + log|e — t|dlog|1 — ¢t|

1

—loggodlog|t_ - (p] +10g<pdlog‘t‘1 +g0’

=log|1 + ¢t dlog|pt ' + 1| — loglet ™' + 1] dlog|1 + ¢t|

1 1

—log|—1+ <pt|dlog}g0t_ — 1’ + log}q)t—

=0.

— 1] dlog|1 — gt|

Finally the primitive of A is
Q=—{l—gth+{1—(p— D}, +{1+¢1}3 — {1 + (¢ — Dt},
_{ t—¢ } +{ t—(-1 } +{ t+¢ } _{ t+@-1 }
Tl =y L' =(=-D]; ' +el; 7'+ -D];
—2ptls —2fp —th+2{1 —p+1t7' ), +2{1 — (9 — D}, +3{(¢ — Dt},
+2{—pts+2{p+th—2{1 —p 171}, —2{1+ (9 — D1}, = 3{(1 — @)1},

which is
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=—{l—ogt}l3 + {1+ ¢t}3
r—¢ r—(-—1) r+o r+(@-—1)
B —1 + 1 _ (1) + —1 B —1
— 2tz —2{p—tlz+2{1 —p+17}, +3{1 = (¢ — Dt}; +3{(@ — Dt},
+2{—ptz+2{p+th—2{1—p— 17"}, = 3{1+ (¢ — Dt}; = 3{(1 — o)1},

Let us use that
1
(xh+{l—x}z3+31——¢ ={1}3
X3

and the fact that {x}3 = {x}3 at the level of the differential.
We obtain

2 =-H1 —ot}z + 41+ ¢t}3

_{ t—¢ } +{ t—(p—1) } +{ t+o¢ } _{ t+(@—1) }
t=l—¢ 3 ~l—(p—-1) 3 1 +¢ 3 1+ @—-1 3

—2Aptlz—2p—ths+2{l —p+1t7' ), +2{—pts +2{p+ 1} —2{l —p—17'},.

Let us note that the poles of z occur with x = 1, which easily implies A = 0. Analogously,
A =0 for y =1 or x = —1 which correspond to the zeros of z.

We need to describe the integration path. If we let x = e2ie with —% <a< %, and t = elP,
with —% <P < % Then condition (26) translates into

tano = £25sin S.

The boundaries of the above condition are met when sin 8 = %1, corresponding to t = =i. Also,
by inspection of Eq. (26) we see that r = &1 and x = 1 are also critical points. After carefully
analyzing the situation (see Fig. 5), and taking into account that A = 0 wheneverx = 1 ort = %1,
we conclude that we need to integrate A with —% < B <0and % > B = 0. Since £2 is 0 when
evaluated for r = 41, and £2(1) = —£2(—1), we obtain
4r’m(P) =4£2(1)
=4(—4L3(1 - ) +4L3(1 +¢)
—2L3(p) +2L3(—p) —2L3(p — 1) +2L3(p + 1) +2L3(2 — ¢) — 2L3(—¢))
=4(—4L3(1 — 9) +6L3(1 + ) —2L3(p) —2L3(¢ — 1) +2L32 — ).

Now we use that
{I-phs={-¢ ', ={-0ls,  {p—1l={e}h.
in order to obtain

72m(P) = 6L3(1 + @) — 4L3(p) — 4L3(—¢) +2L3(2 — ).
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B

T/2

Tm/2 T2

my2

Fig. 5. Integration set for (1 — y)(1 +x) —z(1 — x).

Then we use

1
{¢—1}3+{2—¢}3+{1 ——} = {1}3,
p—1 3
{o)3 +{2 -9}z +{—0}3={1}3,

and

1
{—<P}3+{1+90}3+{1+—} = {1}3,
B K]

{—o}3 +{1+¢}3+{p)3={1}3.

Thus we obtain

7°m(P) =8L3(1) — 12L3(p) — 12L3(—¢).
But
4ok +4{—phs =’} ={o+ 13 ={1}3— {p}3 — {—¢}3

implies that

1
tohs +{—ols =<l
Finally we recover Condon’s result
28
m(P) = —5£(3). 31)
S

Let us note that the computation involves +/5, although the final result does not. The
same situation applies to Condon’s computation in [Con03] (in fact, he also needs to use ¢),
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so it seems that this step is unavoidable as in the case of Smyth’s example from Sec-
tion 4.2.

Moreover, if we look at the rational number in each of the three-variable formulas we will
notice that the denominators are always 1 or 2 except for these two examples of Smyth and
Condon. In Smyth’s example the denominator is a 3 and in Condon’s example the denom-
inator is a 5. Both the appearance of 3 as a denominator together with 2{3}3 — {—3}3 in
the first case, and 5 as a denominator together with elements in B(Q(+/5)) seem to be re-
lated phenomena. Gangl suggested that a possible explanation may be that there are torsion
elements that we may be overlooking when we tensor by Q (as the regulator maps kill tor-
sion).

Lastly, this is the first example where we used non-rational functional equations for the poly-
logarithms, namely D(x) = —D(x) and L£3(x) = L£3(x). This suggests that for us, the best
definition for R, (F) may be “all the functional equations of L£,” instead of “all the rational
functional equations of £,,”. Of course, the second definition has the advantage of being more
concrete and should be easier to handle.

4.6. An example in four variables

We will study an example in four variables:

A +x)0+x1)
I+ —=x1)

This example was first computed in [Lal03] in terms of multiple polylogarithms. It was later
observed [Lal06] that this particular combination of multiple polylogarithms has a simpler ex-
pression in terms of a Dirichlet L-series. Here we relate this Mahler measure directly to the
Dirichlet L-series.

The wedge product is

(I+x)(1+xp)
T+ )X —x1)
=xAA+xX)AYyAxX1+yAd+Y)AXAX]

XAYAXIAZ=XAYAXA

+xiAd+x)AXAYy—x1 Al —X1) AXAY.
We integrate and obtain
A={-xh@yArxi+{—ryh@xAxi+{-x1h@xAy—{xih®xAy.
It is more convenient to eliminate the variable x; than z. Notice that

4D = +y)
T —zd 41y

Then the condition whose intersection with T* describes |d1"| becomes

(14+x)(1+ y)(x + yz?) =0.
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When x = —1 or y = —1, 74(3)(A) = 0. Now suppose x = —yz>. Then we need to integrate
A—{ 2 _ 2 _ 2 2
=y, oy Axi+H{—yh @y Axi+{—x1h @Ay —{x1)h®7 Ay

Consider the first two terms,

A= {y22}2®y/\x1 +{—y} ® yzZ A xy
= {yz2}2®y12/\x1 —Z{yz2}2®ZAx1 +{—vh @ yAxI+2{=y}r @z Ax1.

Use the five-term relation,

S

together with the fact that

1—yz? +1
+{1+12}2+{ = } +{y7} =0,
2 2

2 1+22 y(1+22)

x1—1 1—yz?
o= =
I+x1 z(1+y)

then

=y} ®zAx — {y12}2®z/\x1

__{—Zz} ®zAX1+ 1—y12} ®zAx +{y7+l} ®zAx
2 ! ]+Zz 2 ! )7(]+Z2) 2 !
_12(1+y) 1—yz?

=—{-},®zAx+

—5 QzAX+ RZNAX
1—yz2 }2 : { I+y }2 :

2 Z
=—{—Z }2®zAx1+ ——} RzAx1+{zalr ®z Axy.
2

o

Conjugate and invert the second term (noting that argar = &% since |x1| = 1)

=—{-2},®zAx1 +2{za}2 ®z A X
Consider the last two terms of A:

Ay={-x1h®ZAy—{x1h®FAy.
Note that

1—az

y:z(z+a)’

and recall the five term relation:

1 1—
{x1}z—{—x1}z={f‘+x1} ‘{1+2} = {a} — (—ah.
2 2
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Thus

_ —az
—(ah®A

— 2 2
A =lreh®: /\Z(z+oc) 2(z+a)

Conjugating the first term, and inverting,

—az

1
Ay =—2a}r @72 A .
2 ek ®:z z2(z+ @)

Thus

A={y?}, @y Axi+{-yh®yAx — {2}, @ Ax

l1+a 1—az
+4zar @A —— —Ha}h @z A )
e Z+a
By inverting and dividing by z:
l—az 14+az7!
{ah @z A =—{a} ®z A —.
I+ a 1 —waz
Now notice that
1+« l1+az™!
{za) @z A —— + {0} @zA ——
l—« 1 —az
1+« 1—
={za}r ®z A —{zahh ®z A
1—za 1—za
—a —a
A - N—.
+{a})h®z [ —az {ah®z pp—

Conjugate and invert z in the last term

1+« l—«a l -« 1+a
{zaha ®z A —{za}a®z A +{ah®zA —{—ahh®zA )
1 —za 1 —zax 11—z 11—z

Now use

{a}2+{Z}2+{1—az}2+{ 1_“} +{ 1-2 } _
1 2 2

—az 1—oaz

{—Ot}2+{—z}z+{1—0tz}z+{ Lo } +{ 1+2 } —0.
l—OlZ 2 1—otz 2

Then we obtain

1l—« l—« l—« z(1 —a) l—«o
—{z}2®zA — ®zZA + ®zA
1 —za 2 2

1—az 1—oaz 1 —zx

1+ 1+a 1+ zZ(1+a) l1+a
+{-zh®zA + Rz A — 1= Rz A
1 —za 2 2

1—az 1—az 1—za’
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Then A integrates (on the component yy = {x = —yz?} of |3I'|) to

2=phexa+{-yhexn-{-};ex

l—« l—«a z(1 —a)
—4{2}3®1_w+4{ } ®z—4{7} ®z
3 3

1—oz 1—oaz
14+« 14+« z(1+«
+4{-z}3® —4 ®z+4 _d+o) ®z.
1 —za l—az]), l—az 3

Now the boundary of yp is x = —1 or y = —1. When x = —1 we obtain y = —1 and z = +i
org=0andx;=1.Ify=—1,

14+«
1 —za’

l—«
2={11x1 -4z —— +4{—-z}3®
1 —zo

If we take into account that « moves in the imaginary axis when x| moves in the unit circle and
that we are evaluating on z = i, then we just need to evaluate 174(2) on

2={1}3®x.
Ifa=0,
R=-4HQz+4{-z}3®z,
integrating to

21 =—Hzla +4{—z)4,

and the boundary now is z> = —1.
When y = —1, then z =+i and x = —1 or x; = —1 and « = oo. In the first case we obtain,
as before

2 ={1}3®x;.
In the second case we get,
R=8{z}3®z-8{-7}3®z
integrating to
3 =8{z}4 — 8{—z}4.

Now we need to take into account the opposite orientations that will cancel the terms with 2 =
{1}3 ® x1 and add up to

Y =12{z}4 — 12{—z}4,
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which must be evaluated between i and —i. This yields the final result

24
m(P) = ;L(X—zp 4). (32)
5. Generalized Mahler measure

In this section we will apply the algebraic integration to the computation of generalized
Mahler measures.

We follow the notation from Eq. (5). Let us fix P € R[x*'] and take fi = P(x;) (so in
particular f; € R[xjil] CRE, .. xF ).

Suppose, moreover, that | P| is a monotonic function for 0 < argx < 7. Write x; =€
e(8;). Then

2mif; _

1 1

2 2
m(P(xl),...,P(xn))z/.-./max{log|P(e(91));,...,1og|P(e(9n))y}d91..-den
1

2 2

=2"n! / log| P (e(®1))|do; - - db,

n!
= (i)

/nn+1(n + 1)(P(x1), X1, .. .,xn)

where I' = {0 < arg(x,,) < --- <arg(xy) <7}

We proceed to compute some examples.
5.1. Thecaseof P=1—x

Let P =1 — x, then |P(e(f))| = 2|sin(;rh)|, so it is monotonic on [0, r]. This case was
computed by Gon and Oyanagi in [GO04] with the use of multiple sine functions.

We start by evaluating 7, +1(n 4+ 1) on

(I—=Xx)AXIA- - AXp.

Now this corresponds to an exact form, which we integrate and obtain

—(x1h ®x2 A Axp.

The boundary 01| consists of x; = —1 and x| = x, for our purposes (the remaining restrictions
are 0, e.g., x» = x3 implies x3 A x3 = 0). Evaluating,

—{=1h®x A Ax, + {0} @x2 AX3 A AXy.
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By integrating the term in the right and evaluating in the boundary (of [d1"| N {x] = x2}) xo = —1
and x = x3, we obtain,

—{=1h @A AX ®{-11®x3A - AXxy —{x3}3 @ X3 A+ AXp.

Here, as well as in the following pages, @ and @ will denote formal versions of + and > _.
We will use this notation whenever we have a combination of forms of different dimensions.
Eventually, each of these forms will be integrated in a simplex of the right dimension, and the
results of each of these integrals will be added to obtain the final result.

We continue with the same procedure, until we reach

n+1
D" M W @ PED -1 @ xc A A
k=2

Now we need to integrate each term. First observe that since the Ly is trivial in the real numbers
for k even, we just need to consider

n+1

1@ P (@A Ax,
k=3, k odd

where it is understood that the sum is up to n 4 1 if n is even or n if n is odd.
The sum yields

n+l i n—k+1 n+l1 i)k k-1
Z ((17i)kJr - Li(—1) = Z (uz) _k+(1)'2k—1 )g(k).
k=3, k odd " ’ k=3, kodd )
Finally, we get
_1ym+1
m(1 —xl,...,l—xzm)zwabn—i—l)
T
- L (1=2%) ,
—1)/
+(2m)!j§( Y G S D, (33)
m—1 (1— 22]')

m(—x1,....1=xpu_1)=@m— DY (=1)/ t@2j+1D, (34)
j=1

@2m —2j — 1!Q2m)%
recovering the result of [GOO04].

. 1—
5.2. The example with P = 17

Although P = };—; is a rational function, we can still apply the method to this case. Notice
that | P(e(f))| = |tan(70))]| so it is monotonic. We start considering
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We can find the primitive easily as
{(=x1h @A Axp—{xi2®@x2 A Ay,
The boundary consists of x; = —1 and x; = x, and thus we obtain
{1h@x A Axy, — {1} ®x2 A+ AXp
—{—x0h®x2 A Axp+{x2}2®x2 A Axp.
If we continue the integration steps, we reach
n+1
D" (Dt = (=) @EPED (M @ A= Ay — {= 1k @ Xk A+ Axy).
k=2

Taking into account the parity, we just need to consider

n+1
(i =1 ®@ P (1 ®@x A Axy— (1 @xc A Axn,
k=3, k odd
The sum yields
n+l s \n—k+1 n+l s yn—k+1 k
(im)" . . (im) (1-2%)
7(’1_“l)’(le(—n—lea)): > Pt ¢ (k).
k=3, k odd ’ k=3, k odd :
Then we reach the result
1 —x 1 — xom (=)™ @2m)!(1 — 2%+l
ey = 2 1
<1+m 1+xm) (2m)2m ¢@m +1)
m 2j+1
S (1 =2%
+@m!y (=1 ( ) _r@j+n. 69

o 2m —2j)!\(2m)?

1 .
1 —x; 1 —x2m—1 g : (1 =227+ '
e, =02m—-1)! -1/ -2 1).
m<1+x1 1+x2m1> e ),;( Y am—2j a3 Y

(36)

We remark the specific case

l—X1 1—)62 7 (3)
m , = — .
14+x1"  14+x nzg

It corresponds to the Mahler measure of :ﬁ: +z :ﬁ . Thus we recover formula (22).
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5.3. An example involving the golden ratio

We will consider the case of P =1 + x — x~!. Observe that

|P(e(®)|=|1+i2sin(2n0)| = /1 +4sin*(270).

In this case we need to integrate with 0 < argx; < % (since that is when P o e is monotonic).
Then

2 n
m(P(x1),..., P(xy)) =n!<;> / M1 (n+ D(P(x1), x1, ..., %),
0<arg(x,) < <Larg(xN< S
We start with
(1+x1—x1_1)/\x1/\-~-/\xn=(x12+x1—1)/\x1/\-~-/\xn

=(1—g0_1x1)/\x1 A AXp+ (LX) AXp A A Xy,

where ¢ =
Integrating, we obtain

—14+/5
5,

—x
—{(p]x1}2®X2/\~--/\xn—{—(px1}2®x2/\~--/\anB(('0 ! )/\(p/\sz-n/\xn.

14 ¢x;
The boundary is given by x; =1 and x| = x3, thus,
—{(p_li}2®x2/\~--Ax,, —{—¢ih @x2 A AX, + {tp‘1x2}2®x2/\---/\xn

@ — X1
14 ¢x;

+{—¢X2}2®X2/\~~Axnea< )/\go/\xz/\'n/\x,,.

Integrating once more, we obtain

—{¢71i}2®x2/\"'Axn—{—goi}2®x2/\.../\xnEB{(pflxz}3®x3A-~/\x,,

+ {—px2}3 ®X3/\-~-/\xn@{<p*1x2}2®go/\X3/\---/\xn

—{—¢x2}2®<ﬂ/\X3A-~/\xn@<w 1 )/\fﬂ/\xz/\~-~/\xn.
14 ¢x;

Continuing with the same procedure, we reach
" (e, + (—ednt)

n+1
P ({o i), @xk A Axy + =ik @ A Axy)
k=2
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1267
¢ — X1
ANPAXIA+A
®(1+<px1> @ NAXp Xn
n
® @(—1)k({<ﬂ_lm}k QPAXp 1l A+ AXp — {—@XpJk ® @ AXjp1 A+ Axy).
k=2
Taking into account properties of Ly according to the parity of k,
n+1
= {1 — {01 ® P 2A-vik@®x A Ax,
k=3, kodd
Y—X1
ANPAXIN---NX
@ (1 +§0x1) @ 2 n
n
& @(—l)k({WIXk}k QPAXKI A Ady —{—PXk ® @ AXpp1t Av- Axy). (37)
k=2
The first sum in (37) yields
n+1 . —k+1 n+1 - n—k+1
(im)" . (i) 2
2 3 Lwd = Y s Li(—9%).
—k+1 (5 — | — |
k=3,k0dd2n (n—k+1)! k=3,kodd2n(n k+1)!

The second line in (37) yields

1 1
d dx d d d
—(—1)"10gg0 /iIm( al >0—20~--o n —/ilm<$> oﬁ
1
J X1 —@ X2 Xn J X1+ X2

1 1

1 1

— dxy dx, dx, dxq dx;
=(—1)""oggRe f —o0--- —/7
(=1 g @ n+1<. x1—<po xz 0---0 X Yt x

i i

= (=1)"""log g Rent1(Lin(ig™") — Lin(¢™") — Lin(—ig) + Lis(—9)).

We used the iterated integral notation in the previous equalities.
The last sum in (37) yields

n

1
Z (—=1)=*+12k B logk R dxy dxgq1 dx,
I efl——)Jo——o---0

Xk — X, X,
k=2, k even k=9 k1 n

i

1
d dx d
+(—1)k/Re< k 1>o ktl o
) X+~ Xk+1 Xn

1

1
n k k
2*Bi log ¢ —~ dxp  dxgy
= (—1)71-‘1-1 E x g Ren—k+] ( / ° + 0-- 0

Xk — X
k=2, k even i k ¢ k+1

dxy,

Xn
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1

/ dxy, dxg41 dx,
=+ T ©° 0--+0
) Xk + o~ Xk+1 Xn

1

pil o 2Brlogte N »
=(=D Z 0 Re, gy 1 (Lin—ir1(i9™") = Lings1(e™")
k=2, k even :

+ Lin—k+1(—i¢) — Lig—k+1(—9)). (39)

The sum of Egs. (38) and (39) is

2k Bk logkg :
= (= 1)”“2 g g0Ren+1(Lln k+1(=i9) = Lin—k11(—¢))

2K B 1 -
+ (- 1)”“2 ¢ Og Y Reust (Lin—ts1 (i9™") = Lin—tr1 (¢7")).

Now the generalized Mahler measure is equal to n!(%)” times

1 5 1 n+tl (in.)nfk+l )
g Lrt (97) + 27k:32k: =kt (¢

+ (=" (Log1 (=i9) — L1 (=9) + Lag1(ig™") = Lag1(97"))
— (=1)"""Rey 41 (Lip41(—ig) — Ling1(—¢) + Lins+1(i9™") = Ling1(971)).

After simplifying, we obtain:

_ _ 1
(Lt = b ) =l ) e L(—07)
k=3

+n‘2Re L iyt (— int1(ip™!) — Li -1
nt1(Ling1(—i@) — Ling1(—=¢) + Lins1 (i) = Linpi(97").  (40)
A particular case is with n = 1, where we obtain

m(l + x1 —xfl) = —logy =log(1 + ¢),

thus recovering the expected result from Mahler measure.
For n =2 we obtain

2
m(1+x1—x; ' 14+x—x;')= ;(Lb((ﬂz) —Li3(—¢?)) —logg,

which recovers the Mahler measure of 1 + x; — xfl +z(14+xp — x;l).
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5.4. A limit formula

We end this section with an observation regarding the behavior of the generalized Mahler
measure when the number of involved polynomials goes to infinity.

Proposition 3. Let P € C(x1,...,x,) and let f; = P(xi1,...,Xip) fori=1,...,r. Then
lim m(f1,..., fr) =1og | Plleo
F—> 00

where || - ||so Stands for the sup norm on T".

Proof. For a measurable subset S of (T")", let Is denote the integral over S:

dx; p

1 ! / max log|P(x X )|dx1’1
S = . ',17 sy ., -
Qi) 1<i<r ! L X1,1 Xr.n
S

Then we need to investigate m(f1, ..., fr) = I(nyr as r goes to infinity.
First observe that

m(fla-afr)glogHP”OO
Then we just need to understand the lower bound. Consider the set
Ec:={(x1,....x0) €T" [ [P(x1,....%0)| = [ Plloc — €}

Let m. denote the Lebesgue measure of E. (normalized so that the torus has measure one).
We write (T™)" as a union of sets:

(T") = Ee x (T") " U (T"\ Ee) x Ee x (T") 2U---U (T"\ E)'
=AU(T"\ E.)".
Notice that the set A has measure
me+ (1 —mme+ (1 —mme+---+ (1 —me) 'me=1-(1-me)".
Therefore,
Iy > (1= (1 =mo))log(IIPlloc — €). (41)

Outside the set E. we do not have control of the value of log|P|. This is a problem if the
polynomial has zeros in the torus. Let

Zy={(x1,....x) €T" | |P(x1,....x0)| <1},

and let m,; denote the measure of Z,,.
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We write
(T"\Ee) = (T"\ E))" \ Z,U Z).
Now
Iz 2 (1 —me)" —m})logn. 42)
On the other hand,
7> (zni)m/log|P(x1,1,...,xl’n)|i)cll)yll d;r_rn"
Zy
=m2‘lﬁflog!f’<xu---»Xn>|d;—ll---CZ”- (43)

Zy

First choose a small € and large r, so I4 becomes close to log || P ||o due to inequality (41).

Now fix a small 1. We have that both (1 —m¢)" and m; are small for r large. If r is large
enough, the right side of inequality (42) is close to zero. Then either I\ g yr\ z is positive or
has a small absolute value.

Finally, mg_l is small for r large and the right side of inequality (43) is close to zero because

log|P| € L'(T"). Then either I zr is positive or has a small absolute value.
We reach our conclusion by considering Iy = Ia + I\ E )\ zr+ Iz;. O

We may conclude interesting results. For instance, from Eq. (34) we deduce

m—1 . 27
. (2m—1\2CHIA=2%) . _
mli)moo jE:] (—1)1< 2 )W{(% + 1) =log?2. (44)
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