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In a recent paper [l] Kalisch establishes the Brodskii characterization of the 
invariant subspaces of the Volterra operator V defined on L,((O, 1); dx) by 
the relation 

v@) = /zf@, 4 
which is the following: 

0 

If M C L,(O, 1) is a closed subspace with VM C M then 

M=L,(a, l)forsomea,O <a 5 1. (1) 

He then shows the equivalence of this theorem to the Titchmarsh convolu- 
tion theorem: 

zff,gEw4 l),f*g = 0 a.e. in [0, 11, and 0 is in the support 

off, theng = 0 a.e. in [0, 11, (2) 

(The support of a function f, which we denote Spt f, is the support of the 
(complex) measure fdx it defines,) It is the purpose of this note to show the 
equivalence of (1) and (2) by a very simple argument, which is inspired by, 
and unifies, the several arguments given in [I]. 

We first remark (as does Kalisch) that (1) is equivalent to 

If 0 E Spt f then the closed linear space of 

(Pf\n=O,l,Z ,... lisL,(O,l). (1’) 

Indeed, (1) implies (1’) trivially, and given (1’) it is clear that if VM C M then 
M = &(a, 1) with a = Inf (t 1 t = Inf Spt f, f E M}. Write $5(x) = cp(l - X) 
for any function y. We will show 

(v+!h cf> = (n 2 1)1 s 

1 

ot”-Y+) dt, n = 1,2,..., 

(f,a =f%(0),fYgG. (3) 

* This work was supported by an NSF Grant. 

62 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/81962793?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


REMARK ON A PAPER OF KALISCH 63 

Thus the inner products determining the “orbit” off under the action of V 
are essentially the moments of a convolution, and this makes the equivalence 
of (1’) and (2) clear. Assuming (2), if 0 E Spt f, and ( Vnf, g) = 0, n = 1,2, **et 
then Ff = f *g” = 0 a.e., so g” = 1 = g = 0 a.e. Assuming (l’), if 0 E Spt f 
and f*g = 0, then (Pf, 2) = 0, 1z = 0, 1,2, ..*, so that 2 = g == 0 a.e. This 
proves (2) for f, g EL,, and the L, case follows immediately from the facts 
that Vf is continuous for f E L, and Vf = e*f on [0, I], where e is the cha- 
racteristic function of [0, 11. 

If we write en for the n-fold convolution of e with itself then, as just noted, 
we have e”*f = Pf on [0, 11, and this is a continuous function on [0, I] for 
every f E L,. 

The proof of (3) is then as follows. 

(Pf,,) = J: Pf(x)H(l - x) dx = (Pf*j) (1) = (e”*f*j) (1) 

= (V’Yf*i)) (1) = & 1: (1 - Tlf*iW dg 

~-~fq( t) dt, n2 1, 

and 

f%(O) =f*g”(l) = j;f(l -y)g(l -Y) 4 = (f,i?). 
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