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Abstract—For the derivatives of the Hermite polynomial interpolation of a function on the interval
[2,b] we obtain best possible uniform error estimates. For this, a new representation for the error

function is developed.

1. INTRODUCTION

Let £ € C(™[a,b], n > 2 be given and let P,_1(t) be the Hermite interpolation polynomial of

degree n — 1, which agrees with z(t) and its first k — 1, 1 < k < n — 1 (but fixed) derivatives at

the point a, and z(¢) and its first n — k — 1 derivatives at the point b, i.e.,
PO(a)=2D(@), 0<i<k-1,

: _ (1.1
PO (3)=2M@F), 0<i<n—k-1. )

For the associated error e(t) = z(t) — P,—1(t), one of the main results of this paper is contained
in the following theorem, the proof of which is given in Section 3.

THEOREM 1.1. For 2 < n < 6 the following inequalities hold:

le¢™]| = max o™ (1) - DO S Chm B=a)" "™,  0<m<n-1, (12)

where the constants C,’:y,,, are given in the following table:

m
n k 0 1 3 4 5
2 1} ;
512 & :
TR T T T
e T
s 2'3 31250 320800e % 23_0 %
Y " S U SR
6 2 ks BWE & & %
6 3 whw s e ot &

In inequalities (1.2) the constants C,’:.m are optimal, as equality holds for the function z,(t) =
(t—a)*(b—t)"~*, whose Hermite interpolating polynomial P,-1(t) = 0, and only for this function
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up to a constant factor. Although some cases of (1.2) are well known in literature [1-4] and
are of immense value [5-10], we give here an entirely different proof, which is based on a new
representation of e(t), rather than on the traditionally used integral representations in terms of
Peano’s kernel (Green’s function). The present approach has an extra exciting feature, namely
that, at least in all the cases 2 < n <6,1<k<n-1,0<m<n-—1, computation does not
require any computer, compared to as used by Birkhoff and Priver [4] for the case n = 6, k = 3,
0<m<5.

From the transformation u = a+b—t, it is clear that for the function e(a+b—t), the conditions
(1.1) reduce to

e@)=0, 0<i<n-k-1,

. 1.3
eIB)y=0, 0<i<k-1, (1.3)

and hence, in inequalities (1.2) the constants
Ck .. =Cnk (1.4)

Thus, in inequalities (1.2) it is sufficient to consider 1 < k < [3], or [%!] < k < n — 1. Further,
if n is an even integer, say 2p, and k = p, then e(t) = e(a + b — t) and hence,

(m)()| = (m)(4)| = (m) a
max [e'™/(t)[ = max [e(1)| = max [e™(1)], 0<m<2p-1,
e @] = _max, €W(0)] = max [0, 0<m <2

i.e., it is sufficient to obtain bounds for [e{™)(t)| over [a, 2£t] or [2£%,5].
2. A NEW REPRESENTATION FOR THE ERROR FUNCTION
THEOREM 2.1. Let the functions Fj(t), 0 < j < n — 1 be recursively defined as follows
t
Fo(t) = / (b= ta)*" 1 2(M)(1,) dtn,
b

t
Fi(t) = /(b—tn_,-)-'-'F,--1<t,,_,-)dt,._,-, 1<j<n—k-1,
b

(2.1)
Fai(t) = /at % Fa—k—1(te) di,
Fi(t) = /t(a —tnoj) P Fjo1(ta-j)dta-j, n-k+1<j<n—1
a
Then, the error function e(t) can be expressed as
e(t) = (b—1)""*(a = 1)*~! Fa_s(2). (2.2)

PrROOF. Clearly we have e/)(a) =0,0< j<k—1,and e)(b)=0,0< j < n—k—1. Thus, it
remains to show that e(®)(t) = z(®)(t). For this, first inductively, we shall show that

i=l N e
o Sy @ ety Famima(t)
=3 (1) Tl - e -1 Tt

=1
=0 ! dt

+ (b=t a— U (1), 0<ji<k-1. (2.3)
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For j = 0, (2.3) is same as (2.2). Further, from (2.2) we find

e'(t) = % [(6—0)"*(a = t)*~"] Faca(t) + (b= 1)*~*(a — )"~ Fa_a(2), (24)

and hence (2.3) holds for j = 1. We now assume that (2.3) holds for j = p, 1 < p < k — 2, then
(2.3) provides

e®@+1)(¢)

p—-1 — .
=Z(f) 4 +z£_, [(b=1)*"*(a - t)*=*~] ———f::‘:‘;)‘.-fl)

¢ dp+1—l

[ Fn—i—l(t) )
dr¥i=i

(b t)n-k(a t)k—l—s] (a_t)i

v

i=0
dp- n— -iy Faie
= DR Fr - N
+ dit[(b — )" k(e =) Y Fopoa ()
+ (=0 a = )P Fopg(t)
=("% 1) E om0t 0 Faa(®)
dp+1—t A
( )dtr+1-u [(d—t)"*(a —t)*~1~1]
p=1 P - et 1 Fa—i-1(t)
+lz=;4 +'( )dﬂ,_, [(6-t)""F(a-1) ](a ,) ( (a—t)
dp+1-c ne -
{ +(z£1>dtp+1— (6=t *(a-1t)* ](a t) J

+ pglo-tyHa- i 2t

+ 21 =0"Ha =P Py (9
+(b= )" Ha = O3 Fauys(t)

1
= (p-(i)- 1) ;::.1 [(6 =) *(a—t)* Y} Fas(2)

CAMWA 21:8-C

[ [P\ (p+1—-i\ (n—k)Y  (k—1-i)
(f) Z-% (p /4 )(n—k—e)! (k-p-2+20)
X (b - t)n—k—t(a _ t)k—p—2+t
" [P\ (p-i)_(=k)!  (k—1-3)
+PE(—1)P+1-"< "(i);( ¢ )(n—k—t)!(k—p—1+£)!
i=1 x (b - t)n—k—l(a _ t)k-p—2+t
p+l-i . :
p+1-i\ _(n—k)! (k=)
+(,.’_”1) Z; ( ¢ )(n—k—t)! (k—p—1+10)
X (b - t)n—k—t(a - t)""’""‘ﬂ

T

~

1 n— —p-17 Fa—p-1(t)
+(PEY) glo-irtamypory Sl

+(b=t)""Fa—-t)f-?3F,_,_s(t)
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1

1 — k)! b ied s
. (pj )(n—k(rip—)1+i)!(b_t) e
+Y (-1t +1\ 8 (p+1-i\ _(n—K)!  (k—1-i)
g +(pz' )Z(p 2 )(nzk—E)!(k—p—2+£)!
x (b - t)n—k—t(a _ t)k—p—2+t

Fn—i—] (t)
* Na—ty

=0

+1 d ne- e Fn_ _.1(t)
+(P3Y) 2o~ 0rtamnrr T

+(b—t)*~k(a — t)t=2-3 Faep-a(t)
1
= (P‘(i)‘ 1) %[(b—t)ﬂ—k(a_t)k-llp _1@®)
p~1 _
p+1Y) drti-i - i Foesl®
+X (1) 0= ra - gtoimg D)
+1\ d . e Faoa()
+(P )?i?[(b_t) E(q —)t-1 P]_(___e_l_

p a—t)p
+ - Fa- )3, (1)

3 - . .

=0 (a
+(b—t)"Fa— ) =3, o(1).

This completes the proof of (2.3).

Next let j = k£ — 1 in (2.3) and differentiate the resulting equation; we obtain

k-1 -4 .
e®)(t) = ; (’f) % (6 —1)"~*(a — t)*-1-1) —————i"a"_‘:)(f) + (-1 F, (1), (25)

From (2.5) a tedious induction yields

e9(t) = § (-7) dj_-'. [(b—t)**(a — 1)t=1-9) Fo_io1(t)

= \i/ dv- (a~t)
L (i) a n~1-i7 Fn-i-1(t) .
N e K P PR

Finally, in (2.6) let j = n — 1; then we obtain

k=1

n—-1—g . n-1 n—1-g .
e("-l)(t)= (n~1)! [Z ("1)_ 10 Facica(t) +E (=1n-! Fn—:—l(t)]

i=o il (a-t) & il b — 1) (2.7)
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from which it follows that

¢ k-2

) Fr_i—a(t  Fnoi-1(t
'z_; ( ).'! @ —t)z"(+z tie _t)li(+3
e™(t) = (n — 1)! 4 + (= 1)"1_)': [(a tF-1(b—t)~F! :‘:;-:kt—)i(tz +(k-1) f‘n—bt()tz] |
Z (= 1)”"" Faicat) | Faci-a(2)
i=k ! (b—ty+2 (b —t)H
n-1 z(» (t) Fo(t)
1)1 [(b t) (b 1)1 +(n-1) R ‘
)

>

1)n—1-—i Fn—i—l(t)

(_l)n—k+l Fn—k(t)

=t (i-1! (a-—t)+!

2 (=1 Facia(t)

k=2 (a—1t)

(=1)"* Fr_g_1(t)

(=1)"* Fa_i(t)

IJ +‘_ (i=1)! (a=t)+l * (k—1)! (b—t)k+! (k=2) (a—1t)*
=(n-1)! -
(=1 + "z:z (=1)"1F Facica(t) |, (=D)*1F Fpea(2) P
i—k+1 G=1)! G-t " (k=1 (b=2t)+
Z (=)™ Fa_i—1(2) + (=) Fo(t) , z™(t) 1 Fo(t)
|57 GO G0 T o) - T () ()Y (6-0) |
=z(")(1).

THEOREM 2.2. Let the functions G;(t), 0 < j < n — 1, be recursively defined as follows

t
Go(t) =/b (b=ta)" 12 (a+b—t,)dt,,

G0 = [ 6= ta)?Coslta-g)dtnng, 1S5S
b (2.8)
Gty = [ Gt Gyt b,
G = [ @t ) Gporlta g, k+1SGSn~1L
Then, the error function e(a + b —t) can be expressed as
e(a+b~1t)=(b—t)(a—t)" " *1Gn_1(t). (2.9)

ProoF. The proof can be deduced from Theorem 2.1.

LEMMA 2.3. For the functions Fj(t), 0 < j < n — 1, defined in Theorem 2.1, the following
inequalities hold:

-1 —=1) .
mol< EIT R 6oy, 0<i<n-k-,

- '._ 1 .
ol s LI gy, n-k<jga-1,

ProoF. The proof is by direct computation.
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LEMMA 2.4. For the functions Gj(t), 0 < j < n — 1, defined in Theorem 2.2, the following
inequalities hold:

-_— 1 — | ,
651 < EZIZ D g ey, o< k-1,

—_ 1 - 1 .
G < BT _aprei @), kgj<n-1

3. PROOF OF THEOREM 1.1
The proof of Theorem 1.1 is contained in the following cases:

Case 1. m=0.
From (2.2) and Lemma 2.3, we find

e < — (b= 1) (2 - a)* [l=)].

Since the function (b — ¢t)*~¥(t — a)* attains its maximum at t = 1[kb+ (n — k)a], and its
maximum value is Q—_E,:)—i (b — a)", it follows that

kF (n k)n—k

nﬂ

le(t)| < (b—a)™ [|=)]|. (3.1)

CAsE2. m=n-1.
From (2.7) and Lemma 2.3, we get

le("~ 1)(t)|< Z(t—a)+2 (b-1) Ilr‘")ll——[k(t—a)+(n— k) (6= O [|="]]
=0

5% max{k,n — £} (b — a) =] (3.2)

CAasE3. m=1,k=n-1.
From (2.4) and Lemma 2.3, we obtain

le' ()] < |—(a—t)""2—(n—2)(b—t)(a t)n- 3| (t—a)”.t(")”

+(4 =) (a=1t)"" "I  (t—a)? =™

L [(=DE=ar? G- - (-, (t-a) < (n-2)(b-1)
== o)

(t-ay = (n-H(-ar2(-t), (t-a)2(rn-2)(b-1)
1 (n=1)v""2 = nv""1 = ¢,(v), 0<v< izt
< —'(b—a)"'l{ }Ilw""ll-
nl n-2
1, n-1 SV

For the function ¢;(v) we have ¢{(v) = (n — 1)v""3((n — 2) — nv), and hence, ¢,(v) <

ma'x{¢1(0)1 ¢1(:_:f)) ¢1(9_;2)} <1
Thus, it follows that

€01 < = (b= @)= || (33)

CasE4. m=1,k=1.
From (1.4) and Case 3, it is clear that in this case also inequality (3.3) holds.
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CASES. m=2,k=n-1(n>4).
From (2.3) and Lemma 2.3, we find

"M < (n=2)[2(a = )"+ (n = 3) (b~ t) (a - )"~ "I = (t-a)lz™
+2|=(a—t)"2 - (n -3)(-t)(a- t)"“l = (t—a) [l

+(b-t)(t-a)"? Ilz(")ll

= {E=a 2B~ +2((t~a) = (n~3) (b~ 1)
+(n=2)|(n=3)(b~1) —2(t - )]} |||
== (=ay
" 3a(n-3)+2-((n—2)(n+1) + 2)v] = ¢2(v), 0<vg2=3
x V"2 =(n=8)(n—4)+2+((n—2)(n—3)~2)v] = #5(v), 2=I<v<EZZ B |||,
vV 3—n(n - 3) + 2+ ((n+ 1)(n — 2) — 2)v] = ¢a(v), 2=3<v<1

Obviously, ¢4(v) < ¢4(1) = 2n-2, and ¢3(v) < [~(n—3)(n—14) + 2 + ((n—2)(n—3)-2) 23]

-3)(n-4 —3) (n(n=3)+2
=2+ %;M;T—Z < 2n — 2. Further, since ¢5(v;) = 0, where v; = zﬁ_%ﬂeégg'v;&'ﬁﬁj,

#2(v) < max{¢2(0), #2(v1), ¢2(2=3 )} < 2n — 2. Therefore, we obtain
~1
el < 2820~ a2 o, (34)

CAsE 6. m=2,k=1(n>4)
From (1.4) and Case 5, it is clear that in this case also inequality (3.4) holds.

CASET. n=2p, k=p, m=1.

For this case recently in [3], it has been shown that

_1\F!
OIS =t (2’;_11> (b= @)1 |29 (3.5)

CAsE 8. n=2p, k=p,m=2p-2(p>2).

From (2.6) and Lemma 2.3, we have

d?p-z-i
pre=il

-1
o) <3 (772)

=0

+2§-:2<2pi_2)

— (a1 1| - D 1]

d2p-2—s' -
S (0= 0775 s - 01
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—_— b=a)—-(2p-1-(t-a)|(t—a
= {'E_:olp( )= (2p—1-i)(t-a)l(t-a)
2p—~2
+ 3 (2p-1-1) (b—t)?} =@

i=p

p-1
521?(2113-1) (6-a)? jevi {Z lp - (2P—1—1)vlv+-p(p—l)(1—v) }“,(217)“

i=0

1
“2p(2p-1) (b-a)’ o<;<8:c—1 u,<u<v,+, {Z (2p—1-#v—plv

-1
+3 [pP~@p-1-d)v]v+ 210(17— 1H(1- v)’} (12|
i=j

= ! (b-a)? max max
T2 (2p-1) 0<j<p-1 vj<vlujp

{306 -1+ =20+ (i = 5 = j = )07 = 640} 1),

= ok Ty i
where v; . We shall show that <r;12.;c_1 v’<r£1gj+ Hi(v) = ip(p—1). For this, if j = 0,

then we have ¢g(v) = 3p (p—1)+pv (1—pv), however, since pv > 1, for all v € [vg, v{], it is obvious
that ¢(v) < 3p(p—1). f1 <j<p-1land4pj—j2—j—p? <0, thenforallve [v,,v,+1]
q%(v) < 2p(p—l) is immediate. Also,if1 < j <p 1 and 4pj — j%2 —j —p? > 0, then ¢;l, (v*) =0,

_mﬁ% >3 a.r‘ld since ¢i(v*) = gp(p—-1D)+vig(p—-2pi) < gp(p—1), it
follows that, for all v € [vj,vj41], #5(v) < max{¢}(v;), #%(v;+1)}. However,

where v* =

. 1 ) . 1
$i(v))=5p(P— D+ (p+i-2D(-p) S 5p(P— 1),
and
, 1 1 . . .
#5(vis1) = PP+ 2l -(-172< 3P(p—1) (with equality only for j = p - 1),

imply that, for all v € [v;,vj41), ¢§(v) < 3p(p —1). Finally, it remains to note that #£1) =

sp(p-1).
Therefore, we obtain

€ 0)] < 3 A=k (6 o) [P (3.6)

Case 9. m=n-2,k=n-1(n25)
From (2.3) and Lemma 2.3, we get

2-i .
e <5 (772 1S 6 - 0= 0 S o) 1)

[
=0

+6-0 L= a) e

= —-—-—n(n {}: (b—a)+(n—1~i)(a—10)|(t- a)+(t—a)(b—t)} Q)

i=0

<b-a {Z u—(n-1—z)v|+(1—v>}uz<">u

n(n—1) 0<u<1
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(OSTSN:‘&T vi(n—1)—jn(n-1)4] \
(= | stmBeti, VY 84U DER = o) )
RIcEn ~- == -Bo=dl 112
| [92009) |
1
<L) e e max {44 (b)) 4 () } L

n(n-—1)
3(n—1)(n—-2)  (equality at v=1)

=L -1 -,

and, hence,

€20 < =2 - o) ), (3.7)

CAsE10. m=n—-2,k=1(n2>5).

From (1.4) and Case 9, it follows that in this case also inequality (3.7) holds.
Casell. m=1,k=n-2(n>5).

From (2.9) and (2.8), we have

(b= === = (1= D (=0 @ = 0)Gr()

+(b—-t)"" 2(a—t) @ t)2 Gn-2a(t)

=~ -t)""?=(n-2)(b-1)"*(a-1)]

(b—t)"-2 G_alt)

NI

=[(b=t)""2+(n—2)(b— )"~ 3 (a —1)] /d‘ '(b——lil_)f’ Gn-3(t1) dty

-(n—-2) (b—t)"“’ (“ t)

(b 1 )3 Gn_3(t1)dt1.

Thus, from Lemma 2.4 it follows that

a+b-01 <=0 [ = I6-0+ (= D(a=1 - (n-D(a-t)

2
x ;-!(b— t1)% ]|z} dt,

=2 - ara- 0t [ [ 1= D01 (= 1 ol 1)
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(1= v)"3v(2 = nv) = ¢(v), 0<v< L

S oo

=$(b—a)"—1 (1 —v)'l s[v(nv—2)+ (1 _.v)2] ”z(n)”
= ¢s(v) Lo<v<l

S;];T (b -_ a)n_l ¢7 (2 (Tl - 1) _n\(/:(_nl-)— 1) (ﬂ - 2)) Ilz(n)“

Therefore, we have

01 < s 1 s (- D=2+ VI - D (- 2P
x2(n-1)-2(n-1)(n-2)

Case 12. m=1,k=2(n>5).
From (1.4) and Case 11, the inequality (3.8) holds in this case also.

_ _fn=2, ifn=25
CASE13.m_n—3,k—{2, ifn>5}'

For this case we shall show that

? (b—a)* 2™]]. (38)

o) < 5 PO 6 02 e, (39)

If n =5, then from (2.3) and Lemma 2.3, we have
d2-t
(o) <§:( )

= 0= 0@ =0 = (t - @) o] + (b — 1)2(t - %) 55 Hz(s’ll

5|

=—613 (b—a)®v[|1 = 6v+ 602+ |1 —4v+ 302+ (1 —v)?] ||z

1007 - 12043, 0<v<3)B

—992 3— 3< <1
=i(b—a)3v 2v° 41, <v<gy ||x(5)”
60 ~8v2 4+ 8v -1, %Svsl‘f@é

4v? —dv +1, V3 <<l

1
<5 (b - @ ).

If n > 5, then from (2.6) and Lemma 2.3, we find

€O S5 |

(ngl)(b—t)z—(b-—t)(b—a)

(t-a)+@(6-t)2(t_a)

n-3
+ 2—(711—2) S (n—1-i)(n—2—1i)(b= t)3]||1:(")||
i=2
_ 1
“n(n-1) (
y { %(n -3)(n-4)1=-vP+(n=3)v(1-v)2-v}(1l-v),0<v<E n_l ! (n)“
L(n = 3)(n = 4)(1 — o)+ v2(1 - v), a3y g1 f

b—a)®

1 (n—3)(n—4) n
<3 —n(ﬁ-(b a)?|=™)|.
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2, ifn="5
n—2, ifa>5]"
From (1.4) and Case 13, the inequality (3.9) holds for this case also.

CasE 14. m=n—3,k={

CAse15. m=n—-2,k=n-2(n>35).
From (2.6) and Lemma 2.3, we find

n-3
1
(n-2) —_— - —a)=(n—1~=13(t - —$)2 (n)
£"D0)] €y [z; (t-0)[2b-a) = (n = 1=3) (¢ — a)| + (b= 1) [}
— 1 2
“n(n-1) (b—a)
14+2v(n=23)-1v¥(n? —n-4), 0<v< 4
x{ 1+20(rn=3-2j)+3v?(j(2n-j—-1) ™).
—(n=2-§)(n=j+1)+2), FEH<v<it
1<j<n-
Therefore, it follows that
-0y g EZDEI) gy ppao, (3.10)

2n(n—-1)
CAase16. m=n—-2,k=2(n2>5).
From (1.4) and Case 15, the inequality (3.10) holds in this case also.

CAse 17. m=n-3,k=n-1(n>6)
From (2.3) and Lemma 2.3, it follows that

|e(n—3)(t)|5n(n_ll)(n_2) [f_:(n—2—i)|(b—a)—%(n—l—i)(t—a)

+(b-n]

x (t—a)?||=™)

1
“ha(r-1)(n-2)
(02 [1-in(n-1)(n=2)v + in(n-3)] = go(v), O0<v<ziy )
v? [H(n(n-1)(n—2)—2(n—j)(n—j—1)(n—j=2))v
+ }(n2-3n+2+2j2—4nj+65)] = $10(v),

(b-a)

X9 > 1=

[ v? [1—2v+%n(n—1)(n—2)v—-;-n(n—3)] =éuw), 2<v<1 J

Clearly, ¢11(v) € ¢11(1) = §(n — 1)(n — 2)(n — 3). Further, since for n > 6, ¢9(v) <

2
("—:"_1-) l+in(n-3)]= %%? < 2, and é1;(1) > 10, we find that ¢g(v) < ¢11(1). Next, since
(n? - 3n + 2 4+ 2j2 — 4nj + 6j) < (n? — Tn + 10), it follows that ¢yo(v) <
(%)2 fn(n-1)(n-2)+ 3 (n? =T + 10)] < ¢11(1). Therefore, we get

e=9(0) < B2 - 0 ). (3.11)
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Case 18. m=n-3,k=1(n2>86).

From (1.4) and Case 17, the inequality (3.11) holds in this case as well.

Case 19. n=2p, k=2p—-2,m=2p—4 (p >3).

From (2.3) and Lemma 2.3, we obtain

e(2=9) 1
O s T @D @ =)

2p-5
x [E [(b—a)? (2p~3—i) (a—t) + (b—a) (2p—2—i) (2p—3—i) (a—t)?

i=0

+ é(2p—l—i) (2p—2-1) (2p—3-1) (a=1)°| (t—a) + (b=1)* (t—a)®| [|z*"))|

1
" 2p(2p-1)(2p-2)(2p-3)

2p-5
[Z(?p 3—i)|-1+4(2p- 2—z)v——(2p—1—z)(2p 2 — i) v?|

(b—a)te?

i=0
+(1- v)z]llx“"’ll, 0<v< L
(3.12)
In particular, for p = 3, (3.12) reduces to
le” ()] <360 (b—a)?v? [|10v% — 12v + 3| + |[4v? — 6v + 2] + (1 — v)?] [|z(9)), 0<v<1
6 — 20v + 15v2, Ogvs%@
N 4v — 507, =Byl ©)
=55 (b=a)'s T e
—4 4 16v — 1302, 5_<_v5—‘fi—g@
2 — 8v 4 Tv?, 9’&—2@51;51
== (b — a)* ||l=(®)]. (3.13)

s 360

Case 20. n=2p, k=p,m=2 (p>3).

From (2.3), we have

e”(t) =[P(P— D=t~ (a=tfP~ ' +2p(p— 1) (b t)P~} (a — t)P~?

Fap_a(t1) ¢ _ C Fp_a(t1)
(a—-t1) |, Ja (:‘tl) dtl}

+(p=1)(p=2) (b=t (a- ,),,_3]

+2]-p =P @m0 = (p =D 61 (o tp=?] 2l

+ (b - t)p (a - t)p_5 sz_a(t)
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=[po- D=1t -t - 90— P @y
+G-D (-3 6= 17 (@- 10| Fypealt)
- [pe-DE-tr @ 42 -1 - 17 @

+Ho- -9 -tp@-p?] [ 2=,

+ (b —t)P (a — t)P~5 Fyp_s(2). (3.14)

For p = 3, (3.14) reduces to

e(t) =(b— a)4{[_6(1 — )+ 6(1—v)?] Fa(v)

+16(1—v)v?—12(1 - u)2 v+ 21— v)7] /0 Fo() 4, 4 1= 0) Fa(v)}
vy v

» _a),,{ - )/ < ~120 —v;6v+2) Fa(vl)dvl+(1:;')3 Fs(v)}
_(b_a)4{(1_v)/ ( 12v+20v —v;6v+2> (/o ug(l-vz)"Fz(vz)duz) dvy
4+ v)3F( )
=(b— a)4{(1 - v)/ov (/2 (s'vf”” L 2 'v;6”+2) dvl) v2 (1 = v2)~ Fy(vs) dvg
t v)ap( )
—(b-a)4{(1_,,)/ (120 6 10v2—028v+1+(6—vzl)23u+10v2—v§8v+1)

X 02(1 —vz) 4F2(v2)dvz+ /0 (1—!)2)_‘1 Fz(vz)dvz}

=(b—a)“(1—v)/o (3+ v:?v + 10.* —8v+1) v3 (1 = vg)™* Fy(v2) dvg

”2

v -12 10v* - 1
_(b—a)“(l—v)/0 (3+6 ~ LS 0 28v+ )vg(l—vz)"‘

v

X (/v(l — v3)~2 Fy(va) dvs + /01(1 — v3)~2 Fy(vs) dvs) dv,

ey (l—v) {/ [/( ~12v 1007—v;v+1) 03(1_02)_4“2]

b4 (1 - ’03)_2 F]_(va)dvs

v 6—-12v 10v —8v+1
_Fz(v)/ <3+ v20+ hd 2v+ )vg(l—vg)'4dv2}

va

10 (1-9v)2 6(1—v) 3 1
(b—a)4{(1— )/ [3 (1—‘03)3 (1—03)2 + (1—!13) —5(1002_20-1- 1)]

x (1 — v3)~2 F1(v3) dvs — %(30 — 1207 +104%) Fz(v)},
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which, on using Lemma 2.3, gives

1 v
le”(t)] < (b- a)"{—(l - v)/ [v3(10v%—2v+1) + v3(~3002+6v+6) + va(30v3—24v3+3)| dvs

1
2 31(1 = (6) =
360 = [3v—1202+100°| (1 — v)* }||z Il 0<v< 5 (3.15)
For v € [0, ] (3.15) becomes
le”(#)] < 120 (b—a)* v (1 —v) (507 — 5v + 1) [|z(9]
(&= a)* =], (3.16)

‘2400

For v € [458 e 106], (3.15) is the same as

")) < (b- a)“{ 180 (1 — v) [@?(60v? —48v+6) + a3(~40v2+8v+8) + a*(10v2—2v+1))

120 v(1- v)(5v —5v+1) = é12(v) }||z(6)||,

2_ — — — . . . —
where o = B2 =% 3'*1'&,:)2;_'_175” 50049 The maximum of ¢13(v) is attained when ¢ = 45¥%,

- . 1 . . -
and the maximum value is zzz5e5- Thus, in this interval,

1

le” ()] < 26553168 (b — a)*[|=(). (3.17)

For v G[ X2, 1], (3.15) reduces to

()] Sgs (b= a)* u(1 = 0) (=507 + 5v = 1) (9]

Lo 418
< a5 6 = " 1= (318)

Combining (3.16)-(3.18), we find that
" - (6)

CasE21l. n=2p, k=p,m=2p—3 (p>3).
From (2.6) and Lemma 2.3, we find

11)(2p—2) [z %(21"1—1')(217—2-—;)(“_02
i=0

+p(p=2-0)(a=1)(b~a) + 5p(p—1) (b~ 0’

2p-3

> Com 1= 002220 oy 1)

(2p-3)
e ) <

(t—a)

1
“2p(2p-1)(2p—2)
P11 1
g [Z; 3@p-1-0@p-2-)v*—p(2p-2-i)v+gp(p—1)|v

(b—a)®

<v<l. (3.20)

22| =

+Ep(p= 1) (p=2) (1 o) =],
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For p = 3, (3.20) is the same as

le" ()| 5% (b—a)®[110v? — 12v + 3| v + |6v% — Qv + 3| v + [3v% = 6v + 3| v + (1 — v)?)
X[, 3<vsl
=L(b_a)3{1_6"+18”2' h o gsvs S }uz“’n
120 1 - 6v? + 603, Q-%ESvSI
<15 (4= 1] (321)
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