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Abstract

This paper classifies the finite groups that occur as inertia groups associated to abelian
surfaces. These groups can be viewed as Galois groups for the smallest totally ramified extension
over which an abelian surface over a local field acquires semistable reduction. The results extend
earlier elliptic curves results of Serre and Kraus.
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1. Introduction and statements of main results

In this paper we classify the finite groups that occur as inertia groups associated to
abelian surfaces. We first prove a group theoretic result, Theorem1.3, that does not
involve the theory of abelian varieties. Namely, we define a class of groups that are
inertia groups in the sense of having a unique Sylowp-subgroup with cyclic quotient,
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and also have a compatible system of representations into GL�(Z)× Sp2�(Q�) for all
� �= p (with � and � fixed), where Sp2�(R) denotes the group of 2� × 2� symplectic
matrices overR. We determine exactly which groups can occur when� + ��2. In
Theorems1.7 and 1.8 we show that these groups are exactly the groups that occur as
inertia groups associated to abelian surfaces over local fields as in[6] (see pp. 354–
355; see also Section 4 of[24]). This extends earlier elliptic curve results of Serre and
Kraus (see Remark1.5). The proofs in this paper use results from[24] (see also[25]
for related results), which were heavily influenced by the theory of Grothendieck and
Serre.

Definition 1.1. We sayG is (p, �, �)-inertial if G is a finite group, eitherp = 0 or p
is a prime, and� and � are non-negative integers that satisfy:

(i) if p = 0 thenG is cyclic; if p > 0 thenG is an extension of a cyclic group of
order prime top by a p-group;

(ii) for all primes � �= p there is an injection

G ↪→ GL�(Z)× Sp2�(Q�)

such that the projection map onto the first factor is independent of�, and the
characteristic polynomial of the projection of any element onto the second factor
has integer coefficients independent of�.

Note that (i) implies thatG is solvable, and has a unique Sylowp-subgroup ifp > 0.
Note that (ii) implies that the character associated to the representation ofG on Q2�

�

takes integer values and is independent of� (�= p); it follows that the dimension of
the space(Q2�

� )
G of G-invariants is independent of�.

Next we define notation for finite groups of small order. LetCn denote the cyclic
group of ordern, letD8 (respectively,Q8) denote the dihedral (respectively, quaternion)
group of order 8, and letT12 denote the nontrivial semidirect product ofC3 by C4. Let
H24 denote the nontrivial semidirect product ofC3 by C8. LetH20 denote the semidirect
product ofC5 by C4 where a generator ofC4 acts onC5 as an automorphism of order
2. Let H40 denote the semidirect product ofC5 by C8 where a generator ofC8 acts
on C5 as an automorphism of order 4. (Note thatH20 is a (normal) subgroup ofH40.)
Let H36 denote the semidirect product ofC3 × C3 by C4 where a generator ofC4
takes elements ofC3 × C3 to their inverses. LetH72 denote the semidirect product
of C3 × C3 by C8 where a generator ofC8 acts onC3 × C3 as an automorphism
of order 4. LetH128 denote the semidirect product ofQ8 × Q8 by C2, with C2
acting by exchanging the factors. LetH160 denote the nontrivial semidirect product of
H32 by C5, whereH32 is the subgroup ofH128 generated by theC2, the diagonal
Q8 ⊂ Q8×Q8, and the center (∼= C2× C2) of theQ8×Q8. Let S128 denote the set
of subgroups (�= 1) of H128. Let S4(5) denote the set of subgroups of Sp4(F5) that are
nontrivial semidirect products of a subgroup ofH128 by C3 and have no elements of
order 24.

Note that SL2(F3) is the only nontrivial semidirect product ofQ8 by C3.



180 A. Silverberg, Yu. G. Zarhin / Journal of Number Theory 110 (2005) 178–198

Definition 1.2. Suppose eitherp = 0 or p is a prime. Define finite sets of finite groups
as follows:

�p(0,0) = {1};
�p(1,0) = {C2},

�(0,1) = {C2, C3, C4, C6},

�2(0,1) = �(0,1) ∪ {Q8,SL2(F3)},
�3(0,1) = �(0,1) ∪ {T12},
�p(0,1) = �(0,1) otherwise;

�2(1,1) = �2(0,1) ∪ {C2× C2, C2× C4, C2× C6, C2×Q8, C2× SL2(F3)},
�p(1,1) = �p(0,1) otherwise;

�2(2,0) = �(0,1) ∪ {C2× C2,D8},
�3(2,0) = �(0,1) ∪ {S3},
�p(2,0) = �(0,1) otherwise;

�(0,2) = �(0,1) ∪ {C5, C8, C10, C12},

�2(0,2) = �(0,2)∪
{C2× C6, C4× C6, C3×Q8, C3×D8, C6×Q8, H160} ∪ S128∪ S4(5),

�3(0,2) = �(0,2) ∪ {C3×C3, C3×C6, S3, C3× S3, T12, C3× T12, H24, H36, H72},
�5(0,2) = �(0,2) ∪ {H20, H40},
�p(0,2) = �(0,2) otherwise.

Note that ifG ∈ �p(�, �), thenG is (p, �, �)-inertial. (We show in Section4 that
if G ∈ �p(0,2), thenG ⊂ GL2(Hp) ⊂ Sp4(Q�) for every prime� �= p, where Hp

is the quaternion algebra overQ ramified exactly atp and∞.) The following result,
which we prove in Section3, gives a converse, under the hypothesis�+ ��2.

Theorem 1.3. If G is (p, �, �)-inertial, G �= 1, and �+ ��2, thenG ∈ �p(�, �).

Remark 1.4. The setS4(5) consists of the groups

SL2(F3),SL2(F3)× C2,SL2(F3)× C4,SL2(F3)×Q8,

and the groups that the computational group theory program GAP[5] calls

[48,28], [48,29], [48,33], [96,67], [96,191], [96,202], [192,1022], [384,618],

where [a, b] denotes thebth group on GAP’s list of groups of ordera. Note that
[384,618] is the normalizer in Sp4(F5) of its Sylow 2-subgroupH128, and SL2(F3),
SL2(F3)× C2, [48,33], [96,202], and [192,1022] are subgroups of it.
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Next, we apply Theorem1.3 to inertia groups associated with abelian surfaces.
Throughout this paper,A is a d-dimensional abelian variety over a fieldF, v is a
discrete valuation onF of residue characteristicp�0 with perfect residue field, and�
is a prime different fromp. Fix an extension̄v of v to a separable closureF s of F,
and writeIv for the inertia subgroup in Gal(F s/F ) for v̄. Let

��,A : Gal(F s/F )→ GL(V�(A))

be the�-adic representation, whereV�(A) is the�-adic Tate module. LetGv,A denote the
(finite) group of connected components of the Zariski closure of��,A(Iv) in GL(V�(A)).
In [6] (see pp. 354–355), Grothendieck defined a subgroupI ′ of Iv with the property
thatA has semistable reduction at the restrictionw of v̄ to a finite separable extension
of F if and only if Iw ⊆ I ′. In particular, if F̃ denotes the maximal unramified
extension of the completion ofF at v, then I ′ cuts out the smallest Galois extension
of F̃ over whichA has semistable reduction. We denote the groupI ′ by Iv,A because
of its dependence onA and v. ThenGv,A = Iv/Iv,A (see Theorem 4.2 of[24]), and
the finite groupGv,A encodes information about the extensions over whichA acquires
semistable reduction. See Section 6 (especially Corollary 4.1) of[12] for a discussion
of Gv,A whenA is a Jacobian.

Remark 1.5. As shown in[18] (p. 312) and[11], if E is an elliptic curve with non-
semistable (i.e., additive) reduction, thenGv,E ∈ �p(0,1) if the reduction is potentially
good, andGv,E ∈ �p(1,0) if the reduction is potentially multiplicative. Conversely, if
G ∈ �p(0,1) (resp.,�p(1,0)), then there are a discrete valuation fieldF with residue
characteristicp and an elliptic curveE overF with additive and potentially good (resp.,
potentially multiplicative) reduction such thatGv,E ∼= G.

In Theorems1.7 and 1.8 below we use Theorem1.3 to extend this elliptic curve
result to the case of abelian surfaces. Theorem1.7 implies, for example, that ifA has
purely additive and potentially multiplicative reduction, then eitherGv,A is a cyclic
group of order 2, 3, 4, or 6, orp = 2 andGv,A is C2×C2 or D8, or p = 3 andGv,A
is S3, while Theorem1.8 says that all these groups occur.

If w is the restriction ofv̄ to a finite separable extensionL of F, let Aw denote
the special fiber of the Néron model ofA at w. If A has semistable reduction atw,
let a(A) and t (A) (respectively,av(A) and tv(A)) denote the abelian and toric ranks
of Aw (respectively,Av). As in [6], we denote them bya, t, av, and tv when the
dependence onA is clear. Note thata and t are independent of the valuationw above
v at whichA has semistable reduction, and we havet + a = d. The abelian varietyA
has semistable reduction atv (i.e., Gv,A = 1) if and only if (t − tv, a − av) = (0,0).
Remark1.5 implies that ifE is an elliptic curve, thenGv,E ∈ �p(t − tv, a − av).

Lemma 1.6. If A is an abelian variety as above, thenGv,A is (p, t−tv, a−av)-inertial.

Proof. Definition 1.1(i) is satisfied forGv,A and p, as can be seen by replacingF by
the maximal unramified extension of the completion ofF at v, looking at the extension
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cut out byIv,A, taking its maximal tamely ramified subextension, and applying Section
8 of [4]. By Theorem 5.2(i) of[24], Definition 1.1(ii) is satisfied. �

Conversely, Theorems1.7, 1.8, and1.3 together give the list of groups that can occur
as aGv,A for abelian surfacesA, and imply in particular that givenp, tv, t, av, a with
t + a = 2, all (p, t − tv, a− av)-inertial groups do in fact occur asGv,A’s, for somev
and abelian surfaceA with the givenp, tv, t, av, a.

Theorem 1.7. If A is an abelian surface, thenGv,A ∈ �p(t − tv, a − av).

Proof. Apply Lemma1.6 and Theorem1.3. �
We prove the following result in Section5 below.

Theorem 1.8. SupposeG ∈ �p(�2 − �1, �2 − �1), with �1, �2, �1, �2 ∈ Z, 0��1��2,
0��1��2, and �2 + �2 = 2. Then there are a field F with a discrete valuationv of
residue characteristic p and an abelian surface A over F such thatG ∼= Gv,A and
(tv, t, av, a) = (�1, �2, �1, �2).

Remark 1.9. If a finite group can be realized as a groupGv,A for someA andv, then
so can each of its subgroups (for the same abelian varietyA, and for the restriction of
v̄ to the subfield ofL cut out by the subgroup, whereL is the smallest Galois extension
of F̃ over whichA has semistable reduction; note thattv and av might increase).

It is natural to ask whether analogues of Theorems1.7 and 1.8 hold for abelian
varieties in arbitrary dimension, i.e., does the set of non-trivial(p, t − tv, a − av)-
inertial groupsG coincide with the set ofGv,A’s for abelian varietiesA with the given
p, tv, t, av, a? The answer turns out to be no, as can be seen from Example1.12below,
which shows the necessity of imposing additional restrictions onG.

Definition 1.10. We sayG is strongly (p, �, �)-inertial if G is (p, �, �)-inertial, and
the G-invariants(Z�)G and (Q2�

� )
G coming from Definition1.1(ii) are zero.

As pointed out after Definition1.1, the dimension of(Q2�
� )

G is independent of�.

Lemma 1.11. If A is an abelian variety, thenGv,A is strongly(p, t−tv, a−av)-inertial.

Proof. By Lemma1.6, Gv,A is (p, t− tv, a−av)-inertial. Letw be an extension ofv at
which A has semistable reduction, and letTw (resp.,Tv) denote the maximal subtorus
of Aw (respectively,Av). Without loss of generality, supposeF = F̃ . Over an algebraic
closure of the residue field, there are exact sequences

0→ Tw → A0
w → Bw → 0, 0→ Uv × Tv → A0

v → Bv → 0,

where Bw and Bv are abelian varieties,Uv is a unipotent group, and the superscript
0 denotes the identity component (see Section 2.1 of[6]). We have tv = dim(Tv),
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t = dim(Tw), av = dim(Bv), a = dim(Bw), and (V�(Tw))Gv,A = V�(Tv). Let T ′
denote the image ofTv in Tw, and let T = Tw/T ′. Then T ′ = (T Gv,Aw )0, so T Gv,A
is finite. Thus (Zt−tv )Gv,A = 0. Similarly, letting B′ denote the image ofBv → Bw
and lettingB = Bw/B′, thenV�(Bw)Gv,A = V�(Bv), B′ = (BGv,Aw )0, BGv,A is finite, and
(Q

2(a−av)
� )Gv,A = 0. �
Theorems1.7, 1.8, and 1.3 and Lemma1.11 imply in particular that the strongly

(p, �, �)-inertial groups are the same as the(p, �, �)-inertial groups, when�+ ��2.

Example 1.12.Suppose that eitherp = 0 or p is a prime. ThenC3 is (p,3,0)-inertial
but is not strongly(p,3,0)-inertial, as can be seen as follows. For every embedding
f : C3 = 〈g〉 ↪→ GL3(Z), the characteristic polynomial off (g) is x3−1, so(Z3)C3 �= 0.
By Lemma1.11, there does not exist a three-dimensional abelian varietyA with purely
additive and potentially multiplicative reduction such thatGv,A ∼= C3. Similarly, C5
is (p,0,3)-inertial but is not strongly(p,0,3)-inertial (as follows). We haveC5 ⊂
Sp4(Q) ⊂ Sp6(Q). For � ≡ 2 or 3 (mod 5), we have that for every embedding
f : C5 = 〈g〉 ↪→ Sp6(Q�), the characteristic polynomial off (g) is (x5− 1)(x − 1), so
(Q6

�)
C5 �= 0. By Lemma1.11, there does not exist a 3-dimensional abelian varietyA

with purely additive and potentially good reduction such thatGv,A ∼= C5.

The answer to the following question is yes when�1+ �2�2 (by the results in this
paper), but is open when�1+ �2�3.

Question 1.13. If G is strongly (p, �2 − �1, �2 − �1)-inertial with �1, �2, �1, �2 ∈ Z,
0��1��2, and 0��1��2, do there exist a fieldF with a discrete valuationv of
residue characteristicp and an abelian varietyA over F such thatG ∼= Gv,A and
(tv, t, av, a) = (�1, �2, �1, �2)?

In Section2 we prove some lemmas that are used in Section3 to prove Theorem
1.3. In Section4 we prove lemmas that are used in Section5 to prove Theorem1.8.
Our examples are mostly in the equicharacteristic case. It would be desirable to find
examples also in mixed characteristic.

2. Lemmas for Section 3

Let �m denote themth cyclotomic polynomial (of degree�(m)).

Lemma 2.1. If K is a field of characteristic zero, andGLn(K) has an element of order
r > 1 whose characteristic polynomial has rational coefficients, then we can writer =∏t
i=1mi with pairwise relatively prime integersmi > 1 such that

∑t
i=1 �(mi)�n. In

particular, if n = 2 then r divides4 or 6, and if n = 4 then r divides8, 10, or 12.

Proof. If g has orderr, then xr − 1 is divisible by the minimal polynomialf (x)
of g over Q. Then f = �d1 · · ·�ds for some d1, . . . , ds where r = lcm{di}. Take
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pairwise relatively primeni ∈ Z+ such thatni | di and r = ∏s
i=1 ni , and let

{m1, . . . , mt } be the subset of{n1, . . . , ns} of elements�= 1. Then r = ∏t
i=1mi and∑t

i=1 �(mi)�
∑s
i=1 �(di) = deg(f )�n. �

Lemma 2.2. There does not exist a faithful four-dimensional symplectic representation
of D10 in characteristic zero whose character has only rational values.

Proof. This is easy to check, using the list of irreducible representations ofD10 (see
for example Section 5.3 of[19] with n = 5). �

Lemma 2.3. If � is prime and � ≡ ±3 (mod 8), then the Sylow2-subgroups of
Sp4(F�) are isomorphic toH128.

Proof. The Sylow 2-subgroups of SL2(F�) are isomorphic toQ8. We haveQ8×Q8 ⊂
SL2(F�) × SL2(F�) ⊂ Sp4(F�). The subgroup of Sp4(F�) generated byQ8 × Q8 and(

0 I2
I2 0

)
is isomorphic toH128. Since the order of the Sylow 2-subgroups of Sp4(F�)

is 27 = 128, we are done. �

Lemma 2.4. Suppose that G is a finite subgroup ofSp4(Q5), and S ⊆ G is a 2-group.
If there is a short exact sequence1 → S → G → C5 → 1, then eitherG ∼= C5, or
G ∼= C10, or G ∼= H160 and S ∼= H32.

Proof. By Theorem 5.1 of[26], G ↪→ Sp4(F5), soS ↪→ H128. Fix c ∈ G ⊂ Sp4(Q5) of
order 5. ThenV := Q4

5 is a one-dimensional vector space overQ5(�5)
∼= Q5[c], and

EndQ5[c](V ) = Q5[c]. Thus every element ofGL(V ) of finite order that commutes
with c is of the formacj wherej ∈ Z, a ∈ Q5, anda4 = 1. Sincec ∈ G ⊂ Sp4(Q5),
and±1 are the only scalars in Sp4(Q5), the elements ofG that commute withc are
the elements±cj . Thus the centralizer ofc in S lies in {±1} ⊂ Sp4(F5). If c commutes
with S then S ⊆ {±1}, soG ∼= C5 or C10.

Assume now thatc does not commute withS. (Using GAP we can show that every
subgroup ofH128 with an automorphism of order 5 is isomorphic toH32; however, we
also give below a theoretical proof of what we need.) SinceS ⊂ Sp4(F5), C2×C2×C2
is not a subgroup ofS. Thus the centerZ of S is either cyclic or a product of two cyclic
groups. If S �= 1 thenZ �= 1, sinceS is a 2-group. LetZ2 be the subgroup ofZ of
elements of order�2. ThencZ2c

−1 = Z2 andZ2 ∼= C2 or C2×C2. Since neither group
has an automorphism of order 5,c commutes withZ2. ThusZ2 = {±1} ⊂ S ⊂ Sp4(F5),
and Z2 is the centralizer ofc in S. Write #S = 2r�27. Since c does not commute
with S, we haveS �= Z2, so r > 1. Since conjugation byc has no fixed points on
S − Z2, 5 divides #(S − Z2) = 2r − 2. Thusr = 5, i.e., #S = 32.

If S is abelian thenS = Z. SinceZ2 is cyclic, Z = S is also cyclic and thus has an
element of order 32. ButH128 has no elements of order 32. SoS is non-abelian.

Conjugation byc stabilizesZ, and #Z divides 128. If Z �= Z2 then as above,
#(Z−Z2) is divisible by 5 and #Z = 32= #S, soS = Z is abelian. This contradiction
shows thatZ = Z2 = {±1}.
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Let S′ = S/Z, let Z′ (�= 1) be the center ofS′, let Z′2 be the subgroup ofZ′ of
elements of order�2, and letH be the preimage ofZ′2 in S. As above, #H = 32.
Thus S = H and S/Z = Z′2 ∼= (C2)

4. Since S/Z is abelian,[S, S] = Z = {±1}.
Thus S is an extra-special 2-group (see Section 31 of[1]). By Lemmas 31.2–31.4 of
[1], S ∼= Q8 ∗ Q8 or Q8 ∗ D8, where ∗ denotes the “central product". The number
of non-central elements of order 2 inQ8 ∗Q8 is 18, which is not divisible by 5, so
Q8 ∗Q8 has no automorphism of order 5 whose set of fixed points is the center. Thus
S ∼= Q8 ∗D8 ∼= H32. �

The next result follows from Proposition 3.3 of[24].

Theorem 2.5. Suppose that G is a finite group, � is a prime that does not divide#G,
and there is an injection

f : G ↪→ GL�(Z)× Sp2�(Q�).

Then there is an injection

G ↪→ GL�(Z)× Sp2�(Z�)

such that the projection map onto the first factor is the same as that for f, and the
characteristic polynomial of the projection onto the second factor is the same as that
for f.

Let [ ] denote the greatest integer function, let

s(n, q) =
∞∑
j=0

[
n

qj (q − 1)

]
, J (n) =

∏
q

qs(n,q),

where in the definition ofJ (n), q runs over the prime numbers. Note that the prime
divisors ofJ (n) are the primesq�n+1. For example,J (0) = 1, J (1) = 2, J (2) = 24,
andJ (4) = 27325. The method of Minkowski and Serre ([15] and pp. 119–121 of[20];
see also Formula 3.1 of[23]) shows that, for allN�3, J (2m) is the greatest common
divisor of the orders of the groups Sp2m(F�), for primes ��N . Further (see p. 3
of [21]), J (n) is the least common multiple of the orders of the finite subgroups of
GLn(Q) (or equivalently, of GLn(Z)). For the finite subgroups of maximum order for
general linear groups overQ and over cyclotomic fields, see[3]. Let

rp(�, �) = s(�, p)+ s(2�, p), M(�, �) = max{�,2�},

and for all primesq such thatp �= q�M(�, �)+ 1 let

rq(�, �) = 1+
[
logq

(
M(�, �)
q − 1

)]
.
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Let

Np(�, �) =
∏
qrq(�,�),

where the product runs over all prime numbersq�M(�, �) + 1 (this might include
q = p). The following result follows from the proof of Corollary 6.3 of[24] (see also
Proposition 3.1 of[13]).

Theorem 2.6. If G is (p, �, �)-inertial, then the largest prime divisor of#G is at most
M(�, �)+ 1, and #G dividesNp(�, �) and J (�)J (2�).

3. Proof of Theorem 1.3

If (�, �) = (1,0), the result follows immediately from Definition1.1(ii).
If (�, �) = (0,1), we haveG ⊂ SL2(Z�) for all sufficiently large primes�, by

Definition 1.1(ii) and Theorem2.5. This case can be handled the same way as Remark
1.5, where the allowable groups were already known.

The case(�, �) = (1,1) follows from the case(�, �) = (0,1).
If (�, �) = (2,0), we haveG ⊂ GL2(Z). By p. 125 of [17], the finite subgroups of

SL2(Z) are the cyclic groups of order 1, 2, 3, 4, and 6. Therefore #G = 2, 3, 4, 6, 8,
or 12. Using Definition1.1(i) and elementary facts aboutGL2(Z), it is easy to obtain
the list of allowable groups.

From now on, suppose(�, �) = (0,2). We haveG ⊂ Sp4(Z�) for all sufficiently
large primes�. By Lemma2.1 (with n = 4 andK = Q�), if G has a cyclic subgroup
of order r then r divides 8, 10, or 12. In particular,G has no elements of order 24.
By Theorem2.6, #G divides J (4) = 27325, and divides 23325 if p = 3 or 5. Suppose
from now on thatG is not cyclic. Thenp = 2, 3, or 5, and by Definition1.1(i), there
is an exact sequence 0→ S → G→ C → 0 whereS (�= 1) is the Sylowp-subgroup
of G andC is cyclic.

3.1. Supposep = 5. ThenS ∼= C5 and ker[C → Aut(S)] ⊆ C2. Thus C ∼= C2, C4,
or C8. SupposeC ∼= C2. By Lemma2.2, G does not have a subgroup isomorphic to
D10. ThusG ∼= C10. Suppose now thatC ∼= C4. SinceG does not have a subgroup
isomorphic toD10, the subgroupC2 ⊂ C acts trivially on S. Since G is not C20,
we conclude thatC acts nontrivially onS, andG ∼= H20. The remaining case is that
C8 ∼= C�Aut(S) = C4, soG ∼= H40.

3.2. Supposep = 3. ThenS ∼= C3 or C3× C3, and ker[C → Aut(S)] ⊆ C4.
SupposeS ∼= C3. Then C ∼= C2, C4, or C8. If C ∼= C2, thenG ∼= S3 or C6. If

C ∼= C4, thenG ∼= T12 or C12. If C ∼= C8, thenG ∼= H24.
Suppose now thatS ∼= C3 × C3. Since #Aut(S) = #GL2(F3) = 243, we again have

C ∼= C2, C4, or C8.
SupposeC ∼= C2. If C acts trivially on S, then G ∼= C3 × C6. If there is an

isomorphismS ∼= C3×C3 such that a generator ofC acts onS by (x, y) �→ (x−1, y),
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then G ∼= S3 × C3. The remaining case is that a generator ofC acts as the inverse
map onS ∼= C3 × C3. Then S has four subgroupsA1, . . . , A4 of order 3 such that
G/Ai ∼= S3. ThusG has two one-dimensional (orthogonal) representations ofG/S ∼= C2
and a two-dimensional irreducible (orthogonal) representation ofG/Ai ∼= S3 for each
i ∈ {1,2,3,4}. Since #G = 18 = 2 × 12 + 4 × 22, these are the only irreducible
representations ofG (see Corollary 2 in Section 2.4 of[19]). ThusG does not have a
faithful symplectic four-dimensional representation in characteristic zero, contradicting
Definition 1.1(ii).

Suppose now thatC ∼= C4.
If C acts trivially onS, thenC3×C12 ∼= G ⊂ Sp4(Q3). However, Sp4(Q3) does not

have a subgroup isomorphic toC3×C12, as can be seen as follows. Ifc is a generator
of C12 ⊂ Sp4(Q3), thenQ3[c] ∼= Q3(�12) or Q3(�3)×Q3(�4), andQ4

3 can be viewed
as a free rank one module overQ3[c]. Thus

C3× C12 ⊂ AutQ3[c](Q
4
3) = (Q3[c])∗.

However, neitherQ3(�12) nor Q3(�3)×Q3(�4) has a multiplicative subgroup isomorphic
to C3× C12.

If a generator ofC acts onS as the inverse map, thenG ∼= H36.
If there is an isomorphismS ∼= C3 × C3 such that a generator ofC acts onS by

(x, y) �→ (x−1, y), thenG ∼= T12× C3.
The remaining case is that a generator ofC acts onS as an automorphism of

order 4. Then the element of order 2 inC takes an element ofS to its inverse. Thus
G has an index two subgroup that is an extension ofC2 by S ∼= C3 × C3, where the
generator ofC2 acts as the inverse map onS. We showed above that this does not
occur.

SupposeC ∼= C8. SinceC24 is not a subgroup ofG, it follows that C cannot act
trivially on any subgroup ofS of order 3.

Suppose that a generatorc of C acts as the inverse map onS. Thenc2 generates the
center ofG. Since the cyclotomic polynomial�8(t) = t4 + 1 is irreducible overQ2,
it is the minimal polynomial ofc ∈ G ⊂ GL4(Q2), and c4 = −1 ∈ GL4(Q2). Thus
Q2[c2] ∼= Q2(

√−1) = Q2(i) and so

C3× C3 ∼= S ⊂ G ⊂ AutQ2[c2](Q
4
2)
∼= GL2(Q2(i)).

Since every homomorphism fromC3 × C3 to Q2(i)
∗ is trivial, we haveC3 × C3 ⊂

SL2(Q2(i)), which is false (every abelian subgroup of SL2 over a characteristic 0 field
is cyclic), so this case cannot occur.

If a generator ofC acts onS as an automorphism of order 4, thenG ∼= H72.
Lastly, if a generator ofC acts onSas an automorphism of order 8, then the element

of order 2 inC takes every element ofS to its inverse. ThusG has a subgroup of
index four that is an extension ofC2 by S, and the generator ofC2 takes an element
of S to its inverse. We saw above that this cannot occur.
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3.3. Supposep = 2. For all but finitely many primes�, there is an embeddingG ⊂
Sp4(F�). By Lemma2.3, S ⊂ H128.

If C = C5, thenG ∼= C5, C10, or H160 by Lemma2.4.
SupposeC = C3. Let c ∈ G be an element of order 3, and supposec centralizesS.

ThenG ∼= S × C3. SinceC24 is not a subgroup ofG, there are no elements of order
8 in G. By Definition 1.1(ii), we haveG ⊂ Sp4(Q3). Since c is symplectic, 1 has
multiplicity 0 or 2 as an eigenvalue ofc.

First suppose the multiplicity is 2. LetW1 = {x ∈ Q4
3 | cx = x}. Write Q4

3 = W1⊕
W2, whereW2 is anS-invariant andc-invariant subspace (as isW1). Then dim(W1) =
dim(W2) = 2. Let I denote the image ofS → GL(W1). Since the restriction of the
alternating form toW1 is non-degenerate,I ⊂ SL(W1) ∼= SL2(Q3). Choosing anI-
invariantZ3-lattice inW1 and reducing modulo

√−3 givesI ⊂ SL2(F3) (since 2�= 3).
Thus I ⊆ Q8. Let c2 be the image ofc in GL(W2). Then c22 + c2 + 1 = 0 in
EndQ3(W2). Thus Q3[c2] ∼= Q3(

√−3), andW2 can be viewed as a one-dimensional
vector space overQ3(

√−3). Since the image ofS → GL(W2) ∼= Q3(
√−3)∗ is a finite

2-group, it is in{±1}. ThusS ⊆ Q8× {±1}, andG ⊆ Q8× {±1} × C3 = Q8× C6.
Suppose now that 1 is not an eigenvalue ofc. Then c2 + c + 1 = 0 in M4(Q3),

Q3[c] ∼= Q3(
√−3), and Q4

3 can be viewed as a two-dimensional vector space over
Q3(

√−3). Thus S ⊂ GL2(Q3(
√−3)). Choosing anS-invariant Z3[

√−3]-lattice in
Q3(

√−3)2 and reducing modulo 3 givesS ⊂ GL2(F3). SinceS has no elements of
order 8, the group GL2(F3) does, and the Sylow 2-subgroups of GL2(F3) have order
16, it follows that #S divides 8. ThereforeS is C2, C4, C2×C2, C2×C4, Q8, or D8.
ThusG ∼= C6× C2, C6× C4, C3×Q8, or C3×D8.

Suppose now thatc does not centralizeS. By Definition 1.1, we have reduced to the
case whereG ∈ S4(5).

4. Lemmas for Section 5

Grothendieck gave the assertion of Theorem4.1 below as the definition ofIv,A. See
Theorem 4.2 of[24] for a proof of the following.

Theorem 4.1. Iv,A = {� ∈ Iv : � acts unipotently onV�(A)}.

Remark 4.2. If B = Am, thenGv,A andGv,B are canonically isomorphic. Further,A
has purely additive and potentially good reduction if and only ifB does. Ifm ∈ Z+
and eitherp = 0 or p is a prime, then by Remark1.5, for every groupG ∈ �p(0,1)
there is anm-dimensional abelian varietyB over a discrete valuation field of residue
characteristicp with purely additive and potentially good reduction and withGv,B ∼= G.

Recall that F̃ denotes the maximal unramified extension of the completion of
F at v.

Theorem 4.3. SupposeB is an abelian variety overF̃ with semistable reduction, all
the endomorphisms ofB are defined overF̃ , L is a finite Galois extension of̃F ,
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and G = Gal(L/F̃ ). If there is an injective homomorphismi : G ↪→ Aut(B), then
G ∼= Gv,A, whereA is the twist ofB by the cocycle c defined by the composition

Gal(F̃ s/F̃ )� Gal(L/F̃ ) = G ↪→ Aut(B).

Suppose further thatB has good reduction. ThenBi(G) is finite if and only ifA has
purely additive reduction(i.e., av(A) = tv(A) = 0).

Proof. Note that Gal(F̃ s/F̃ ) = Iv. By the definition of the twist, there is an isomor-
phism f : B

∼→ A such thatc(�) = �(f )−1f for every � ∈ Gal(F̃ s/F̃ ). We then have
��,A(�) = �(f )��,B(�)f

−1. Therefore,

Iv,A = {� ∈ Iv : �(f )��,B(�)f−1 is unipotent}
= {� ∈ Iv : ��,B(�)c(�)−1 is unipotent} = {� ∈ Iv : c(�) is unipotent} = ker(c),

where the first equality follows from Theorem4.1, the second after conjugating by
�(f ), the third since��,B(�) is unipotent, and the fourth sincec(�) has finite order.
Therefore,

Gv,A = Iv/Iv,A = Iv/ ker(c) ∼= Gal(L/F̃ ) = G.

Now suppose thatB has good reduction. ThenIv acts as the identity onV�(B).
Further,A has purely additive reduction if and only ifV�(A)Iv (∼= V�(Av)) = 0. Recall
that c(�) = �(f )−1f ∈ Aut(B) ⊂ Aut(V�(B)). Then

V�(A)
Iv = {x ∈ V�(A) : �(f )��,B(�)f−1(x) = x for all � ∈ Iv}
= f ({y ∈ V�(B) : �(y) = �(f )−1f (y) for all � ∈ Iv})
= f ({y ∈ V�(B) : y = c(�)(y) for all � ∈ Iv}).

Further,{y ∈ B : y = c(�)(y) for all � ∈ Iv} = Bi(G). Therefore,

V�(A)
Iv = V�(Bi(G)).

Clearly, if dim(Bi(G)) > 0 thenBi(G) has an abelian subvariety of positive dimension
and thereforeV�(Bi(G)) �= 0. ThusBi(G) is finite if and only if V�(A)Iv = 0. �

Remark 4.4. If A has potentially good reduction thenV�(A)Iv = V�(A)Gv,A . HenceA
has purely additive reduction if and only ifV�(A)Gv,A = 0.

The following lemma gives evidence for the sharpness of Theorem2.6.
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Lemma 4.5. Suppose eitherp = 0 or p is a prime. Ifn > 2, then there exist a field K
with a discrete valuation v of residue characteristic p, and an abelian variety A over K
of dimension�(n)/2, with purely additive and potentially good reduction at v and with
Gv,A ∼= Cn. Further, if n is the order of an element of finite order inGL2d ′(Z), then
dim(A)�d ′. If 2d + 1 is a prime, then there exists a d-dimensional abelian varietyA
such thatGv,A ∼= C2d+1 andQv,A = M(t − tv, a − av)+ 1= 2d + 1.

Proof. Choose an abelian varietyB of dimension�(n)/2 with complex multiplication
by Z[�n] and with good reduction over̃F , whereF is a sufficiently large extension of
Qp(�n) if p is prime, andF = F̃ = C((t)) if p = 0 (see Sections 4–5 of[22]). Let L
be a totally ramified cyclic extension of̃F of degreen. Let A be the twist ofB by
the cocycle induced by the composition

Gal(F̃ s/F̃ )�Gal(L/F̃ ) ∼= Cn ↪→ Aut(B).

By Theorem4.3, A is an abelian variety over̃F of dimension�(n)/2 with potentially
good reduction, andGv,A ∼= Gal(L/F̃ ) ∼= Cn. Since 1− �n is an isogeny, it has finite
kernel, soB	n is finite andA has purely additive reduction (and soM(t− tv, a−av) =
2 dim(A)). �

We next prove results that will be used to prove Theorem4.11 below.
SupposeG is a finite group, andK is a field complete with respect to a discrete

valuationv with valuation ringO, maximal idealm, and residue fieldk. Suppose #G is
not divisible by the characteristic ofk. By Proposition 43 in Section 15.5 of[19], every
finite-dimensional representation̄� : G→ Autk(W) can be lifted in a unique way (up to
isomorphism) to� : G→ AutO(T ), whereT is a freeO-module withT/mT = W , and
�̄ is � modulom. The lifting of a trivialG-module is also a trivialG-module. A bilinear
form e : T ×T → O is calledperfect if the induced homomorphismsT → Hom(T ,O)
are bijective.

Lemma 4.6.With notation and assumptions as above, suppose�̄ is symplectic, i.e.,
there exists a non-degenerate alternating G-invariant bilinear form

ē : W ×W → k.

Then there exists a perfect alternating G-invariantO-bilinear form

e : T × T → O
that is a lift of ē.

Proof. Since #G is not divisible by char(k), by Maschke’s theorem there exists a
k[G]-module S̄ such that

Homk(∧2
k(W), k) = (Homk(∧2

k(W), k))
G ⊕ S̄.
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Let (projectiveO[G]-modules)U andS be the liftings of(Homk(∧2
k(W), k))

G and S̄,
respectively. ThenU is a trivial G-module. We have

HomO(∧2
O(T ),O) = U ⊕ S,

since both sides are liftings of Homk(∧2
k(W), k). Choose

e ∈ U ⊂ (HomO(∧2
O(T ),O))G

such that the reduction ofe is ē. The non-degeneracy of̄e implies that e is
perfect. �

If p is a prime, letHp denote the quaternion algebra overQ ramified exactly atp
and∞.

Theorem 4.7. Suppose G is a finite group that is a semidirect product of a normal
Sylow p-subgroup by a cyclic group. Suppose that
 is a faithful irreducible character
of G of degree d.

(i) If 
 takes values in an imaginary quadratic fieldE ⊂ Hp, then G is isomorphic
to a subgroup ofGLd(Hp).

(ii) If 
 is symplectic and takes values inQ, then G is isomorphic to a subgroup of
GLd/2(Hp).

Proof. Write Q(
) (resp.,E(
)) for the subfield ofC obtained by adjoining toQ
(respectively, toE) all values of
. In case (i) we haveQ(
) = Q or E, andE(
) = E;
in case (ii) we haveQ(
) = Q.

Let V be a faithful irreducibleC[G]-module with character
. Write the (semisimple)
Q(
)-algebraQ(
)[G] as a direct sum

Q(
)[G] = ⊕si=1Ai

of simpleQ(
)-algebrasAi . By Lemma 24.7 of[1], there is exactly onej ∈ {1, . . . , s}
such thatAjV �= 0, and the center ofAj is Q(
). The central simpleC-algebra
Aj,C := Aj ⊗Q(
) C is a direct summand ofC[G], and Aj,CV �= 0. By the same
lemma, these properties defineAj,C uniquely. Explicitly, the unit ofAj,C is

e
 := 
(1)
#G

∑
g∈G


(g−1)g ∈ Q(
)[G].

IdentifyingAj with Aj⊗1⊂ Aj,C, thenAj = e
(Q(
)[G]), soD
 := Aj determines

uniquely. Note thate
 acts onV as the identity map. We have dimQ(
)D
 = 
(1)2 = d2

(see[1], proof of Theorem 24.12(4)).
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Clearly,D
 is a central simpleQ(
)-algebra and thus there exist a central division
algebraB over Q(
) and a positive integern such thatD
 ∼= Mn(B). We haved2 =
n2 dimQ(
)(B). The Q(
)-vector spaceBn is naturally a faithful simpleD
 = Mn(B)-
module. Via the projection mapQ(
)[G]�D
 defined byx �→ x ·e
, we can viewBn

as a simpleQ(
)[G]-module with e
 acting as the identity map. ThusBn ⊗Q(
) C ∼=
V s(
), where s(
) is the Schur index of
, i.e., s(
)2 = dimQ(
)(B) ([1], Theorem
24.14). SinceV is a faithful C[G]-module, Bn is a faithful Q(
)[G]-module, i.e.,
� : G → AutQ(
)(Bn) is injective. SinceBop = EndQ(
)[G](Bn) = EndMn(B)(B

n), we
have an embedding

� : G ↪→ GLn(B
op).

Note thatBop ∼= B if either B = Q(
) or B is a quaternion algebra overQ(
).
If K is an arbitrary field containingQ(
), then 
 is realizable overK if and only

if D
 splits overK ([1, Theorem 24.8(b)]). Thus
 is realizable overK if and only if
Bop splits overK.

Let � be a prime different fromp. Serre[16] proved that, forG a semidirect product
of a normal Sylowp-subgroup by a cyclic group, the group algebraQ�[G] is a direct
sum of matrix algebras over (commutative) fields. Thus ifQ� ⊆ K, thenK[G] is also
a direct sum of matrix algebras over fields, so every character with values inK is
realizable overK. ThusD
, and thereforeBop, is unramified at all non-archimedean
places ofQ(
) with residue characteristic different fromp.

SupposeQ(
) = E. Then

Q(
)⊗Q Qp = E ⊗Q Qp ⊂ Hp ⊗Q Qp,

soE⊗Q Qp is a field. Thus there is exactly one place ofE with residue characteristic
p, and Bop is unramified away from this place. SinceE is an imaginary quadratic
field, it follows thatBop is unramified everywhere. ThusB = Q(
) = E, n = d, and
� : G ↪→ GLd(E) ⊂ GLd(Hp).

SupposeQ(
) = Q. ThenBop is unramified outsidep and∞. Thus eitherBop =
Q(
) = Q and n = d, or Bop = Hp and n = d/2. We have

� : G ↪→ GLd(Q) ⊂ GLd(Hp)

or

� : G ↪→ GLd/2(Hp),

respectively.
If 
 is symplectic then it is not realizable overR ([19], Section 13.2, Proposition

38), soBop is ramified at∞, so Bop �= Q. �
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Lemma 4.8. Suppose H is a subgroup ofSp4(F5) of order 2m3n that does not have
any elements of order24. Then the values of the character of its lifting

H ↪→ Sp4(Q5) ⊂ GL4(Q5)

all lie in Q.

Proof. Since the order ofH is prime to 5, there is exactly one liftingH ↪→ GL4(Q5)

of H ⊂ Sp4(F5) ⊂ GL4(F5). By Lemma 4.6, this lifting is symplectic and thus we
have a faithful symplectic representation

� : H ↪→ Sp4(Q5) ⊂ GL4(Q5).

Suppose thatd is the order of some elementx ∈ H . Then d is a divisor of 8 or 12.
Since� is self-dual, the values of its character
 all lie in R, and thus
(x) is in the
totally real subfield ofQ(�d). If d ∈ {1,2,3,4,6}, then
(x) ∈ Q. The remaining cases
are d = 8 andd = 12.

Suppose first that�(x) has a primitivedth root of unity � as an eigenvalue. Then
� /∈ Q5. Since �(x) is “defined” over Q5, �5 is another eigenvalue of�(x). Since
�(x) is symplectic,�−1 and �−5 are eigenvalues of�(x). By counting arguments (i.e.,
since�(d) = 4), the spectrum of�(x) is the set of primitivedth roots of unity (each
with multiplicity one). Thus the characteristic polynomial of�(x) is �d , so the trace

(x) = 0 ∈ Q.

The remaining case to consider is when�(x) has an eigenvaluei that is a primitive
fourth root of unity and an eigenvalue� that is a primitive sixth or cube root of
unity. Since�(x) is symplectic, the spectrum of�(x) is {i,−i,�,�−1} (each with
multiplicity one) and the trace
(x) = �+ �−1 = −1 or 1. �

As pointed out to us by Klaus Lux, the table on p. 146 of[9] shows that the degree
four Brauer character�16 of Sp4(F5) takes rational values on the elements of order
�12, and this observation may be used to obtain a different proof of Lemma4.8.

Theorem 4.9. Suppose G is a finite group with a normal Sylow2-subgroup of index
3. Suppose
 is a degree2 faithful character of G. Assume that either:

(i) G is non-abelian and
 is symplectic, or
(ii) G is non-abelian and the values of
 are all in Q, or

(iii) 
 is symplectic and the values of
 are all in Q.
Then G is isomorphic to a subgroup ofSL2(F3).

Proof. Suppose first thatG is abelian and
 is symplectic. ThenG is cyclic, sinceG
is a finite subgroup of SL2(C). If further the values of
 are all inQ, then #G divides
4 or 6. Since 3| #G, we haveG ∼= C3 or C6. Note thatC3 ⊂ C6 ⊂ SL2(F3).

We may therefore suppose thatG is not abelian. Then
 is irreducible.
Assume first that
 is symplectic. Inspecting the list of finite subgroups of SL2(C)

([28], Case I of Theorem 6.17 on p. 404), we conclude that eitherG ∼= SL2(F3), or

G ∼= H4r =< x, y | xr = y2, yxy−1 = x−1 >,
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the generalized quaternion group of order 4r, for some positive integerr. AssumeG ∼=
H4r . Since y has order 4, it is in the kernel of every homomorphismf : G → C3.
Thus f (x)−1 = f (yxy−1) = f (x), so f (x) = 1. Thus every homomorphismG→ C3
is trivial, contradicting our first assumption onG.

Now assume instead that the values of
 are all in Q. Since the values of
 are all
real, 
 is either symplectic or orthogonal. We dealt with the symplectic case above, so
we may assume that
 is orthogonal. Then
 is realizable overR (by the Frobenius–
Schur theorem) andG ⊂ O2(R), the orthogonal group. Every element ofG has order
dividing 6 or 4. LetG0 = G ∩ SO2(R). Then [G : G0] = 1 or 2, so 3| #G0. Since
every finite subgroup ofSO2(R) is cyclic, G0 is cyclic of order 3 or 6. If #G0 = 3,
thenG ∼= S3, which does not have a normal Sylow 2-subgroup. ThusG0 = C6, and
G ∼= T12. But the Sylow 2-subgroups ofT12 are not normal. �

Lemma 4.10. If O is a maximal order ofHp, G is a finite subgroup ofGLr (Hp),
and r > 1, then there is an embeddingG ↪→ GLr (O).

Proof. Let  ⊆ Hr
p be a leftG-stableO-lattice (for example, start with any lattice′

and let  = ∑
g∈G′g). Since r > 1,  ∼= Or by a result of Eichler ([2]; see also

Corollary 2.2 of[7]). ThusG ↪→ AutO() ∼= GLr (O). �

Theorem 4.11.Suppose G is a non-abelian subgroup ofSp4(F5) whose Sylow2-
subgroup is normal of index3 in G. Suppose G has no elements of order24. Then
there is an embeddingG ↪→ GL2(O) whereO is the maximal order in the Hamilton
quaternionsH2.

Proof. By Lemma4.8, there exists a faithful symplectic complex character
 of G of
degree 4 whose values are all rational. By Lemma4.10, it suffices to check that there
is an embeddingG ↪→ GL2(H2). If 
 is irreducible then this follows from Theorem
4.7(ii). Assume now that
 is reducible. SinceG is non-abelian,
 is not a sum of one-
dimensional characters. Thus
 is a sum
1+ 
2 of two-dimensional characters, where
we can assume
2 is irreducible. Fori = 1,2, let �i : G→ SL2(C) be a corresponding
representation with character
i , and letHi = �i (G). Since
 is symplectic, either
1
and 
2 are symplectic, or
1 and 
2 are complex conjugates of each other.

If 
1 is the complex conjugate of
2, then ker(�1) = ker(�2) ⊆ ker(�1⊕ �2). Since

 is faithful, so are
1 and 
2. Since
 = 
1 + 
2, the Galois orbit of
2 is {
2} or
{
1, 
2}. Thus
2 takes values in an imaginary quadratic field. Applying Theorem4.7(i)
to G and 
2, we haveG ↪→ GL2(H2).

Assume now that
1 and
2 are symplectic. Since
 takes values inQ, either
1 and

2 both take values inQ, or 
1 and 
2 take values in a real quadratic field and
1 is
the Galois conjugate of
2.

Suppose first that
1 and
2 take values in a real quadratic field and
1 is the Galois
conjugate of
2. Then ker(�1) = ker(�2), so 
1 and
2 are faithful. Applying Theorem
4.9(i) to G and 
2, we haveG ⊆ SL2(F3) ⊂ H∗

2.
Suppose instead that
1 and 
2 both take values inQ. If #Hi is divisible by 3,

then Hi ⊆ SL2(F3) by Theorem4.9(iii). Suppose #H2 is not divisible by 3. Ifd is
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the exponent ofH2 then 
2 is realizable overQ(�d) (see the Corollary to Theorem
24 in Section 12.3 of[19]), so there is an absolutely irreducible faithful representation
H2 ↪→ SL2(Q(�d)) ⊂ SL2(Q3(�d)). Let � be the ring of integers ofQ3(�d). Choosing
an H2-stable�-lattice in Q3(�d)2 gives an embedding�3 : H2 ↪→ SL2(�). Since #H2
is prime to 3, reduction modulo 3 gives an absolutely irreducible faithful representation
�̄3 : H2 ↪→ SL2(�/3�) such that the character
̄3 of �̄3 is the reduction mod 3 of
2.
Since
2 takes values inQ, it takes values inZ, so 
̄3 takes values inF3. By Theorem
24.10 of [1], �̄3 is realizable overF3, so there is an embeddingH2 ↪→ SL2(F3). If

1 is irreducible, then similarlyH1 ↪→ SL2(F3). If 
1 is a sum of two characters
of degree one, thenH1 ⊂ SL2(C) is abelian, so is cyclic, and by Lemma2.1 either
H1 ⊆ C4 ⊂ SL2(F3) or H1 ⊆ C6 ⊂ SL2(F3). Thus

G ↪→ H1×H2 ↪→ SL2(F3)× SL2(F3) ⊂ H∗
2 ×H∗

2 ↪→ GL2(H2). �

5. Proof of Theorem 1.8

Lemma 5.1. If k is an algebraically closed field of prime characteristic p, then every
(p, �, �)-inertial group G can be realized as a Galois groupGal(L/k((t)) for a (totally
ramified) Galois extension L ofk((t)).

Proof. Our proof follows [14]. Let H denote the absolute Galois group ofk((t)),
and let 	̂ denote the character group of the group of all roots of unity ink. Then
	̂ ∼= ∏

��=p Z�. By Theorem 1 in Section 2 of[14] (see also[10]), H is a semidirect
product of a (normal) subgroupW by 	̂, whereW contains an infinite setJ with the
following universal property. IfS is a pro-p-group with a continuous homomorphism
	̂→ Aut(S), then every mapJ → S that sends all but finitely many elements ofJ to
the identity extends uniquely to a continuous homomorphismW → S that commutes
with the actions of	̂.

Now let S denote the Sylowp-subgroup ofG. Fixing any surjective mapJ�S that
sends all but finitely many elements ofJ to the identity, the universal property gives a
continuous homomorphismW�S that commutes with the actions of	̂. Thus there is a
continuous surjective homomorphismH�T , whereT is the semidirect product ofS by
	̂. SinceG/S is a finite cyclicp′-group, there is a continuous surjective homomorphism
� : 	̂�G/S. Let U = ker(�), and viewU as a closed normal subgroup ofT. Then we
haveH�T�T/U ∼= G. �

Note thatGv,A = 1 (i.e., A has semistable reduction) if and only if(tv, t, av, a) =
(0,0,2,2), (2,2,0,0), or (1,1,1,1). Products of elliptic curves with good and/or
multiplicative reduction give such abelian varieties.

SupposeG ∈ �p(�2− �1, �2− �1), with 0��1��2, 0��1��2.
If (�1, �2, �1, �2) = (0,1,1,1), (1,2,0,0), (0,0,1,2), (1,1,0,1), (0,1,0,1) (i.e.,

max{�2 − �1, �2 − �1} = 1), then it is easy (using Remark1.5) to find a productA
of two elliptic curves such thatG ∼= Gv,A and (tv, t, av, a) = (�1, �2, �1, �2). For
example, letE1 be an elliptic curve overF̃ = Qnr

2 (the maximal unramified extension
of Q2) such thatGv,E1

∼= SL2(F3) (and thereforeE1 has additive, potentially good
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reduction). LetL be the smallest extension of̃F over whichE1 acquires good reduction
(so Gal(L/F̃ ) ∼= Gv,E1). Let K/F̃ be a quadratic extension disjoint fromL (there exist
infinitely many). Let E′2 be an elliptic curve overF̃ with multiplicative reduction
and letE2 be the twist ofE′2 by the quadratic character associated toK/F̃ . Then
E2 has additive, potentially multiplicative reduction, andK is the smallest extension
of F̃ over whichE2 has semistable reduction, by Theorem4.3. ThereforeKL is the
smallest extension of̃F over whichA = E1×E2 has semistable reduction, soGv,A ∼=
Gal(KL/F̃ ) ∼= C2× SL2(F3).

If (�1, �2, �1, �2) = (0,2,0,0), let E be an elliptic curve overF̃ with multiplicative
reduction and letB = E2. Then GL2(Z) ⊆ Aut(B). The groupsC2, C3, C4, C6,
C2×C2, D8, andS3 can all be embedded in GL2(Z) (embedC2 so that the generator
goes to−1). By Theorem4.3, for each suchG, there is a twistA of B such that
Gv,A ∼= G and v has residue characteristicp. There is ag ∈ G such thatg − 1 is in
GL2(Q), and thus induces an isogeny onB. ThusBG is finite, soA has purely additive
and potentially multiplicative reduction.

From now on, assume(�1, �2, �1, �2) = (0,0,0,2). By Lemma4.5 with n = 5, 8,
10, or 12, we can realize all cyclic groups of order dividing 8, 10, or 12. By Remark
4.2, if G ∈ �p(0,1), thenG can be realized as aGv,A for some abelian surfaceA with
purely additive and potentially good reduction over someF̃ with residue characteristic
p. So we may assume thatG ∈ �p(0,2)− �p(0,1)− �(0,2).

Let p = 2. To realizeH160, consider the hyperelliptic curveC : y2−y = x5 of genus
2 over the local fieldF̃ = F̄2((t)) and letJ be the Jacobian ofC. ThenC and J have
good reduction. The maps(x, y) �→ (�x+a, y+a8�2x2+a4�x+b) with �, a, b ∈ F16,
�5 = 1, andb2 − b = a5 allow one to viewH160 as Aut(C) ⊂ Aut(J ) (see[8], pp.
616 and 645–646). Restricting to� = 1 gives the normal subgroupH32. The (only)
nontrivial central element is(x, y) �→ (x, y+1). Apply Theorem4.3 and Lemma5.1.

ConsiderE : y2 − y = x3 over the local fieldF̄2((t)). ThenE has good reduction.
It is well-known that Aut(E) = SL2(F3) (see [29] and Appendix A of [27]). The
groupsC2 × C6, C4 × C6, C3 × Q8, C3 × D8, and C6 × Q8 all lie in O∗ × O∗ ⊂
GL2(O) = Aut(E2), where O is the maximal order inH2. If G ∈ S4(5), then by
Theorem 4.11, G ⊂ GL2(O) = Aut(E2). Let H denote the semidirect product of
SL2(F3)×SL2(F3) by C2, with C2 acting by interchanging the factors (this is the wreath
product SL2(F3) wr C2). ThenH ⊂ Aut(E2), andH128 is the Sylow 2-subgroup ofH.
Every subgroup ofH of order dividing 273 is a Galois group over̃F . Apply Lemma
5.1 and Theorem4.3 with B = E2.

Let p = 3. From now on, letE be the elliptic curvey2 = x3−x over the fieldF̄3((t)).
The maps(x, y) �→ (a2x + b, ay) for b ∈ F3 and a ∈ F9 ⊂ F̄3 with a4 = 1 allow one
to realizeT12 explicitly as a subgroup of Aut(E). In fact, Aut(E) = T12 (see Appendix
A of [27]). Let B = E2. Then T12 × T12 ⊂ Aut(B). Note thatC3 × T12 and H36

are subgroups ofT12× T12. Choose� ∈ Aut(E) of order 3. Then
(

� 0
0 �

)
∈ Aut(B),

S3 ⊂ GL2(Z) ⊂ Aut(B), andC3× S3 ⊂ Aut(B). By Theorem4.3 and Lemma5.1, we
can realizeT12, C3× T12, H36, S3, andC3× S3.

To realizeH24, fix a ∈ F9 with a2 = −1 and defineu ∈ Aut(E) by u(x, y) =
(−x, ay). Then u2 = −1 and Z[u] ∼= Z[i]. Note thatH24 ⊂ GL2(Z[i]) ⊂ Aut(B),
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since
(

0 −1
−1 −1

)
is an element of order 3 whose subgroup is normalized by the element( −1 i

1+i 1

)
of order 8. Apply Theorem4.3 and Lemma5.1.

To realizeH72 (and therefore also its subgroupsC3 × C3 and C3 × C6), note that

H72 is isomorphic to the subgroup of Aut(B) generated byC3 × C3 and
(

0 1
u 0

)
, and

apply Theorem4.3 and Lemma5.1.
Let p = 5. To realizeH40 (and therefore alsoH20), let C be the hyperelliptic curve

y2 = x5 − x of genus 2 over the local field̄F5((t)), and letJ be the Jacobian ofC.
ThenC and J have good reduction. The maps(x, y) �→ (a2x + b, ay) for b ∈ F5 and
a ∈ F25 with a8 = 1 allow one to viewH40 as a subgroup of Aut(C) ⊂ Aut(J ). Apply
Theorem4.3 and Lemma5.1.

The above abelian varietiesA have potentially good reduction (i.e.,(t, a) = (0,2)).
SinceGv,A /∈ �p(0,1), A has purely additive reduction by Theorem1.7.
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