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Asymptotic expansions are given for the distributions of latent roots of
matrices in three multivariate situations. The distribution of the roots of the
matrix S1(S; + S;)7, where Sy 18 Wp(n, , &, £2) and S, is W, (n,, £), is studied
in detail and asymptotic series for the distribution are obtained which are valid
for some or all of the roots of the noncentrality matrix £ large. These expansions
are obtained using partial-differential equations satisfied by the distribution.
Asymptotic series are also obtained for the distributions of the roots of n~LS,
where S in Wy(n, £), for large n, and S,S7%, where S, is Wy(n; , Z) and S, is
Wying , &), for large n; + n, .

1. INTRODUCTION

In this paper we derive asymptotic expansions for the distributions of latent
roots of matrices in a number of multivariate situations. With the usual notations
S ~ Wy(n, Z, $2) denoting that the positive definite symmetric m X m matrix S
has the noncentral Wishart distribution on # degrees of freedom, and S ~
W,(n, Z) that S has the central Wishart distribution, we give a method for
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370 CONSTANTINE AND MUIRHEAD

deriving asymptotic series for the joint distributions of the roots of the following
matrices:

(i) L = n71S, where § ~ W,(n, '), for large n, (principal components);
(i) F = S;S;", where Sy and .S, are independent,
S5 ~ Wy(n;, ), i = 1,2, for large n = n; 4 ny ;
(i) B = Sy(S; + S.), where \S; and S, are independent,
Sy~ Wlny , 2, 2), Sy ~ Wilny, Z),

for some or all of the latent roots of £ large, (multiple discriminant analysis).

Multiple integral expressions and zonal polynomial series are available for
these distributions but are usually worthless for numerical work in applications
to inference in multivariate analysis. However, the asymptotic expansions are
obtainable in terms of elementary functions (exponentials, rational functions,
etc.) and permit numerical work.

Case (i) above has been tackled by Anderson [1] and further developed
by James [9, 10] and Chattopadhyay and Pillai {3]. Their method essentially
is to take a multiple integral representation of the density function and derive
its asymptotic behavior by a multivariate extension of Laplace’s method for
integrals; i.e., approximate the integrand near its maximum value and modify
the domain of integration in such a way that the errors of approximation are
small. A similar approach was adopted by Chang [2] and others [3, 11] for
case (ii). This method, while elementary, rapidly leads to intractable algebra.
For example, the asymptotic series for case (i) was given by Anderson [1] only
up to the term of order n~1 for arbitrary m and up to terms of order n~2 for
m < 4.

The method adopted here takes the same starting point to derive the first
or dominant terms of the asymptotic expansions, but then uses partial-dif-
ferential equations satisfied by the distributions to successively calculate the
terms of order » Y, n%.... Once again, the algebra eventually becomes
formidable, but we give the terms up to and including O(n~3) for cases (i)
and (ii), and O(n2) for case (iii).

2. PRELIMINARIES

In terms of the hypergeometric functions ,F, of two matrix arguments
(see James [8]), the joint density functions of the roots of the matrices L, F,
and B mentioned in Section 1 are, respectively,
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.,,.(1/2)m2((1 [2)m)1/mn (det A)a/2m
Tnl(1/2)m) Ln((1/2)m)

m O\ (1/2)n—m—1) ™
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(where 4 = Z-1),
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(where # = ny + 1y, A = Z,Z77), and

7D L((112)(m + 7))
Tol(12)m) Tn((1/2)n5) n((1/2)m)

[T (1 — by)a/iny-m-1) ﬁ (b; — b,)

i=1 i<

" Fy((172)(my 4 m0); (1/2)m 5 (1/2)2, B), (2.3)

- exp(tr — (12)0) (ﬁ b,

de=1

)(1/2)(n1—m-1) m

where, in each case, it is assumed that the sample roots are ordered in decreasing
order. In the following sections we derive asymptotic series for the hyper-
geometric functions, for large # in (2.1) and (2.2), and for “large 2" in (2.3).
Before deriving the expansions there are a few preliminaries to be disposed of.

First, we note Hsu’s [6] extension of Laplace’s method for obtaining the
asymptotic behavior of integrals. If the function f(x) = f(%, ,..., ¥») has an
absolute maximum at an interior point ¢ of a closed domain D in real m-dimen-
sional space, then under suitable conditions,

f,, U@]" o(x) dx ~ Qafm)t2m [f(O1 o AET 7> 0, (2.4)

where the notation “a ~ b, n — c0” means that lim,,(a/b) = 1, and 4 denotes
the Hessian of —log f, i.e.,

4(6) = dee (— Z;81E)).
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The rapidity of the convergence would appear to depend on the sharpness
of the peak of f(x) in the neighborhood of its maximum.

In studying the distributions (2.1) and (2.3) we are led to investigate integrals
of the form

j ., E5P(x £RH'SHYdH), (2.5)
olm.

O(m) being the group of orthogonal m X m matrices. The sharpness of the
peaks of the integrand at its maxima depends on the “spread” of the roots of
R and S. In fact, if some roots are equal the maxima are achieved not at single
points but on whole submanifolds of O(m). We are therefore led to separate
out as special cases those instances when some roots are equal or nearly equal
to give a good coverage of possible situations which could arise in practice.
The following lemma and its corollaries give the asymptotic behavior of the
integrals (2.5). The proof is due essentially to Anderson [1].

Levma 2.1.
f - exp(tr(1/2)n RH'SH)(dH) ~ 2™ exp ((1 [2)n mz risi) ﬁ QRrine} 2, (2.6)
Olm, d=1 i<

f ( )exp(tr — (1/2)n RH'SH)(dH) ~ 2™ exp (——(1/2)11 i r,.sm_Hl)
Olm

i=1

m

-TI @mfnes, @.7)

i<i
where

i = (1 — 1;)(5; — 55) (2.8)

and the roots of R and S are strictly unequal and ordered in descending order.
The measure (dH) is the invariant measure on O(m) defined as in James [7].

Proof. The result (2.7) was proved by Anderson [1] (with the ordering
of the roots of S reversed). Then (2.6) follows by noting that the maxima of
tr RH'SH are the minima of tr(—RH'SH), and the latter are achieved at the
2 matrices of the form

0 +1
41

+1 0
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CoroLLARY 2.1. If R, and S are k X k and m X m diagonal matrices
respectively, k < m, with unequal elements ordered in descending order, then

| o explix(1[2)n RBSHL)(dH,)
Ve, m

~ 2* exp ((1/2)11 f r,-s,-)ﬁ (2(ncy;)12 _k ﬁ Qnind, 2, (2.9)

i=1 i<j =k4+1

where c;is given by 2.8) and dy; = r s, — s))fori = 1,..., kandj =k + 1,...,m.
V(k, m) is the Stiefel manifold consisting of all m X k matrices H, with orthonorma.
columns (see James [T]).

Proof. The maxima of the integrand are achieved at the 2% matrices of the
form

+1 0

+1
0

and Hsu’s result (2.4) applies. The Hessian was calculated by James [10].

CoROLLARY 2.2. With R and S as in Lemma 2.1, but with the last (m — k)
roots of R being equal to r,

{ o (i %n RH'SH) (dH)

am . (1/2)(m—k)? 1 k D \1/2 E m D \1/2
~ =y e &) ) 1T G)

=1
(2.10)
with c;; as before and e;; = (r; — r)(s; — ;) for i = 1., kandj =k + 1,..., m.

Proof. Partitioning

Rz[o v,

o=

the integrand in (2.10) becomes

exp(tr nrS) exp(tr in(R, — rI) H,'SH,)
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and is independent of H, which can be integrated out according to Lemma 2.2
below.

Note. A result similar to (2.10) was proved by James [10] (with a minus
sign in the exponent). It should be noticed that James normalizes the measure
(dH) so that the volume of O(m) is unity. Throughout this paper we use
unnormalized measures, equivalent to ordinary Lebesgue measure, so that

gy(1/2)mE
T'y((1/2)m)

(and Vol(V(m, m)) = Vol(O(m))), regarding V(k,m) as a point set in
$k(2m — k — ])-dimensional Euclidean space (see {7]).

We conclude this section with a lemma which enables us, given a function
f(H) of an orthogonal matrix, to first integrate over the last m — & columns
of H, the first k£ columns being fixed, and then to integrate over these % columns.

Vol(V(k, m)) =

LemMma 2.2.

fo(m) £y, H)aH) = |

f f(H, , GK)dK)(@dHy) (2.11)
1&Vk.m) ¥ Ke Olm—k)

where H = [Hy : Hy), Hyism X k and G = G(H,) is any m X (m — k) matrix
with orthonormal columns orthogonal to H, (so that GG' = I — H,H,’").

Proof. For fixed H;, the manifold £, say, spanned by the columns of
H, can be generated by orthogonal transformations of any fixed matrix G
chosen so that [H; : G] is an orthogonal matrix, i.e, any H, € 5#; can be written
as Hy, = GK, and as H, runs over 3, K runs over O(m — k) and the rela-
tionship is one-to-one. Denoting the columns of Hy, by &y, ;, j = 1,...,m — &,
and those of K by %;, we have

dhk+j == G ko

for fixed G. Now the invariant measure on O(m) is given by (see [7])

m m—~k m m—k
(dH) =[] k' db; = [1 ke dh; T 11 Foees @0 [T Fiss dhass
£>7 > i=1 j=1 >4
m—k m m—k
—-Hh dh; [ [1 k/G’ dh; [] &/ dk;
©>j i=1 j=1 ©>]
= (dH,)(dK).

Note that this transformation of the measure (dH) is to be interpreted as:
first integrate over K for fixed H, , and then integrate over H, .
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3. AsYMPTOTIC BEHAVIOR OF ,Fy(a;c; R, S)

In the distribution (2.3) the function F,(}(n, + n,); 4m, ; 382, B) appears,
where B is a diagonal matrix with elements 1 > b; > by > - > b,, > 0,
and £ is a matrix of noncentrality parameters with roots © > w; = w, =
©* 2 w,, = 0. Situations arise in practice (in multiple discriminant analysis)
where some or all of the w; are large, some equal or some zero. In this section
we give a series of theorems which, in combination, describe the asymptotic
behavior of \F, when some, at least, of the w, are large.

We examine first the case of the function ,Fy(a; ¢; R) of one argument
matrix. In the original sampling situation, Q = Z-1MM’ and if some of the
mean vectors in M are large, say

N12M,
-7,
M,
then 22 would be of the form (writing R in place of 2),

R=] NR,, Nllsz]’

NER, Ry Ryisk X &, 3.1

N being a “large’ parameter. Note that for large N, the roots of R are approxi-
mately equal to those of NR;, together with those of Ry — Rj3R; Ry, . Our
commencing point is the integral representation (Herz [5])

e RY ) —(1/2)(m-+1)
Fas & R) = ot o [ explte RIV)(det Wy—rains
- det(I — Wye-o-0ime) gy, (3.2)

where we temporarily assume Re(c — @) > }(m — 1) so that the integral
converges. This restriction may be dropped at the end. We require alsc the
Kummer transformation (see [5])

JFi(a; ¢; R) = exp(tr R) Fy(c — a; c; —R). (3.3)
Then, if R is of the form (3.1) above, we have

Turorem 3.1.

1F1(a; ¢; R) ~ (I(c)/T'(a)) exp(tr NRy,) exp(tr RizRﬁl Ryp)(det NRy)*—
“1Fi(a — (1/2)k; ¢ — (1/2)k; Ry — RR'Ry,) (3.4)

as N — oo.
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Proof. To avoid writing out long expressions we merely sketch the proof.
The details, including evaluation and simplification of the constants, are
reasonably straightforward and will be omitted. Combining (3.2) and (3.3),

partition the variables of integration conformably with R; i.e., put

Wy W12] ,

W=l we

Wy isk X k.

Transform to variables X given by
Xy =NWy
Xy, = NVEX W, W3 ®
Xy = (I + Xip(NXG — )7 Xp)* WiplT + Xp(N Xy — 1) Xyp)'”
with Jacobian
N-Q/pkmD(det X,,)a/Dm—10
- (det Xpp) VP* det(l 4+ X{p(NX1! — 1)™ Xpp) 0240

The ranges of the new variables are 0 < Xy3 < NIy, X{3X5p < Iy and
0 < Xpp <Ipz.As N— o0, X[o(NX7! — 1)t X,, — 0, and we have

. po F””(C) k(a—c)
Jila; ¢; R) ~ To@) Tlc — ) N exp(tr R)

: f exptr(— Ry Xyy) + tr(—RypXpp) + tr (“2R12X111/2X12X;42)]

(det Xn)c—-a—(ll2)(k+1) (det Xzz)c—a—(1/2)(m—-k+l)

det(l — X22)a—(1/2)k—(1/2)(m——k+1) det(I — X;gXlz)c—a—(l/2)(m—-lc)—-(1/2)(k+1) dX,

the range of integration of X;; now being X,; > 0. We now integrate over
X, and X;, (in that order) using formulae (3.6) and (2.5) of Herz 5] and
then over X,, using (3.2) and (3.3) above. Q.E.D.

In principle, further terms in the asymptotic expansion of ,Fy(a; ¢; R) could
be obtained from a refinement of the above analysis. In practice, the integrals
become intractable except in the special case & = m; i.e., all elements and
roots of R large. We give the results for this special case.
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THEOREM 3.2.

Fia; s NR) ~ ?:EZ)) (det NR)* exp(tr NR)

o 1/2 1) — @) (c — a), CR?
,gﬂ;((/)(wr)k!a)(c ) §v1c)

Proof. Substitute (3.3) in (3.2), change variables to X = NW, expand

det(f — N-1X)e-2/21m+1) formally as a series in zonal polynomials and integrate
over X > 0. Q.E.D.

It is now relatively easy to derive the asymptotic behavior of \Fi(a; ¢; R, S)
by combining Theorem 3.1 with Lemma 2.1 and its corollaries, since

Fi(a; ¢; R, S) = 2-mm=WDmL, (1m) f (@ ¢ RE'SHYdH). (3.5)
Olm.

THEOREM 3.3. Let R and S be m X m diagonal matrices, the elements of S
strictly unequal and ordered in decreasing order, and let R be of the form

Ryisk X k,

R = [NR1 0]’

0 R,
the elements of R, strictly unequal and ordered in decreasing order. Then, as N — oo,

1Fi(a; ¢; R, S)

Tue) l —(1/8)k(k+1) a—c
ORL (2 m) 7 exp(tr NR;S,)(det NR,S,)

k k m
“1Fy(@ — (1/2)k; ¢ — (1/2)k; Ry, Sp) [ (New)™/? Ul Ik] (N
3 =1 j=k+1 (36)

where c;; and dy; are as in (2.9).
Proof. Substituting (3.4) in (3.5) with
Ry = R:/ZH;SHlR:/z; Ry, = R:/ZHI'SH2R§/2, Ry = RémHz'SHzR;m,

683/6/3-3
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we have

Fi(a; ¢; R, S) ~ 2-mp/im? Li(e) Tn((1/2)m)

J' exp(tr NR,H,'SH,)
olm)

I'yfa)
det(NR,H, SH,)* exp(tr RyH, XH,)
1 1 ,
F, (a — 5k ¢ — 5k Ry (S — X) Hz) (dH) (3.7)

where we have put X = SHy(H,SH,)* H,'S. From Hsu’s result (2.4), the
asymptotic behavior of the integrand in (3.7) depends only on the behavior of
the integrand at the maxima of tr Ry H,’SH, and from Corollary 2.1 to Lemma
2.1, these are achieved at the 2% matrices of the form

+1 0
4-1

H, = e . (3.8)

+1
0

Hence, in applying Lemma 2.2 to integrate over H, it is sufficient to evaluate
the integral over H, at any of the values (3.8) for H,. Therefore, putting
H, = GK, K& O(m — k), we can choose

6 L.‘.’. ]

m—k

At these values of H,
S, 0
X=[g ol

K is then easily integrated out of (3.7) and the integral with respect to H,
is given by Corollary 2.1. Q.E.D.

CoroLLARY 3.3. If k = m in Theorem 3.3, then

L)

Fy(a; c; NR, §) ~
i § 1( ) I’m(a)

I (% m) a1 /mimt)) exp(tr NRS) det(NRS)e

TT e (39)

<y



DISTRIBUTION OF LATENT ROOTS 379

TueoreM 3.4. With S as in Theorem 3.3, but R of the form

R=N[R1 0]’

0 rl,

R, as before, then

Fy(a; c; R, S) ~ o) 11: k((g/ M) -aja1) exp(tr NRS)(det NRS)+—

T ey T T Ve,

i<y i=1 j=k+1

where c;; and e;; are as in {2.10).

Proof. Substitute (3.4) in (3.5) (with & = m) and apply Corollary 2.2.

4. ASYMPTOTIC SERIES FOR Fy(a;c; R, S)

In this section we derive further terms in the asymptotic expansions for
WJi(@; ¢; R, S) by means of partial-differential equations satisfied by the func~
tion. As pointed out in the discussion following Theorem 3.1, this would be
possible in principle by a more careful analysis of the integrals. One could
commence with an asymptotic series for ,Fy(a; ¢; R) and integrate over the
orthogonal group extending the results of Theorems 3.3 and 3.4. Such a method,
if tractable, is seen to lead to an asymptotic series of the form

F1(a; ¢; R, §) = F ~Fy + (Fy/N) + (F/N*) + -+,
and, in fact, of the form F = F G where
G ~ 1+ (BN) + (PyNY) + - @)
and the P; are independent of N.
Briefly our method is as follows. From the differential equation for F, obtain
the differential equation for G (F}, of course, is given by the results in Theorems
3.3 or 3.4). The differential equation satisfied by G turns out to be of the form

(N4, + 4,)G = fG 4.2)

where 4; and 4, are differential operators in R and S, independent of N, and
F=f(R,S) is also independent of N. Formally substituting (4.1) in (4.2)



380 CONSTANTINE AND MUIRHEAD

and equating coefficients of like powers of N— on both sides gives a recursive
system of differential equations for the Py:

A1P1 :f
APy + {8y — Y Pey =0, k=23,... 4.3)

We can solve the system (4.3) for the P successively. The method is validated
by the uniqueness of asymptotic power series; i.e., if

0~ kzl (1P + (4 — f) Pry) N7* (4.4)
then 4,P;, + (4, — f)Py_, = 0.

In our applications the operator 4, will be a first-order linear differential
operator, and for convenience we quote the general form of solution of first
order linear partial-differential equations in a form suitable for our purposes.
Given the differential equation

> f{oPlox) = R “5)

where the f; are independent of P, and given any particular solution, Q, of
(4.5), then the general solution of (4.5) is

P=0Q+%Yu, ., 4, (4.6)

where the arbitrary function ¥ is the general solution of the homogeneous-
differential equation Y}, f(0P/dx;) = 0. u; = c; are any n — 1 independent
solutions of the system of ordinary-differential equations
dx, dx, dx,
— = = o= . 4.7
iR 2 @
We consider first the case of Corollary 3.3; i.e., all elements of S unequal
and all elements of R large and unequal. Introducing again the dummy variable
N, the function ,Fy(a; ¢; NR, S) satisfies the partial-differential equation (see
Constantine and Muirhead [4])

m 2F mom 5, oF 1 < oF
Zl K os;? + iz=:1 ;; $i— 8 08 + (c 2 m = l)) iz:l Os;
i
m a m
— N 2 —Na)d r,F=0
,; or; ¢2=:1 !
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From (3.9) we put (ignoring the constant)

m m —c ™
F = exp (Z Nris;)(ﬂ Nr,-si)a T Vew 26 (4.8)
=1 i1 i<
and obtain for G the partial-differential equation
- G o G
ingfTs.rJf(Z“*“' D)L &
oG 5 O
+N(2§1”' as; _gl 3’¢)
)
——[(a—c)(a——~(m 1))2 2 + s ]G. 4.9)
- s 45
This is of the form (4.2) with
0 kil 9
=2 ) 75 — Yy rf
l ,;1 9% a Z:l i 67@

and

. _ ! v Sits
f==le=afa=3m+1); 5+ L P e ] AT
Substituting G = 1 + Y5, ; N~*P, gives the system (4.3). The general solution
is of the form {4.6),

= Qk + tIlk(u1. yerrs Ugm 1)

where Q, is any particular solution and the #; are any (2m — 1) independent
solutions of the system

ds; __éfz_z...z_ifr_=_‘1_’l_z_=---=_‘f::2. (4.11)

Such solutions are easily found to be

u, = r%® =¢;, 1= 1,.

(4.12)
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We now apply boundary conditions to evaluate ¥, . Looking at (4.8) we
see that ', Iy and therefore G must satisfy the boundary conditions

G(N, R, 8) = G(N, S, R) (4.13)
and

G(N, R, S) = G(NR, S). (4.14)

Each N-*P, must satisfy these conditions also. Therefore, if we can find a
Oy, such that N—*Q, satisfies them, so must N-*¥, . Examination of (4.12)
shows that the function ¥, satisfying (4.13) must be identically constant. The
constant can then be evaluated from the form of O, and condition (4.14).

A particular solution of the first equation in (4.3), 4,P, = f, where 4, and f
are given by (4.10), is easily found to be

m

P =0 = @—a@~4m+m 4Zﬁ, (4.15)

i<j

where, as usual, ¢; = (r, — 7,(s; — 5;). O, satisfies (4.13) and therefore
P, = O, + o, « constant. Since N-1P; satisfies (4.14) it follows that a = 0,
so that (4.15) gives the complete solution. Similarly, we find

o
1
rizs,-z

—%(a—— )( (m+1))<2a—c~—(m+3))z

i=1

< |1 1 (& 1)®
Lo ralle)

i< Cis

ool w4

[Ad )

LIS |
chii.

(4.16)

Further P;, could be calculated if required, the form of the terms in it being
clear from (4.16). We have, therefore

Fila; ¢; NR, S) = K; exp (Z Nris,) 1 (Vr;s;)e-e H (Neg)™2/2

i=1 i=1
{1 4 (B1/N) + (B,/N?) + O(N-%); (4.17)
where K| is given in (3.9) and P, and P, are given by (4.15) and (4.16).
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Using (4.17) we can derive the asymptotic expansion for the case of Theorem
3.3, i.e., some roots of R small. We define G, by

x % a—c ¥
Fia; ¢; R, S) = K, exp (2 Nes NI N) ] (Ne i

i=1 i=1 1<

11 ﬁ (N2 \F(a — ¥k; c — 3k; Ry, S5) - Gy (4.18)

d=1 j=k+1

{from 3.6), where for j = k+ 1,..,m we have ‘‘symmetrized” the d;; by
replacing r,(s; — 5;) with ¢ = (r, — N-Ir;)(s; —s;). Since c}fd;—1 as
N — o0, we have not disturbed the asymptotic formula (3.6). Now, if we
replace R, by NR, and substitute the asymptotic expansion

m m -
Fi(a — 3k;c — 3k NRy, Sy) = K, exp( Y Nr,-s,-)( 11 Nrisi)a ’

=kl ikl
) H (New)y™2 Gy
i<j
k4l
in (4.18) and equate to (4.17), it follows that
G =GG,;

that is, G, contains those terms which when multiplied by those in G, give G.
We thus obtain

k k
Gy =1+ (UN) |(a — @ — (1D)(m + D) Y. (fris) +(1/4) Y e
i<i

i=1

LMy 3 e+ o). (4.19)

t=1 j=l+1

The term of order N2 is rather lengthy and will not be given here, Note that
(, does not contain terms in (s; — s;* for 4, > R so that the expansion
is valid for arbitrary R,, including zero or equal elements.

The asymptotic expansion in the remaining case of Theorem 3.4 is similarly
obtained. We merely substitute NrI for R, in (4.18) and use the result in
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Theorem 3.2. It is of interest, however, to note that this expansion could be
obtained from the modified differential equation

m

m
+
?;:1 : (')s 51;;1 $i
st

oF 1 o oF
e Tl T o

k x
__N(Z 72 8F + 2 OF )~Na(z ri—i—(m——k)r)on
i=1

=1

for F; when the last m — & elements of R are identically equal to Nr. Up
to order N—2 we have

F =F, ?1 + —]1\7 (fl +33 Z '+ ‘2 ,§+1 c:,-l) + O(N-g)g (4.20)

where F is given in Theorem 3.4.

The results from this section and Section 3 can be substituted in (2.3) to
give asymptotic forms for the distribution. We give just one simple example.
Substituting (3.6) (with @ = ¥(n, +m), ¢ = jm , R =32, S = B) in (2.3)
(and dropping the dummy variable N) gives the following:

THEOREM 4.1. The asymptotic joint distribution of the latent roots of the
matrix B, when the first k latent roots w, ..., w, of the noncentrality matrix Q
are large, is

& )(1/2)(k-m) k

const (H w;

i=1

(w; — w;) 2 exp (“% i “’i) exXp (% i wibi)

i< =1 i1

& a/2)n~m-1) % )
X (H b,-) ny—m H (1 — b;)A/2ny-m—1) H (b, — b2 (H wb)u/ g
?

i=1 i=1

< T1 T @ — e

i=1 j=k41

)(1/2)(n1—m-—1) mn

X exp (—% Zm w,)( ﬁ b; [T (1 —byamin=m-n ﬁ (b: — by)

i=k+1 i=k+1 i=k+1 k+1
i<y

1Fi(3(my + ny — B); 3(ny, — B); 39, , B,). (4.21)

The value of the constant in (4.21) is easily obtained from (3.6) and (2.3).
From (4.21) we easily obtain
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CoRrOLLARY 4.1. The asymptotic conditional distribution of the last roots
Disy yeers D given the first roots by ..., by s

k m m m (1/2)(n;~m~1)
const H I-[ (b, - bj):l/2 €xp (*—"'% Z w; bi)
=1 j=k41 {=k+1 d=k+1

m
X H (1 — b;)a/2ny—m—1)
i=k+1

X ﬁ (b: — b5) F3(3(m + ny — K); $(m — R); 462, By),  (4.22)

k+1
i<j

which does not depend on the population parameters w, ,..., w,, and depends
on by ,..., by, via the “linkage” factor

ﬁ (b; — B2

1 j=k+1

—l=

(2

The most important practical case is when wyy = =w, =0 (e,
£, = 0), in which case the ,F, function in (4.22) is identically equal to one.

5. ASYMPTOTIC SERIES FOR oFy(— 2R, S)

The derivation of asymptotic series for ,Fo(—3nR, S) for large n is very
similar to that for ,F, , and, in fact, the algebra is simpler and it is possible
to derive further terms without much extra labor. As with F;, we are led to
consider a number of different cases:

(i) all roots of R and S different and widely spaced;
(i) some roots not widely spaced; and

(it1) some roots of R equal.

Consider first (ii), a case which has not been widely studied. We assume for
convenience that the roots of R and S are ordered 0 <7, <7, < -* < 7,,,
§ > § > 0t > 8, > 0, that the first & roots of R are “widely spaced” but
that the last m — k roots are not. More precisely, we assume that

rp—7; =0m?") for 4j=k+ 1., m 5.1)
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Note that this includes case (iii) also, i.e., r; =#; for 4,j == £ -+ 1. Then,
partitioning R and H as before,

oF(—InR, S) == 2~ (1om) J exp(tr — $nRH'SH)(dH)
ofm)
= 2=y /DML (1) f exp(tr — nR,H,'SH,)
o(m)
X expl(tr — 3nR,Hy SH,)(dH)
— (/W] (L) f exp(tr — }nR H,'SH,)
Vik,m)
X oF(— bRy , G'SGYdH,) (5:2)
(using (2.11)), where GG’ = I — H,H, . Putting

the mean of the roots of Ry, we have
oFo(— iR, , G'SG) = exp(—inf, tr S(I — H,H,"))
X oFo(—In(Ry — 71), G'SG). (5.3)

From the assumptions (5.1), the elements of R, — #,/ are O(n~1) and hence
the ,F, function on the right-hand side of (5.3) is bounded above and below.
Substituting (5.3) in (5.2) we can apply Hsu’s result (2.4) and Corollary 2.1
to obtain

oFo(—(1/2) nR, ) ~ m=WDERL((1/2)m) exp (“(1/2)" }k: r,.s,-)

i=1
k k m
x T1 @nfne)2 T1 IkI (2m[nd 5112 oFo(—(1/2) nRy , Sp)
i< =1 j=k+1

5.4
where ¢;; = (r; — r;)(s; — ;) for 4,7 = 1,..., k and d} = (r; — 7,)(s5; — 5;) for
i=hLo,kj=k+1,..,m

Forj =k L,..,m, 7, = r; -+ O(n!) so that it is valid to replace r; — 7,
by r, —r; for symmetry. The asymptotic result (5.4) verifies a conjecture
by James [91.

As for ,F,, it is seen that it is sufficient to derive the asymptotic series for
oFp for case (i) above only. The series for cases (ii) and (iii) are readily obtainable
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by the technique described in Section 4. The differential equation for F = (F,
is (see [4])

F 1 ™ ,oF
R L
e

1 m
—i—zn(m—— 1) l;r,-F = 0.

Putting F = FG, where
m m
Fy = 7~ 0/amamipa/mmm-O (1m) exp (_ in Z fi-“i) H (ncy)22
i=1 i<i

(from (5.4), with & = m), and c;; = (r; — r;)(s; — 5;), we obtain for G the
differential equation

¢ PG 1 no G &, 8G
El Si asiz - E n (2 El 7S¢ -——-—‘aSi — El 7 ar, )

1aY St g,

2
i<i (8: — 59)

The operator 4, is the same as in Section 4 so that it is sufficient to find particular
solutions for Py, G = 1 + Y5, P, , satisfying

and
#*Py(R, S) = Py(nR, S).

The first three P, are

1& 1
P13 _1
! 2i<:i
R 1 (55)
’ i<d cfa 8 i<i i ,

o 1 &1 1 /& 1)
reslgrilarawEe)
1)

i<i i i<i S 4<g i<i Gt

where ¢;; = (r; — 7;)(s; — s;). The form of P, verifies a conjecture of Anderson
[1]. Substituting (5.4) and (5.5) with their special cases in (2.1) gives the joint
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asymptotic distributions of the roots of the Wishart matrix. For example,
substituting (5.4) (with S =L, R = 2~ = 4) in (2.1) gives the following:

THEOREM 5.1. The asymptotic joint distribution of the latent roots L, >
L, > -1, > O of the matrix L for large degrees of freedom n, when the roots
Ay 5eery Gy Of the information matrix A = X satisfy

0 <oy <oy <o <o < gy K gy <0 S

with o; — o; = O(m™Y) for 4,j =k + 1,...,m, is

d @a/2m 1& Eoo\a@m-m-n koo I M2
const (H OL,-) exp (—— i El a,l;X]:! li) H (W)

i=1 = i<i
Eomop ] \L2
% 1 J
£[1 ]=I];—[{—1 ( ccj — (Xi )
m (1/2)n m a/2)n—-m-1) m 1
X ( I a,.) ( I1 1,.) T1 (s~ b) oFo (— 5L, A}, (56)
i=k+1 i=k+1 lzc:;.

where L, = diag(ly,q ..., L) and A, = diag(agis sy om)-

COROLLARY S5.1. The asymptotic conditional distribution of the last roots
Lesa yeeer I given the first voots ..., Iy is

k. m m 12m ( ™ (1/2)(n—m—~1) ™
const 1T TT = tp2( 11 "™ ( 1T 4 )
i=1 j=kt1 i=k+41 ikl kyl
<7
X oFo(“%”Lz ’ Az)’ (5.7)
which does not depend on the population parameters o, ..., and depends on
b sy b via the “linkage” factor

k m

[ 11—
i=1 jek+1
In the special case when o, = =+ = &, = @ (L., 4, = o),

oFol—3nLy , A;) = exp (—-%mx in: l;)

t=k+1

and (5.6) and (5.7) reduce to [10, (3.11) and (3.13)] of James.
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6. AsYmMPTOTIC SERIES FOR ,Fy(3n; — R, S)

Asymptotic series for Fy(3n; —R, S) can be derived as above from the
partial-differential equation given by Constantine and Muirhead [4]. For the
case of all roots of R and S unequal, Chang [2] proved that

Fo (% n; —R, S) '"((l(;g')’::) Ul (1 + 73,2 n—m=1) l’<‘[ (n o ) i (6.1)

forry, >r, > > 1, > 0,0 <8y <83 < <5, and €5 = (r; — 1;)(85 — 5,).
Putting F = FyG, where F, is given by (6.1), we obtain for G the partial-
differential equation

(N4, + 4G = fG

where N = §(n — m — 1), and

_ id : 7'35" aG b 2 aG
AI—ZZ 1+ 75 +22 14+rs; or —Zr,- or; ’

PG B PG &

—-Zr, ot 272

=1 i=1 =1
1 & (s + "5) o Sits
_ = . 6.2
f 41.<jT (re — 1;)? 412;’ §; — ;)2 (6.2)

The use of # — m — 1 instead of # as the large parameter simplifies the form
of the P, . A boundary condition for G is

G(N, R, S) = G(N, S, R). (6.3)

Unfortunately we do not have the homogeneity condition (4.14) so that our
asymptotic series is incompletely determined. However, as before, (6.3) is
sufficient to determine the P, up to an additive constant, and the constants
can be factored out of the series as follows.

Put G = 1 + Y, , N-*P, in the differential equation and equate coefficients
of like powers of N on both sides. The first equation in the system is

AIP]. == f-
With the aid of (6.3) we solve for P; up to an additive constant,

P, = P* + a,.
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The next equation is
d,P) + 4,P; = P,f.
Putting P, = Q, + a,P,*, we obtain
4Py * + 4,Qy = P¥f
which solves for Q, and hence P, up to a constant:
Py = Py* - ayPy* 4 a,.

Proceeding in this way, we solve for P, in terms of the particular solutions
Pt ..., Pi*as

Plc=Pk*+alplt—1+a2p:——2+”'+ak—1P1*+ak-

Hence, we obtain G in the form
G = (1 -+ Z N"“Pk*)(l + Z N‘kak) (6.4)
k=1 k=1

with constants a, that so far we have been unable to evaluate. However, for
some purposes this form of G' may be suflicient; for example, for numerical
work on the likelihood function of A in (2.2) the constant multiplier in (6.4)
is irrelevant as only functions of A are appropriate. The first three P,* are

12 1
P* == ,
t 2,~Z<,- d;;

L | 1/& 1 \2
P*= ——'—l'_'—( '_—)y 6-5
P g 1P » €

”‘13"‘1"‘11"‘1)39”‘1
P*=4) —+2Y — VY o — — ,

where
. = (rs — 75)(ss — 53)

T A Frs)A +rysy)

Asymptotic series for other cases of interest, e.g., some roots of R equal or
nearly equal, are easily obtainable using the techniques given in Sections 4
and 5.
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