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1. Introduction

Let S be a semigroup and T be a subsemigroup of finite index in S (that is, the set S\ T is finite).
Then T is called a large subsemigroup of S, and S is called a small extension of T. In [4], RuSkuc asked
if S is a small extension of T, whether S has a finite complete rewriting system if and only if T has
a finite complete rewriting system (see [4, Problem 11.1(iii)] and [6, Remark 4.2]). This problem was
partially solved by Wang in [5, Theorem 1], who proved that if T has a finite complete rewriting
system, then so does S. However it is still not known whether T has a finite complete rewriting
system or not, when S has a finite complete rewriting system. In this paper we shall prove that this
is true, i.e., we shall prove the following:

Theorem 1.1. Suppose S is a small extension of T. If S has a finite complete rewriting system, then so does T.
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By Theorem 1.1 and the result of Wang [5, Theorem 1], we have completely answered the problem
posed by Ruskuc (see [4, Problem 11.1(iii)]).

Corollary 1.2. Suppose S is a small extension of T. Then S has a finite complete rewriting system if and only if
T has a finite complete rewriting system.

Let A be a non-empty set. This set A is called the alphabet and the elements of A are called
letters. We shall denote the free semigroup and free monoid on A by A' and A*, respectively. The
elements of AT and A* are called words. Note that A* = A" U {€}, where ¢ is the empty word. Given
a word W € A*, we shall denote its length by ||W ||, defined as the numbers of letters in W.

A rewriting system R over A is a set of rules U — V, which are elements of A* x AT. A word
Wi € AT is said to be rewritten to another word W, € A" by a one-step reduction induced by R, if
W1=2Z1XZy and W, = Z1Y Z, for some rule X — Y in R. In this situation we write W1 — W5. The
reflexive transitive closure and the reflexive symmetric transitive closure of —p are denoted by —%
and <}, respectively. The relation <} is defined to be the congruence on AT generated by R and it
defines the quotient semigroup S = A" /<% S is said to be presented by the semigroup presentation
[A ; R]. If both A and R are finite, we say the semigroup presentation is finitely presented. For
U € AT, [U]g shall denote the class of U modulo <.

Let Left(R) = {X € AT™: X — Y € R} and Irr(R) = A™ \ A* Left(R)A*. Obviously, Irr(R) is the set of
all words in A™ that cannot be reduced by any rule in R. A word W € A" is called an irreducible word
if W eIrr(R).

We say R is Noetherian if there is no infinite reduction sequence,

W] —R Wz—)R W3—>R~--.

R is said to be confluent if whenever U —% V and U —} W, then there is an X € A" such that
V —% X and W —% X. If R is both Noetherian and confluent, we say that R is a complete rewriting
system.

The following fact is well known.

Theorem 1.3. Suppose R is a complete rewriting system. Then for each W € A™, there is a unique W' € Irr(R)
such that W —3% W'

Theorem 1.3 will be used implicitly in many parts of the paper. Let R be a complete rewriting
system on AT. Then given any word W € A™, by Theorem 1.3, there is a U € Irr(R) such that

W—)RW]—>RW2—>R-~-—>RWH=U.

The length of the above reduction sequence starting with W and ends with U is n. The disorder
of W, denoted by dgr(W), is the maximum of the lengths of all of the reduction sequences starting
with W and ends with U. Note that dg(W) is finite. Suppose it is not. Then there is a V1 € A" such
that W —¢ V1 and dg (V1) is infinite, for the number of subwords of W that are contained in Left(R)
is finite. Then again there is a Vo € AT such that V{ —¢ V; and dg(V3) is infinite, and this process
can go on indefinitely. So W —g Vi — V3 —¢ --- is an infinite reduction sequence, a contradiction.
Note also that W € Irr(R) if and only if dg(W) =0 (see [2] and [3]).

The following useful lemma is obvious.

Lemma 14.IfU — V, thendgr(U) > dg (V). Furthermore if W is a subword of U, then dg (U) > dg (W).

A semigroup is said to have a finite complete rewriting system if it has a finitely presented semigroup
presentation for which the rewriting system is complete.
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2. A criterion

Let [A ; R] be a finitely presented semigroup presentation for S for which R is complete. Let T
be a subsemigroup of S. In this section we first prove a criterion for [B ; Rt] to be a semigroup
presentation for T where B is any non-empty set and Rt is a complete rewriting system over B. This
will be done in Theorem 2.2. Then by replacing T with S we can get [B ; Rs] to be a semigroup
presentation for S and Rs is a complete rewriting system over B. This will be done in Corollary 2.3.

Let A(T) be a subset of AT such that

(W elr(R): WIg e T} S A(T) S {W e A*: [W]geT}.

Let (B, Rt, A(T), ¢, p) be a 5-tuple where B is a non-empty set, Rt is a rewriting system over B,
¢ : Bt — A% is a homomorphism with [¢(U’)]g € T for all U’ € B*, and p : A(T) — BT is a function.
We say the 5-tuple (B, Rt, A(T), ¢, p) has Property R relative to [A ; R], if it satisfies the following:

(P1) for any U € A(T) and V1 € AT with U —p V1, there is a U’ € BT such that U -3 V1 =% ¢(U)
and p(U) =g, U/,

(P2) for any U’, V" € B with U —} V', we have ¢(U") —} ¢(V"),

(P3) there does not exist an infinite reduction sequence

’ I I
Uy =Rry Uy >rp Uz >Ry -y

of words from B such that ¢(U}) =¢(U)) =¢U) =---,
(P4) for each U’ € BT there is a U” € BT such that ¢(U”) € A(T) and U’ —% U,
(P5) ¢(p(U))=U for all U € A(T),
(P6) U’ =%, p(¢(U") for all U" e BT with ¢ (U’) € A(T).

Lemma 2.1. Suppose (P1), (P2), (P4), and (P6) hold. Then for any U € A(T) and V e Irr(R) withU —} V, we
have V € A(T) and p(U) —>’,§T p(V).

Proof. By the definition of A(T), clearly V € A(T). We shall prove by induction on dg(U) that
pU) =%, p(V).

Suppose dgr(U) =0 then U = V. Thus p(U) = p(V) and p(U) —>’§T p(V). Suppose dg(U) > 0.
Assume that it is true for all Uy with dgr(U1) < dg(U).

Let U —g V1 —% V. By (P1), there is a U’ € BT such that U - Vi -} ¢(U’) and p(U) -, U’
By (P4), there is a U” € BT such that ¢(U”) € A(T) and U’ >k U”. By (P2), ¢(U") =} ¢ (U").
Therefore U —% ¢(U”) and p(U) —>"I;T U”. Since V € Irr(R), we have ¢(U”) —} V. Furthermore
dr(¢(U")) < dgr(U) (by Lemma 1.4). Therefore by induction p(¢(U”)) »’,;T p(V). Now by (P6),
u” —>’,§T p(¢p(U")). Hence p(U) —>;§T p(V).

The proof of this lemma is complete. O

Theorem 2.2. If (B, Ry, A(T), ¢, p) has Property R relative to [A ; R], then [B ; Rr] is a semigroup presen-
tation for T and Rt is complete.

Proof. We will first prove that [B ; Rr] is a semigroup presentation for T. Let ¥ : [B ; Rr] — T be
defined by ¥ ([U'1g;) = [¢(U")]g for all U’ € BT. Now we show that v is well defined. It is sufficient
to prove U’ —g, V' for V' € B implies that ¢(U’) —% ¢(V’). This fact follows from (P2), so v is
well defined.

Now we show that y is a homomorphism. Let U’, V' € BY. Then ¢ ([U'V'Ig,) = [¢(U'V)]g =
[pUNG (V)R = [¢UNIrIP (V)R = ¥ ([U'1r;)¥ ([V'1g;), where the second equality follows from the
fact that ¢ is a homomorphism.
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Now we show that v is surjective. Let [W]g € T for some W € A*. Since R is complete, we
may assume W e Irr(R). Note that W € A(T), so ¥ ([o(W)Igr;) = [¢(p(W))]r = [W]g, where the last
equality follows from (P5). Hence v is surjective.

Now we show that v is injective. Let U’, V' € Bt with ¥ ([U'lg;) = ¥ ([V'Ir;). Then [¢(U")]g =
[¢(V")]g. By (P4), there are U”, V" € Bt such that ¢(U"),¢(V") € A(T), U’ —%r u”, v/ %y v,
By (P2), ¢(U") =% #(U") and ¢(V') =% ¢(V"). So [¢(U”)]Ir = [¢(V")]r. Since R is complete, there
is a Vq eIrr(R) such that ¢(U”) —% V¢ and ¢(V") =% V1. By Lemma 2.1, p(¢(U")) %}T p(Vy),
and then by (P6), U” —>’;(.T p(V1). Therefore U’ —>’§T p (V7). Similarly, we have V' —>;§T p(V1). Hence
[U'1r; = [p(V1)Ir; =[V'Ig, and ¢ is injective.

Now we have shown that [B ; Rt] is a semigroup presentation for T, via . We will now proceed
to prove that Rt is complete.

Suppose R is not Noetherian. Then there exists an infinite reduction sequence

/ / /
Uiy =gy Uy >Ry Uz =>Rp -

of words from BT. By (P2), ¢ (U)) =% ¢(U{+1) for all i. Since R is Noetherian, there is an integer ig
such that for all i > i, ¢>(Ulf) = ¢(U;+]), but this contradicts (P3). Hence Rt is Noetherian.

Now we prove that Ry is confluent. Suppose U’ %k, Vi and U’ %k, VS with U’, vV}, V) e BY.
By (P4), we may assume ¢ (V1),¢(V)) € A(T). Since R is complete, there is a V3 € Irr(R) with
¢(V)) =% V3 and ¢(V)) —% V3. By Lemma 2.1, p(¢(V])) —>>',;T p(V3), and then by (P6) V] —>;T
p(V3). Similarly V/ »*,;T p(V3). Hence Ry is confluent and is complete. O

In the case when T =S and there is a 5-tuple (B, Rs, A(S), ¢, p) that has Property R relative to
[A ; R], we have the following corollary:

Corollary 2.3. [B ; Rs] is a semigroup presentation for S and R is complete.

3. Changing the semigroup presentation for S

Let [A ; R] be a finitely presented semigroup presentation for S for which R is complete. Let
Wo € AT be such that |Wg| > 1 and Wq € Irr(R). Now let s be a letter that does not appear in A
and set B= A U {s}. We wish to find a complete rewriting system Rs such that [B ; Rs] is a finitely
presented semigroup presentation for S and Wy —>’1;5 s.

By Corollary 2.3, we need to find a 5-tuple (B, Rs, A(S), ¢, p) that has Property R relative to
[A ; R]. Note that B has been defined and is finite.

Let A(S) = AT. Let ¢1 : B— AT be defined by ¢1(a) =a for all a € A and ¢;(s) = Wy. Clearly
¢1 can be extended to a homomorphism ¢ : Bt — A" by defining ¢ (U’) = ¢1(b1)...¢1(by) for all
U’ =by...b; € BT. For convenience, we may define ¢(eg) = €4 where €g and €4 are empty words in
B* and A*, respectively.

Recall that we have set A(S) = A*. We define p : A(S) — BT as follows:

Let W € A(S).

(a) If W ends with the subword Wq, say W = X; Wy for some X; € A* (we use A* instead of AT
because we allow X; to be the empty word), then p(W) = p(X1)s (in the event X; = €4, set
p(W)=s).

(b) Suppose W does not end with the subword Wy. Let W = X,a for some X, € A* and a € A. Set
p(W) = p(Xz)a (in the event X, = €4, set p(W) =a).

As for the homomorphism ¢, we may define p(€4) = €5.

Lemma 3.1. Let X1, X2, X3 € A(S). If p(X1X2X3) = p(X1X2) p(X3), then p(X2X3) = p(X2) p(X3).
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Proof. We prove by induction on | X3|. Clearly it holds if ||X3|| =0, i.e., X3 is the empty word.
Suppose || X3]| > 0. Assume that it holds for all X4 with || X4|| < || X3].

Case 1. Suppose X3 ends with the subword Wy, say X3 = X4W for some X4 € A*. Then p(X1X2X3) =
P(X1X2Xa)s, p(X2X3) = p(X2X4)s and p(X3) = p(Xq)s. Since p(X1X2X3) = p(X1X2)p(X3), we
have p(X1X2X4) = p(X1X2)p(X4). By induction, po(X3Xs4) = p(X2)p(Xs). Therefore p(X2X3) =
P(X2X4)s = p(X2) p(Xa)s = p(X2) p(X3).

Case 2. Suppose X3 does not end with the subword Wy. Let X3 = X4a for some a € A and X4 € A*.
Then p(X3) = p(X4)a. Now p(X1X2X3) = p(X1X2)p(X3) = p(X1X2) p(X4)a. So p(X1X2X3) is a word
in BT that ends with the letter a.

We claim that X7 X2 X3 does not end with the subword Wy. Suppose the contrary. Then X1 X2 X3 =
Z1Wy for some Z; € A* and p(X1X2X3) = p(Z1)s. So p(X1X2X3) is a word in B* that ends with
the letter s. But this contradicts the last sentence of the previous paragraph. Thus our claim has
been established. Therefore X;X;X3 = X1X2X4a and p(X1X2X3) = p(X1X2X4)a. This implies that
P(X1X2X4) = p(X1X2) p(X4), and by induction p(X2X4) = p(X2)p(Xa).

Note also that X, X3 does not end with the subword Wy, for otherwise XX, X3 would end with
the subword Wy. Therefore X;X3 = X3X4a and p(X2X3) = p(X2X4)a. Since p(X3X4) = p(X2)p(Xq)
and p(X3) = p(X4)a, we conclude that p(X2X3) = p(X2)p(X3). O

Lemma 3.2. Let X1, X, € A(S). Then either

(@) p(X1X2) = p(X1)p(X2), or
(b) ,O(X]Xz) = p(Z1)Sp(Z4) where X] = Z]Zz, Xz = Z3Z4 and 2223 = Wo (Z], Z4 € A* and Zz, Z3 (S]
At).

Proof. We prove by induction on | X,||. Clearly it holds if ||X,|| =0, i.e., X, is the empty word.
Suppose || X3|| > 0. Assume that it holds for all X3 with || X3]| < || X2].

Case 1. Suppose X, ends with the subword Wy, say Xo = X3Wq for some X3 € A*. Then p(X1X3) =
p(X1X3)s. If X3 is the empty word, then p(X1X2) = p(X1)s = p(X1)p(X2), we are done. If X3 is
not the empty word, then p(X1X2) = p(X1X3)s, and by induction (|| X3]| < [|X2]), either p(X1X3) =
Pp(X1)p(X3) or p(X1X3) = p(Z1)sp(Z4), where X1 = Z1Z2, X3 =Z3Z4 and Z3Z3 = Wq (Z1,Z4 €
A* and Z;,Z3 € AT). Suppose the former holds. Then p(X3) = p(X3Wo) = p(X3)s and p(X1X2) =
P(X1X3)s = p(X1)p(X3)s = p(X1) p(X2).

Suppose the latter holds. Then X, = Z3Z4W¢ = Z3Z5 (Z5 = Z4Wp) and p(X1X2) = p(X1X3)s =
P(Z1)sp(Z4)s = p(Z1)sp(Z4Wp) = p(Z1)sp(Z5). Thus the lemma holds.

Case 2. Suppose X, does not end with the subword Wy but XX, ends with the subword Wy, say
X1X2 = X3Wy for some X3 € A*. Then |[Wy]|| > || X2 and X1 = X3X4 where X4X; = Wq (X4 € AT).
Note that p(X1X3) = p(X3)s and the lemma holds.

Case 3. Suppose X1X» does not end with the subword Wy. Let X, = X3a where a € A and X3 € A*.
Then p(X1X2) = p(X1X3)a. Since || X3|| < || X2||, by induction and using an argument similar to Case 1,
we conclude that the lemma holds. O

Lemma 3.3. ¢ (p(U)) = U forall U € A(S). (Property (P5).)

Proof. Let U € A(S). We shall prove by induction on ||U|| that ¢ (p(U)) =U. If |U|| =1, then U =a
for some a € A and clearly ¢(p(U)) =a = U. Suppose ||U| > 1. Assume the lemma holds for all
Up € A(S) with ||Uq|| < ||U]|.
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Suppose U ends with the subword Wy, say U = X1 Wy for some X; € A*. Then p(U) = p(X1)s and
d(pU)) = (p(X1)d(s) = d(p(X1))Wo = X1 Wy = U, where the first equality follows from the fact
that ¢ is a homomorphism, and the second last equality follows from induction (clearly || X1|| < ||U]|).

Suppose U does not end with the subword Wy. Let U = X»a for some X, € A* and a € A. Now
p(U) = p(X2)a and similarly by induction ¢ (p(U)) = ¢(p(X2))¢(a) = ¢ (p(X2))a = Xa = U. Hence
the lemma holds. O

Now we define the rules in Rs. Recall that Wq € Irr(R) and ||Wy]| > 1.

(C1) for each X — Y € R put p(X) — p(Y) in Rs;

(C2) put Wy — s in Rg;

(C3) if there is a rule X1X2 — Y1 € R such that Wog = Z1X; (X1,Y1 € AT and X», Z; € A*), put
p(Z1X1X2) = p(Y') in Rs where Z1X1X; =% Y and Y’ € Irr(R);

(C4) if there is a rule X2X; — Y1 € R such that Wo = X1Z1 (X1,Y1 € AT and Xp, Z; € A*), put
p(X2X1Z1) = p(Y’) in Rs where X3X1Z1 —% Y" and Y’ € Irr(R);

(C5) if there is a rule XyX3X4 — Y; € R such that Wy = X4X5 = X1X2 (X2,X4,Y1 € AT and
X3, Xs, X1 € A*), put p(X1(X2X3X4)Xs) — p(Y') in Rs where X;(X2X3X4)Xs =% Y’ and Y’ €

Irr(R);
(C6) if there are X1, X3, X3 € AT such that Wg = X1 X2 = X3 X3, put sX3 — X;s in Rs (in the event
of this we must have || X1| = | X3]|).

Note that the number of rules of the form C1 and C2 that we put in R is finite. The number of rules
of the form C3 that we put in Rs is also finite because R is finite and Wy is a fixed word. Similarly
for the number of rules of the form C4 up to C6. Therefore Rs is a finite rewriting system.

Remark. Note that one can subsume the rules (C1), (C3), and (C4) all within (C5) by just allowing
X1X2 and X4X5 be empty, as well as equal to Wy.

Since A(S) = AT, the condition ¢ (U’) € A(S) for U’ € BT is vacuously always true. So Property (P6)
takes the following form.

Lemma 3.4. U’ = ke o(¢(U")) forall U’ € B*. (Property (P6).)

Proof. Let U’ € BT. We shall prove by induction on ||U’| that U’ — ke 0(¢(U")). Suppose |U’|| =1.
Then U’ = a for some a € A or U’ =s (recall that B= AU{s}). In either cases, we have p(¢(U")) =U’.
So U’ =%  p(p(U").

Suppose |[U’|| > 1. Assume the lemma holds for all U} € Bt with ||U}|| < [U’].

Case 1. Suppose U’ € A*. Then ¢(U’) = U’. If U’ ends with the subword Wy, say U’ = X; Wy for
some X1 € A*, then p(U’) = p(X1)s = p(¢(X1))s. Since Wg — s € Rs (the rule of the form (C2)), we
see that U’ — g, Xis. Clearly || X1l < ||U’|l. So by induction, X; —>’,§s P(@(X1)). Thus U = X1 Wo —g;
X15 =, P(@(X1))s = p(¢U").

If U’ does not end with the subword Wy, then U’ = Xa for some X, € AT and a € A. Note that
p(U") = p(X2)a= p(¢(X2))a. By induction, X =%  p(¢(X2)). Thus U' =} p(¢U").

Case 2. Suppose U’ = U/ sU) for some U} € A* and U] € B*. Note that ¢(U’) = ¢ (U))WoU5. If U},
ends with the subword Wy, say U}, = X; Wy for some X; € A*, then p(¢(U")) = p(¢p(U))WoX1Wp) =
p@UPWoX1)s = p(¢(U7sX1))s. By induction, UjsX; ks P (UisX1)). Also U —g, UisXis by
the rule Wo — s € Rs (rule (C2)). Thus U’ —>’,§S p(dU)).

Suppose Ué does not end with the subword Wy, but WOUQ ends with the subword Wy, say
WoU) = XaWo for some X, € AT. Then there is an X3 € AT such that Wo = X2X3 = X3U). So
sU) — Xzs € Rs (a rule of the form (C6)) and U’ —gg UjXas. On the other hand, p(¢(U")) =
P@UDXaWo) = p(¢p(U)X2)s = p(¢(U]X2))s, and also U} Xall = U1l + 1 Xall = UGN + U1 <
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|U’|l. Therefore by induction, UjX; = ks p(p(UiX2)). Thus U" —gg UjXas = ks PP (U X2))s =
p@U").

Suppose WU/, does not end with the subword Wy. Let U’, = Uja for some a € A and U} € A*.
Note that p(¢(U")) = p(¢p(U)WoUj%a) = p(¢ (U WoUj)a = p(¢(UisU%))a. By induction UjsU; —>’§S
p(¢U)sU3)). Thus U' =% p(@(U").

Case 3. Suppose U’ = Ujs for some Uj € B*. Note that ¢(U") = ¢(U;)Wo and p(¢(U") = p(¢(U))s.
By induction, U} — Rs p(¢(U )), and thus u’ —>"I;5 p(pUN).

The proof of this lemma is complete. O

Since A(S) = AT, we have ¢(U’) € A(S) for all U’ € B*. Therefore the following lemma holds by
choosing U” =U'.

Lemma 3.5. For each U” € B* thereis a U” € B* such that ¢(U") € A(S) and U' —%_U". (Property (P4).)

Lemma 3.6. Suppose U' — g, V' by one of the rules of the form (C1), (C3), (C4) or (C5). Then ¢ (U’) # ¢ (V).

Proof. Note that all the rules (C1), (C3), (C4) or (C5) have the form p(X) — p(Y) where X #Y and
*

X_L)eRt 1;J./ = Zip(X)Z!, with Z{,Z} € B*. Then V' = Z| p(Y)Z}. Note that ¢(U’) = ¢(Z] )X¢(Zz) and

d(V)=p(Z)YP(Z)) (by Lemma 3 3 and the fact that ¢ is a homomorphism). If ¢(U’) = ¢(V'), then
X=Y and

X—=>RY >R X—>RpY =g -,

would be an infinite reduction sequence, contrary to the fact that R is complete. Hence ¢ (U’) #

(V). O
Lemma 3.7. There does not exist an infinite reduction sequence
Uﬁ 7 Rs U/Z 7 Rs Ué —Rs s
of words from BT such that ¢ (U}) = ¢ (U}) = ¢(U}) =---. (Property (P3).)

Proof. Suppose that such a sequence exists. Since ¢ (Uj) = ¢(U’+1) by Lemma 3.6, we conclude that
Ul —rs U, by one of the rules of the form (C2) or (C6). Note that if a rule of the form (C2) is

applied tohil1 —grs U z+1' then HU/HH < |IU{|l. If a rule of the form (C6) is applied to U] — g, U,H,
then ||U’_H | =IU]|l and one of the letter s in U’Jr1 will be further to the right than it is in U]. Thus
Uil > ||U/+]|| for all i.

There is an integer ig such that for all i > ig, |Uj|l = HU’Jrl I. So the only rule that can be applied

on U] — g U,+1 is a rule of the form (C6). Since one of the letter s in U/Jr will be further to the
right than it is in U}, this process cannot go on indefinitely. We have obtained a contradiction. Hence
the lemma holds. O

Lemma 3.8. For any U’, V' € B* with U’ —>’§S V', we have ¢ (U") —} ¢ (V). (Property (P2).)

Proof. It is sufficient to show U’ —g, V' with U’, V/ € BT implies that ¢ (U’) =% ¢ (V).

Suppose U’ —g, V' by a rule of the form (C1), say p(X) - p(Y) € Rs where X — Y € R. Let
U’ = Z,p(X)Z, with Z;,Z} € B*. Then V' = Z,p(Y)Z}. By Lemma 3.3, ¢(U’) = $(Z})X¢(Z}) and
(V") _¢(Z/)Y¢(Z ). Clearly ¢ (U’ —g ¢(V') by the rule X — Y.
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Suppose U’ —g; V' by a rule of the form (C2). Let U’ = Z{WoZ), with Z},Z} € B*. Then V' =
Z!57}. By Lemma 3.3, ¢(U') = ¢(Z})Wo¢(Z)) = ¢(V"). Clearly ¢ (U') =% ¢ (V).

Suppose U’ —g, V' by a rule of the form (C3), say p(Z1X1X2) — p(Y’'), where X1X; — Y1 €R,
Wo=2Z1X1 and Z1X1X3 —>;§ Y (X1,Y1€ AT, X2,Z1 € A* and Y/ €Irr(R)). Let U’ = Zép(Z1 X1 Xz)Zﬁl
with Z4,Z) € B*. Then V' = Z4p(Y')Z,. By Lemma 3.3, ¢(U') = ¢(Z5)Z1X1X2¢(Z}) and ¢ (V') =
D(ZLY'D(Z}). So p(U") =% p(V), for Z1 X1Xo =% Y.

Similarly we can show that if U’ —g, V’ by a rule of the form (C4), (C5) or (C6), then ¢ (U’) —%
¢ (V’). The proof of this lemma is complete. O

Lemma 3.9. For any U € A(S) and V1 € At with U —g Vj, there is a U’ € BT such that U — V1 —%
¢(U") and p(U) —g, U’. (Property (P1).)

Proof. Let U — V1 by a rule X, — Y, € R. Let U = X1 X2 X3 where X1, X3 € A*. Then V; = XY X3.
Case 1. Suppose p(X1X2X3) = p(X1X2)p(X3).

SubCase 1.1. Suppose p(X1X2) = p(X1)p(X2). Then p(U) = p(X1)p(X2)p(X3) and also p(U) — g,
p(X1)p(Y2)p(X3) by the rule p(X2) — p(Y2) € Rs (a rule of the form (C1)). Let U’ = p(X1) x
p(Y2)p(X3). By Lemma 3.3, ¢(U’) = X1Y2X3 = V7 and thus the lemma holds.

SubCase 1.2. Suppose p(X1X2) # p(X1)p(X2). By Lemma 3.2, there are Z1, Z4 € A* and Z5,Z3 € AT
with Xy = Z1Z3, X2 = Z3Z4 and ZpZ3 = Wy such that p(X1X2) = p(Z1)sp(Z4). Note that
P(Z3Z3Z4) — p(Y') € Rs where Z373Z4 —% Y’ and Y’ € Irr(R) (a rule of the form (C3)). Further-
more p(Z1222324) = p(X1X2) = p(Z1)sp(Z4) = p(Z1Z223)p(Z4). So by Lemma 3.1, p(Z2Z3Z4) =
P(Z3Z3)p(Z4) =sp(Z4). Therefore p(X1X2) = p(Z1)sp(Z4) —rg p(Z1)p(Y') and

pU) = p(X1X2)p(X3) = rs (Z1)p(Y)p(X3).

Let U' = p(Z1)p(Y")p(X3). Then by Lemma 3.3, ¢(U’) = Z1Y’'X3. Note that ZZ3Z4 —r Z2Y2 =}
Y’ (for Y’ € Irr(R)). Therefore

U=(Z1Z2)(Z3Z8)X3 > V1 =(Z1Z2)Y2X3 >} ¢(U'),
and thus the lemma holds.

Case 2. Suppose p(X1X2X3) # p(X1X2)0(X3). By Lemma 3.2, there are Zq, Z4 € A* and Z;, Z3 € AT
with X1X2 = Z1Z,, X3 =Z3Z4 and Z;Z3 = Wy such that p(X1X2X3) = p(Z1)sp(Z4). Since Wy €
Irr(R), we must have ||Z2|| < || Xz2] (if not, then X, would be a subword of Wy and Wy ¢ Irr(R)
because X, — Yo € R). Let X5 = X4Z> for some X4 € AT. Then Z; = X1 Xa.

SubCase 2.1. Suppose that po(X1X4) = p(X1)p(X4). Note that p(X4Z2Z3) — p(Y') € Rs where
X4Z3Z3 =% Y’ and Y/ € Irr(R) (a rule of the form (C4)). Furthermore p(X4Z»Z3) = p(X4)s and
pWU) = p(X1X2X3) = p(Z1)sp(Zs) = p(X1X4)sp(Zs) = p(X1)p(Xa)sp(Z4) —rs P(X1)p(Y)0(Zs).
Let U’ = p(X1)p(Y")p(Z4). Then by Lemma 3.3, ¢(U’) = X1Y'Z4. As before X4Z37Z3 — Y2Z3 >3} Y’
(recall that X, = X4Z>) and

U =(Z1Z2)(Z3Z4) = (X1XaZ2)(Z3Z4) —>r X1Y2Z3Z4 =V1 >} ¢(U').

So the lemma holds.
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SubCase 2.2. Suppose p(X1X4) # 0(X1)0(X4). By Lemma 3.2, there are Zs, Zg € A* and Zg, Z7 € A™
with X1 =Zs5Z¢g, X4 = Z7Zg and ZgZ7 = Wy such that p(X1X4) = p(Z5)sp(Zg). Note that

U=X1X2X3=2526(Z72823)Z324,

and Xy = Z7Z3Z;. Also p(Zg(Z7Z8Z2)Z3) — p(Y’') € Rs where Zg(Z7Z3Z3)Z3 —} Y’ and Y’ e Irr(R)
(a rule of the form (CS)) Since ,O(Z5ZGZ7ZS) = ,O(X]X4) = ,0(25)5,0(23) = ,0(252527),0(23), by
Lemma 3.1, p(ZeZ7Z3) = p(Z6Z7)p(Zs) = sp(Zs). S0 p(Z6(Z7Z3Z2)Z3) = p(Z6Z7Z3)s =sp(Zs)s and
sp(Zg)s — p(Y') € Rs.

Recall that

p(Z526(Z7Z822)Z3Zs) = p(U) = p(X1X2X3)
= p(Z1)sp(Z4)
= p(X1X4)s0(Z4)
= p(Zs)sp(Zg)sp(Z4).

Therefore p(U) = p(Z5)sp(Zs)sp(Za) —rs p(Z5)p(Y)p(Z4). Let U’ = p(Z5)p(Y") p(Z4). Then by
Lemma 3.3, ¢(U’) = Z5Y'Z4. As before Zg(Z7Z37Z2)Z3 —R ZgY2Z3 —>>£ Y’ (recall that Xy = X4Z) =
Z7Z8ZZ) and

U=1Z75Z6(Z72822)Z3Z4 —r Z5Z6Y2Z3Z4 = V1 —} ¢(U').
The proof of this lemma is complete. O

By Corollary 2.3, Lemmas 3.9, 3.8, 3.7, 3.5, 3.3 and 3.4, we have shown that [B ; Rs] is a semigroup
presentation for S, Rs is a finite complete rewriting system and Wy —>;‘25 s. Now note that if U’ —
V' € Rs is a rule of the form (C2), (C3), (C4), (C5) or (C6), then ||U’|| > 1. From this we conclude that
s elrr(Rs). Note also that if X € AT, X # Wy and || X|| > 1, then ||p(X)| > 1. Therefore if X — Y € R
with || X|| > 1, then p(X) — p(Y) € Rs and ||p(X)|| > 1 (a rule of the form (C1)). This implies that if
a e ANIrr(R), then a € Irr(Rs).

Thus we have proved the following theorem.

Theorem 3.10. Let [A ; R] be a finitely presented semigroup presentation for S for which R is complete. Let
Wy € AT be such that ||Wq]|| > 1 and W € Irr(R). Now let s be a symbol that does not appear in A and set
B = A U {s}. Then there is complete rewriting system Rs such that [B ; Rs] is a finitely presented semigroup
presentation for S and Wy —>’,§S s. Furthermore s € Irr(Rs), and a € Irr(Rs) for alla € A NIrr(R).

4. Reduction process

In this section we will make further refinements and improvements (we call them reductions)
to Theorem 3.10. The reason for such reductions is that we need a finitely presented semigroup
presentation for S, which can be handled easily.

Let S be a semigroup and T be a large subsemigroup of S. Let [A ; R] be a finitely presented
semigroup presentation for S for which R is complete. Let S\ T = {[W1]g, [W21g, ..., [Wnlr} with
Wi elrr(R) and W1l < [[W2] <--- < ||Wh. Suppose that [|[Wq] = [[W3| = = [Wj,—1]|=1 and
Wi, |l > 1. By Theorem 3.10, there is a finitely presented semigroup presentation [B;, ; Rj,] for S
such that B =AU {s;,} for some symbol s;, that does not appear in A, R;, is complete, W, _)7%'0 Sig

and Wy, Wy, ..., Wi _1, s, € Irr(R;)).
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Now in this new semigroup presentation [Bj, ; R;,], we see that

S \ T= {[W1]R,‘0, [WZ]Riov s [Wfo—l]R,‘Oa [si()]R,'Ov [W{0+]]Ri0’ s [W'{‘]Rio }7

with Wq, ..., W,'0_1 » Sig Wl'/0+1’ Ceey W,g e Il‘l‘(R,’O).

Note that this process can be continued (in at most n steps) until we obtain a finitely presented
semigroup presentation [By ; Ry] for S such that R, is complete and S\ T = {[s1]r,, [S2]r, - - -» [Sn]R,}
with s1,..., s, € Irr(Ry) N By,

In fact by a standard procedure described in [1, Section 2.2], we may further assume that for each
X — Y € Ry, we have Y € Irr(R), and for each X — Y € Ry, there is no X’ € Bj for which X —g, X’
by any rule in R, \ {X — Y}. This is the form of the presentation that we will use.

5. The main result

Let S be a semigroup and T be a large subsemigroup of S. As stated in Section 4, we may assume
that [A ; R] is a finitely presented semigroup presentation for S for which R is complete and

(Q1) S\T ={[s1]r, [s2]r; - -, [Snlg} with s1,...,s5 €Irr(R) N A,
(Q2) for each X — Y € R, we have Y € Irr(R),
(Q3) for each X — Y € R, there is no X’ € AT for which X — X’ by any rule in R\ {X — Y}.

In order to show that T has a finite complete rewriting system, we shall find a 5-tuple
(B,Rt, A(T), ¢, p) that has Property R relative to [A ; R] and apply Theorem 2.2.

Let Ay ={ac A: [alg € T} and As ={s1,S2, ..., Sp}. Note that in general the union of As and A
is not necessary equal to A. This is because there might exist an element b € A such that [b]g € S\ T.
If this happens, we would have b —% s; for some i.

Lemma 5.1. Let X — Y € R with [X]g € T. Then

(@) if W € A" is asubword of X and [W]g € S\ T, then W =s; for some i,
(b) if W € AT is a subword of Y and [W]g € S\ T, then W = s; for some i.

Proof. (a) Suppose W ¢ As. Then by (Q1) W —% s; for some i. To be precise there is a W1 e At
such that W —g Wy =} s;. Let W —g W1 by the rule X; — Y;. Since [X]g € T, we cannot have
W = X. Therefore X; # X and X; — Y1 € R\ {X — Y}. Let X = Z{WZ; where Z;, Z; € A*. Then
X —gr Z1W1Z, by the rule X; — Yq, contrary to (Q3). Hence W =s; for some i.

(b) can be proved similarly using the fact that Y € Irr(R) (see (Q2)). O

We now begin to define the 5-tuple (B, Rt, A(T), ¢, p). Let A(T)(0) be the set of all W € A*, such
that [W]g € T, and if X; is a subword W with [X1]g € S\ T, then ||X;]| =1 and X; € As. In other
word,

A(T)(0) ={W € (A1 UAy)": [W]g € T, and W does not contain any subword
X1 with [X1]g € S\ T and || X1 ] > 1}.
The following lemma is clear from the definition of A(T)(0).

Lemma 5.2. Let W € A(T)(0) and W' be a subword of W. If [W']g € T, then W’ € A(T)(0).
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Next let

F1 = A1,
Fo={sb: s€ As, be Ay UAs and [sb]g € T},
F3={as: ae A1, s€ Asand [as]g € T},

Fy={sbs': s.s" € As, b € A1 U As and [sb]g, [bs'] . [shs'] , € T}.

It is not hard to see that if W € F1 U Fy U F3 U Fy4, then [W]g € T. Furthermore F1 U Fo U F3 U F4 C
A(T)(0). For convenience, for each G C AT and X € AT, we set XG={XW: W € G}.
Now we shall define A(T). Let A(T)(1) = F{UF,UF3UF,4 and for each i > 1, let

AM(i+1)= ( U ((eA(m) ) ﬂA(T)(O))) u (

achq

U ((xam@) n A(T)(O))>.

XeF,
Set A(T) = Ui21 A(T)(i). In the following lemma we shall prove some properties of A(T).

Lemma 5.3.

(@) A(T) = A(T)(0).
(b) A(T) contains the set {W e Irr(R): [W]gr e T}.
(c) Let X - Y € Rwith [X]g € T.Then X,Y € A(T).

Proof. (a) Clearly A(T) € A(T)(0). Let W € A(T)(0). We shall prove by induction on |W| that W €
A(T).

Suppose |W| = 1. Since [W]g € T, we must have W € A1. So W € A(T)(1) C A(T).

Suppose |W| =2.Then W =d’a, or W =as, or W =sa, or W =ss’ (a,d’ € Ay, 5,5 € As). If W =
d'a, then W e (@ A(T)(1)) N A(T)(0) C A(T)(2) C A(T). If W =as, then W e F3 C A(T)(1) C A(T). If
W =sa or W =ss’, then W € F, € A(T)(1) C A(T).

Suppose ||W || > 3. Assume that it is true for all W’ € A(T)(0) with |W'| < [|[W]].

If W begins with a letter a € Ay, say W =aW’ where W’ € A*, then ||[W’|| > 2. Note that
[Wlg €T, for if [W']g € S\ T, then by the definition of A(T)(0), W’ € As and |W’| =1, con-
trary to the fact that ||W’|| > 2. Therefore by Lemma 5.2, W’ € A(T)(0). By induction, W’ € A(T). Let
W' € A(T)(i) for some i > 1. Then W € (aA(T)(i)) N A(T)(0) C A(T)(i+ 1) C A(T).

If W begins with a letter s € As, say W =sbW' where b € AJUAs and W’ € AT, then |W'| > 1. If
[W/]g € S\ T, then by the definition of A(T)(0), W' =s’ for some s’ € As, and W = sbs’. Since W ¢
A(T)(0), we have [sb]g, [bs'1g, [sbs']g € T (definition of A(T)(0)). This means W € F4 € A(T)(1) C
A(T).

If [W/]g € T, then by Lemma 5.2, W' € A(T)(0). By induction, W’ € A(T). Let W’ € A(T)(i) for
some i > 1. Then W e (shbA(T)(i)) N A(T)(0) C A(T)(i + 1) C A(T).

The proof of part (a) of the lemma is complete.

Part (b) follows from part (a) and the fact that A(T)(0) contains the set {W e Irr(R): [W]g € T}.

(c) By part (a) of Lemma 5.1, we conclude that X does not contain any subword X; with [X1]g €
S\T and X; ¢ As. So X € A(T)(0) = A(T). Similarly by part (b) of Lemma 5.1, Y € A(T). O

Now we shall define the set B and the homomorphism ¢. Let

Cr = {cas: [aslg € T witha € A; and s € As},

Cr, = {csa: [salg € T witha € Ay and s € As},
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Cr, = {cssrt [55] € T withs, s € As},
Cm, = {Csas: [s'as]. [s'a] ;. [as]r € T witha € Ay and s, 5" € As},

Cumy = {Cssrsrs [58's"]o [58'] - [5's"]g € T with's, s, s” € As}.

Set C=CpUC, UC, UCym, UCpy, and B = A UC. Since Ay and As are finite, it is not hard
to see that B is finite. Let ¢1 : B — AT be defined by ¢1(a) =a for all a € A1 and ¢1(cy) =u for
all ¢, € C (for example ¢1(cqs) = as for cgs € Cr). Clearly ¢ can be extended to a homomorphism
¢ : Bt — AT by defining ¢(U’") = ¢1(b1)...¢1(by) for all U' = b ...b; € BT. Furthermore [¢(U")]g € T
for all U’ € BT. For convenience, we may define ¢ (eg) = €4 where € and €4 are empty words in B*
and A*, respectively. The following lemma is obvious.

Lemma 5.4. For all U’ € BT, ||¢p(U")|| = ||U’|.

We define p : A(T) — BT as follows:
Let W e A(T).

(a) Suppose W € A(T)(1). If W € Fq, then set p(W)=W.If W € F; U F3 U F4, set p(W) =cy (for
example if W =as € F3, then p(W) = cs).

(b) Suppose W € A(T)(i + 1) for some i > 1. Then W =aW; or W =sbW; (a € Ay, s€ As, be
A1 U As and W1 € A(T)(i)). If the former holds, set p(W) = ap(W1). If the latter holds, set
PW) =copp(W1).

The function p is well-defined can be easily proved by observing that a word from A(T)(i 4+ 1) is
obtained in a unique way from a unique word from A(T)(i). As for the homomorphism ¢, we may
define p(e4) = €5.

Lemma 5.5. Let U € A(T)(l) for some l > 1. Then p(U) = b ...b; where b} € B. Furthermore if | > 1, then
bje Ay UCL, UCy, forall1<i<l—1.

Proof. We prove by induction on I. Suppose | =1. Then p(U) =b) by the definition of p. Suppose
[ > 1. Assume that it is true for all I’ with I <.

Since U € A(T)(l), we have either U =aUy or U =sbU; (a € A1, sbe F, and Uy € A(T)( — 1)).
Suppose U = aUj. Then p(U) =ap(U1). This means b} =a € Aq. By induction p(U1) =b)...b;. Fur-
thermore if I —1>1 (i.e. [ > 2), then b}, ...,b,_; € Ay UC, UCp,.

Suppose U = sbU1. Then p(U) = cg,0(U1). This means b} = cg, € Cr, U Cr,. By induction p(Uy) =
b, ...b;. Furthermore if | — 1> 1 (i.e. [ > 2), then b}, ..., b;_; € Ay UCy, UCy,.

Hence in either cases the lemma holds. O

Lemma 5.6. ¢ (p(U)) = U forall U € A(T). (Property (P5).)

Proof. We just need to show that for all i > 1, if U € A(T)(i), then ¢ (po(U)) =U.

Suppose U € A(T)(1). If U € Fy, then p(U)=U and ¢(p(U)) =U.If U € FpUF3UF4, then p(U) =
cy and ¢ (p(U)) = ¢(cy) = U. Assume that it is true for all U’ € A(T)(1).

Let U € A(T)(i + 1). Then U =aU or U =sbU; where a € Ay, sb € F, and Uy € A(T)(i). If the
former holds, then p(U) =ap(Uy) and by induction ¢(p(U)) =a¢p(p(Uy)) =alU; = U. If the latter
holds, then p(U) = csp0(U1), and by induction ¢ (p(U)) = ¢ (csp)¢p(p(U1)) = sbUy = U. Hence the
lemma holds. O

Lemma5.7. Let U' = b/ b; e Bt whereb; € AUC, UCy, forall1 <i<I-1 andb; € B.If¢p(U") € A(T),
then ¢(U") € A(T)(l) and p(¢(U’)) =U".
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Proof. We prove by induction on I. Suppose | =1. If b} =a € Ay, then ¢(b}) =a, and p(¢(b})) =Db].
If b} =c; €C, then ¢ (b)) =z € A(T)(1), and p(¢(b))) =Db].

Suppose | > 1. Assume that it is true for all I’ with I' <I. Let U’ =bjU} where U} =b...b}. By
induction, ¢ (U7) € A(T)(I—-1) and p(¢(U})) = U]. Since b} € AyUCL, UCy,, we have ¢(b]) € A{UF.
Therefore ¢ (U’) = ¢ (b})¢(U}) € A(T)(I), and p(¢(U")) =b}p(¢(U7)) =bjU7 =U’. Hence the lemma
holds. O

We are now ready to define the rules in Rr. Let us begin by recalling some of the results of
Lemma 5.3. For each X — Y € R with [X]g € T, we have X,Y € A(T) (part (c) of Lemma 5.3).
Furthermore if Y € Irr(R) and [Y]g € T, then Y € A(T) (part (b) of Lemma 5.3). Recall that C =
CrUCL, UCL, UCpm, UCp,, €4 is the empty word in A*, ¢ is a homomorphism of B into A™ (fur-
thermore [¢(U’)]g € T for all U’ € BT), and p is a function of A(T) into BT. As R is a finite complete
rewriting system, Left(R) = {X € A*: X — Y € R} is finite. Let N = (maXxeLeft(r) | X||) + 4. The rules
are grouped into two forms, (D1) and (D2):

(D1) for each U’ € BT with ||¢(U")|| < N and ¢(U’) ¢ Irr(R), put U’ — p(¢(U’)) in Ry where
¢(U’) =% ¢(U’) and ¢ (U’) e Irr(R);
(D2) for each U’ € BT with |U'|| =2, ¢(U’) € A(T) and U’ # p(¢(U")), put U’ — p(¢(U")) in Ry.

Note that the number of rules of the form (D1) that we put in Ry is finite, for by Lemma 5.4 the
length of U’ is bounded and B is finite. Similarly the number of rules of the form (D2) that we put
in Ry is also finite. Therefore Ry is finite and [B ; Rr] is finitely presented. Note that by the main
result in [4, Theorem 6.1], one can get a finite presentation for T by taking N sufficiently large.

Lemma 5.8. Let U, V' € BT. If U’ —g, V' by a rule of the form (D2), then ¢(U’) = ¢(V'). Furthermore
either

(i) the number of elements in Cg U Cym, U Cy, which appear as letters in the word V' is less than that in the

word U’, or
(ii) the number of elements in Cg U Cpy, U Cp, which appear as letters in the word V' is the same as that in
the word U’, ||U’|| = ||V'||, and there is an element in Cg U Cp, U Cpr, in which it “moves” further right

in the resulting word V' than it is in the word U’ (the element may have changed).

Proof. Let U’ —g, V' by the rule X' — p(¢(X’)) where X’ € BT, | X'|| =2, ¢(X') € A(T) and X' #
p(¢(X")). By Lemma 5.6, ¢ (0(¢ (X)) = ¢(X’). Since ¢ is a homomorphism, we have ¢ (U") = ¢(V’).
Now we will show that either (i) or (ii) holds.

If the first letter that appears in X’ is not from Cg U Cp, U Cyy,, then by Lemma 5.7, p(¢ (X)) = X/,
a contradiction. So we may assume that the first letter that appears in X’ is from Cg U Cp, U Cp,.

By Lemma 5.5, p(¢(X’)) has at most one letter from Cg U Cp, U Cpr,, which is then the last letter.
If p(¢(X’)) has no letter from Cr U Cpm, U Cy,, then (i) holds.

Suppose p(¢(X")) has a letter from Cr U Cpy, U Cpr,. Then ¢(X') = ¢ (p(¢(X’))) ends with a letter
from As. Let X’ =cy where c€ CR UCpy, UCym, and y € B. Then y ¢ A;UC,. If y e CRUCpy, U
Cm,, then (i) holds. So we may assume that y € Cr,. Let y = congm. If ¢ = cq45, then p(¢p(X')) =
acggmgm, if ¢ = Csqy, then p(¢ (X)) = csqCysmgm, and if ¢ = csygr, then p(¢ (X)) = sy Csrgmsgm. Therefore
lo@ (XN = 1X']l and (ii) holds. O

Lemma 5.9. U’ =%k p(¢(U") forall U" € BT with ¢(U’) € A(T). (Property (P6).)

Proof. Let U’ =b)...bj € BT where b} € B for all i. If bj € A UCy, UCy, for all 1<i<I—1, then by
Lemma 5.7, p(¢(U’)) = U’. Hence U’ —>;T p(pUN).

So we may assume that blf € CRUCym, UCpy, for some 1 <i<I—1. By Lemma 5.2 and part (a) of
Lemma 5.3, ¢(bjb;, ;) € A(T). By Lemma 5.5, bjb;_, # p(¢(b;b;,)). Therefore b;b;, , — p(¢(bjbi_,))
is a rule of the form (D2) in Ry.
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Let V' =Db|...b_,p(¢(bib +1))b1+2 .bj. Then U’ —g, V', and by Lemma 56, ¢(U’) =
@) ...bl/) =¢(V). By Lemma 5.8, we conclude that after applying rules of the form (D2) a fi-
nite number of times, there is a U” =d...d; € Bt with dj € A{y UC, UCy, forall 1 <i<r—1
and d; € B, such that U’ —>}§T U” and ¢(U") = ¢(U”). Again by Lemma 5.7, p(¢(U")) = U". So

=k POUN) =p@U"). O

Lemma 5.10. Let U’ e BY and V € AT. If ¢(U’) —r V, then thereis a V' € BY such that U’ —g, V' by a
rule of the form (D1), and V — 7} ¢(V').

Proof. Let U’ = b/ ...b; where bj € B, and ¢(U’) —r V by a rule X — Y in R. Then for some
non-negative integers ji, j», X is a subword of qﬁ(b/ ). We may assume that X is not

a subword of ¢>(b] oy J]Hz) or ¢(b/ H_] - Slncé1;](b’ ) and qf)(bj i ) are at most of
length 3, we deduce that ||<;5(b;1 . “+]2)|| IIX]| +4 < N. So b/. b;1+]2 — p(¢(b “Hz))
is a rule of the form (D1) in Ry, where d)(b/j1 . ]1+12) —% ¢(b/4 “Hz) <1>(b31 ;1+]2 ¢ Irr(R)
and ¢(b;1. ] iz ) € Irr(R). Set V' = b} ...b/jlf],o(qb(b. 11+Jz))b11+12+1 .bj. Then U’ —g, V.

By Lemma 56, ¢(V') = ¢(b;...b @D ... b} NGB, q...b)). Let pb) ...b} )=

W1XW;, where Wi, W, € A* (we allow Wi, Wz to be empty word). Then qb(b;.]. “_HZ) —R

W1YW; —% ¢ ...b} ). Hence V = (b}...b; _)W1YW2)p(b) i 1...b) =5 (V). O

Lemma 5.11. Foreach U’ € B* thereisa U” € B* such that ¢ (U”) € A(T) and U' —% U". (Property (P4).)

Proof. We shall prove by induction on dg(¢(U’)). Suppose dg(¢(U’)) =0. Then ¢(U’) € A(T) (part (b)
of Lemma 5.3). So we may choose U” = U’. Suppose dg(¢(U’)) > 0. Assume that it is true for all
U} € BY with dr(¢(U})) < dr(¢(U")).

Since dg(¢ (U")) > 0, there is a V € AT such that ¢(U’) - V. By Lemma 5.10, there is a V' € Bt
such that U’ —g, V' and V —% ¢(V’). Therefore ¢(U’) =} ¢(V'), and dr(¢(V')) < dr(¢(U")). By
induction, there is a U” € B such that ¢(U”) € A(T) and V' —%r U”. Hence U’ >k u”. o

Lemma 5.12. Suppose U’ — ;. V' by one of the rules of the form (D1). Then ¢ (U’) # ¢ (V') and ¢ (U") —%
d (V).

Proof. Suppose U’ — g, V' by a rule of the form (D1), say X’ — Y’. Then ||¢(X')|| <N, ¢(X’) ¢ Irr(R),
and Y’ = p(¢(X")), where ¢(X") -5 ¢(X") and ¢(X’) € Irr(R).

Let U’ = W{X'W/ where W, W) € B* (we allow W{ and W) to be empty word). Note that
V'=W]p(@(X"))W). By Lemma 5.6 and the fact that ¢ is a homomorphism, we must have ¢ (V') =
d(WDP (XN (W) # ¢(U"), for otherwise we would have ¢(X') = é(X’). Furthermore ¢ (U") —%
#(V'). O

Lemma 5.13. There does not exist an infinite reduction sequence

Uﬁ Rt Ué Rt Ué —Rr
of words from BT such that ¢ (U}) = ¢ (U}) = ¢(U}) =- - -. (Property (P3).)

Proof. Suppose that such a sequence exists.

Since ¢ (U)) = ¢(U’+1) by Lemma 5.12, we conclude that U; —g, U z+1 by a rule of the form (D2).
By Lemma 5. 8 the number of elements in Cg U Cy, U Cpy, wh1ch appear as letters in the word U/
is either less than that in the word U/, or the number are the same and ||U}|| = ||U/Jrl I, but it * moves
to the right. So we deduce that there is an integer ip such that for all i > ip, the number of elements
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in Cgr U Cy, U Cy, which appear as letters in the word Ulf is the same as in the word U{H, and
Uil = ||U,f_H Il. So a letter (an element in Cg U Cp, UCp,) in the word U] will ‘move’ further right in
the word Uz{+1' But this process cannot be continued indefinitely as ||U}|| = ||Ulf+l |l. We have obtained
a contradiction. O

Lemma 5.14. For any U’, V' € B* with U’ %k V', we have ¢ (U") =% ¢(V'). (Property (P2).)

Proof. It is sufficient to show U’ —g, V/ with U’, V' € Bt implies that ¢ (U") =% ¢ (V).
Suppose U’ —g; V' by a rule of the form (D1). By Lemma 5.12, ¢ (U’) =} ¢(V’). Suppose U’ — g,
V' by a rule of the form (D2). By Lemma 5.8, ¢(U") = ¢(V’), and thus ¢(U") =% ¢ (V). O

Lemma 5.15. For any U € A(T) and V1 € A" with U — Vy, there is a U’ € BT such that U — V1 —%
¢(U’) and p(U) —g, U’. (Property (P1).)

Proof. By Lemma 5.6, U = ¢(p(U)). By Lemma 5.10, there is a U’ € Bt such that p(U) —g, U’ by a
rule of the form (D1), and Vi —} ¢(U’). The lemma follows. O

Proof of Theorem 1.1. Let [A ; R] be a finitely presented semigroup presentation for S for which R is
complete. By the reduction process described in Section 4, we may assume that (Q1), (Q2) and (Q3)
hold. Now the 5-tuple (B, Rt, A(T), ¢, p) has been defined. By Theorem 2.2, it is sufficient to show
that (B, Rr, A(T), ¢, p) has Property R relative to [A ; R]. This has been done in Lemmas 5.6, 5.9,
511, 513,514 and 5.15. O
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