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Abstract
In this paper, general existence theorems are presented for the singular equation

—(p, () =qO) f(t,y), O<r<l,
y(0) =0, ¥(»(1)+y@)=0.

Throughout, our nonlinearity is allowed to change sign. The singularity may ocguedl, t = 0 andr = 1. In
addition, ¥ may be nonlinear.
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1. Introduction

In this paper, we study the singular boundary value problem
—(0p, () =q) f(t,y), O0<r<1,

y(0) =0, ¥(y@)+y'(@D=0, (1.1)
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whereg,(s) = Is|?~2s, p > 1. The singularity may occur at= 0, t = 0 ands = 1, and the functior

is allowed to change sign. In additio#, may be nonlinear. Notemay not be a Carathéodory function
because of the singular behaviour of theriable. Forp = 2, problem (1.1) was motivated by a singular
problem arising in the theory of membrane response of a sphericg8ddy, namely

2 12
—y”:t——/t—, O<t<1,
322 8
y(0)=0, 2y'(1)—(A+v)y(1)=0, O0<v<1andi>D0. (1.2)

In [12], D. O'Regan has proved (1.2) has a solutiore C[0, 1] N C1(0, 1] N C?(0, 1) with y(r) >0
fort € (0,1). For p # 2, equations of the form (1.1) occur in the study of ghaplace equation,
non-Newtonial fluid theory, and the turbulent flow of a gas in a porous mefll®in Several results
on the existence of positive solutions for the one dimensignabaplacian boundary value problems
have been established in the literature (de2,5-16). The key condition used is that the nonlinearity
is nonnegative so the solutianis concave down; if the nonlinearifyis negative somewhere, then the
solutionu need no longer be concave down. As a result it is difficult to find positive solutions of the
p-Laplacian equation whefrchanges sign. IfiL,5,16] the Dirichlet problem has been studied when the
nonlinearity is allowed to change sign. Motivated [iy12], where the functior is allowed to change
sign, we consider thg-Laplacian equation (1.1).

To date no paper has appeared in the literature which discussed #ygacian singular boundary
value problem when the boundary condition at one is nonlinear (or even of the:§o¢h + by (1) =0,
with a >0, b<0, a® + b? > 0) and when the nonlinearity in the differential equation may change sign.
This paper attempts to fill this gap in the literature and we present a very general upper and lower solution
theory in Section 2 for this type of problem. Moreover in Section 3 we present easily verifiable (and new)
criteria so that upper and lower solutions can be constructed. An example is given in Section 4 to show
how easily the theory in Section 3 can be applied in practice. We finally note that very little is known
concerning the computation of the solution to (1.1). However if one constructs “good” upper and lower
solutions (as described in Section 2 and 3) the shooting metH8d$®ction 5o numerically compute
the solution may be used for certain boundary value problems of the form (1.1).

2. General existence theorem

We assume throughout th#(x) <0 for x > 0. Our theory involves approximating (1.1) by a sequence
of nonsingular problems (each of which has a lower solutipand an upper solutiofi,). Using the
Schauder fixed point theorem we establish the existence of a solution (which lies between the lower
and upper solution) for each approximating problem. The Arzela—Ascoli theorem will then complete
the proof.

Theorem 2.1. Letng € {3, 4, ...} be fixed and suppose the following conditions are satisfied
f:10,1] x (0, 00) — R is continuous (2.1)
g € C(0,1) with g >00n (0,1) and ¢ € L1[0, 1], (2.2)

¥ : R — R is continuous andP(x) <0 for x>0, (2.3)
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[ f(t, y)|<g(y) + h(y) on [0, 1] x (0, co) with
g > 0 continuous and nonincreasing: (0, o),

. h
h >0 continuouson [0, co), and —
8

nondecreasingn (0, c0),

let n € {ng,no+1,...} = Ng and associated with eacghe Ny

we havea constantp, such that{p,} is a nonincreasing

sequence withlim p, =0 and such that for
n—0o0

1
—<r<1we havey (1) f(z, p,) 20,
n

Jo € €[0, 11N 10,11, ¢, («) € C}(0, 1),
«(0) =0, (1) + ¥(x(1)) <0,
o> 0 on (0, 1] such that for eacln € Ny

we have(p, ()" +q () f(z, y) > 0 for

1
(t’ Y) S |:;7 1) X {y € (0’ OO) : y<0‘(f)}
and (¢, () +q() f (% y) > 0 for
1
(t,y) € (0, ;) x {y € (0,00) : y <a(t)},

1
for any R >0, — is differentiable on(0, R] with g’ <0
8

n1/p 00 l/p
a.e.on (0, R], Igl e L0, R and/ '@ =00

(g(z))z/f’

for eachn € No, 3B, € C[0, 1] N ct (0, 1], q)p(ﬁn) et 0,1

with B, (1) > p, for 1 € [0, 11, f,(1) + ¥(B,(1) > 0,
(1) >«(1) and we havep,(5,)) + () f(t, p,(1)) <0

1 .y 1
for 7 e [;, 1>, and (¢,(B,)) +q@)f (;,ﬁn(t)) <0

1
for t € (0, —)
n

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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and

max: sup f,(t) :ne No} < 00. (2.9)
1€[0,1]

Then(1.1) has a solutiony € C[0, 11N C(0, 1], ¢,,(y') € C*(0, 1) with y(t) >«(z) for 1 € [0, 1].
Proof. Fixn € Np. Consider the boundary value problem
—(p, )N =q) f*(t,y), O<r<l,
y0) =p,, YO+ ¥ (1)=0, (2.10)"
where
1 1
f (;»[&(ﬂ) +rB, @) —y), y=p,t) and O<t<;l
1
F @, Bp() +r(B, ) —y),  y=p,(1) and;étél
f (},y>, Pn <y <Py (1) and 0<t<1
[, y) = " L n
f@,y), p,<y<p,(r)and=<r<1
n

1
f@ p)+rip,—y), y<p, and;<t<1

1 1

with

V(. (D),  z>p,(D),
P (2) = { P(2), al)<z<p,(D),
(1), z<oad)

andr : R — [—1, 1] is the radial retraction defined by

u, |ul<l,
rap=1% " -1 O
|ue]

Remark 2.1. Note ¥*(z) <0 forz € R.
Let
Col0, 1] ={u € C[O, 1] : u(0) =0}
and
Cy 10,11 ={u € C*: u(0) = p,}.
Define the mappings ,, F : Cl}" [0, 1] — Co[O, 1] x R by

Lpy®) = (0,0'®) = 0,(y'(0), =y'(1))
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and
t
Fy(t) = (—fo q(x) f*(x, y(x) dx, l1’*(Y(1)))) .

Now F is continuous and compact (by the Arzela—Ascoli theorem). Alsg if = (u, y), withu € Co[O0, 1]
andy € R, then

1

y(0) = p,, + fo 05 () — 9,(;) — u(D) dx,

soL;1 exists and is continuous. Solviig.10)" is equivalent to finding a fixed point gf= L;le =Ny
whereN = L 1F : Cl}n [0,1] — Cl}n [0, 1] is continuous and compact. Schauder’s fixed point theorem
guarantees thaR.10)" has a solutiory, € C1[0, 1] andcpp(y,;) e c1(0, 1). First we show

yu(t)=p, for te][0,1]. (2.11)

If (2.11) is not true thery, — p,, has a negative absolute minimum at sag (O, 1]. If 7o € (0, 1), then
yn(t0) = 0 and(¢ , (y,)) (t0) > 0. However

1
—q(to) f (to, p,) +1(p, — yu(to))], if - <tg<1,

(@, () (t0) = 1 _ 1
_Q(IO) |:f <;’ pn) + r(pn - yn(tO))] s if O <fp< ;,

ie., (cpp(y,g))/(to) < 0, a contradiction. It remains to discuss the case 1. If 1g = 1 there exists),
0<d <1 with p, — y,(t) >0forr € (6, 1] andp, — y,(6) = 0. In addition forr € (4, 1) we have

(@p((y = yu))) = q(O) f*(t, yu (1)) >0,

S0¢,((p, — yn))) is increasing. Since, : R — R s increasing, we have, — yn)" is increasing and
S0p,, — y, IS convex on(o, 1). Now [4, pp. 134]guarantees that

n_ﬂl_ n_né
[p y()i_gp y()]>pn—yn(1)

and this together with Remark 2.1 yields

O0<p, —ya(D)< — y, (D) = ¥* (3, (1) <O,

a contradiction. Thus (2.11) holds. Next we show

—y (D>

yn()<B, (1) for 1 e[0,1]. (2.12)

If (2.12) is not true therny, — 8, would have a positive absolute maximum at s (O, 1]. Suppose
first thatzg € (0, 1). Theny, (10) = B, (to).
We first prove that

(@, (yp)) (t0) — (@, () (10) <O. (2.13)
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Sincey, — f8, have a positive absolute maximumge (0, 1), with y/ (t0) — S, (t0) = 0 and there exists
d € (0, D) with y; () — B, (1) =0fort € (19— 9, t0), namelyyp , (y,) () — ¢, (f,) (1) =0fort € (19—, t0).
Then we have

(0, (D) = 9, (BL (D) — (9, (3 (10)) — ¢, (B (10)))

<0 for t e (g — o, to),

t—1o
SO
@, (@) — @, (v, (t0) - @By () — ¢, (B, (10)) for 1 € (io — 6. 1o)
I —1o h r—1o 0 - 10)-
Consequently,
(1)) — ! (t
0,00 = lim 2D 200
1(€(to—4.10)—1g 1 —1o
< im @p(By(®) — ¢, (¥ (10))
1(€(to—0d,10))—>1g r—1o
= (¢, (B) (10),
i.e.,

(¢, (3)) (t0) = (@, (B,)) (t0) <O.

We now consider two cases, namejye [, 1) andro € (0, 2).
Casei: o € [1, 1).

Then sincey, (o) > 3, (t0) we have, using (2.8), that
(qvp(y,i))’(lo) — ((pp(ﬁ;))/(lo) = —q (o) f (to, B, (t0)) + r(B,(t0) — yn(t0))] — ((pp(ﬁ;))/(to)
= - [(wp(ﬁi,))’(to) + q (o) f (to, B, (t0))] — q(to)r (B, (t0)
— yn(t0)) >0,

a contradiction.
Caseii: (10 € (0, }).
Then (2.8) gives

1
(0, () (t0) = (@, (B,)) (to) = — q(t0) [f (;, ﬁn(to)) + (B, (t0) — yn(to))] — (¢, (B,)) (t0)

1
= - [(@p(ﬁ;))/(to) +q(to) f (;, ﬁn(to)ﬂ — q(to)r (B, (t0)

— yn(10)) >0,

a contradiction.

It remains to discuss the cage= 1. If 1o = 1 there exists), 0<o < 1 with y,(t) — f,(¢) > 0 for
t € (0,1] andy,(9) — $,(3) = 0. Theny, () > f,(9), and in addition (¢, (y,)) (1) — (¢, () () =
—q () (2, yu(1)) — (@, (B,))'(¢) for t € (5, 1). We claim

(@, () ()= (9, (B,)) (1) fore e (s, 1). (2.14)



194 H. LU et al. / Journal of Computational and Applied Mathematics 182 (2005) 188—210

If 5> 1 then (2.8) guarantees that (2.14) truei ¥ £ then(p, (v,)) (1) > (¢, (,)) (1), for ¢ € [ £, 1) by
(2.8) and for (4, 1) we have from (2.8) that

1
(0, (1) (1) — (@, (B)) () = —q(1) [f (;, ﬁn(t)) +r(p,(t) — yn(t))] — (@, (B)) (1)

1
= - [(w,,(ﬁ;))/m +q)f (;, By (r))] — q()r (B, (1)
— yu(1)) > 0.
Thus in all cases (2.14) holds. Integrate (2.14) fidbta 1 to obtain
0, n(D) = @, ()) =0, (B,(D) — ¢, (B,(5))
and so
(3D = 0, (B (D) =0, (3,(0) — ¢, (B,(6)) >0.
This together withg), (1) > — ¥(B,(1)) gives
0<y, (D) = B,(1) = = ¥* (D) = f,(D) < = ¥* u(D) + P (B, (1))
= — ¥, (D) + ¥(B,(1) =0,
a contradiction. Thus (2.12) holds. In particular
ya(t)<ap= max{ sup g,(t) :n e No} fort € [0, 1].
t€[0,1]
Next we obtain a sharper lower bound g5 namely we will show
ya(®)>a(t) fort e [0, 1]. (2.15)

Suppose (2.15) is not true. Then— « has a negative absolute minimum at sayg (0, 1]. Suppose first
thatry € (0, 1). Theny, (1) = «(r1). As the proof of (2.13), we can prove that

(9, () (12) = (@, (@) (t2) > 0.
We now consider two cases, namelye [, 1) ands; e (0, 2).

Casei: 11 € [, 1). ’

n’

Now 0 < y,(11) < a(t1), p, <ya(t1) <B,(t1), and (2.6) implies
(0, () (t1) — (9, (@) (1) = —[q (1) f (1, yu(11) + (@, () (11))] <O,

a contradiction.
Caseii: 11 € (0, 2).
In this case (2.6) also implies

1
(@, (7)) (1) = (9, (o)) (1) = — [q(tl)f (;, ynm)) + <<p,,<o/))/<r1)] <0,

a contradiction.
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Itremains to discuss the cage=1. If 1 =1 there exists, 0<6 < 1 witha(z) — y,,(t) > Ofort € (4, 1],
2(0) = y,(6) =0, andd/(5) >y, (6). We claim

(@, () (1) > (@,(y)) (1) forte (5,1). (2.16)
If 6> then forz € (3, 1) we have
(@p(@))'(1) = (@, () (1) = q(O) (2, yu (1)) + (9, (&) ()
=q@) f(t, ya (1)) + (@, (&) (1) > 0,
s0 (2.16) is true in this case.df< 2 then fors e [, 1) we have
(@, () (1) = (@, (y)) (1) = q(O) f(t, yu (1)) + (¢, (&) (1) > O,
whereas for € (0, 1) we have
(@p(@))'(1) = (@, ) (1) = q(O) £, yu (1)) + (9, (&) (1)
=q)f (% yn(t)) + (¢, (@) (1) > 0.
Thus (2.16) is also true in this case. Consequently (2.16) holds. Integrate (2.16) tioalrto obtain
@, (1) = ¢, ()20, (3, (1) — ¢, (3, (9)).
Thus
@, (D) = ¢, (1) =9, () — ¢, (y,(6))>0.
This together with/ (1) < — ¥(«(1)) gives

0<o/ (1) — y, (1) < — P(u(D) + ¥ («(D))
< — YD) + ¥(«(1) =0,

a contradiction. Thus (2.15) holds.
Remark 2.2. Itis possible to check
a(t)<p, () forr |0, 1]. (2.17)

If this is not true therm — 5, would have a positive absolute maximum atgay (0, 1) (notef, (1) >a(1)).
Thend/(r1) = B, (1) and there existp, t1 € [0, 1] with 71 € (xo, 71) and

a(t0) — B, (r0) = a(r1) — B,(r1) =0 and B,(t) —a(r) <0, 1 € (0, 12).
We can claim

(@, (B (1)) = (9,(& (1)) <0 fora.er € (zo, 12). (2.18)
We first show that if (2.18) is true then (2.17) will follow. Let

w(t) = p,) —a(t) <0, forr e (10, 11).
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Then
71
| ot = cop oy dr o
70
On the other hand, using the inequality

(¢p,(b) — ¢,(@)(b —a)=0, fora,beR

and the fact that there exist$ € (xo, 1) with o/ (¢*) # g, (z*) we have

T1 T1
/ (0, (B (1)) = (@, () )w(t)dt = — / (0, (B, (1)) — 0,/ (D)) (B, (t) — o/ (1)) e
0 70
<0,

a contradiction. It remains to show (2.18) is true. Now) > f,(¢), for t € (zo, 71) and (2.6) gives

. 1
q@) f(t, B (1) + (@, (@) (1) >0 Ifte(ro,rl)ﬂ[ 1)

n 9
and

1 . 1
q() f (;, ﬁn(t)> + (9, () (1)>0 if 11 € (r0,71) N (0, ;) :

Now if 7 € (z0, 11) N [2, 1) then (2.8) implies
(@, (@) (t) = (9, () (1) = (0, (&) (1) + q () f (£, B, (1)) > 0.
Nextif 1 € (t0, 11) N (0, ) then (2.8) implies

1
(0,(@)) (1) = (0, (B)) (1) = (0, () () + q(t) f (;, Ba (z)) > 0.
Thus (2.18) holds.
We now show
{¥n}nen, IS @ bounded, equicontinuous family @ 1]. (2.19)
To see (2.19) first notice from (2.4), (2.11) and (2.12) that

|5 yn )< g () + h(yn (1))

<8 (1)) {1+ M} fort € (0, 1)
g(ao)
and so
h
—(0, ()Y <a(M2(n (1) {1+ ﬂ} fort € (0, 1). (2.20)
g(ao)

Also y, (1) = —¥*(yn (1)) gives

ly,(DI<  sup |¥(2)| = Ko.
sela(l),a0]
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Divide (2.20) byg(y,(#)) and integrate from 0 to 1 to obtain

—2p0n D) | 0,(3,(0) /1 {—g/(ynm)}, ,
T o d
gy (1) g(pn) o | 220n(x) |y ()17 dx
1
<{1+h(a0) /q(s)ds.
g(ao) J Jo

Then sincey;,(0) >0 (notey, (0) = p,, andy, () >p,, for ¢ € [0, 1]) we have

1(¢_,/
f {M Iy, (0[P dx < K1,
0

82(yn(x))
where
1
K= M + {l+ h(ao) } f q(s)ds.
g(ao) g(ao) J Jo

Now consider

“ =g/ ]M?
o [gw)?”
Fort, s € [0, 1] we have

I(z) =

F—g (nCNIYP '
I(yu()) — I (yn = — vy (x)d
1 (3 (1)) — 1 (3 (s))] Lo (x) dx

t / 1/p
_ VY =8| e )
sl (/ {g2<yn<x>> ol dx

<t —sMaKy?,
wherep + ¢ = pq. It follows from the above inequality, the uniform continuity bf! of [0, I (ag)] and

1Y () = Y () = 72U () — T2 (3 (5)))]

that {y.},en, IS equicontinuous oif0, 1]. Thus (2.19) holds. The Arzela-Ascoli Theorem guarantees
the existence of a subsequen€égof Ng and a functiony € C[O0, 1] with y, converging uniformly on

[0, 1] toy asn — oo throughN7. Also y(0) = 0 anda(z) <y(t) <ag fort € [0, 1]. Fixr € (0, 1) and

m € {no, no+1,...} be such thag: <t < 1. Define the operatat : C [X,1] — C [, 1] by

m’

1 1
(Lu) (1) = u(l) — / w;l(—wpw*(u(l)m / q(s)f(s,u<s))ds> dx.
t

X

As in the proof of Theorem 220, L : C [, 1] — C [, 1]is continuous. LeN; = {n € N1 : n>m}).
Now y,, n € Ny, satisfies

1 1
Yu (1) = yn(1) —/ 0, (‘%(‘P*(yn(l))) +/ q(s) f(s, yn(s)) dS) dx
t X

1 1
— (D) — / 0% (—qop<w<yn<1>)>+ / q(s)f(s,yn<s)>ds> dx
t

X
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sinceo(r) <y, (1) <B,(t) andt > % Letn — oo throughN7y to obtain

1 1
(1) = y(1) - f 0% (—q)p(a"(y(l»w / q(s)f(s,y(s))ds) dx.
t

X

We can do this argument for eacte (0, 1), so—(q)p(y’))/ =q()f(t,y)forr € (0,1), y € C10,1]
ande,(y") € C1(0,1) andy'(1) = —¥(y(1)).

Remark 2.3. Condition (2.7) can be removed in the statementin Theorem B, Istitisfies the following
condition:

for eachr € [0, 1] we have thatp, (1)},cy, is @
nonincreasing sequence and lif),(0) = 0. (2.21)
n—oo

To see this fibu € Ng. We obtain as in Theorem 2.1 a solutignto (2.10)" with (2.11), (2.12) and (2.15)
holding. Look at the interve{%, 1]. Let (recalle > 0 on (0, 1])

Ry, =Sup{|f(x, :x e [ ! , 1] andac(x)éygao}.

no

Now sincey, (1) = —¥*(y,(1)) we havely, (1)| <SUR (41,401 ¥ (2)| = Ko and so

)

-1 ! 1
<(/)p (pp(K0)+Rno 0 q(x)dx fOI’te —,1 .

no

1
/ (@, (3 (x))) dx
t

Y ()<, (qo,,(m +

As a result

. . . . 1
{¥n}nen, 1S @bounded, equicontinuous family gr—, 1].
no

The Arzela—Ascoli theorem guarantees the existence of a subseqignoé Ng and a functior,,,

C [n—lo 1] with y, converging uniformly or{%, 1} to z,, asn — oo throughN,,. Proceed inductively
to obtain subsequences of integers

Nug D Npgt12 -+ 2 Ng 2 -+

and functionsy € C [, 1] with
. : 1
yn converging uniformly on[z, 1] to zx asn — oo throughny

andzx11 = zx on[#, 1]. Define a functiory : [0, 1] — [0, 00) by y(x) = zx(x) on[#, 1] andy(0) = 0.
Noticeyis well defined and(r) < y(r) <agfort € (0, 1]. Next fixs € (0, 1) and letm € {ng,no+1, ...}
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be such thagt <7 <1.LetN,} = {n € Ny, : n=m}. Nowy,, n € N, satisfies

1 1
O =3~ [ o} (—qo,,myn(l))) + [ 4 £ ds) dx.
t X
Letn — oo throughN;: to obtain (notez, (s) = y(s) for s € [t, 1]),
1 1
y(t)=y(1)—/ o," (—wp(&”(y(l)))+/ q(S)f(s,y(S))dS) dx.
t X

We can do this argument for eacke (0, 1), so—((pp(y/))’ =q(t)f(t, y(@)) forr € (0,1) andy’(1) =
—%(y(1)). It remains to show is continuous at 0. Let > 0 be given. Now since lif, « f,(0) =0
there exists;; € No with . (0) < 5. Next sincep,, € CI0, 1] there exists),; > 0 with g, (r) < 5 for
t € [0, dn,]. Now forn>n1 we have, sincép, (1)},cy, is nonincreasing for eache [0, 1],

Ba() < By (1) < g for t € [0, 3, ].

This together withx(t) <y, (t) <p,(t) for t € (0, 1) implies that forn>n; thata(t) <y,(r) < 5 for
t € [0, 6,,]. Consequently & a(t) <y(7) g% <efort € (0, 9,,], soyis continuous at 0.

Remark 2.4. If in (2.5) we replacet < < 1 with 0<7<1 —  then one would replace (2.6), (2.8) with
Jo € C[0, 11N 10,11, 0,(2) € €10, 1),
2(0) =0,/ (1) + ¥(«(1)) <O,
o> 0 on(0, 1] such that for each € Ng

we have(o ,(«))" + ¢ (1) f(t, y) > 0 for

1
(t,y) € (O,l— ;] x {y € (0,00) : y <a(t)}
and(e, (@) +q () f <1— % y) >0 for

(t,y) € (l— %, 1) x {y € (0,00) : y <a(t)}, (2.22)

for eachn € No, 36, € C[0,11n C*(0,1), ¢, (8,) € CH(0, 1)
with g, (t)>p, forr € [0, 1], . (1) 4+ ¥(B,(1)) > 0,
p,(1)>(1) and we havée,(5,))" +q(t) f(t, f,(1)) <O

forz e <0, 1- ﬂ and(e,(5,)) +q(0) f (1— %’ﬁn(t)) <0

fort e <1 — E 1) . (2.23)
n

If in (2.5) we replace% <t <1 with %gtgl — % then essentially the same reasoning as in Theorem
2.1 establishes the following result.
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Theorem 2.2. Letng € {3, 4, ...} be fixed and suppog2.1)—(2.4)and (2.7) hold. In addition assume
the following conditions are satisfied

let n € {ng,no+1,...} = No and associated with eache Ny
we havea constantp, such that{p,} is a nonincreasing

sequence withlim p, =0 and such that for
n—o0

1 1
—-<tr<1— — we havey(t) f(t, p,) >0, (2.24)
n n

Jo € €[0, 11N €10, 1], ¢, («) € C1(0, 1),
a(0) =0, & (1) + P(x(1)) <O,
o> 0 on (0, 1] such that for eacln € Ny

we have(o, (&))" + q(t) f(t, y) > 0 for

1 1
(r,y) € [—,1——] x {y € (0,00) : y <a(r)}
n n

1
and ((pp(cx/))/ +q@®)f ( y) > 0 for

;7
1
(t,y) € (0, ;) x {y € (0,00) 1 y <a(t)}
N/ l
and (¢, () +q) f (1— o y) > 0 for

(t,y) € (l— %, 1) x {y € (0,00) : y <ua(t)}, (2.25)

for eachn € No, 38, € C[0, 11N C*(0, 11, ¢,(8,) € C*(0, 1)
with B, (1) =p, for ¢ € [0, 1], B, (1) + ¥(B,(1) >0,
(1) >«(1) and we havep,(5,)) + (1) f(t, p,(1)) <0

1 1 .y 1
for 7 e [—, 1- ;] and (¢, () +q@) f (;,ﬂn(t)) <0

n

forz e <O, %) and (¢, (B,)" +q®) f <1— % Mt)) <0

forr e (1— l 1) (2.26)

n
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and

max[ sup f,(t) :ne No} < 00. (2.27)
1€[0,1]

Then(1.1) has a solutiony € C[0, 11N C*(0, 1], ¢,(y') € C*(0, 1) with y(t) >a(z) for 1 € [0, 1].

Remark 2.5. Ifin (2.5), %gt <lisreplaced by &r <1 thenitis easy to see that (2.9) is not needed in
the statement in Theorem 2.1 provided in (2.8) we aSS(mp(?ﬂ;))/ +q@)f(t, B,(t))<0forr € (0, 1).

3. Construction of« and g,

In this section, we discuss how to construct the lower solution(2.6) or (2.22) or (2.25) and the
upper solutiorg,, in (2.8) or (2.23) or (2.26).

Lemma 3.1. Lete, = [n—il 1] (n>1), eg = @. If there exist a sequende,} | 0ande, >0forn>1,
then there exist a functione C1[0, 1] such that

(1) ¢,(2) € c1[0, 1] and maxo<; <1l(¢, (2 (1))’ > 0;
(2) 2(0)=0,2/(1) + ¥P(1(1) <0and0 < A(r) <&y, t € ey\ep—1,n>1.

Proof. Letr : [0, 1] — [0, +00) suchthat (0)=0,r(1)=sf ", € e,\ex_1,n>1. Letu(t)= f3 r(s) ds,
. 1/(p—1)
v(t) = [fo u(s)ds]

increasing functions withv (3) < e1.

Let

1 -1

) ! t2+ [ o

a(t)=|col = — caal =z — ,
°\'s \s

where
co= —8u(3/4) — 64(v(3/4))P~1

, w(t) = [ov(s)ds. Thenu, v, w : [0, 3] — [0, +o0) are continuous and

and
c1=u(3/4) + 16(v(3/4))P 1.
Let
' 3 37
b(t) :fi a(s)ds +w (Z) fort e |:Z, §i|
and
b(1) fore e [3, §].
P(t) = 7
{b<z—t) fors e [§,1].



202 H. LU et al. / Journal of Computational and Applied Mathematics 182 (2005) 188—210
Definei : [0, 1] — [0, +o00) with
1, 0<r<3,
P(@), z<i<l
We prove that satisfies the condition.
We easily prove thab (3)=P (3),w’ (3)=P"(3). (0, ")) (3)=(p,(P)) (3) andw € 1[0, 3],
P e C3.1], 0,(w) € C1[0. 3], ¢,(P") € C1[3,1]. As a result we have e C1[0, 1], ¢,()) €

€10, 1] and max<, <1/(¢,('()))'| > 0.Sincew(r) > 0 for¢ € (0, 3] and P(r) > 0 forz € [3, 1], we
have 0< A(¢) for r € (O, 1]. On the other hand,

7 ' 3\ 1 7 \?2 7 V=D 3
/1<§) = /3 a(s)ds+w(Z) <§ mga)z( |:co(§—t) +c1 (é—t)j| —|—w<‘—1)
4 t€|:4’8]

lrcog  c17Y(P-D 3
“aleats] +w<z>
_1[ -8u3/4) — 640 @/a)P w34 + 160340 3
8 64 + 3 +w( )

v(3/4) 3

4

and

/

7\ v(3/4) 3
*(é>< 8 +“’(Z)

9\ -D 9\ V-1 3
() arls)
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SO,
Mt)<e,, te€e;\ep—1, n=1
Now using
/ . / 3
I = —P (Z)
. YD
[—8u<3/4) — 64(v(3/4)P"L  u(3/4) + 16(v(3/4))” }
= — +
64 8
= —v(3/4) <0,
we have

/(0 =0, 21+ %) <O.

Thus/ satisfies all the conditions of Lemma 3.1.

Next we discuss how to construct the lower solutiom (2.6) or (2.22) or (2.25). We begin our
discussion with (2.6). Suppose the following conditions are satisfied:

letn € {ng, no + 1, ...} and associated with eaahwve
have a constant, such thatp,,} is a decreasing
sequence with limp, = 0 and there exists a

n—0o0

1
constantg > 0 such that for- <7 <1,
n

and O< y<p,, we havey(t) f (¢, y) >ko, (3.1)
1
f(-, y) is nondecreasing o(o, é) for each fixedy € (0, c0), (3.2)

for eachn € No, 3B, € C[0, 11N €0, 11, ¢,(B,) € C*(O, 1),

with 6, (1) > p, forz € [0, 11, §,(1) + ¥(8,(1) > 0 and, (1) > p;
and we havée () +q (1) f (1, B, (1)) <0

fors [% 1) . and(g,(f,) +q () f <% ﬁn(o) <0

1
fort e <O, —) . O (3.3)
n

Theorem 3.1. Letng € {3, 4, ...} be fixed and suppog@.1)—(2.4), (2.7), (3.1)—(3.3nd (2.9) hold.
Then(1.1) has a solutiory € C[0, 11N C(0, 1] with ¢, (y') € C*(0, 1) with y(r) > 0,7 € (0, 1].
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Proof. The result follows from Theorem 2.1, once we prove (2.5), (2.6) and (2.8) hold. Now (3.1)
guarantees that (2.5) holds. From Lemma 3.1, there exist a functiofi[0, 1] such that

(1) ¢,(2) € CY0, 1] andRy = maxo<; <1l(p, (X' (1)) > 0;
(2) 4(0) =0, /(1) + ¥(i(1)) <0 and O< A(1) < p,, t € ep\en_1,n>1.

. (-1 . . . .
Letm = min {1, (5—%) , If_io} herekg is as in (3.1) ang; is as in (3.1). Let

a(t) =mA() fort e [0, 1].

Thena € C[0,1]1 N CY(0,1], ¢, (o) € C1(0,1) 2(0) = 0, /(1) + ¥(x(1)) <0 and O< a(r) < A(r) for
t € (0, 1]. Foreachn € Noand(t, y) € [2,1) x {y € (0, 0) : y <a(t)} we have

g f(t,y) + (9, (0)) Zko + (0, (mA (1))’
=ko+m? e, (2 (1)
>ko —mP (g, (2 (1)

k
>ko — (2—;’) CREAONY

k
>ko — (2—;’) - max [(p, (2 (1)

0<r<l1

=—>0.

2

For eacm € Noand(z, y) € (0, 1) x {y € (0, 00) : y < ()} we have

1
q()f (r—l, y> + (@, ON' Zq) ft, y) + (9, (1)) Zko + (@, (m (1))

k
>EO>O.

Thus (2.6) is satisfied. On the other handl) <|«|sc = m || <p1. SO for eachn € No,

Bn(D)=pg=a(l).

Then (2.8) is satisfied. From Theorem 2.1, (1.1) has a solutienC[0, 1] N C1(0, 1] with gop(y/) €
Cc1(0, 1) with y(r) >0 fort € (0,1]. O

Remark 3.1. (a). Note thex constructed in Theorem 3.1 satisfies, <p;.
(b). One could replacé3.2) with the more general condition: there exists (0, %) with f(-, y)
nondecreasing ofD, J) for each fixedy € (0, c0).

Remark 3.2. If we replace ¥n <t <1with0<r<1— (1/n)in(3.1) and (3.3) we can easily obtain (see
Remark 2.4) the analogue of Theorem 3.1 in this situation.
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Next suppose the following conditions are satisfied:
letn € {ng, no + 1, ...} and associated with eaahwve
have a constant, such thatp,,} is a decreasing

sequence with limp, = 0 and there exists a
n—oo

1 1
constantg > 0 such that fo- <r <1 —
n

’

n
and O< y <p, we havey (¢) f (¢, y) >ko, (3.4)
f(, y) is nondecreasing o(O, %) for each fixedy € (0, c0), (3.5)
. . : 2 ,
f (-, y) is nonincreasing or<§, 1) for each fixedy € (0, o0), (3.6)

for eachn € No, 38, € C[0, 11N C*(0, 11, ¢, (8,) € C*(0, 1),
with g, (t)>p, forr e [0, 1], §,(1) + ¥(B,(1) > 0andp,(1)=>p;
and we havée ,(,)) +q () f (1, , (1)) <0

fort € (O, 1- ﬂ ando,(f,) +q() f (l— r—ll,[in(t)) <0

forr ¢ <1 — E 1) , (3.7)
n

and
for eachn € No, 38, € C[0, 11N €0, 11, ¢,(8,) € CH(O, 1),
with B, (t) > p, fort e [0, 1], £, (1) + ¥(B,(1) > 0 andp, (1) > p
and we havee ,(8,))" +q(t) f(t, f,(1)) <0

1 Y 1
fors [;, 1) L and(p, () +q(0) f <;, ﬁn(z)) <0

fort e (0, %) . (3.8)

Then (2.24)—(2.26) hold. The proof is same as the proof of Theorem 3.1. Combining this with Theorem
2.2 gives the following result. O

Theorem 3.2. Letng € {3, 4, ...} be fixed and suppog@.1)—(2.4), (2.7), (3.4)—(3.8nd (2.27) hold.
Then(1.1) has a solutiory € C[0, 11N C(0, 1] with ¢, (y') € C*(0, 1) with y(r) > 0,7 € (0, 1].
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Looking at Theorems 3.1 and 3.2 one sees that the main difficulty when discussing examples is con-
structing theg,, in (2.8) or (2.26). As a result we present a theorem which removes (2.8) or (2.26) and
replaces it with an easy verifiable condition. As in Theorems 2.1 and 2.2 we first present the results in
their full generality.

Theorem 3.3. Letng € {3, 4, ...} be fixed and suppog2.1)—(2.7)hold. In addition assume there exist

M1>0 and Mjy>max{ sup a(r), p1 (3.9)
1€[0,1]
with
1
for eachn € Ng, g(t) f (¢, M1t + M) <O for ¢ € [—, 1> ,
n
1 1
qt)f (—, Mat + Mz) <Oforzre <O, —) (3.10)
n n
and
My + ¥ (M1+ M2) >0 (3.11)

holding. Ther(1.1)has a solutiory € C[0, 11N C*(0, 1] with¢,(y") € C1(0, 1) withy(r) > 0,7 € (0, 1].
Proof. Defineg, (r) = M1t + Mo for ¢t € [0, 1] andn € Ng. Then

for eachn € No, f, € C[0, 11N CY0, 11, ¢,(8,) € C1(0, D),

with g, (t)>p, fort € [0, 1], ,(1) + ¥(B,(1)) = p1 >0,

B, (1) >«(1) and we havée ()" +q (@) f (1, B, (1)) =0

1 Y 1
forz e [;, 1), and(e,(8,)) +4q@) f <;vﬁn(t)) =0

fort e (0, 1)
n

maxy sup f,() :n € No; <oo.
te[0,1]

and

Then (2.8) and (2.9) hold. The result now follows Theorem 2.1 i.e., (1.1) has a sojutio@[0, 1] N
10, 1 with ¢, (y') € (0, 1) with y(1) > 0,7 € (0,1]. O

Combining Theorem 2.2 and the above proof gives the following existence result.
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Theorem 3.4. Letng € {3, 4, ...} be fixed and suppog2.1)—(2.4), (2.7), (2.24), (2.25), (3.8phd(3.11)
hold. Suppose the following condition also holds

1 1
for eachn € Ng, q(t) f(t, M1t + M2) <O for ¢t [—, 1- —] ,
n n

n

1 1
q() f (—, Mqt + M2> <Oforzte <O, —)
n

qO f (1— Lot M2> <Oforte (1— 1 1) . (3.12)
n

n

Then(1.1) has a solutiory € C[0, 1] N C1(0, 1] with q)p(y’) e €10, 1) with y(r) > 0,1 € (0, 1].
Combining Theorems 3.1 and 3.3 yields the following theorem.

Theorem 3.5. Letng € {3, 4, ...} befixed and suppog2.1)—(2.4), (2.7), (3.1), (3.2n addition suppose
that there exist

M1, M2 >0 (3.13)

with (3.10)and (3.11) hold. Then(1.1) has a solutiony € C[0, 1] N C*(0, 1] with ¢, (y") € C*(0, 1)
with y(r) > 0,t € (0, 1].

Proof. By (3.1), there existo > 0 such thap, , < M2. Without loss of generality, we suppose that
Mz>py>--->py>pyp1>---and lm p, =0. (3.14)
As the proof of the Theorem 3.1, there exigtsith
o€ C[0,11N CY0,1], ¢, («) € C1(0, 1),
2(0) =0, o' (1) + ¥(«(1)) <0
o> 0 on(0, 1] such that for each € Ny

we have(o ,(«))" + ¢ (1) f(t, y) > 0 for
1

(t,y) € [;, 1) x {y € (0,00) : y <a(t)}
NN/ 1

and(q)p(oc N +q@)f (; y) >0 for

(t,y) € <0, %) x {y € (0,00) : y <a(t)} (3.15)

and

#(1) < |otloo < 1. (3.16)
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By (3.14) and (3.16) we have

My > maxy sup a(t), pqi¢ -
te[0,1]

Thus all the conditions of the Theorem 3.3 are satisfied. Then (1.1) has a solutich0, 1] N C1(0, 1]
with ¢, (y") € C1(0, 1) with y(r) > 0,7 € (0, 1].

Combining Theorems 3.2 and 3.4 yields the following theorem. The proof is similar to the proof of
Theorem 3.5. We omit it. O

Theorem 3.6. Letng € {3, 4, ...} be fixed and suppog2.1)—(2.4), (2.7), (3.4), (3.5), (3.6), (3.11), (3.12)
and(3.13)hold. Then(1.1) has a solutiorny € C[0, 1] N C*(0, 1] with ¢, (y') € C*(0, 1) with y(1) > 0,
t € (0, 1].

4. Example

Example. Consider the boundary value problem
—(1y'1P72y) = p(Ar'y™ — §9),0<1 <1,

1
o =0 ya- 7

withl<p<o00,0<v<l1l,a>0, A>0, y>0,u>0,and’> 0. Then (4.1) has a solutione C[0, 11N
c*(0, 1] with ¢, (y") € (0, 1) with y(1) > 0, forz € (0, 1).
To see this we apply Theorem 3.5. Let

At?

y(H)=0 (4.1)

1+ )

t
g =Ay",  h(y) = (4.2)
Clearly (2.1)—(2.4) and (3.2) are satisfied. We next prove (2.7) holds.

We have
—Aa
g'(y)=W<O fory>0

and

1
ni/p Aa, ! 1
S I S _ (P a-1p
gZ/P - (Ay—a)Z/P —\A Y )

Thus for anyR > 0,

R\ /11/p R
lg’| a\lpr .
f 27 b= (Z) Y dy <o
o 8 0
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and
/oo |g/|1/l7 (2)1/17/ (a— 1)/pdy
o0
_ (ﬁ)l/ PP b
A p+a—1 0
s0 (2.7) holds.
Next let
A l/(l
Pn (n’(52+1)) 0= M ( )

and notice fom € {3, 4, ...}, %gtgl and O< y < p,, that we have
1V, 4 2 2 2
qgO)f@,y)zu| A . [, =07 ) = ([0 + 1] — 6°) = .

. 1/ .
Thus (3.1) holds. Finally le¥, = (%’}) - 0andM; = 2L+ A1, > 0. Then (3.10) holds since

Ar?
M3

At” 7 1
_ —2=(=—-1)6%<0forrel|=,1
2A/5? 2 n

1 1 1
fl=Mut+M)<f|=, My)<Oforre (0, =}).
n n n

On the other hand, (3.11) is true since

[, Myt + Mp) < f(t, Mp) =

and

1+v 1+
5 1— M>

2
1—v 1+v
- My — M
2 1T T2
1-v 2(1+v) 1+v
— . My — M
2 1—y 27 T M2

_1+v
2

M1+<——v>(M1+M2)=M1—

2

Mo > 0.

Thus all the conditions of the Theorem 3.5 are satisfied. Then (4.1) has a solwtici0, 1] N C1(0, 1]

with ¢, (y') € C1(0, 1) with y(r) > 0, forz € (0, 1).
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