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We consider the canonical map from the Calogero-Moser space to symmetric
powers of the affine line, sending conjugacy classes of pairs of n x n-matrices to their
eigenvalues. We show that the character of a natural C*-action on the scheme-
theoretic zero fiber of this map is given by Kostka polynomials. A similar result is
proved for a cyclic version of the Calogero—Moser space.  © 2002 Elsevier Science (USA)

1. INTRODUCTION

1.1. The aim of this paper is to prove a refined version of Conjecture 17.14
of [EG]. To explain our result, recall the so-called Calogero—Moser space €,
a 2n-dimensional complex algebraic manifold introduced by Kazhdan-—
Kostant—Sternberg [KKS], and studied further by Wilson [W]. It is defined
as €, = €4 ,/PGL,, the quotient by the natural (free) conjugation-action
of the group PGL, on the set

€M, ={(X,Y) € Mat, x Mat, | [X, Y]+ Id =rank | matrix}. (1.1)

Let A” denote the space of unordered n-tuples of complex numbers. The
assignment (X, Y)— (Spec(X), Spec(Y)), sending a pair of (n x n)-matrices
to the corresponding pair of n-tuples of their eigenvalues gives a map p :
%, — A" x AW The zero fiber p~'(0,0) of this map is formed by the
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conjugacy classes of nilpotent pairs (X, Y) € €.#,. This fiber is known to be
a finite set labelled naturally by partitions of n. Given such a partition 4, let
p71(0,0); be the corresponding point in the zero fiber.

Conjecture 17.14 of [EG] states that, for any partition A, the corres-
ponding point in the (scheme-theoretic) zero fiber of p comes with
multiplicity equal to (dim V;)*, where V; is an irreducible representation
of the symmetric group S, attached to the partition A in the standard way,
see [M].

1.2. In the present paper, we propose and prove the following g-analogue
of the above conjecture. Observe that the complex torus C* acts naturally on
GM, by z: (X,Y)—(z7'-X,z-Y), Vz € C* This C*-action descends to
the Calogero-Moser space %, and preserves the zero fiber p~!(0,0). Now
given Z, a partition of n, let p~1(0,0), be the corresponding irreducible
component of the zero fiber viewed as a nonreduced scheme (set theoretically
concentrated at one point). The C*-action keeps these points (set
theoretically) fixed hence, for each A, induces a C*-action on the coordinate
ring of the scheme p~!(0,0),, a finite-dimensional vector space. The
character of this finite-dimensional C*-module may be viewed as a Laurent
polynomial ch; € Z[q,q""']. Now, recall that for each partition A one defines
the Kostka polynomial K;(q) € Z[g] which is a certain g-analogue® of dim V,
the dimension of the corresponding irreducible &,-representation, see e.g.
[M, II1.6].

Our result reads
THEOREM. For any partition A (of n), we have: ch; = K;(q) - K;(¢7").

1.3. This result has a natural generalization to other finite complex
reflection groups W in a vector space ). In more details, in [EG] the authors
associate to a pair (), W) a Calogero—Moser space €y, together with a finite
map p: Ew — h/W x h/W. In the special case h = C" and W = S,,, the
space ¥y reduces to the variety €, and the map p: €w — h/W x h/W
reduces to the map p : %, — A" x A™ considered above.

More generally, in this paper we will consider the case where h = C" and
W =T ~ &, is a wreath product of &, and I' = Z/NZ, a cyclic group of
some fixed order N (thus, W = S,0<(Z/NZ)"), acting naturally in ). It has
been proved in [EG] that the corresponding Calogero—Moser space
@rn, = %w is a smooth affine algebraic variety isomorphic to a certain
Nakajima’s Quiver variety for a cyclic quiver.
2In the main body of the paper, we use a minor modification K;(g) of the standard K;(q)
possessing a property K;(q) - K;(¢7") = K;(q) - Ki(g7").
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Conjecture 17.14 of [EG] states that the reduced fiber of p over (0,0) €
b/ W x b/ W can be identified with the set Irrep(W) of isomorphism classes
of irreducible representations of W, and the multiplicity of the point in this
fiber corresponding to p € Irrep(W) equals (dim p)z.

It is well known that the irreducible I' ~ S,-modules are naturally
parametrized by the set B (n) of I'V-partitions of n, see e.g. [M, Part I,
Appendix B]. Here I'V is the set of irreducible characters of I', and a I'Y-
partition A is a collection (4,, y € I') of ordinary partitions such that
>, 14,/ = n. It is known that the points of reduced fiber of %, over (0,0)
are also naturally numbered by 3;-(n) (in case of trivial I' it was proved in
[W], and in the general case in [K2]). By abuse of notation we will denote the
point in the fiber corresponding to A € B(n) by A as well.

1.4. The cyclic Calogero-Moser space %, has a natural C*-action, such
that its fixed point set (6 € coincides with the reduced zero fiber. We
consider the character of mduced C*-action in the Artin coordinate ring /4
of the component p~!(0,0) , of the fiber concentrated at the point A € (6?”

1.5. For an arbitrary cyclic group I'=Z/NZ and A € By(n), we
introduce a polynomial K,(¢) € Z[g] which is a g-analogue of dim V,, the
dimension of the corresponding irreducible I' ~ S,-module, see 5.4, and
prove the following.

THEOREM.  The character of C*-module O, equals K4(q) - K4(g™").

1.6. Our proof is a straightforward application of the remarkable work
[W]. Wilson has studied the reduced fibers of the second projection p; :
%, — A" and identified them as certain products of Schubert cells in
Grassmannians. His results reduce our problem to some classical computa-
tions in Grassmannians.

One ingredient in the proof of Theorem 1.2 is a relative Drinfeld
compactification €, of the Calogero-Moser space 6, (such that the
projection p> extends to the proper projection p, : €, — A", see 2.5) and
its cyclic version, see 5.3. Though it enters our proof only at some technical
point, we believe that €, is a very interesting object in itself.

The space €, was, in fact, implicitly introduced in [W] where Wilson
studied the embedding of %, into the adelic Grassmannian Gr,q (the cyclic
version of this embedding is studied in [BGK]). Wilson constructed a set-
theoretic partition Gryg = | |;cn 4. However, it turns out that the union
|lo<k<n €k cannot be equipped with the structure of an algebraic variety.
The algebraic variety €, has, on the other hand, a natural partition €, =
Lp<ken €x x A9 see 2.6, into smooth locally closed strata (similar in
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spirit to the stratification used in [K1]) and may be viewed as an algebraic
“resolution” of | |y<,<, €k, a nonalgebraic substack of Gryy. The name
“Drinfeld’s compactification” is suggested by a close analogy with Drinfeld’s
quasimap spaces, cf. [K1].

In 2.7 we propose an alternative conjectural definition of %, as a step
towards its generalization for other Nakajima quiver varieties.

2. WILSON’S EMBEDDING INTO A RELATIVE GRASSMANNIAN

2.1. The Calogero—Moser space. Fix a positive integer n and consider the
space .4, defined in (1.1). Then €.#, is smooth, and the action of PGL,
by the simultaneous conjugation is free (see [W]). The quotient space
€, = €.#,/PGL, is a 2n-dimensional smooth affine algebraic variety, the
Calogero—Moser space. For n = 0 we define % to be a point.

Recall that A" .= A"/&,. The assignment Y — Spec(Y), sending a matrix
Y € Mat, to the n-tuple of its eigenvalues viewed as a finite subscheme of A!
given by zeros of the characteristic polynomial of Y, yields an isomorphism
of algebraic varieties: Mat,/PGL, S Am (where Mat, /PGL,, denotes the
categorical quotient). The second projection ¢.#, — Mat,, (X,Y)— 7Y,
descends to the projection =, : €, — A" Wilson has determined all the
reduced fibers of 7,. Namely, he constructed an embedding of any fiber into
a certain product of (finite dimensional) Grassmann varieties, and identified
the image with a union of products of certain Schubert cells. Let us
formulate his results more precisely. Till the end of this section fiber means
reduced fiber, and we write 7~!(—) instead of 77! (=), quced-

2.2. THEOREM (Wilson [W, 7.1]). Suppose a divisor D = D) + D, € AM
is a sum of divisors D € A D, e A¥ yith disjoint supports. Then there is
a canonical isomorphism m, ' (D) ~ n,'(Dy) x n;'(Dy).

We will refer to this result as the factorization property of the projection 7,
(or rather of the collection of maps =, over n € N).

2.3. In view of the above theorem, in order to describe an arbitrary fiber
of m,, it suffices to describe the fiber over the principal diagonal, 7, ! (ny),
y € Al. To this end, consider the polynomial algebra C[z] and, for any y € C
write m,, = (z — y) - C[z] for the corresponding maximal ideal. Let Gr(n, y) ~
Gr,(C*) be the Grassmannian of n-dimensional subspaces in the 2n-
dimensional vector space Clz]/m}". The vector space Clz]/n" comes
equipped with a distinguished complete flag

0cCng" ' /m) w2 /ml oo € my /g C Cl2]/my)
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(quotients of ideals). This flag defines the Schubert stratification of Gr(n, y).
Let Sch,(y) C Gr(n,y) denote the locally closed subvariety formed by all
the Schubert cells (the strata) of dimension 7.

THEOREM (Wilson [W, 6.4]).  There is a canonical isomorphism n; ' (ny) ~
Sch, ().

2.4. Wilson also describes the way the above fibers glue together. In order
to formulate his result, we recall that A" may be viewed as the space of all
codimension n ideals I C C|[z], and introduce the following definition.

DEFINITION. The relative Grassmannian 4, is the space of pairs (1, W)
where I C C[z] is a codimension n ideal, and W C C[z]/I? is an n-
dimensional linear subspace.

Clearly, %, is a quasiprojective variety equipped with a projection 7, :
%, — A" (I, W)—1. For any I € A" we have: 7' (I) ~ Gr,(C*").

Wilson considers an open subset %,°° C %, formed by the (conjugacy
classes of) pairs (X, Y) such that Y is diagonalizable and has pairwise
distinct eigenvalues. Each element in 47°9 has a unique representative of the
form Y =diag(yi,...,yn), X = ||xy|], with x; = (y; —yj)fl7 for i#j, and
xi = o;. To the n-tuple (yi,...,y,) we associate the n-tuple of lines W; =
(I —=oi(z—y)) C C[z]/mii, i=1,...,n, in the corresponding 2-planes.
Wilson defines an embedding f : 4779 — ¥, by the formula f: (X,Y)—
(I, W) where I = (z—y1)-...-(z—yy), and W is set to be a direct sum of
the lines W, that is,
IT=my -...-my, W =W, c Clz)/I* = ([3[2}/111}2,l @B C[z]/min.

TaeorREM (Wilson [W, 5.1]). (1) The map p extends to an embedding
p: 6,9, commuting with the projections m,.

(ii) Given D= myr € A" and Cen,"(D)C b, write C=

(Wh,...,Wi), Wiy e Sch,, (yx). Then, under the natural identification

Cl)/ T}, m2% = @}, C[z]/m2™, we have

2.5. Drinfeld relative compactification. We define €, C 9, as the closure of
B(€,) or, equivalently, of (%9). Specifically, consider the open stratum

of the diagonal stratification A(H) c A™  formed by all the n-tuples
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of pairwise distinct points. Consider the locally closed subvariety
% c n;l(A(n)

{(1, Wyl[I=my, -...-m,, W cCC[z]/I*= }

) C %, formed by all pairs

Clzl/mg, ® --- @ C[z]/m;, ), such that W N (Clz]/m;) #0,Vi
Thus, W is a direct sum of lines W; C C[z]/n; .

DEFINITI_%I. The Drinfeld compactification 6, C %, is defined as the
closure of €, 9 in 4,. The restriction of @, : 4,, — A to %, 1s also denoted
by w,.

Clearly, 7, : €, — A" is a projective morphism.

2.6. Twist by a divisor. The rest of this section will not be used elsewhere in
the paper but it helps to understand better the structure of %,.

For 0<k <n we will define a map twist} : & x AR _ &, (twist by a
divisor). To this end, given an ideal I C C[z] of codimension n — k,
and (J, W) € %y, take the preimage of W under the natural projection
Clz]/1J? — Clz]/J?, and let W' C I/I?°J?> C Clz]/I?J* correspond to this
preimage under the natural identification I/I°J? ~ C[z]/1J?>. We set
twist ((J, W), I) = (IJ, W').

From now on we will identify %, with its image f(%,) C €, C %,. Given
y € A, write Sch,,(y) C Gr(m, C[z]/mim) for the union of Schubert cells of
dimension <m. Wilson’s Theorem 2.4 yields

]THEO£~:M. (i) Let D= 22:1 neyr € A", Then (D) C %, equals
[Liz; Schy, (vk).  Specifically, — under  the  natural  identification
Clz)/ [Tjey w2 = @k_,Clz]/m2™, a point (Wi,..., W), Wi € Schy, (y),

Yk
corresponds to ®%_, W.

(i) €.\ %, = twist_, ((_gn,l x Al ), where the RHS is a closed subvariety.

(iii) €, is a disjoint union of the locally closed subvarieties:

n
€, = |_| twist! (%) x A5).
k=1

n)

Part (i) implies, in particular, that the map =,:%, — Al enjoys the

factorization property.

2.7 Remark. One would like to find a construction of €, in the ordinary
Calogero—Moser setup of 2.1, avoiding the use of adelic Grassmannian.
Here is a conjectural definition. Recall that ¥.#,, C Mat, x Mat, is a smooth
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closed subvariety. Now Mat, can be viewed as an open subset of Gr(n,2n)
via identifying a matrix X with the graph Wy c C"®C" of the
corresponding linear map C" — C". Let .4/, be the closure of €.#,
Gr(n,2n) x Mat,. The group PGL, acts on ‘g/% naturally: g(W, Y)
(gW,gYg™"). Let (6 be the GIT quotient of €.#', w1th respect to PGL,,.

Question. 1s there an isomorphism ‘%; ~ @, extending the identity
isomorphism on the common open subset ‘6:13(6,1 C %.?

3. C*-ACTION ON SCHUBERT CELLS

3.1. For y = 0, we write Gr(n) instead of Gr(n, ) for the Grassmannian of
n-dimensional subspaces of C[z]/(z*"). We have the standard complete flag

in C[z]/(z*") (see 2.3):
0cCmd/m¥" cmd?/md" C - C mp/md" C Clz}/m"

Recall that Sch, C Gr(n) is a disjoint union of the n-dimensional cells,

which are known to be exactly the cells Sch; numbered by the set B(n) of

partitions of n. In more detail, given a partition 2 = (/4,...,1,), 0</; <
<l,, L +...4+ 1, =n, we have

Sch, ={W € Gr(n) | dim (W N (md" " /a2 =i, Vi=1,....n;
and dim (W N (mfo/mﬁ’“)) =i, Vj such that
2n—l,~—i>j>2n—l,~+1—i—1}.

The multiplicative group C* acts on C[z] by (c,z')+> ¢z, This action
induces a natural action on Sch; C Gr(n) contracting this Schubert cell to
the unique fixed point W = (z21=h=1 2n=b=2" 2n=h=n) (we think of the
point W, € Gr(n) as a vector subspace spanned by the base vectors
Zn=h=1  Z22=h=") The tangent space Ty,Sch; at the point W, is
naturally isomorphic to the direct sum of the following vector spaces of
linear maps:

HOI’)’!(CZ2”71171, <221171’ o ’22n711>)@

[_Iom(([:zh—lz—27 <22n—1, o ,22”"1—1, . 2211—]2—l>> @ P
Hom(([:zznfl”*n, <22n71’ o ’Zzn_ll—l, o ’ZZn—l;—i’ o 722"71”7"“))7

where * means omission of an element. From this we read off easily the
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character of C* on Ty, Sch;. Specifically, write /;(u) for the hook length of
a box u in the Young diagram attached naturally to a partition 1. Below, we
use the notation ¢’ for the character C* — C*, cr— ¢/, and write ch V for the
character of a finite-dimensional C*-module V.

3.2. LEMMA. We have: ch(Tw,Sch;) =3, , ¢ ¥,

4. NILPOTENT EXTENSIONS OF SCHUBERT CELLS

4.1. Recall the map 7, : %, — A”, (X, Y)> Spec(Y). Denote this map
by p», and similarly, consider the other projection p, : %, — AW, (X,Y)
— Spec(X). Note that there is an involution w on %, such that w:
(X,Y)— (YY", X"), and we have: p; = p, oco Letp (p1,p2) stand for the
simultaneous projection (p1,p3) : €, — AM x AW To dlstlngulsh between
the two copies of A" we will use the notation p: %, —>A XA"
According to [EG], the map p is a finite morphism.

The scheme theoretic fiber p;!(0) is a disjoint union of schemes p5'(0),

such that the underlying reduced scheme is Sch;, to be denoted Schi from
now on. Simildrly, the scheme theoretic fiber p;!(0) is a disjoint union
of schemes p;'(0); such that the underlying reduced scheme is denoted
by Sch;.

Our goal is to compute the scheme theoretic fiber p~1(0,0). It is well
known that the correspondmg reduced scheme is a disjoint union of points:
the C*-fixed points of SCh (or equivalently, Sch? 0 Abusmg the language
we will denote the C* ﬁxed point of SCh2 by 4; thus Sch N Sch2 = 1. We
will denote the (scheme theoretic) connected component of p~ 1(0,0)
concentrated at 4 by p~1(0,0),.

Note that p~! (O 0) is the fiber over 0 € A with respect to the pr0]ect10n
pi: pyi(0);, — A . Our first step will be to compute the fiber over 0 € A
with respect to the projection p; : Sch — A

4.2. Recall that the Kostka polynomial associated to a Young diagram /
is a polynomial in the variable ‘¢’ given by the formula: ¢"*(1 —¢)..
(1—=¢" 1,1 — ¢~ where m(2) is a certain positive integer, see [M,
p- 243, Example 2]. This is a g-analogue of the dimension dim V) of the
irreducible representation ¥, of the symmetric group S,. We will consider a
version of Kostka polynomial with the lowest term equal to 1, that is, we put

Ki(q)=(1—-q)...(0—¢") JJ(1 = ¢"“)".

UeL
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PROPOSITION. For scheme-theoretic intersections, we have
ch @(Schi ﬂpl_l (0),) =K;(q) and ch (O(Schi ﬂp{l 0),) = Ki(q_l).

Proof. The two formulas are analogous, so we only prove the first one.
We compute the geometric fiber of the sheaf (p;),.0 (scn?) At the point 0 € N ")

This is a locally free coherent sheaf, that is a (trivial) vector bundle, so to
compute the character of its geometric fiber at 0 it suffices to know the
character ch @(Sch ) of its space of global sections, and the character of
O (N >) Now we pass to the formal completions at 0 and A. Thus, we are
reduced to finding the characters of tangent spaces T(A and T} Schf. The
former character equals 1 + ¢! +---+ ¢, while the latter character was
computed in Lemma 3.2. We conclude that ch @ e =(1—¢q)"

(1—¢n" andch@SCh 5= e, (1 =¢M)" ' Thus, Weget

ch O(Schi Np;'(0),) = ch Oy ,/ch O = Ki(g) W

4.3. We are going to compute ch ¢(p~'(0,0),) along similar lines. To
this end, it suffices to compute the character of the completion ch (9 -1(0),.
We will prove that ch0, S0, = K@) TLe, (1- gy, Hence
arguing exactly as in the proof of Proposrtron 42 we will be able to
conclude that ch O(p~1(0,0),) = K;(¢)K:(¢™"), as required in Theorem 1.2.
Thus, to prove the theorem it suffices to prove the following.

PROPOSITION.  ch (Aﬂpglmm = K (¢ ") L, (1 — g~
4.4. We start the proof of the proposition with the following.
LEMMA. The smooth varieties Sch’ and Schi are transversal at \.

Proof. The varieties Schi and SCh are smooth of complementary
dimensions. Moreover, the character of T,Sch? Y a polynomial in ¢!
without a constant term, while the character of T} Sch is a polynomial in ¢
without a constant term. Hence, these two tangent spaces must have zero
intersection, and we are done. 1

Thus, the formal completion of €, at A is isomorphic to a product of
formal completions of Sch} and Sch at /. We will denote by pr; and pr the
projections to the corresponding factor. The fiber over 4 of the restriction of
pra to the formal completion of p;!(0), equals pr;'(2) = Sch} N py1(0),.
We already know formulas for ¢k ¢(Sch} Np; 1(0),) and ch @Schfw so to

complete the proof it suffices to show that pr,, (01,271(0)/_'7 5 1s a (trivial) vector



146 FINKELBERG AND GINZBURG

bundle on the completion of SCh at /. To this end, it suffices to show that
the dimension of the generic ﬁber of (pr2),0 51(0),. equals dim 0(Schin
5(0),) = d; (= dim V;). But the dimension of the generic fiber equals m,,
the multiplicity of the scheme p;!(0) at the generic point of its reduced
subscheme SCh2

To compute thls multiplicity m; we may as well work in the Dnnfeld
compactification %, embedded into the relative Grassmannian %, over A
For a general point y, the fiber p;'(y) C Gr(n,y) is reduced at the generic
point, so m; is the coefficient of the cycle class [p;'(y)] with respect to the
Schubert basis {[Sch;], 2 € B(n)} of the degree 2n homology group of
Gr,,(C™).

Now recall that a general n-tuple y = (y1,...,¥n) €A§n> of pairwise
distinct points gives rise to a direct sum decomposition Cz]/m}, -...-m3
=®,Clz ]/my, and p; (_) C Gr(n,)_/) is the product of corresponding
projective lines: p;'(y) = P! x --- x P! € Gr,(C*"). It is the classical result
of Schubert calculus that for the correspondmg homology classes one has an
expansion: [P' x P'] =3, m; - [Sch;]; moreover, the coefficients m;
can be read off from the formula: pf = >, m; -s,, an expansion of the nth
power of the first symmetric function p, with respect to the basis of Schur
functions s;. The coefficients in the latter expansion are well-known to be
equal to d; = K;(1), see e.g. [M, p. 114].

This completes the proof of Proposition 4.3. and the proof of
Theorem 1.2.

5. CYCLIC CALOGERO-MOSER SPACE

5.1. Consider the action of I'=7/NZ C C* on the Calogero-Moser
space %,n. The fixed-point subvariety %,’;N consists of various connected
components. There is a single component characterized by the property that
the representation of I in the fiber of the tautological bundle at any point in
this component is a multiple of the regular representation, see [K2]. We will
call this connected component & ,. According to [M], €, is a special case
of Nakajima’s Quiver variety (corresponding to N-cyclic quiver with n-
dimensional spaces at all “finite” vertices, one-dimensional space at an
“extended” vertex, and a nonzero value of the diagonal moment map).

We have the natural projection p = (p1,pa) : @r, — (A 5 AT
Note that

(A (nN) A(nN) (AgnN))I“ % (A(an))F and (AEnN))I' _ (AZI/F)(’”

to be denoted A = (N”N))r,z =1,2, and view p as a projection p =

(3
(p1,p2) 2 Gra— Ar | X A(" The natural C*-action on %,y when restricted
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to %r, factors through 2 C*, and we will consider the resulting
C*-action on %r, (which is generically free).

5.2. Wilson’s embedding f: €,v <& 9,y is I'-equivariant, and its image
lands into a connected component %, C 4! .. characterized by the property
that the representation of I' in the fiber of the tautological bundle at any
point of this component is a multiple of the regular representation (to see the
inclusion: %r, C 9r, it suffices to check it at any C*-fixed point, e.g.
/.= (nN)). We will denote by f: %r,< %r, this I'-version of Wilson’s
embedding, and we will use it to describe the reduced fibers of p;.

First of all, the action of I' on Clz]/(z*"V) yields a weight space
decomposition: Clz]/(z*"V) = ®,er(Clz)/ (z2"V)),» according to the char-
acters of I'. Each weight space is 2n-dimensional. Note that we can
canonically identify I'V with Z/NZ, and then (C[z]/(z*"N ), is spanned by

{z%, k = 7 (mod N)}. The fiber of %, over nN -0 € (A" is given by

W c /(=) =@ w,, W, (CE/E™N)),, dimW,=n

yery

(hence, each vector space W has dimension nN). Thus, this fiber equals
1 Gr(n, (Clz]/(z*"Y)),). Each space (C[z]/(z*"V)), has a distinguished
complete flag (given by the intersections with powers of the maximal ideal).
Thus, each variety Gr(n, (C[z]/(z*"V )),) has a natural stratification into
Schubert cells numbered by partitions.

Set Pr(n) = {A,|x €I, >, 4] =n}, and given A4 € Pp(n) put Sch?
=11,Sch;, C [[,; Gr(n, (C[z 1/(z z"N)),). Now Wilson’s Theorem 2.3
together Wlth [K2, Corollary 4.18, Theorem 5.3] yield the following.

PROPOSITION.  The reduced fiber of %r, over 0 ¢ Arz is canonically
isomorphic to 1] 4cq () Sch’.

COROLLARY. (i) Each component Schf1 contains a unique C*-fixed point
A€ br,.
(ii) The reduced fiber of p: 6r, — A I X A ra over (0,0) coincides
with the set (6” = PBr(n).

We will denote by p~'(0,0), the connected component of the scheme
theoretic fiber concentrated at the point A, and we will write p;!(0) ,, resp.
p5'(0),, for the connected component of the scheme theoretic fiber
concentrated at Sch! 4> Tesp. Sch
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5.3. We define the Drinfeld compactification % rnD%r, as the closure of
%r, inside 9r . )
We will need a description of a general fiber of p> : €, — A(rn)z Choose

{, a primitive Nth root of unity. Then a general point y € AE_")z can be
represented by a collection

)_} = (ylaé’J/lw-->CN_1)’17)’2>~~~,CN_1)’27~-->)’ny--~7CN_])/n)

of nN pairwise distinct points of Aé. The 2nN-dimensional vector space
V =C[z]/m;, ...mgN,lh is acted upon by I', and has a weight space
decomposition V' = &, v V), according to the characters of I'. Thus, this
decomposition has N direct summands, each of dimension 2n. We also
have a direct sum decomposition V =U & ---d U, where U;=
C[z]/mi_...m?v,lyi. Note that for any i=1,...,n, and y €I, the
intersection U; NV, is two dimensional. We will denote this intersection
by Vi,.

The fiber of the projection pzzgp,naA(r'f)z over J_/EA% equals
[1,crv Gr(n, V;). The fiber over y of the restriction of this projection to
%n C 9r,, is isomorphic to [],;,.,P', where the space [, _;,P' is
embedded into [[ ;v Gr(n,V,) as follows. We have a direct sum
decomposition U; = @ez/nzClz] /m?,(y[7 and the action of I' on U;
permutes the summands. Hence C[z]/mii projects isomorphically onto
any V;,. Given a line é,-e[lj’l(C[z]/mz,’,) we denote by ¢, C Vi, its
image under the bijective projection above. Finally, for a collection
{4} elli<icn I]J’I(C[Z]/mf,i) the corresponding point of [] v Gr(n, V)
is the collection of subspaces {©ili; C Vy},crv-

5.4. Our aim is to compute the character of C*-action on the Artin ring

O(p~'(0,0) ,), that is, to prove Theorem 1.5. The proof is entirely similar to
that of 1.2. Let us spell out the intermediate steps. First, we define:

Ki(@)=(1-q)...(0=¢) J[ (=g

u€iy €l
Analogous to Proposition 4.2, we obtain
ProOPOSITION.  We have
ch Oﬂ(SChf1 Np;y'(0) ) = Ka(q) and ch (Q(Schi1 Npy'(0) ) = Ka(g™).

Further, an analogue of Proposition 4.3 reads
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5.5 PROPOSITION. ch (Aﬁpgl(o)mA =Ka(q")  Tles, yer (1= 4" )~

To prove this last Proposition we argue as in 4.4. It suffices to show that
the generic multiplicity m, of p5'(0) , equals d4 == K,(1). To this end, we
turn to the cyclic version of Drinfeld compactification @r,, see 5.3. A
general fiber p; 1()_/) being reduced at the generic point, m, are the
coefficients of the fundamental class [p;'(y)] with respect to the
Schubert basis {[Sch,], 4 € B,(n)} of the degree 2rn homology group
of [T,er Gr,,(C*"). Our description of the general fiber p; (y) in 5.3 boils
down to the following.

Take the diagonal embeddmg P! = Apr & H/Erv P!. For each y € I'V we
have an embedding (IP’ ) < Gr, as in 4.4. Now form the composition

(P> ‘—>H c—>1_[GI'nV)

yery yery

The homology class of [4p] in the second homology group of [[ ., P, P!
equals >, [IP ], the sum of degree 2 generators of the homology groups of
the factors. As in 4, 4, we conclude that [(4p1)"] = >, m4 - [Schy], where
the coefficients m, are equal to the coeﬂiments in the expansion of (3, p, )"
with respect to the basis of Schur functions S,. (Here p,, is the first
power sum symmetric function in the variables x;,, 1<i<oo, and S, =
1, s5,(xiy), see [M, part I, Appendix B].) The latter coeﬁiments are
in turn equal to: n./HuUZ_Xerv h)(u) =ds = K4(1), see [M, (9.6) on p. 178].

This completes the proof of Proposition 5.5, hence the proof of
Theorem 1.5.
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