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Abstract

Let (X,Y)bea RY x Np-valued random vector where the conditional distribution of Y given X = x is
a Poisson distribution with mean m(x). We estimate m by a local polynomial kernel estimate defined by
maximizing a localized log-likelihood function. We use this estimate of m(x) to estimate the conditional
distribution of Y given X = x by a corresponding Poisson distribution and to construct confidence intervals
of level o of Y given X = x. Under mild regularity conditions on m (x) and on the distribution of X we show
strong convergence of the integrated L distance between Poisson distribution and its estimate. We also
demonstrate that the corresponding confidence interval has asymptotically (i.e., for sample size tending to
infinity) level o, and that the probability that the length of this confidence interval deviates from the optimal
length by more than one converges to zero with the number of samples tending to infinity.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let (X, Y) be a R x R-valued random variable. In regression analysis the dependency of the
value of Y on the value of X is studied, e.g., by considering the so-called regression function
m(x) = E{Y|X = x}. Usually in applications there is little or no a priori knowledge on the
structure of m and, therefore, nonparametric methods for analyzing m are of interest. For a
general introduction to nonparametric regression see, e.g., [12] and the literature cited therein. In
this paper we are interested in the special case that ¥ takes on with probability one only values
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in the set of nonnegative integers Ny, and we assume that the conditional distribution of ¥ given
X = x is a Poisson distribution, i.e., we assume

W e ) (y € Ng, x € RY).

P{Y =y|X =x} =
In case of a linear function m this is the well-known generalized linear model (cf. [26]) with
Poisson likelihood. In the sequel we do not want to make any parametric assumption on m. In
this situation we want to use the observed value of X to make some inference about the value of
Y, in particular we are interested in constructing confidence intervals for ¥ given X = x.
To do this we assume that a sample (X1, Y1), ..., (X,, ¥;;) of the distribution of (X, Y) is
given, where (X, Y), (X1, Y1), (X2, Y2), ... are independent and identically distributed. In a first
step we use the given data

Dn = {(Xl» Yl),--~,(Xn, Yn)}

to construct an estimate m,, (x) = m,(x, D,) of m(x) and estimate the above conditional proba-
bilities of ¥ = y given X = x by

—mn (x)y . e_mn(x)

P{Y = y|X = x} = ==
y:

)]
Of course, any of the standard nonparametric regression estimates (like local polynomial kernel
estimates, least-squares estimates, or smoothing spline estimates) could be used to estimate the
regression function m at this point. However, we are not so much interested in good estimates of
m but instead in good estimates of P{Y = y|X = x}. Our main aim is to construct estimates such
that the integrated L; distance between P{Y = y|X = x} and ﬁn{Y = y|X = x} converges to
zero. Since convergence of the L distance between densities to zero is equivalent to convergence
to zero of the total variation distance between the corresponding distributions (cf., e.g., [7]),
this automatically implies that the level of confidence regions of ¥ given X = x based on
P,{Y = y|X = x} converges in the average and for sample sizes tending to infinity to the
nominal value (cf. Corollary 1 below).

We define regression estimates with this property similarly to [10] by maximizing a localized
log-likelihood function with respect to polynomials. This kind of estimate can be considered as an
adaptation of the famous local polynomial kernel regression estimate (cf., e.g., [11]) to Poisson
regression. The main result of this paper is that we show (under some mild conditions on the
underlying distribution) almost sure convergence to zero of the integrated L; distance between
P{Y = y|X = x} and its estimate (1).

A number of papers have been devoted to Poisson regression and its applications. Automatic
methods for the choice of the bandwidth of the Nadaraya—Watson kernel estimate (cf. [27,36])
in Poisson regression have been investigated in [5,15], while in the first paper, in addition, the
estimation of a direction vector in a single index model is considered. The Nadaraya—Watson kernel
estimate can be also defined as localized log-likelihood estimate provided polynomials of degree
zero are used. Related penalized log-likelihood estimates have been investigated (in particular in
view of automatic choice of the parameters) in [29,38]. For the related local maximum likelihood
estimates the choice of the bandwidth was investigated in [10] in particular in the context of
nonparametric logistic regression. Cross-validation of deviance in generalized linear models was
discussed in [16]. The amount of smoothing for Poisson intensity reconstructions in medical
computed tomography was studied in [30]. Poisson regression estimation has been applied by
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Kolaczyk [20] to estimation of X-ray and y-ray burst intensity maps in astrophysics using Haar
wavelets. Regression estimation minimizing roughness-penalized Poisson likelihood was applied
to tomographic image reconstruction by La Riviere and Pan [22]. Nowak and Kolaczyk [28]
applied Bayesian multiscale methods to Poisson inverse problem.

In the proofs of the main results we use ideas developed in empirical process theory for the anal-
ysis of local-likelihood density estimates as described in Chapter 4 of [33] (see also [23,24,3,4])
and apply them to Poisson regression. The proofs are tailor-made for the proposed estimate.

The definition of the estimate is given in Section 2, the main results are described in Section
3, an outline of the proof of the main theorem is given in Section 4, and Section 5 contains the
proofs.

2. Definition of the estimate

We define the estimate by maximizing a localized version of the log-likelihood-function
n QY[
— —0
L) = igl log (W e )

of a Poisson distribution and throughout the paper log is a natural logarithm. To define such a
localized log-likelihood function, let K : RY — R be a so-called kernel function, e.g., K (1) =
L{ju) <1y (Where 14 denotes the indicator function of a set A and ||u| is the Euclidean norm of
u € R?%), and let i, > 0 be the so-called bandwidth, which we will choose later such that

hy >0 (n— o0).

The localized log-likelihood of a function g : R — R4 at point x € R? is defined by

n Y:
(X" _x, x—X;
Lioe(glx) = ) log <gy_,' e 3(’(1)) K (h—l) .
i=1 ' n

1
We estimate m (x) by maximizing Lo (g|x) with respect to functions of the form
g(.x(l), ey x(d)) = exp Z ajl,....,jd . (x(l))/l . (x(d))]d - (2)
Jtseeesja=0,.... M

More precisely, let M € Ny, 5, > 1 and set

Fup, =1 R R, x D= 3" a6 )y
J1sees Ja=0,..., M
. log(B,)
1 d
D, x@DeR) forsome aj, . j, € Rwith|aj, Mgﬁ

and

Om.p, = [g RS Ry ogx) = exp(f(x)) (x € R) for some f € fM,/},,}~
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Note that M controls the degrees of polynomials in (2) and 5, controls the size of polynomial
coefficients. The bound on the coefficients in the definition of F) g implies

1
— <g(x)<p, forallx € [0, 114

n

forall g € Gy p . Later we will choose f, such that
p, — 00 (n— 00).

We note that f§, is needed in the proof of consistency of the estimate. For an example of a
nonconsistent regression estimate without /3, in context of L, regression estimation using local
polynomial kernel estimates with degree greater zero refer to Problem 10.3 in [12]. With this
notation we define our estimate by

my(x) = gx(x), 3

where g, € Gy, p, satisfies

n Y;
X4 i . X — X
gy = arg max Zlog (M 'e_g(X’)> -K <—l> .
2€0m.p, P Y;! hy

(Here zo = arg max_ep f(z) is the value at which the function f : D — R takes on its maximum,
i.e., zo € D satisfies f(z9) = max,cp f(z).) For notational simplicity we assume here and in the
sequel that the maximum above does indeed exist. In case that it does not exist, it is easy to see
that the results below do also hold if we define the value of the estimate at point x as the value of
a function g € Gy g which satisfies

() (52

i=1

X; —X;
> sup Z log (g(Y )i e—g(x,-)> K (x h ,> e
1 n

gegM Bnoi=1

provided ¢, > 0 is chosen such that

e —> 0 (n— 00).
Results concerning practical implementation of the estimate with degree zero are described in
Remark 5 in the next section.

3. Main results

In the next theorem, we formulate our main result which concerns convergence to zero of the
integrated L distance between the conditional Poisson distribution and its estimate.

Theorem 1. Let (X,Y), (X1, Y1), (X2, Y2), ... be independent and identically distributed RY x
No-valued random vectors which satisfy

PIY = y|X =x} = "9 om0 () e Ng.x € RY)
y.
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for some function m : R? — (0, 00). Assume

X €0, l]d a.s. 4
and

Im(x) = m@)| < Ciiplm) - |x — 2|l (x,z € RY) &)

for some constant Cyjp(m) € R, i.e.,assumethat || X | is bounded a.s. and m is Lipschitz continuous
with Lipschitz constant Cp(m).
Consider a kernel K : R? — R, satisfying

K@) =K(lul) (ueR)
for some K: R4+ — R4 which has total variation V. < oo and satisfies for some r, R, b, B > 0

bl <K®<B - 1or @) ©eRy). (6)
Choose B,,, hy > 0 such that

B, — 00 (n— 00), (N

haB exp(c- ) — 0 (n— 00) ®)
for any constant ¢ > 0, and

2d

n-h;

log(n)®

—> 00 (n— 00). )
Define the estimate ﬁn{Y =y|X =x}asin (1) and (3). Then

/Z [P.{Y = y|X = x} — P{Y = y|X = x}|Px(dx) = 0 a.s.
y=0

The finite total variation condition and (6) is satisfied by many standard kernels with compact
support, e.g., by naive, triangular and parabolic kernel.

By a discrete version of Scheffe’s theorem (which follows, e.g., from the proof of Theorem 1.1
in [6]) we have for x € RY,

o0
Y [PulY = yIX = x} — P{Y = y|X = x}]
y=0

=2 sup [Y P {Y =y|X =x}— ) P{¥ =y|X =ux}, (10)
ASNo yEA yeA

therefore, under the assumptions of Theorem 1 the integrated total variation distance between
P{Y = -|X = x} and P,{Y = :|X = x} converges to zero almost surely. This can be used to
construct asymptotic confidence intervals for Y given X = x. Let o € (0, 1). Assume that given
X we want to find an interval 7 (X) of the form 7 (X) = [0, u(X)], which is as small as possible
and satisfies

P{Y e (X))~ | —o.
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To construct such a confidence interval we choose the smallest value u,(x) € R such that

> Py =yx=x>1-u (11)
yeNo,y Sup(x)

and set 7, (x) = [0, u,, (x)]. From Theorem 1, we have the following result
Corollary 1. Under the assumptions of Theorem 1 we have

liminf P{Y € I,(X)|D,} >1—0o a.s.
n—oo

Proof. By (11) we have
P{Y € 1,(X)|D,}
:/ > P{Y =y|X =x}Px(dx)

yel, (x)NNy

>l—a—|[ > PlY =yIX =x}Px(dx)
yel,(x)NN
_/ Z P{Y = y|X =x}Px(dx)|.
Y€l (x)NNo
Because of

Y. Py =yX=x)Px@0— [ Y P{¥ =yX=x}Pxdx)

yel,(x)NNo yel, (x)NNy

< [ sup [C Bty = 31X =x) = Y P = 51X = )| Py(av).

ASNo yEA yEA
(10) and Theorem 1 yield the assertion. [
Next we investigate whether the length u, (X) of the confidence interval /,,(X) converges to

the optimal length u (X), where for x € R? we define u(x) as the smallest natural number which
satisfies

Z PY =y|X=x}>1—a
yeNo.y <u(x)
If the case
Y Pr=yX=xj=1-o
yeNo.y <u(x)

occurs, a very small error in the estimate of m(x) may result in |u,(x) — u(x)| > 1. Therefore,
in general we cannot expect that u, (X) converges to u(X). Instead we show below, that the
probability that u, (X) deviates from u(X) by more than one converges to zero.
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Corollary 2. Under the assumptions of Theorem 1 we have

P{lupn(X) —u(X)| > 1} -0 (n— o0).

Proof. Set

my (X)”Y ) €_m"(X)

m(X)y ) e_m(x)‘
y! ]

P, (Y = y|X} = and P{Y = y|X} =

Since m is bounded away from zero and infinity on [0, 119 we can conclude that u(x) is bounded
and that
P{Y =y| X =x}>c¢; fory<u(x)+1

for some constant ¢; > 0. Assume that |u, (x) — u(x)| > 1. In case u, (x) > u(x) + 1 we have

Y. Plr=yiX=xj- ) P¥=yX=1i
veNp,y <u(x)+1 veNp,y <u(x)+1
<(1—oa)— Z P{Y = y|X =x} —P{Y = u(x) + 1|X = x}

yeNo,y <u(x)
<(I—o) = —-a)—c =—cr.

In case u(x) > u,(x) + 1 we have u(x) — 2 >u, (x) which implies

>, Rir=yix=xj- 3 PYr=yX=u

yeNg,y <u(x)—2 veNp,y <u(x)—2

>(1—o)— > P{Y = y|X =x}+P{Y = u(x) — 1|X = x}
veNo.y Su(x)—1
z(l—=0) =1 —a)+cp=cy.

From this we conclude that
[p(X) —u(X)| > 1
implies

Yo Py =yIXi— > PY =X} >

max
kefu(X)—2,u(X)+1
=20+ yeNo.y <k yeNo.y <k

From this we get by Markov inequality

P{uy(X) = u(X)| > 1} <P{ sup |Y Pu(¥ = y|X} = ) P{Y =y|X}| > )

AN yeA yeA
<2-E sup |Y P {Y =y[X}— Y P{Y =y|X] /2c1.
ASNo |yeq yeA

By (10), dominated convergence theorem and Theorem 1 we have

2-E sup Y PufY = y|X} - ) P(Y = yIX)
ASNy yEA yEA
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=E) _|P,{Y = y|X} — P{Y = y[X}|
y=0

ZEZ/ [P{Y = yIX = x} — P{Y = y|X = x}| Px(dx)
y=0

-0 (n— 00),

which implies the assertion. [J

Remark 1. We would like to stress that in the above results there is no assumption on the distri-
bution of X besides X € [0, 1]¢ a.s. In particular X is not required to have a density with respect
to the Lebesgue—Borel measure. We can handle the case of unbounded X using truncation.

Remark 2. It was suggested by the referee that is possible to weaken with considerable effort
condition (9) to nhﬁ /(log )M — oo for some M > 0 by making use of localization property of
the function K (%), x € [0, 114, by a properly chosen discretization of [0, 11¢. Similar approach
has been applied by Einmahl and Mason [9] to study uniform consistency of kernel estimators.

Remark 3. If we assume that the regression function is bounded by some constant L and that we
know this bound (this assumption is not required in the results above), we can construct a strong
pointwise consistent estimate m, (x) of m, i.e., an estimate which satisfies for Py-almost all x,

my(x) — m(x) a.s.,

which is bounded by L, too (the last property can be ensured by truncation of the estimate). Since
the function f(z) = z”-e~%is Lipschitz continuous on [0, L] with Lipschitz constant (y+1)- LY,
this pointwise consistency implies

Therefore, for truncated versions of estimates which are strong universal pointwise consistent,
the result of Theorem 1 does hold, too, provided a bound on the supremum norm of the regression
function is known a priori. Various strong universal pointwise consistent estimates have been
constructedin [1,2,21,35]. For related universal consistency result see, e.g., [32,31,8,13,14,25,19].

In view of this, the main new results in Theorem 1 are, that firstly the bound on m does not
have to be known in advance, and secondly the consistency result in Theorem 1 holds also for the
localized maximum likelihood estimate which has not been considered in the papers above, but
which seems to be especially suitable in the context of this paper where the main aim is not the
estimation of the regression function but estimation of P{Y = y|X = x}.

y y
Mn(X)” ()'C) ce M) _m(x') e Py(dx) = 0 as.
y: y:

Remark 4. Inthe paper we only consider the prediction intervals of the shape I (X) = [0, u(X)].
It is possible to extend the paper to intervals 7 (X) = [u1(X), u2(X)] of the smallest length.

Remark 5. In order to investigate the behavior of the estimate in practice we provide the results
of Monte-Carlo experiments. Take degree M = 0. This implies that our estimate is the Nadaraya—
Watson estimate with the naive kernel. Let m (x) = sin(2nx) + 2 and assume that X is uniform on
[0, 1]. In the simulations we used sample size of 100, 200, 400 and the bandwidth 4 = 0.1, 0.07,
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0.25 1 T
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0.15 | | :

0.10 - E
1 2 3

Fig. 1. Boxplots of the integrated L errors of the estimates of m for sample sizes 100, 200, 400.

0.05 (approximately const * 1/4/(n)). Each simulation was repeated 100 times, we calculated for
these 100 times the corresponding integrated L distance, and we produced three box plots of the
estimate corresponding to the three sample sizes. The results are shown in Fig. 1.

4. Outline of the proof of Theorem 1

In the proof of Theorem 1 we approximate the integrated distance between the estimated and
the true conditional Poisson distribution by the integrated Hellinger distance

[ 2
[ 2 (VEy =yix =) = VPV =31 =31 Putan (12
y=0

between the two conditional distributions and we show that it converges to zero almost surely.
Then we bound this integrated Hellinger distance from above by some constant times

il

and P{Y|X}=

{ P,{Y|X} +P{Y|X}
—E{lo
2P{Y|X)}

where

ma (X))
yr ¢

Next, we take advantage of Lipschitz continuity of m to approximate (12) by an expected value
of the smoothed conditional expectation

e P,{Y|X} +P{Y|X = x} c(P-X 'D
TRy X =2 (h) "

<x— X)
EK
hy

~ Y
X s
Y!

~ X Y
P,{Y|X) = Q LX)

Px(dx),

where
m(x)Y
y!

M),

P,(Y|X) = and P{Y|X =x} =
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We then approximate the nominator in the integral above by its empirical version and relate it
to the estimate. We note that by definition of the estimate and concavity of the log-function, the
empirical version of the nominator above

g(Xp)"i m(x)"i

o= (X)) . ,—m(x)
1< 2 Ty e x—X;
n Z log Yi K h
i 2’”()‘3_ Jp—_ "
Y!

is always nonnegative. Therefore, it suffices to show that the difference between the nominator
above and its empirical version is asymptotically small, which we prove by using results of
empirical process theory.

5. Proofs

Proof of Theorem 1. In the first step of the proof we observe that
i —~
/Z|Pn{Y:y|X:x}—P{Y:y|X:x}|PX(dx)—>0 a.s. (13)
y=0
follows from

00 2
/Z <\/§H{Y =y|X=x}—/P{Y =y|X = x}) Px(dx) —> 0 a.s. (14)

y:()

For the sake of completeness we repeat the proof of this well-known fact (cf., e.g., [7]). Observe
that fora, b > 0

2
la— b| = }«/E—\/E‘ : ‘ﬁ+d§) < (I—JE) +2\/E~‘«/Z—\/Z‘
and conclude from this and the Cauchy—Schwarz inequality

[ S0 Baty = 31 = x) = P{Y = 51X = )| Px(ax)
y=0

00 2
< /Z (\/ﬁn{Y =X =x) = /Y =y[X = x}) Py (dx)
y=0

Px(dx)

+2. / > V/P{y=y|X=x}- ‘,/ﬁ,,{Y:y|X:x}—\/P{Y:y|X:x}
y=0

00 2
< /Z <\/ﬁ,{Y =yIX =x} - VPY = y|X = x}) Py (dx)
y=0

+2~/ > Py =y|X =x}

y=0

00 2
x| ( P.{Y = y|X = x} — VP{Y = y|X = x}> Py (dx).
y=0
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With
SPY=yX=x}=Vi=1
y=0
and
00 — 2
> (\/Pn{Y — yIX =x) — /P = X = x}) Px(dx)
y=0

00 2
<1- /Z(\/ﬁn{Y=y|X:x}—\/P{Y=y|X=x}) Px(dx)
y=0

(which follows from another application of the Cauchy—Schwarz inequality) the assertion of the
first step follows.
In the second step of the proof we show

00 2
[ 3 (VBy =i = x) = VPV =3X =31 Patan
y=0

P,{Y|X} + P{Y|X)
<—16-E]l o, | s
{ Og< 2P(Y|X) ) "} (15)
where
~ X Y X Y
P, {Y|X} = mn;') o™X and P{Y|X) = % Lo mX)

Lemma 4.2 in [33] yields

00 2
» (/E{Y = y[X = x) — /P[Y = yIX = x})

y=0

2

<16-)" \/P"{Yzy'XZX}+P{Y=y|XZX} — Py =yx=x}| . (16
y=0

2

The rest of the proof mimics the proof of Lemma 1.3 in [33]. Define

P.{Y = y|X = x} + P{Y = y|X = x}
2

a(x,y) =
and
b(x,y) =P{Y = y|X = x}.

Inequality  logu < /u — 1 implies

lloga(x,y)< ax.y)
2 T bx,y) "\ b(x,y)
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or equivalently

l10 b(x,y) < a(x,y)

2 ga(x,y)/ Vb, y)

Hence

—Zb(x Mlog 2> 1 —Z b )

=1-> Va(x.yb(x.y)
y=0

—Za(x »+5 Zb(x y) = Z\/au Mb(. y)

y=0

%Z (Vate» - Vo) -

Thus we get

> (Vate ) —Vat ) < - Zb(x ) log S0 2)

= bx.y)’

Using the definitions of a(x, y) and b(x, y) and inequality (16) we get

00 2
> <\/E{Y = yIX =x} — /PY = )X = x})

y=0
—16-Ep {log (P"{Ym * PmX}) ‘ X = x] ,
" 2-P{Y|X}

where in Ep, {-|X = x} we take the expectation only with respect to Y for fixed X = x and fixed
D, . By integrating this inequality with respect to Py we get (15).
In the third step of the proof we show

£ Liog (P 1X)+PVIXY |
8 2. P{Y|X] "
-t P,{Y|X} +P{Y|X = x} «(*=X\p
o8 2 PY|X = x} ' ( hi ) "

EK(x—X)
hn

— 0 a.s., (17)
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where

m(x)Y .

A Y
_ 8K e
Y!

Y!

e—m(x)

P,(Y|X) and P{Y|X = x} =

The first expectation on the left-hand side of (17) can be written as
P,{Y|X} + P{Y|X)
Ep jlog
" 2-P{Y|X}

_ & ﬁn{Y=y|X=x}+P{Y=y|X=x} B -
B /yg()log( 2P{Y = y|X = x} )P{Y = y|X = x}Px(dx)

X = x} Px(dx)

= / ¢, (x)Px(dx).

Furthermore,
P, {Y|X} +P{Y|X = —X
£ liog (PrVIX)FPIIX =x}) o (x D,
2-P{Y|X = x} hn

—X
EK<x >
hy

_fd)n,x(u) K <-xh— U) PX(dM)
[ K (xh_ ”) P (du)
where
) P,(YIX}+PYIX =x})|
¢y ()= Ep, {1°g< 2-P{Y|X = x} )‘X_u}

o (3w MO

_ y! y! " g

= log ) BE
= 2m(x . e—mx) Y

y!

Because of m, (x) = g(x) we have
G (X) = ¢, (x).

We will show in Lemma 1 below that there exists ¢, > 0 with
chhy, >0 (n— 00)

such that for all x, u, v € [0, l]d
(D () — ¢, (W) <y - [lu — v,

(i.e., such that (bn, . 1s Lipschitz continuous with Lipschitz constant ¢, independent of x). We use
Lipschitz continuity here to avoid making assumptions on the existence of a density of X. Using
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this, we can bound the absolute value of the left-hand side of (17) by

[ dnelw) - K (x}%
f b (OPx (dx) — f

“)Px(du)
p— “ Px (dx)
fK( . )Px(du)
f|¢n,x(x)_¢n,x(u)|'K<xh_u>
<[ Z
fK( )Px(du)

<cy-R-hy, >0 (n—>oo),

Px(du)

Px (dx)

where we have used in the first inequality that the set of all x with
X —U
/ K ( )Px (du) =0
hy

has Px-measure zero (for a related argument see, e.g., the last step in the proof of Lemma 24.5 in
[12]), and where the second inequality follows from K ((x —u)/h,) = O0for ||x —u| > R - h
In the fourth step of the proof we show

5 Y; Y
" 8XDT exy L MO
lZlog Yi! Yi! ~K<X_Xi>>0
Y: =
ni= 2m(x)
Y;!

(18)

. e*m(x)

for n sufficiently large (i.e., whenever log(f,)/(M + D> log(||m|lsc), Where |[m| s is the
supremum norm of m) and all x € [0, 174.

Let n be such that log(,,) /(M + 1)¢ = log(||m|| o). By concavity of the log-function we have

1”+b11+11>11“+11111"
0g — — _. — — = —-log — —-.]o = — . ]log —
£ T%\27) 2 BTy RTS8y
for all @, b > 0, which implies
i g(Xz) o—8(X0D) IASY m(x) o)
1 Y;! Y;! x—X;
—Zlog 7 - K A
s HMOT "
Y,-!
50X
. g(yt') o—E(X0)
>— . — log A K< )
2 n; m(x)y o—m(x) hn
Y

_1 1y EXD" ) < )
=2 (n;10g< Y, ’ ) K
2w (e ) <(5)

>0

by definition of g. This proves (18).
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In the fifth step of the proof we set

—m(x)

—~ 6(X:)Yi .
Pn{Yi|Xi}=%'€_g(X") and P{V;|X; =x}= ]
i il

and show that

1

1< P,(Y:|X;} + PV |X; = —X;
Api= g sup —Zﬁ% "{g§+{Al X}-KC v
n  xel0,119 n i=1 . {Yi|Xi :x} hy

P.(Y|X} +P{Y|X = - X
g 1og (BVIXVEPIYIX =2} o (x D,
2-P{Y|X =x} hn
implies the assertion.
From step 2 we conclude

00 2
0< /Z <\/ﬁ,{Y =y|X =x}—/P{Y = y|X = x}) Py (dx)
y=0

< —16-(By — Cp) — 16 - Cp,
p,,}

el P,{Y|X} +P{Y|X = x} .K(x—X ‘D
g 2 P{Y|X = x} I "
c,,:/ Py (dx).

( )
EK
hl’l

where

5 & {log (P,,{YlX} +P{Y|X})

2P{Y|X}

and

By step 3 we have
B,—C,— 0 as.
so by step 1 the assertion of Theorem 1 follows from

lim sup(—C,) <0 a.s.

n—oQ

Set

P.(Y:|X;) + PV |X; = x) x — X;
1 n niti
Lyn K
n Zz:l Og< 2P{Y1|Xl =x} ) < hn

< )
EK
hy

D, = Py (dx).

In step 4 we have shown

Dn 207

— 0 a.s.

(19)

(20)
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sO
—Cp = (Dn — Cy) — Dy <(Dp — Cy)
and (20) follows from
D,—C,— 0 a.s.

But this in turn is implied by (19), since

|Dn—cn|<An~/E{ 0 _K(x_x)}

and

1
/ I Py Px(dx) < o0
E{— - K
hd Iy
by Lemma 3.1(b) in [18].
In the sixth (and final) step of the proof we apply the results of empirical process theory to show
(19). Let H,, be the set of all functions
h:Rx Ng— R

which satisfy

x)Y oY
g( ) 'e—g(x)_i__"e—a

! ! u—x
h(x,y) =log | ———— K(h )
2. — e "

y!

for some g € QM,/gn, ueRand o e [c2, c3], where ¢ = minxe[o,ud m(x) > 0 and c3
max,.go ¢ Mm(x) < oo. Letk, = [log n] be the smallest integer greater than or equal to log n.

Then

! Y h(Xi.Y)) —Eh(X.Y)

<Y Tims

1
A, <— - sup
h

heHu |2 i=1
where
1 1 «
T, = pa " SUP Zh(Xi, YD) - Ly <iny — E{n(X, Dy <}
n hEHn i=1
T ! 12”: (X, Y| -1
2 =g~ ), sup 1h(Xa, Yl L=k,
n h‘,{ n e, ir Li >
and
1
T3, = i “E { sup [h(X, V) |1{ysk, ¢ -
n heH,
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Notice that

y
|h(x, y)| < B -log (2 . max{(l) . (&) e—g(x)+0<7 1})
2 o 2

< B -|y-log(g(x)/o) — g(x) + ol
< B (y-log(Bu/c2) + 3+ B,) <ca-y-logn 2D

for x € [0, 114, y € Nand h € H,, cf. (7)-(9). By Markov’s inequality we then get, for an
arbitrary ¢ > 0, for all large n

P {Tz,n > 6}

=P Z Z sup |h(X;, Y| - lyy=ty > n-he - ¢

k=ky+1 i=1 N€Hn
E {30 1 2y suppey, R(Xi, YD)l - Lyi=iy )

/N

n-hd-¢
m(x) —m(x)
M) iy, 1 Cak-logn-sup,cpo gy ceT M
<
n-hi-e
[ kn k—1—kp
¢4 logn — c3 3
. .e —_—
= opd . ! -1 - !
hé - ¢ kank,, Ck—1—ky)
kn
_cslogn ¢
hd e k!
o
cslogn 4 (kp\ 7%
st (3)
Cs log n kn k,
<—=- 1 kn -1 ——-log — ).
; p<°g pd Tni0Ea T °g2>
Since
) log n
og nd

(n — 00),

log(n) - log(log n)

the last term is summable for each ¢ > 0. Application of the Borel-Cantelli lemma yields
T, — 0 as.

Similarly we get

1
Tsn= g Z Eisup (X, Y)| - 1y= k}}

kzkp+1 | €Hn

=

ce log n m(x)k
< 6 g Z k- sup 2,) Lem)
k=ky+1 xe[0,114 .
kn
logn cg

<C7h—d'—'—>0 (n—)OO)
n n-
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So it remains to show
Tin— 0 as. (22)

To do this, we apply Theorem 9.1 in [12] and Lemma 2 below. From these we get for an arbitrary
e>0

k, €10 2 12d
P{T1,n>8}<8~<C9ﬁ” ") -exp( “—">

hi - ¢ " cqy - K2 - (log n)?

By the assumptions of Theorem 1 we have

n~hff—>oo (n —> o0) and &—>O (n — 00).
n

5 5
Indeed, (7) and (8) imply nh, exp(cﬁn)% — 0 and thus ﬁn—" — 0 because nh,, exp(cp,) — 0.

This yields ﬁ;” — 0. Using this we get

n- th . 82
P{T1, > &} <cio-exp (613 -ky -log n — CM—logrén)“ )
Because of
n 'h%d
— 00 (n— 00)
log(n)®

the right-hand side above is summable for each ¢ > 0. Application of the Borel-Cantelli lemma
yields (22). The proof of Theorem 1 is complete. [

Lemma 1. Let ¢, , be defined as in the third step of the proof of Theorem 1 and assume that the
assumptions of Theorem 1 are satisfied. Then there exists ¢, > 0 with

chhy, > 0 (n — 00)
such that for all x, u, v € [0, l]d,

|¢n,x(u) - ¢”,x(v)| <cp - ||u — UH

Proof. The functions in Gy, 3 are bounded in absolute value by 8, and are Lipschitz continuous
on [0, 1]¢ with Lipschitz constant bounded by

€15 - ﬁn log ﬁn
for some constant cj5 depending on M. In addition, the function f(z) = ZF - e~ satisfies

If (@) <k +1)- 5 forzel0,B,],

from which we can conclude that the function

gke 81 4 mxyke™ ™ guke=t® 1
= + - (23)
2m (x)ke—mx) 2m(x)ke—m) 2

is Lipschitz continuous on [0, 1]¢ with Lipschitz constant bounded by

cie(k + 1)L log B, -

)

I\??v-l -
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where ¢ = min, g 1j¢ m(x). Here we have used that m is bounded away from zero and infinity

on [0, l]d (since it is Lipschitz continuous and always greater than zero).

The function in (23) is always greater than or equal to 0.5. In this range the derivative of the log-
function is bounded, and since with f; and f; also f - f> is Lipschitz continuous with Lipschitz
constant bounded by

(I f1lloo + 1f2llo0) - (cLip(f1) + cLip(f2)),

we can conclude that

Aok ,—g(u) k ,—m(x)
u > log gu) e 8" +m(x)tem ™ 'm(u)ke—m(u)
2m(x)ke—mx)

ison [0, l]d continuous with Lipschitz constant bounded by

1 1
c17(k -log B, + B, +cke) - ((k+ 1) pE+2. T + (k+ 1)-c’;9> <exlk+ D2 — 7
2 2

From this we conclude that ¢, , ison [0, 114 Lipschitz continuous with Lipschitz constant bounded
by

00 2 pk+3
coo(k+ 1B )
=) il " Len el
k=0 oK
With (8) we get the assertion. [

To formulate our next lemma we need the notion of covering numbers. Let xq, ..., , x, € R4
and set x{’ = (x1, ..., Xy). Define the distance d; (f, g) between f, g : RY — R by

1 n
di(f,8) =~ Y 1) — gl
i=1

Let F be a set of functions f : R? — R. An s-cover of F (w.r.t. the distance dy) is a set of
functions fi, ..., fr : RY — R with the property

linju%k di(f, fj) <e forall feF.

Let N (¢, F, x}) denote the size k of the smallest e-cover of F w.r.t. the distance dj, and set
N (e, F, x}) = oc if there does not exist any e-cover of F of finite size.

Lemma 2. Assume that the assumptions of Theorem 1 are satisfied. Set k, = [log n] and let
Hn.1 be the set of all functions h : RY x No — R which satisfy

)Y oY
& . e_g(x) + _‘ . e_a

h =1 y! Y i RY, y e N
(x,y) =log - K p Ay <y (e R yeNp)
n
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for some g € gM,ﬁn? u € [0,11¢ and o € [c2, c3]. Then we have for any (x, V] € (R x Ng)"
and any ¢ > 0

hd k”okn €23
N( %nls(-x )’)1> (22ﬁ2d8 )

for some constants ¢y, c23 € R.

Proof. Let H,  be the set of all functions £, > : R x No — R which satisfy

hpo2(x,y) =K )=k I = x| (x e R y e Np)
’ hy hy

for some u € [0, l]d, and let H,, 3 be the set of all functions A, 3 : R x Nop — R which satisfy

M . e_g(x) + OC_y . e_‘x
y! y! d
hy3(x,y) = log o Ay<ky e R%yeNo)
2. e
y!

for some g € Gy, B, and o € [c2, c3]. The functions in #H,, > and H, 3 are bounded in absolute
value by B and c4 - k, - log n (cf. (21)) for n sufficiently large, resp. By Lemma 16.5 in [12] we
have

hde hd
N( Hnla('x y)l) N(ﬁ»ﬂn,%()ﬂ }’)’11>

16 -¢c4 -k, - lo
hd
N<16B Hn 3, (x, )’))

Next we generalize the results of the eighth step in the proof of Theorem 2.1 in [18]. Since K is
of bounded variation it can be written as the difference of two monotone decreasing functions:
K = K1 —K; (see Corollary 2.7 of [37]). Let G be the collection of functions ””7" I parameterized

byu e R? and h € R. Also, let”;'-L,(l’)2 ={K; (g()) g €G} (i =1,2).Clearly Hn 2= {K(g( N
g € G}. By Lemma 16.4 of [12] we have

N @, H ., (6, )N SN (G/2,Hy b (e DN O/2. H (. 30D, (24)

0 > Obecause Hpo C {f1 — fo: f1 € 21)2 € 7—[ } Since G spans a (d + 1)-dimensional
vector space, by Theorem 9.5 of [12] (see also [34]) the collection of sets

={{(x,1):gx) —t=0}: ge G}

has VC dimension Vg+ <d + 1. Since 1%1- is monotone, it follows from Lemma 16.3 of [12]
that VH<1>+ <d + 1. Let V; be the total variations of I€,~ (i =1,2.Then V = Vi + V, and
n,2

0< I?,-(xj<V,-, xeR @ =1,2).Since 0K f(x)<V forall f € H, 2 and x, Theorem 9.4 of
[12] and (24) imply

2eV 3eV (+ 2eV 30V oy
/\/'((3,77[;1,2,(x,y)'f)<3<eT log( 65 >> My 3(% log( 65 )) HG

<1>++V @+
<9 <365V> # H2
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or

hie ¢k, log n 2@d+D)
N ——— M2, 0, ) < | —F—— .
(16C4 -k, -log n n2 (¥ y)1> ( hie )

Let y <k, and consider the function

1 1
=log (E cu? Y eV 4 E) (w € [1/B,, B,1, v € [c2, c3]).

The partial derivatives of the function inside the log-function are for y <k, bounded in absolute
value by ¢25 - k;, - ﬁik’l. Since the log-function is on [%, o0) Lipschitz continuous with Lipschitz
constant 2, we can conclude that ¢ is for y <k, on [1/f,, ,] X [c2, c3] Lipschitz continuous
with Lipschitz constant ¢y - &, - ﬁﬁk". By Lemma 16.4 of [12] which provides the bound on the
covering number for the sums of families of bounded functions we get

hde

N (— Hos (v, y)';) <N (

d
hje

2k, ’
C27'kn'ﬁnn

16Bv Hn,47 (-xs y)’il)

N (5 s o
A5 5 X, y )
c27 - ky - ﬁﬁkﬂ ! :

where H,, 4 and H,, 5 are the sets of all functions

,
sy = S50 (e RY,y € No)
y:

with g € Gy , and

o —o d
hn,S(an)Z;‘e (x e R, y € Ng)

with a € [c2, ¢3], resp., and we can assume w.l.o.g. (x, y)’l’ S (R‘l x {0, 1,..., k, D" in the
covering numbers on the right-hand side.
It is easy to see that for y <k, the derivative of ¥/(z) = z¥e~%/(y!) is on [0, f8,] bounded in

absolute value by some constant times kj, ﬁﬁ" , which implies

/’ld‘ hd~
J\/<¢ Hoas (x,y)'f) é/\/(;b 9m.p,» (x»y)rf>

27 - ky - R0 cog - k2 - pakn”
2AM+1)+2
2B
=\ nde/(k2 - Bt ’

where the last inequality followed from monotonicity of the exponential function and Lemma 9.2,
Theorems 9.4, 9.5 and Lemma 16.3 in [12].
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Similarly we get

hie
—————— Hus. (x, V]
¢y ky - /33/91

< 30
= d 2 3kn
hge/ (ki - B)

Putting together the above results we get the assertion. [
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