View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Elsevier - Publisher Connector

Available at

WWW.MATHEMATICSwEB.0RG JouraLor
POWERED BY SCIENCE @DIHECT' Apprommatlon
ACADEMIC o Theory
PRESS Journal of Approximation Theory 122 (2003) 260—-266

http://www.el sevier.com/l ocate/jat

Approximation by neural networks with a
bounded number of nodes at each level

G. Gripenberg
Institute of Mathematics, Helsinki University of Technology, P.O. Box 1100, FIN-02015 Espoo, Finland

Received 30 December 2002; accepted in revised form 10 April 2003

Communicated by Allan Pinkus

Abstract

It is shown that the general approximation property of feed-forward multilayer perceptron
networks can be achieved in networks where the number of nodes in each layer is bounded,
but the number of layers grows to infinity. This is the case provided the node function is twice
continuously differentiable and not linear.
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction and statement of results

The purpose of this note is to show that a multilayer perceptron (MLP) neural
network with at most d + d’ + 2 nodes in each layer can approximate an arbitrary
continuous R?-valued function defined on RY provided the node function is twice
continuously differentiable and not linear. The standard way of proving that a given
continuous function can be approximated by an MLP-network is to use one hidden
layer and then consider the span of the ridge functions o({w,x> — 1), see e.g.
[1,3,6,8], and in particular the survey [7] as well as the references mentioned there.
But in this case the number of nodes in the hidden layer grows as one tries to achieve
better and better approximations. Furthermore, one has to assume that the node
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function is not a polynomial, because otherwise the output could only be a
polynomial of at most the same degree as the node function.

In [5] it is shown that if one chooses a special node function then one obtains the
approximation property for a network with two hidden layers and a fixed number of
nodes in both layers. But since the proof is based on Kolmogorov Superposition
Theorem (see e.g. [4]), the node function is rather pathological, although it can be
chosen to be strictly increasing and real analytic.

Here we consider the case where one is given an arbitrary twice differentiable node
function which is not linear and one wants to restrict the number of nodes in each
layer, but one is willing to let the number of layers grow to infinity.

In [2] a related result is established, but there no restrictions are placed on the
number of nodes in the hidden layers and hence it suffices to consider arbitrary
continuous nonlinear node functions.

Apparently, not very much work has been done on the problem of
what advantages, if any, there are in having several layers. Clearly the
smaller the number of nodes needed, the better, but the difficulty is to
evaluate the performance of a network structure. In [9] the authors conclude
that network with two hidden layers (L = 3 in the notation below) is superior
to a network with one hidden layer (with L = 2) whereas in [10] no such difference is
found.

To simplify the statement of our result and to fix some notation we formally state
what we mean by a multilayer perceptron network with at most k nodes in each
layer. Here we assume (although it is, of course, not essential for these networks in
general), that the node functions are the same at all nodes except that the output
layer has a linear node function.

Definition 1. Let 0: R—R and suppose that d, d' and k>1. Then one says that
fe MLP(d,d ;o,k,L) if and only if f ‘RY5 R is such that there are (weight)
matrices Wy eR¥> W,eRK 1<j<L, Wy eR"** and (threshold) vectors

;e R 1<j<L and 1R so that for every xeR? one has f(x) = a; when
the vectors a; (and b;) are defined by

bo =X,
aj = Wb -1, 1</<L,
b/:a(aj), 1<j<L. (1)

Here the expression ¢(a;) is the vector obtained by applying the function o to each
component of the vector a;. The definition above is written so that each hidden layer
has exactly k nodes, but by choosing some of the weights equal to zero, the effective
number of nodes could be less than k.

When considering approximation properties it suffices, in principle, to consider
the case of real-valued functions, i.e., d = 1, but since we want to have a simple
upper bound on the number of nodes, we treat the general case.
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We can use the following metric in the space %(R?; R?) of continuous functions
on RY:

", SUPK g [F(X) — g(x)|
d(f,g) = ; 2T supjy| <, f(x) — g(x)[’ N

It is easy to see that convergence in this metric is the same as uniform convergence on

compact sets and clearly the choice of norms | - | in R? and R is of no consequence.
Now we can state our result:

Theorem 2. Assume that d,d'>1 and that €@ (R;R) is twice continuously
differentiable in the neighbourhood of a point 1,€R and ¢"(t.)#0. Then the set

Urs1 MLP(d,d',o,d +d" +2,L) (see Definition 1) is dense in (R, Rd/).

2. Proof of Theorem 2

Since ¢ is assumed to be twice continuously differentiable in a neighbourhood of
7, we may, without loss of generality, assume that ¢’(7,)#0 in addition to the
assumption that ¢”(z,)#0.

Since every continuous scalar function can be approximated with arbitrary
precision on compact sets by polynomials, the space of (vector) polynomials is dense
in% ([R{‘l; [Ri‘l/) with the metric defined in (2). Thus, we can conclude that it suffices to
show that every polynomial can be approximated with arbitrary precision on every
bounded set of R?.

Let T7>0 and £€(0, 1) be arbitrary. We will construct an MLP-network using one
of two slightly different constructions each time a layer is added.

Suppose pi,p2, ...,pas and g are some real-valued polynomials in d variables.
Assume that there exists an MLP-network with d inputs, L layers, d + d’ + 2 nodes
at each layer (including the output layer), i.e., a function fe MLP(d,d + d' +
2,0,d+d +2,L) such that if the inputs are x = (x(1), ...,x(d)) and the output
y = f(x) then we have when |x|< T,

Iv(j) —x(j)|<Le, j=1,....d,

(d + k) — pe(x)|<Bre, k=1,....d,

y(d +d +1) — q(x)|<Cie,

y(d+d +2)=0. (3)

To get the process started, we take L = 0, add d' + 2 zeroes to the input layer and
thus take p; = --- = py = ¢ = 0, but we leave the details of this construction to the
reader.

In the first alternative we want, assuming some numbers ¢y, ¢y, ..., ¢y are given, to
construct a network with L+ 1 layers, that is a function ge MLP(d,d +d' +
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2,0,d+d +2,L+ 1) such that if z=g(x) and |x|< T, then
2()) =x(DI<(L+ 1, j=1,....d,

2d + ) — pr(x) — cxg(x)| < (BL + max €+ 1)8, k=1,..d,

lz2(d +d +1) - 1] =0,

z(d +d +2)=0. (4)
In the second alternative we want, assuming m is one of the numbers 1,2, ...,d, to

construct a network with L+ 1 layers, that is a function ge MLP(d,d +d' +
2,0,d+d +2,L+1) such that if z = g(x) and |x|< T, then

2(/) = x(DI<(L+1e, j=1,....d,
lz(d + k) —pr(x)|<(BL + 1)e, k=1,....d,
lz(d +d' + 1) — x(m)q(x)| < (CL(T + L) + Lmaxjy <7 |g(x)| + 1)e,
z(d+d +2)=0. (5)
In both cases we have to take the network defining the function f, modify the
matrix W, and the vector 7, in a way that will be described below and add a new
layer.

First, we note that for the output terms that one wants to be unchanged we can use
the following estimate when 7> 0:

SUP|s—1,|<nla| |0”(S) |1’]612 (6)
2|o"(z.)] '

et ) — () —d|<

For the first case we let #>0 and define a (d +d' +2) x (d + d’' + 2) matrix V' that
will be used to modify W;:

. n if I<i=j<d+d +1,
Vi(i,j) = ,
0 otherwise.
We take p; to be a (d + d' + 2) x 1 matrix with each element equal to —z,. Next, we

replace the matrix ¥y by the new weight matrix W; = V; W, and the new threshold
vector will be Tz = Vitr + py.
The next weight matrix W, is defined by

if I<i=j<d+d,

WL+] (la]) =

ifi=d+k, j=1+d+d, 1<k<d,

0 otherwise.
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Similarly, the next threshold vector 77 is defined by

“ET*) if 1<i<d,
no'(t.)
o(t) ... )
) = { (a0l it i—d k1 <k<d.
1 ifi=d+d +1,
0 ifi=dtd +2.

With these definitions we see that

Z(]) _ G('/Iy(]) + T*) _ G(T*)

110'/('5*) ) .]: 17"'7d7
omy(d +k)+ 1) — o(z.
s+ 22U ) o)
/ J—
+ Cko-(ny(d—i_d +])+T*) U(T*)’ k: L...,d’,
no'(t.)

zd+d +1)=1,
z(d+d +2)=0.

Thus we conclude from (3) and (6) that if # is sufficiently small, then (4) holds (when
X|<T).

In the second case we proceed in the same manner and we shall again utilize (6).
But in order to get an approximation for the term x(m)g(x) we must also use the
observation that

o(na+nb+7.) —olna+t.) — olnb+1.) +o(z.)

—ab
7]20//(7*) a

Jal ] y y
< sup |o"(s+1.) — 0" (z)]. ()
o’ () |s| < nlal+n|b|

In order to get the modified network in this case we define a matrix used to modify
WLZ
n ifl<i=j<d+d +1,
Vii,)=<n ifi=d+d +2, j=morj=d+d+1,
0 otherwise.

Furthermore, we choose p,(j) = —7, forall j=1,...,d + d' + 2. Again we replace

the old weight matrix W, by a new one, W, = V; W, and the new threshold vector
will be T = Vitr + py.
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For the output layer we define the weight matrix as follows:

1
if I<i=j<d+d,
no'(t.)
1
—— ifi=d+d+1,j=d+d +2,
Wira(iyj) = { n*a’(t.)
1 .
ifi=d+d+1, j=morj=d+d +1,
1720.//(1.*)
0 otherwise.

For the threshold vector we take

o(z.) ifj=1,...d+d,
no'(t:)

TL+l(j) = U(T*) if i /
—_—— = 1
o2 if j=d+d +1,
0 if j=d-+d +2.

We conclude that with these definitions we have

N _oy()+1)—o(t) . '
z(j) = no'(c.) , j=1..,d+d,

1
z(d+d +1) :W(a(ny(d +d + 1) +ny(m) + .)

(1)
—omy(d+d +1)+1.) —alny(m) +1.) +o(z.)),

z(d+d +2)=0.

In this case we see that if # is sufficiently small, then by (3), (6), and by (7) we get (5)
(when we use the assumption that ¢<1).

Now the procedure works so that we start out with a step of the first type, then we
build up (an approximation of) a monomial Hﬁl:l x(i)* using 2?;1 o; steps of the
second type, and this monomial is then added to the polynomials py, k=1, ...,d in
a step of the first type. Then the procedure is repeated for the next monomial until
the polynomials (or more precisely, their approximations) are completed. (Clearly, it
is not necessary to proceed in exactly this way, but the two steps could be combined.)
At this point the last weight matrix and threshold vector must be modified so that the
only outputs of the network are approximations of the desired polynomials, that is
one should only keep the components numbered d + 1,d +2,...,d +d in the
output vector. We see that the errors in the approximations are then some constant,
that only depends on the polynomials and 7 times ¢ and by choosing ¢ sufficiently
small we get the desired conclusion and the proof is completed.
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