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Let SYN, ) denote the subspace generated by newforms in the space of
cuspforms of weight k and character  on I'y(N). In this paper we study decom-
positions of SN, ¢) into direct sums of twists (by Dirichlet characters) of other
spaces of newforms. Applied to individual newforms, these results immediately yield
information on the behavior of newforms under character twists. Most of the results
follow from applications of the Eichler Selberg formula for the traces of the Hecke
operators. A version of this formula is given in the paper. A sample result is: Let
p be a prime and let M be a positive integer prime to p. Let @ be a character
mod p* with e=ord, f{w)>v/2 and let ¢ be a character mod M. Then
SUP'M, 0d)= @, Sy p°M, wy’¢)* where the sum &, is over all primitive
characters y modulo p' ¢ and where S9(N, i) denotes the twist of SYN, )
by x.  © 1990 Academic Press, Inc.

INTRODUCTION

Let SY(N, ¥) denote the space of newforms of weight k and character
on I'y(N). If F() is a newform in S9(N, y) and y is a Dirichlet character,
then it is well known that F,(t), the twist of F(t) by y, is a cuspform of
weight k and character Yy on I'y(N') for some N'. Furthermore, if f(y),
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the conductor of y, is relatively prime to A, then (see [11, 19]), F,(t) is
again a newform. If f(y) is not relatively prime to ¥, the situation is more
complicated and has been studied by Atkin and Liin [2]. In this paper we
study this and related questions. However, our point of view, methods, and
results are quite different from those of [2]. Rather than study how a par-
ticular newform F(z) behaves under character twists, we seek to decompose
an entire space SY(N, ¢) of newforms into a direct sum of twists of other
spaces of newforms. Of course, any such decomposition immediately yields
information on the behavior of newforms under character twists.

Our motivation in studying the decomposition of spaces of newforms
was to develop results which would help us in solving the so-called
“Basis Problem” (see Eichler [4, p. 771). Roughly speaking, this problem
is to construct an explicit basis for SY(N, ¥ ) from theta series attached to
positive definite rational quaternion algebras. The problem is solved (in so
far as is possible) in [9]. A major ingredient in the solution is to reduce
the consideration of a space of newforms S{(N, y) to spaces SUN’, y’)
with f(’) “small.” Thus many of the results in this paper express a given
space SU(N, ) as a direct sum of twists of other spaces SY(N', ¥') with N’
and/or f(y’) smaller than N and/or f(i).

1. PRELIMINARIES

In this section we introduce notation and basic results that will be used
throughout the paper.
Let N be a positive integer and denote by I'4(N) the congruence sub-

group

[o(N) = {(‘Z Z) € SL(2, Z)| ¢ =0 (mod N)}.

For a positive integer k> 2 and a Dirichlet character ¥ on Z modulo N,
let (¥, y) denote the space of all cuspforms of weight & and character
on I'y(N) (see, e.g, [16] or [11]). In particular for (¢ 4)e I'o(N) and
F(1)e S.(N, y) we have

at+b
F<c1+d>=(cr+d)" Y(d) F(z). (1.1)

Note that Si(N, ) #0 only if Y(—1)(—1)*=1.
Let ¢ be a Dirichlet character modulo N (a “character mod N” for
short). The natural isomorphism Z/NZx= @,y Z/I°’Z where the sum is
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over all primes / dividing N and o(/)=ord,(N) gives a decomposition
¥ =T1,~¥, where for each prime /|N, y, is a character mod /°’. We
denote by f() the conductor of . If w is a character modulo a power of
prime p, we define the exponential conductor e(w) of w by f(w) = p*). We
say the conductor of the trivial character 1 is 1 so that e(1)=0.

If F(t)e S(N, ), we let x=¢*™" and denote the Fourier series expan-
sion of F(t) at io, ie, F(r)=Y 2, a(n) ™™, by F(1)=Y=_ a(n) x". If
(as is usually the case) the indices in a Fourier series expansion run from
I to oo, we often drop the limits and write F(t)=3 a(n) x" to mean
Flt)=3%>_,a(n)x"

The Hecke operators T, (m) for (m, N)=1 act on S.(N, ) as follows: If
F(t)=Y a(n) x"e SN, {), then F| T (m)=73 b(n) x" where

b(ny=3% W(c)c* la(nm/c?). (1.2)

cl(n,m})

See [5, Nos. 35 and 367 or [16, p. 80].

Let F(1)e S, (N, ¢) be a common eigenform for all the Hecke operators
T(n) with (n, N)=1. F(z) is called a newform of weight k, level N, and
character  if there are no other linearly independent eigenforms in
Si(N,¢) having the same eigenvalues as F(tr) for every T, (n) with
(n, N)=1 (see [1,12,11]). In this paper we assume all newforms are
“normalized,” i.e., their first Fourier coefficient is 1 (see [1, Lemma 19; 11,
p.294]). Denote by S3(N, ) the subspace of S (N, ) generated by
newforms.

For a cuspform F(1)=} a(n) x" and a primitive character y mod M, the
twist of F by g, denoted by F,, is defined by

PROPOSITION 1.1. Let Fe S (N,y) and let y be a primitive character
mod M. Then F, € S,(N’, yx*} where N' is the least common multiple of N,
M?, and f(y)M.

Proof. See Proposition 3.64 of [16] or Proposition 3.1 of [2]. ||

If  and y are as in Proposition 1.1, we denote by SY(N, y)* the space
{F,|Fe SN, ¢)}. Note that by Proposmon 1.1 we have

SUN, YV < Su(N', Y. (1.3)

In regard to a space S (N, ¢) or SY(N, ¢) we denote by H the Hecke
Algebra generated by all Hecke operators T,(rn), (n, N)=1 acting on

641/35/3-5
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S.(N, ). If there are several spaces under consideration, H will denote the
algebra generated by T,(n) with n prime to the least common multiple of
the levels of the various spaces. The T,(#n) with (n, N)=1 are a commuting
family of “y-Hermitian” (see [13, pp.1V-14, IV-24]) operators on
S, (N, ¢) and hence H is a commutative semi-simple algebra. SY(N, y)* is
an H-submodule of S, (N', yx?) (see, e.g., Proposition 3.2 of [2]) where the
notation is as in (1.3). All isomorphisms between spaces of cuspforms in
this paper will be H-module isomorphisms. Thus, for example, when we
write in Theorem 3.2 below that

SUP'M, @¢)° = SUp'M, wg)

we mean that they are isomorphic as H-submodules of S,(N’, w¢) where
N’ = p*M and where H is generated by all T)(n) with (n, pM)=1.

As H is a semi-simple algebra, to show two H-modules 4 and B are
isomorphic, we need only show that the trace of T,(n) on A equals the
trace of T,{n) on B for all T,(n)e H—see, e.g., [18, p. 174]. This is our
main tool (and has in fact been one of the main tools in the theory of
modular forms since the discovery of the Eichler-Selberg Trace formula for
T,(n) in the early fifties).

An important result from the theory of newforms is the decomposition

SUN,¥)= @ O(N/a)Si(a, ), (1.4)
Syl N

where @ /(v means the direct sum over all positive integers a with
f(¥)|a and a| N. Here 3(s) denotes the number of positive integers dividing
s and 24 = A @ A, etc. In particular if N= p’M with p a prime, p{ M and
¥ = w¢ with @ a character mod p* and ¢ a character mod M, then (1.4)
becomes

S pMof)= ® —i+l) @ o(M/a)SYpawp). (15)

i=e(w) f(p)lal M

The decomposition (1.4) follows from Lemma 15 and Theorem 5 of [1] in
the case y = 1. For the general case see Section 2 of [12] or Section 2 of
[11] (and also Theorem B of [10]).

We need the following

LEMMA 1.2. Let the notation be as in (1.3). Then for (n, N')=1 the trace
of Ty(n) on SYN, Y)* considered as a submodule of SYUN', yy*) is equal to
x(n) times the trace of T,(n) on SYUN, ¥).
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Proof. See Lemma 8.1 of [14]. 1

We say that cuspforms F and G in Si(N, ) are eguivalent and we write
F~ G if they are both eigenforms for all T,(n) with (n, N)=1 with the
same eigenvalues. If F and G belong to S,(N, y) with G a newform in
S%UN, ¢), then F~ G implies F=aG for some ae C (see Theorem 5 of [1],
the introduction to [11], and also [127). We will often need this result and
we usually indicate the places we are using it by saying that our result
“follows from the theory of newforms” (see, e.g., the proof of Corollary 3.4
below).

2. THE TRACE FORMULA FOR HECKE OPERATORS

In this section we state the formula for the trace of the Hecke operator
T,(n). Denote by try,T.(n) the trace of T(n) acting on the space
SK(N, ).

LemMA 2.1. Let p be a prime and let w be a character modulo some
power of p. Let e=e(w) be the exponential conductor of w. If o and t are
non-negative integers with 6 + 1> e and 2t > e and u is a unit mod p, then

o fpleu) if e<rt
:E;‘pﬂza)(u-%zp) {0 if e>rt.

Proof. We can assume e >t since the result is clear otherwise. Let
G={1+2zp°lzeZ/p°Z}. Then G is well defined subgroup of (Z/p°Z)*.
Since e> 1, there exist ¢, and a,€e(Z/p°Z)* with « =a, (mod p”) and
w(a;) #w(a;). Thus o restricted to G is non-trivial and we have
ZZEZ/p"Zw(u'*'Zpr):w(u) decw(g)=0. l

Hijikata in [6] computed the traces of the Hecke operators in a quite
general setting—see the Theorem on p. 57 of [6]. We copy here (with a few
changes) the case of this theorem which we require.

TueoreM 2.2 (Hijikata). Let k be an integer 22. Let  be a character
mod N and assume (—1)*y(—1)=1. Write Y =11, n ¥, where for each
prime | dividing N, , is a character mod !, v=ord,(N). Then for (n, N)=1
we have

tryy Ti(n)= =Y a(s) Y b(s, /) [T culs. £, 1)+ 3(y) deg Ti(n)
K ¥

N

k-1
+6(/n) = NI (1 + 1/1)—5(ﬁ)\/7; I] par(/),
HnN

itN
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where

5(|//)={1 if k=2 and  is trivial

otherwise

k/2 1 . ,
6(f { '/’(\/— ) if n is a perfect square

otherwise

2/ if exp+1
par(/)=<17+17"" if e<pandv iseven
2/° if e<pandvisodd.

Here for fixed I|N, v=o0rd,(N), p=[v/2], and e=e(},).

The meaning of s, a(s), b(s, /), and c, (s, f,1) are given as follows.

Let s run over all integers such that s* — 4n is negative or a positive square.
Hence by some positive integer t and squarefree negative integer m, s —dn
has one of the following forms which we classify into the cases (h) or (e) as
follows:

r (h)
s2—4n=<tm, 0>m=1(mod4) (e)
*4m, 0>m=2,3(mod4) (e).

Let ®(X)=®(X)=X*—sX+n and let x and y be the roots in C of
@(X)=0. Corresponding to the classification of s put

(s)={(Min{lxI, |1 Hx—pl " sgn(x) (h)
120~ = y* =D (x — ) ().

For each fixed s let f run over all positive divisors of t and let

[1/2¢((s* = 4n)"?/f) (#)
b(S,f)—{h((sz_4n)/f2)/w((s2__4n)/f2) (e),

where ¢ is Euler’s function and h(d) (resp. w(d)) denotes the class number
of locally principal ideals (resp. 1/2 the cardinality of the unit group) of the
order of Q(\/a ) with discriminant d.

For a pair (s, f) fixed and a prime divisor | of N, let v=ord,(N),
b=ord,(f), and put A={xeZ|®(x)=0(mod >*?*), 2x=s5(mod®)}
and B=(xed|®d(x)=0 (mod/**?**")}. Let A= A(s, £ 1) (resp. B=
B(s, £, 1)) be a complete set of representatives of A (resp. B) mod I"** and
let B=B'(s, f,1)={s—z|ze B}. Then

2 ¥i(x) if (s*—4n)/f? #£ 0 (mod /)

SIS S ) o (im0 el
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where x runs over all elements of A(s, f,1) and y runs over all elements of
B(s, f, ).

Proof. The trace formula established in the Theorem on p. 57 of [6] is
essentially the formula given in Theorem 2.2. To obtain the exact formula
in Theorem 2.2 we first have to translate the formula in [6] to our setting
and then we also have to explicitly evaluate the contribution of the parabolic
terms which occur when # is perfect square. A translation is necessary for
two reasons. First our space S, (N, ) is denoted by So(I'o(N), k, ¥) in [6]
(compare (1.1) above with Section 5.5 of [7] and also (S2) on p.60 of
[61). Our notation S,(N, ) is consistent with that used by Shimura (see
{16, p. 79]) and Atkin and Li[2]. Also it is a natural choice from the
point of view of theta series—see [8, 9]. On the other hand, the notation
used in [6] is consistent with that used by Eichler (see [3, p.77]).
Secondly the definition of the Hecke operators differs in the present paper
from that used in [6]. Our present definition agrees with that used by
Shimura, Atkin and Li, and Eichler while the definition used in [6] agrees
with that used by Shimizu (see [17]). Specifically, fixing k and N and
following [16] let

A= {y =<? Z)e Mat(2, Z)|(a, N)=1, c=0 (mod N), det(v)>0}

and for y=(* 9 e 4' let a(y)=a, d(y)=d, and
Ao = (det(y))? (et +d) * f(3(2)),

where f€ S, (N, y) (see [16, p.28]). Now fix a positive integer n prime
to N. Define

E(n)={yed'|det(y)=n}

and let E(n)=1{), I'y(N)a, be some disjoint decomposition of Z(n) into
right cosets. Then for fe S, (N, y) we have

flTk(n)znkﬂ*lle(a(av))fl[av]k' (21)

This follows from (3.5.5) on p. 79 of [16] and the definition of T'(n) on
p- 70 of [16]. Note that what we call T,(n) Shimura calls T'(n), ,. From
(2.1) one easily obtains (see [16, pp.79-80]) the action of T.(n) on
Fourier coefficients (see (3.5.12) of [16] and (1.2) above) which we have
used in our definition of T,(n). On the other hand the Hecke operators in
[6] are defined using left cosets. In [6] the Hecke operators are denoted
by T(n) but we will denote them here by T, (n). They are defined as follows
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(see (1) on p. 61 of [6]): let E(n)=J, B, 4(N) be some disjoint decom-
position of Z(n) into left cosets. Then for fe S, (N, §) (which is the space
So(To(N), k, ) of [6]) we have

Tk(”)f":Z lp(a(ﬁv))fl[ﬂv']]k' (22)

We claim that for fe S(N, §)
n*? 1T (n) f=4(n) f| Ti(n). (23)

To show this first note that Z(n) is left invariant by the involution
(¢ 5 (% ~') of Mat(2, Z). Hence

E(n)y={my~'iye E(m)}=nZ""(n)  (say).

Thus if E(n)={J, [o(N)a,, then E~'(n)=U,a, 'T4(N) and Z(n)=
n="Y(n)=J, (na; ') [o(N). Letting B, =na, ' we have

Tk(n)f=; via(B)) s
=§vj Y(d(@)) 1
=Y yina(a,)" ") flray  since a(e,) d(a,)=n (mod N)
=«/v/(n)2 Pla(@,)) S,
=¢(n)nv""/2fi Ti(n)

which establishes (2.3). Let y=($ ~5) and let f|E=f|[,q,. Then it is well
known and not difficult to check (see e.g., Propositions 1.1 and 1.2 of [2])
that f f| E is a linear isomorphism of Si(N, y} onto Si(N, ¥) and that
fOI'fESk(N, ‘p)

SITin)| E=y(n) f|E| Ti(n). (24)

By (2.4) the trace of T\(n) on S.(N, ¢) equals y(n) times the trace of T, (n)
on S.(N,y) which by (2.3) equals n“>~' times the trace of Ty(n) on
S.(N, ) which equals n*/>~! times the trace of T(n) on So(Io(N), k, ¢) in
the notation of [6]. Thus after multiplying by n*~! the formula in the
Theorem on p. 57 of [6] (with M =N and # =(Z/NZ)*) gives the trace
of Ty(n) on Sy (N, ¥).

All that remains to do is to explicitly evaluate the contribution of the
parabolic terms to the trace formula in [6]. This goes as follows. Fix s with
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s2=4n. The corresponding contribution to the trace formula (see [6,
pp. 57-58]) is

n*2- ’Z/]; (sgn(s))* Z H (s, f, 1), (2.5)
f=1 1

where cy(s, £, 1)=) W, (x)+Y , y,(y) where x (resp.y) runs over
elements of A(s, f,1) (resp. B'(s,f,[)). Fix [|N temporarily and let
v=ord(N). If v is odd, say v=2p+1, then A(s,f,)=B(s, f.])=
{5/2+2zp?+P* 1z eZ/p?Z) and if v is even, say v=2p, then A(s, f, /)=
{(s/2+2zp**?1z€ZpZ} and B'(s, f,1)={s/2+zp****'|z2€2Z/° 'Z}. Let
e=e(y,;). Then by Lemma 2.1 we find that for v=2p4+1

207y ,(s/2) if e<p+b+1
cols, £, 1) { if ezp+b+2 (26)
and for v=2p
(1P +12 ") ,(5/2) if e<p+b
culs, fil)=<17",(s/2) if e=p+b+1 (2.7)

0 f ezp+b+2

Thus fixing s and I, cy(s, f,/) depends only on b=ord,(f) so we let

c"(s, b, Iy=cy(s, f,1). Further since e<v, c¢"(s,b,[)=c"(s,v,1) if b=v.

Now let N=1}'---[) with v, > 0 and /, distinct primes. For each i, 1 <i<r,

let h,eZ with 0<b;<v,, Then the number of f, 1< /<N, with

ord, (f)=b, i b,<v; or ord;(f)=b, if b=y, for all i=1,.,r, is

[T, ([¥=%— [ %1}y where we use the convention that /' =0. Hence
(sgn 5))* Z [Teuls £

w2 1\/—
F=11|N
nki2 - lfsgn

x 1—[ (l v 2‘ lvl‘b.._[:_"“b¥l)cﬂ(ss b, ll))
b=0

If v=2p + 1, from (2.6) we see that

U (s2) i e<p

/= v lv-b__lvfbfl ” ,b,l - .
Eo( )¢'(s, b, 1) {21”“’1,0,(s/2) if ezp+1
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while if v=2p, from (2.7) we see that

| R Z (lvkb_lv—b—l)crr(s, P, l)
b=0

_{(l”+l*’“)¢,(s/2) if e<p
2 Y(s/2) if ezp+l.

Noting that we must consider both s=2,/n and s= —2\/; and also that
—1)*y(~1)=1, we obtain a total contribution of

—phi2- 1\/—¢(\/’)npar

IIN

We will require a few technical lemmas. Let K be an imaginary quadratic
number field. For any order » of K, denote by /(<) the ideal class number
of locally principal o-ideals, ie., h(s)=[Jx: #(o) K*] where J is the
idéle group of K and %(¢)= {d@=(a)) € Jx|a,€ U(s,) for all I< o } where
U(s,) denotes the unit group of s,. Further let w(e)=3|U(<)|. Then we
have

LEMMA 2.3. Let the notation be as above. Let o be an order of K of
discriminant A and let o' be the suborder of o of index f. Then

sk (-
w(o') co(o) f}} / "
where
4 (0 if1*| 4 and1724=00r 1 (mod 4)
{7} h {(A/i) the Kronecker symbol, otherwise.

Proof. This is well known and easy. See, e.g., Lemma 4.16 of [14]. |

LEMMA 2.4. Let the notation be as in Theorem 2.2. In particular set

r (1)
st—dn=<{1t’m, 0>m=1(mod4) (e)
tX4m, 0>m=23(mod4) (e).

Let [ be a prime dividing N and put t = 1%, with (I, to)=1. Let f|t and put
f=1%, with (I, fo) = 1. Then
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et =1 Y b(s, 1)
if s*—4n=1%d* daunitof Z,
(12417727 b(s, 1)
if s* —4n=1%d where d is a unit of Z,
with (/) = —1 (ie, d=5 (mod 8) if [=2)
147°b(s, 1°f3)
ifl£2ands* —dn=1"°%'d, daunit of Z, or
\ ifl=2ands*—4n=1%"?d, d=2 or 3 (mod 4).

b(S, f) =

Here if b=a, we use the convention that [°~°" ' =0,

Proof. If s*—d4n=10% then b(s, f)=34(t/f) and the result is clear.
If s2—4n is not a perfect square, the result follows directly from Lem-
ma23. |

Since we will be employing the trace formuia in Theorem 2.2 many times,
it will simplify the exposition to explicitly calculate the sets A(s, f,/) and
B'(s, f.1).

LEMMA 2.5. Let A(s, f,1) and B'(s, f,]) be the sets appearing in
Theorem 2.2. For fixed N, n, s, and I, A(s, f, 1) and B'(s, f, 1) depend only on
ord,(f) and we will write A,=A(s, f,1) and B,=B'(s, f,1) where
b=ord,(f). Let v=ord,(N). Then the sets A, and B, are given as follows.

Case A. s*—4n=1*d? | odd, d a unit of Z,.
If vis odd, v=2p+ 1 we have
ifa-b<p

+1
Ab-’:{s—z d+zlzp+2bAa+l ZGZ/la*bZ}

B,b:{sil“d+212p+2b_a+z
2

zEZ/l“*b“Z}.
Here By=¢ifb=a
fa~bzp+1

A,= B, ={%+zi"“’“

zeZ/f"Z}.
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If v is even, v=2p we have

ifa—b<p—1
+14d

Ab={s_2 ot ZEZ/]"_bZ}

Z={Si21 d+zl7_p+2b-—tl+1 ZEZ/la—balZ}

Here B, =¢ ifb=a
ifa—b=p

Ab={%+zl" zeZ/l"Z}

B;:{s—‘tzl d+zl"+l ZEZ/IPIZ}
fa—bzp+1

Ab={%+zl"+b zeZ/l”Z}

B;={%+zl”+b“lzeZﬂ”12}.

Case B. s*—d4n=1%u, | odd, u a non-square unit of Z,.

If vis odd, v=2p+ 1 we have
ifa—b<p A,=B,=¢
ifa—bzp+1

ze Z/l"Z}.

s
Ab=32={5+zl"+b+l

If v is even, v=2p we have
ifa—b<p—1 A,=B,=¢
ifa—b=p

A,= {-ZS- +20%ze Z/l"Z}

B,=¢
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ifa—bzp+1

S
-z le+b
h={5e

ze Z/I”Z}

B;={§+zl“”’*" zeZ/I"'Z}.

Case C. s*—4n=1%"d [ odd, d a unit of Z,.
If v is odd, v=2p +1 we have
fa—b<sp—-1 A,=B,=¢
ifa—b=p

Ab={%+zi““ zeZ/l”Z}

B,=¢
ifa—bzp+1

N
Ay=By= {34 zior ot
b {2+

zeZ/l"Z}
If v is even, v=2p we have
fa—b<p-—1 A,=B,=¢

ifa—bzp

Abz{%+zl"+b

zeZ/l"Z}

N
D LA IR X2
B={+

zeZ/l"‘Z}.

Case D. s*—4n=2%d? =2, d a unit of Z,.
If vis odd, v=2p+ 1 we have
fa—bh<p
A, and Bj are as in Case A with /=2
ifa—b=p+1
s+2%

Ab=B;={—7T—+zT

z€ Z/2"Z}

ifa—b>p+2

A, and Bj are as in Case A with /=2.
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If v is even, v=2p we have
fa—b<gp—1

A, and B are as in Case A with /=2

ifa—b=p
2(1

Abs{s+2 LY zc—Z/Z”Z}

B;’={S_J—“-2-2-ii+z2°+l zeZ/2P~lz}
ifa~b=p+1

A,,:{%Hz“-* zeZ/zﬂz}

3;}:{“}2 d+22“ zeZ/Z"“Z}
ifa—b=p+2

A, and B, are as in Case A with /=2.

Case E. s*—4n=2%u, =2, ueZ,, u=5(mod 8).

If vis odd, v=2p+ 1 we have
ifa~b<p A,=B,=¢
fa—bzp+1

A, and B, are as in Case D withd =1

If v is even, v=2p we have
ifa~b<p—1 A,=B,=¢
ifa—b=p

2“
A4,= {S; +22°

z€e Z/ZPZ}

B,=¢
ifa—b=2p+1

A, and B are as in Case D withd=1.
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Case F. s’—4n=2%4w,1=2,we Z,, w=3 (mod 4).

If vis odd, v=2p+ 1 we have
fa—b<p—~1 A,=B,=¢

ifa—b=p

2a+l
A,,={er +220%

3 zeZ/2pZ}

Ab=B},={%+22”+b“

zeZ/2"Z}.
If v 1s even, v=2p we have
ifa—b<gp—1 A,=B,=¢

ifa—b=p

A= {% +229|z€ Z/ZPZ}

B, 4229}

{H-Z"‘“1
2
fa—b=p+1

zeZj2" 12}

A= {%+22”+” zeZ/2”Z}

B;:{%Jrzz”b“ zeZ/2”*‘Z}.

Case G. s*—4n=2%%4c, 1=2, ceZ,, c=2 (mod 4).
If vis odd, v=2p + 1 we have
ifa—b<p-1 A,=B,=¢
ifa—b=p

4, {5+ 2% z¢e Z/ZPZ}

2
By=¢
ifa—bzp+1

A, and B} are as in Case F.
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If v is even, v=2p we have
ifa—b<p—1 A,=B,=¢
ifa—b=p

{E + z2¢

A, 3

]

zeZ/2"Z}

Il

S
B el 20+1
b {2+z

zeZ/ZP“Z}

ifa—bz2p+1
A, and B} are as in Case F.

Proof. This follows directly from the definition of 4, and B, by easy
but tedious calculations. We leave them to the reader. |

3. TWISTING NEWFORMS

In this section we begin our study of the behavior of newforms under
character twists. We are interested in finding isomorphisms between the
twists of various spaces of newforms and also decompositions of spaces of
newforms as direct sums of twists of other spaces of newforms.

LEMMA 3.1. Let p be a prime and M a positive integer prime to p.
Assume @ is a character mod p* and ¢ is a character mod M. Then

w(n) tr s pr, o6 Ti(n)= |3 RV Ty(n) (3.1)
for all n with (n, pM)=1.

Proof. We will employ the trace formula (Theorem 2.2) and will use the
notation given there. Since there is nothing to prove if w is trivial, we
assume ® is non-trivial. Hence there are no degree terms, deg T,.(n).
Consider the “mass terms,” ie., those with 5(\/;1_)((k— 1)/12). These occur
only if n is a perfect square. Their contribution to the L.H.S. (left hand
side) of (3.1) is

o) 1=l /n) $/m) S L+ 1ip) M TT (14 1)

1 1M

Their contribution to the R.H.S. (right hand side) of (3.1) is

P2~ Yl /m) gl/m) = (4 11p) M T (14 1/0)

I|\M
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which equals the contribution to the L.H.S. of (3.1). Next consider the
parabolic terms, i.e., those with ~—6(\/r—z)(\/r;/2), They also occur only if n
is a perfect square. They contribute

~w(n)n"/2“®(\/r—1)¢(\/5)\—2@par(p) [T par(!)
1M
to the L.H.S. of (3.1). This equals their contribution to the R.H.S. of (3.1)
since e = e(w)=e(@®) and par(p) depends only on p, v, and e while par(/)
for /| M depends only on M and ¢.

Now consider the remaining terms, those classified into the hyper-
bolic (4} and elliptic (e) cases in Theorem 2.2. Note that the formulas for
o ar. 0 L) and tr, .4 Ti(n) involve summations over the same index
set. We will show that equality in (3.1) holds term by term, i.c., for each
fixed element (s, f) of the index set. Note that for fixed s and f, a(s) and
b(s, /) are independent of which side of (3.1) they occur in. Further since
c,(s, f, 1) depends only on x;, cuu(s, f, 1) =cloyls, £, 1) for all /| M. Thus for
fixed s and f, to show the corresponding contributions to the L.H.S. and
R.H.S. of (3.1) are equal, we need only show that

@(n) copls, £, P)= clols, 1, p). (3.2)

For a character ¥ mod p" let

s, fipsy)=Y y(x) and s, f, psy) =Y ¥(y),

where x runs over all elements of A(s, £, p) and y runs over all elements of
B'(s, f, p) where the notation is as in Theorem 2.2. Hence

cy(s, /o p)=cly(s, £ ps W)+ cils, £ ps ), (3.3)

where we take B'(s, f, p) =& if s> —4n/f* # 0(mod p). From Lemmas 2.1
and 2.5 we find that

P+ D)+ Ul - prd)2) (1)
s @)
A B ()

0 @)

and that
(s + pd)2)+Y((s— pd)2)  (5)
o L) (©)
CB(S,f;psW)_ —-2“711/(5/2) (7)

0 (8),
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where the cases and the constants ¢; depend only on p, v, n, s, f, and e(¥).
For example, assume s*> —4n = p*d* with p odd and d a unit of Z, and let
b=ord,(f). If v is odd, v=2p+1, and a—b<p, then by Case A of
Lemma 2.5, A(s, f, p)={(st p°d)/2+zp****~“*'|ze Z/p"~*Z}. Then
Lemma 2.1 shows that c¢'(s, £, p; ¥) equals either p*~2(y((s + p°d)/2) +
U((s—p°d)/2)) (case (1)) or O (case(4)) depending on whether
e(W)<2p+2b—a+1 or e(Y)>2p+2b—a+1. Further (see Lemma 2.5)
cases (1) and (5) occur only if s> —4n=p**d* for some d of Z,. In these
cases we have n=((s+ p°d)/2)((s — p°d)/2) and

v (3 () + 9 () ) = v () v ()

Cases (3) and (7) occur only if p=2 (for example, when p=2, v=2p+1,
s?—dn=2d* (d a unit of Z,), a=ord,(t)=p+1+ord,(f), and e(y)=a
in which case we find that c',(s, £, 2; %) =2°Y(s/2 + 2°¥~ 1) = —2Py(s/2)).
Also in cases (2), (3), (6), and (7) we always have (s/2)>=n (mod p*¥)
so that y(n) ¥(s/2)=¥(s2) (for p#2, s*—4n=0 (mod p*) in these
cases while for p=2 we sometimes need use the fact that e(y)>2).
Since e(@)=e(w), it follows that w(n) c,(s, f, p; @)= (s, f, p; w) and
w(n) cs(s, f, p; @)= chls, f, p; w) in all cases. This establishes (3.2) and
completes the proof of the lemma. ||

THEOREM 3.2. Let p be a prime and M a positive integer prime to p.
Assume w is a character mod p* and ¢ is a character mod M. Then

Sip*M, 0¢)* = S} (p"M, wg). (34)

Proof. Let N=p'M and put f = f(wg)=f(dg). From (1.4) it follows
that the R.H.S. of (3.1) equals the trace of Ty,(n) acting on
@ fjav 0(N/a) S%(a, wp) while by Lemma 1.2 and (1.4) the LH.S. of (3.1)
equals the trace of T,(n) acting on @ ,n 6(N/a) Sy(a, @4)®. As H is a
commutative semi-simple ring, we see that (see, e.g., [18, p. 174]) Eq. (3.1)
implies that

® 8(N/a) Si(a, 0p)= @ 6(N/a) Si(a, d¢)*. (3.5)
Naln lalv

The theorem now follows directly from (3.5) by induction on N/f. ||

COROLLARY 3.3. Let the hypotheses be as in Theorem 3.2. Assume w,
and w, are characters mod p’. Then

Sg(va, (‘(_)1(1)2¢)wl = Sg(vas wla_)2¢)w2'
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Proof. Let w=w,®, in Theorem 3.2. Then
SUP'M, @,0,8)" = SUP'M, ©,0,9)
and the corollary follows from Lemma 1.2. §

COROLLARY 3.4. Let the hypotheses be as in Theorem 3.2. If e{w) <.
then
SUP'M, @¢)° =SUp'M, wp).

If elw)=v and F(1) is a (normalized) newform in S$(p'M, &¢), then
F (t)=G(1)—ag(p) G(pt) for some (normalized) newform G(t) in
S p*M, wd) where ai(p) is the pth Fourier coefficient of G(1).

Proof. Let F(1) be a newform in SY(p'M, &¢). If e(w)<v, then by
Proposition 3.6 of [2], F, (1)e Si(p'M, wé). However, by Theorem 3.2,
F_(1) is equivalent to some newform in S}(p'M, w¢) and thus it follows
from the theory of newforms that F,(t) is a newform in S3(p'M, wd) (see
the last paragraph of Section 1 above). Since newforms form a basis of
SUP'M, @g), we see that SUp*M, @d)” = SU p*M, wg). If e(w) = v, again
by Proposition 3.6 of [2], F,(t)e S p"*'M, w¢) and by Theorem 3.2,
F,(t) is equivalent to some newform G(z) in SY p°M, wé). By [117] (see,
eg , [2, p.231]), F,(1)=aG(1)+ bG(pr). Comparing the first Fourier
coefficients shows that ¢=1 and then comparing the pth Fourier coef-
ficients shows that b= —as(p). |

Remark 3.5. 1In the case e(w)=v, ag(p) is never zero by Theorem 3 of
[11] so that F,(7) is never a newlorm in this case.

LEMMA 3.6. Let p be a prime and let M be a positive integer prime to p.
Assume o and y are characters mod p* with e(x)<v/2 and e(w) < v/2 and
let ¢ be a character mod M. Then

X yopr g Tl1) — U0 e tag g Tic(11))

- trva_w12¢ Tk(n) —_ tr',,\-~ IM‘wZZ¢ Tk(n) (36)
for all n with (n, pM)=1.

Proof. Assume y is non-trivial as there is nothing to prove otherwise. In
particular we assume v>2 if p#2 and v=4 if p=2. As in the proof of
Lemma 3.1 we show that the trace identity (3.6) holds term by term.
Hence, again as in the proof of Lemma 3.1, it suffices to restrict to the case
M=1 (hence ¢=1) which we do. The degree terms, if they occur,
contribute 0 to both sides of (3.6). If n is a perfect square, the mass terms
contribute

641:35:1-6
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K)ol ) S

5 (U 1p)p"=p*Y)

to both sides of (3.6) while the contribution of the parabolic terms to both
sides of (3.6) is

L NA LIV

where p = [v/2]. This follows from Theorem 2.2 since par,(p)— par,_(p)
=pP—p?~! when e<v/2 (where e=e(w) or e(wy?)). Here par,(p)
refers to the term par(p) which occurs in Theorem 2.2 when ord,(N)=o0.
Now we consider the elliptic and hyperbolic terms. We use the notation
introduced in the proof of Lemma 3.1. As in the proof of Lemma 3.1 it
suffices to show that

Coxt(8, i D) — Copls, £, p)y—1=x(n)co(s, /i p)y = €uls, /o p)v 1) (3T)

Here c;(s, f, p), refers to the term cy(s, f, p) which occurs in Theorem 2.2
when ord,(N)=o¢. As in (3.3) we write

cy(s, [, P)a=Cu(s, £, psW)o +C(s, £, Ps Y),. (3.8)

We will show that (3.7) holds by considering all the possible cases which
are given in Lemma 2.5. Assume ¢ is a character (such as w or wy?)
modulo a power of p with e(y)<v/2. Consider Cases A and D when
a—b<v/2~1. We have

(s f, ps ‘//)a=l7a~b(‘/’ (Mi—_'__z?:z)-’_w (s-2pad>>
cals, fipi)e=p~"" ('p (S+2P"d>+¢(s_2pad>>

for 6 =v or v— 1. Hence by (3.8) both sides of (3.7) are zero in this case.
Consider Case D when a—b=[v/2]. If v=2p + 1, then

culs, f,2;9),=2° (‘/’ (s +22"d) +y (s _;ad))

(s, f,2:9), . =2"y (s +22“d)

24 —2°
CIe(s,f,Z;!//)V=Cb(s,f,2;!/f)w1=2p1(¢(S+2 d)*"’(s z2 ﬁ)




TWISTS OF NEWFORMS 307

Hence

—24d
€8 £ 20— 45, £, 2), l—w( ) (39)

We claim that

, (8—=24% _ s—2%
X( 5 >~X(n)w< 5 ) (3.10)

First e(y*)<e(y)—1<p—1<a-—1 so that y*((s—2d)/2)=y*(s/2).
Second, s*/4=n (mod 2**~?) and 2a—2>2p—2>p=e(y) since p =2 as
p=2. Thus y{n)=y(s*/4). Now (3.9) and (3.10) establish equality in {3.7).
If v=2p then we find that

C¢(S f2 _—L!//(S f2)v =20 1w(s+22“d) 2p_ll/l<5~2ad)'

2

But e() < p <a so that y((s+2°d)/2) = y({s—2°d)/2) and as above we
see that wy?((s — 2°d)/2) = y(n) w((s — 2°d)/2) which gives equality in (3.7).
Consider Case E when a—b=[v/2]. If v=2p +1, then c(s, f,2;¢), =
cpls, L 2:9), =culs, £,2;9),_1=0 and c/(s, £, 2;¢), -, = 2°9((s + 2%)/2).
Thus cy(s, £;2).—cyls, £.2), . = =2°¢((s+29)/2). Again as abave

2((s +29)/2) = x(n) o((s + 2¢)/2) which establishes equality in (3.7). If
v=2p then

CAls £ 250), = 2% (Hza)
ca(s, £, 2;9),=0
(s £, 250)e 1= Cols, f,2:0), = 27" up(”zu)

Hence both sides of (3.7) are zero in this case. Consider Case F
when v=2p and a—b=p—1. Then c(s, f,2;¥),=chis, f,2;¥), =
¢s(s, f, 259}, =0 and (s, £, 2;¢),_ =27 "Y((s+2"")2). Then
e, £,2),—cyls, £,2),_ = =27 ""((s +2°"')/2) and equality in (3.7)
follows as above. Finally in all other cases we have

cpls fipi)e =y G) cpls, fips by
and

wx*(5/2) = x(n) w(s/2)



308 HIJIKATA, PIZER, AND SHEMANSKE

for D=4 or B and ¢=v or v—1 which by (3.8) establishes equality in
(3.7). This completes the proof of Lemma 3.6. ||

THEOREM 3.7. Let p be a prime and let M be a positive integer prime
to p. Assume w and y are characters mod p* with e(w) <v/2 and e(x) <v/2
and let ¢ be a character mod M. Then

@ SUpMopix © SApM, or’h)

i=e(w) i=e(wy?)

Proof. Let f=f(¢). By (1.5) the RH.S. of (3.6) equals the trace of
T,(n) on

© @ 6(Mfa)SAp'awp) (3.11)
i=e(wy?) flalM

while by (1.5) and Lemma 1.2 the L. H.S. of (3.6) equals the trace of T,(n)
on

© @ d(M/a)Si(p'a, wh)*. (3.12)
i=e(w) flalM

Hence (3.11) and (3.12) are isomorphic as H-modules and the theorem
follows by induction on M/f. |

LEMMA 3.8. Let p be a prime and M be a positive integer prime to p.
Assume w is a character mod p* with v/2 < e(w) <v and let ¢ be a character
mod M. Then

Z trpe(u))M’wx2¢ Tk(l)

e(x)=v—elw)

= pat,wp Th(1) = 2 p1pr 0 Ti(1)

tr =221, 0 Ti(1) if elw)<v—1
+{0 i elw)=v—1,

where the sum Y,y — v _ o) IS 0ver all primitive characters y modulo p*~ .

(3.13)

Proof. Note that our assumptions imply that v>3 and that v>35 if
e(w)<v—1. As in the proofs of Lemmas 3.1 and 3.6 we show that the trace
identity (3.13) holds term by term. Hence, as in the proof of Lemma 3.6, it
suffices to restrict to the case M =1 which we do. Since w is non-trivial,
there are no degree terms. The contribution of the mass terms to the R.H.S.
of (3.13) is

k—1
—5 1+ 1p)(p = 2" "+ {p"2}),
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where we have used the convention that for an expression ¢

_{q if e(w)<v—1
{q}‘{() if e(w)=v-—1L

We will continue to use this convention for the remainder of the proof.
The contribution of the mass terms to the LHS. of (3.13) is
(tk — D12)(1 + 1/p) p““)o where a equals the number of primitive charac-
ters modulo p*~““’. But the number of primitive characters modulo p° is
(PP=p H—(p ' =p H=p =2 '+ p 7 if 522 and is equal to
p—2 if s=1. Hence p““a=p*—2p* '+ {p"?} and the mass terms
contribute the same amount to the L.H.S. and R.H.S. of (3.13). Since
e(wy®)=e(w), the parabolic terms contribute (p* ) —2p" <) !4
{pv,f(m)'—?.})(__ (1/2) . zpe(w)*e(w)) —_ __pvfc(w) + 2pv— e(w)—1 _ {pvi elw) - 2}
to the L.H.S. of (3.13). On the other hand since e(w) > v/2, they contribute
(—1/2)2p" <+ (1/2) 4p* ') —(1/2){2p"" 2 “’} to the R.H.S. of
(3.13).

Now we consider the remaining terms. Since n=1, s takes only the
values 0 and +1 and f =1 in all cases. As in Lemmas 3.1 and 3.6 it suffices
to show that

Z C;)XZ(S, 1’ p)e(w)

elw)=v- e{w)

=cl(s, 1, p)y = 2¢,(s, 1, p) oy + {ci(s, L, p)y ), (3.14)

where the notation is as in (3.7). First consider the case s=0, ie,
s*—4n=—-4. If p is odd and (—1/p)= —1 then (0,1, p;y), =
c5(0, 1, p; ), =0 for all ¢ and by Case B of Lemma 2.5 as a=b6=0.
Hence the L.H.S. and R.H.S. of (3.14) are both zero in this case. If p=2
the same is true by Case F of Lemma 2.5 (since e(w)=2 and v—223 if
e(w)<v—1). If p is odd and (—1/p)=1, letting d’= —4 with de Z,, we
see by Case A of Lemma 2.5 that ¢/,(0, 1, p; ¥), =y (d/2) + Y(—d/2) and
c30,1, p;y), =0 for all ¢ and § as 4,= {d/2, —d/2} and By=¢ in all
cases. Thus ¢, (0, 1, p; ), =y(d/2)+ Y(—d/2) in all cases. Hence the
R.HS. of (3.14) equals 0 if e(w)<v—1 and equals —(w(d/2) + w(—d/2))
if e(w)=v—1. On the other hand the L.H.S. of (3.14) equals

((d/2) + o(—dJ2)) (Z H(=1=F a1 )),

where 3, is over all characters y, on the group G,=(Z/p' ““'Z)~
and Y, is over all characters x, on the group G,=(Z/p' '~ 'Z)*.
If e(w)<v—1, both G, and G, are non-trivial so 3, x,(—1)=
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Y, X2(—=1)=0 while if e(w) =v—1, then 3, x;,(—1)=0and ¥, x»(—1)=
id(—1)=1. Now assume s= +1, ie, s’—dn= 3. If p=2or 3 or p>3
and (—3/p)= —1 then by Cases E, C, or B of Lemma 2.5, ¢,,(£1, 1, p; ¥),
=ch(+1, 1, p;¥),=0 for all ¢ and ¢ so that both sides of (3.14) are
zero in these cases. So assume p>3 and d*= —3 for some de Z,. Then
by Case A of Lemma 2.5, c’(s, 1, p; ¥), =¥ ((s +d)/2)+ ¥((s—d)/2) and
cs(s, 1, p; ), =0 for all Y and o where s= +1. Thus the R.H.S. of (3.14)
equals zero if e(w)<v—1 and equals —y((s+d)/2)—y((s—d)2) if
e(w)=v— 1. But then just as in the case when s=0, this equals the L.H.S.
of (3.14) since ((s+d )/2) # 1 (mod p) and ((s—d)/2)* # 1 (mod p). This
completes the proof of Lemma 3.8. |

Theorem 3.9 below relates to several theorems in Atkin and Li [2]. Let
F(t) be a newform in S{(p°®M, ep) with ¢ a character mod p*® and ¢ a
character mod M. If y is a character mod a power of p with e(}) <e(e),
then letting @ = &y and v=e(c) + e(y) in Theorem 3.9, we see that F(r)
is a newform in S2(p"M, eyy*p). This is Theorem 4.2 of [2]. If F(r) is a
newform in SY(p"M, wéd) with e(w)>v/2, then by Theorem 3.9 there is a
character y with e(y)=v—e(w) and a newform G(t) in SYp*“'M, w7’p)
such that F(t) = G,(t). This is Theorem 4.3 of [2]. Finally, Theorem 3.1 of
[2] provides information on the exact level of twists of newforms. Assume
w and y are characters mod powers of p with e(w)=a>0and e(y)=f> 1.
According to Theorem 3.1 of [2], if F(z) is a newform in S(p'M, w¢), the
exact level of F,(r) is p”M where v'=max{v, x+f, 28} provided that
(a)a+pf<v and 28<v if v=v or (b)e(wy)=max{x, B} if v'>v. In
case (b) assume that o> B. Note that this implies « > v/2. By Theorem 3.9,
F(t)=Gy(r) form some newform G(r) in SY(p*M, wy’$) and some
primitive character  mod p'~* Since vV =a+p>v, e(Yy)=F and as
above F (1)=Gy,(t) is a newform in SY(p"M, wy’4) so in particular
F () has exact level p"'M in agreement with Theorem 3.1 of [2].

Part (a) of Theorem 3.1 of [2] follows from Theorem 3.12 below. For
the remaining case in part (b) of Theorem 3.1 of [2], see Section4
(especially Remark 4.11) below.

THEOREM 3.9. Let p be a prime and let M be a positive integer prime
to p. Let o be a character mod p* with e(w)>v/2 and let ¢ be a character
mod M. Then

SAP'M,wd)= @  SUPM, 0x’s),

e(x)=v—elw)

where the sum @ .=, -ew) 15 over all primitive characters y modulo
—e(w)
p\’ [4 :
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Proof. 1f e(w)=v there is nothing to prove so assume e(w)<v. By
Theorem 4.3 of [2] and Theorem 3 of [11] we have

SAPM,wp)s Y SApM, 0x’¢Y,

e{)=v—e(w)

where the 3 on the right is not necessarily a direct sum. To complete the
proof we show that

dim SUp'M, wg)= Y dim SUp M, wid)t.  (3.15)

e(y)=v—elw)

Let f = f(¢). By (1.5)
Sip'M, 0d)® {Si(p* *M, wg)}
>28(p" M, 0d)® D 6(M/a) S p'a, wd),

Sflaim

where

Si(p’ M, 04) i elw)gv-2

{Sp" *M, w¢)}={0 if e(w)=v—1.

Hence the R.H.S. of (3.13) equals

Z d(M/a) dim S p’a, we). (3.16)
flalm
On the other hand e(w)>v/2 and e(y)=v—e(w) imply e(wy?) = e(w) so
that by (1.5)

SHp M, wyi’d)= @ o(M/a) Sy(p“'a, wy’9).

SlalM

Now dim S)(p““a, wy’¢) = dim SY(p““a, wyr*$)* (for example, by
Lemma 1.2) so that the L.H.S. of (3.13) equals

Y Y, 8(M/a)dim SY(p*“a, wy’$)L. (3.17)

e(w)=v—e(w) fla|M

Lemma 3.8 shows the equality of (3.16) and (3.17). Using induction on M/f
then establishes (3.15) and completes the proof of the theorem. |

Remark 3.10. One can give an alternate proof of Theorem 3.9 which is
independent of [2] and [11] by proving the trace identity (3.13) of
Lemma 3.8 holds for all T,(n) with (n, pM)}=1, not just for the identity
operator T,(1). In fact this is how we originally proved Theorem 3.9.
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However, proving that the trace identity (3.13) holds for general T (n) is
much more complicated than for the case T,(1) of Lemma 3.8. Also one
should note that as in Corollary 4.5 of [2], Theorem 3.9 implies that
SU2'M, wp)=0if v=3 and e(w)=v— L.

CoRrOLLARY 3.11. Let N be a positive integer, W a character mod N, and
k> 2 an integer satisfying y(—1) = (~1)~. Assume e(y,)> % ord,(N) for all
primes [ dividing N. Then

SUN )= @  SUSW). Y

S =Nifw)

Here the sum is over all primitive characters y mod N/f(y). Recall that f(x)
denotes the conductor of y and note that f(Yy*) = f(¥) for all y.

Proof. This follows immediately from Theorem 3.9. |

THEOREM 3.12. Let p be a prime and let M be a positive integer prime
to p. Assume ® and y are characters mod p’ with e(y)<v/2 and
e(x)+e(w)<v. Then

SUP'M, 0p) =S p'M, wr’).
Proof. First assume that e(w) <v/2. It then follows immediately from
Theorem 3.7 that SYp'M, wd)*=S)(p'M, wy’s). By Proposition 1.2,
SUp'M, wp) < Si(p"M, wy’¢). The theory of newforms then implies that

SUp'M, wp)* = SUp*M, wy’¢). Next assume e(w)=v/2. By Theorem 3.7
we have

@ SUPM,0p)= @ SUp'M, wy’s) (3.18)
i=v/2 i=v/2
since e(w) = e(wy?) = v/2. Now by Theorem 3.9,

v—1 v—1

@ SUPM 0py=@® @ SUPM, ar'¢)™

i=v/2 i=v/2 e()=i—v/2
= @ SAp"*M, wy’4)%%,
weG

where G is the character group of (Z/p”*>~'Z)*. On the other hand, again
by Theorem 3.9,

v—1

@ SUP'M, 0x’¢)= D SUp"*M, wy*y’¢)*

i=v/2 yeG

= @ SUPTM, Y9

YeG
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since e(j)=e(x) <v/2 and v even implies that y€ G. Thus from (3.18) we
conclude that SY(p'M, wd)*=SUp'M, wy’s) and equality follows as
above. Finally we assume that e(w) > v/2. Then by Theorem 3.9,

SUPM,wp) = @D  SUp M, o)

e(Y)=v—e(w)
and

SUP'M,op)= @  SUPM, wp’ye)’.
el l=v-—elw)
Now since e(jy) = e(y) <v —e(w), as Y runs over all characters mod p® with
e(Y)=v—e(w), so does Yy and the theorem follows. ||

THEOREM 3.13. Let M be a positive integer prime to 2. Let v be even,
v=2p and assume that w and y are characters mod 2" with e(w)=p and
ely)<p. Let ¢ be a character mod M. Then

SY2*M, wg)t = SUA2'M, wy’e).

Proof. Note that if e(y)<p, Theorem 3.13 is a special case of
Theorem 3.12 so we assume e(y)=p. Let y'=yw so that e(y')<p.
Then S(2°M, wd) = SY2'M, wd)™ = SU2'M, >¢)* (by Theorem 3.2) =
SU2'M, &y'*¢) (by Theorem 3.12) = SU2'M, wy?$). Since S2'M, wé)*
S S.(2°M, wy*¢) by Proposition 1.1, the theorem follows from the theory
of newforms. |

THEOREM 3.14 (Shemanske [15] if wg=1). Let M be a positive integer
prime to 2. Let v=4 be even, v=_2p and assume ® and y are characters
mod 2" with e(w)<p—1 and e(y)=p. Let ¢ be a character mod M. Then

v—1
SU2M, 0p)= @ Su2'M, wr’¢).

i=e(wy?)
Proof. Theorem 4.4iii of [2] implies

v—1

SW2M,09)= Y, SUM, wy*$)L (3.19)

i=e(wy?)

On the other hand if F(t) is an element of S{(2‘M, wy4) for some i
e(wy*)<i<v—1, then by Theorems 3.1 and 3.2 and Corollary 3.1 of [2],
we see that F;(1) is a newform of level 2'M. Hence we have equality in
(3.19). Now the multiplicity one theorem (see, e.g., Theorem 5 of [11])
shows that the sum on the right hand side of (3.19) is a direct sum which
establishes the theorem. ||
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Remark 3.15. Theorem 3.14 is a rather far reaching generalization of
results stated (implicitly) by Atkin and Lehner in Theorem 7 of [1] for the
cases S9(2°M, 1) and S{(2°M, 1). Note that for these cases w¢ and wy’¢
are trivial. In particular on p. 158 of [1] it is stated that, “It is interesting
to note that all newforms on 7o(16M) and [o(64M) [with trivial charac-
ter] can be inferred from a knowledge of the oldforms.” Theorem 3.14
shows that in essence this statement remains true for S(2*M, wg) if p >2
and e(w)<p— 1. In particular there are no “2-primitive” (see [2, p. 236])
forms in these cases. Theorem 3.14 can be proved independently of [2] and
[11] by establishing the trace identity

trva,w¢ Tk(n) -_— 2 trzv—lM_w¢ Tk(n) + tr2v~2M‘w¢ Tk(n)
= J(M) (T 2101, 0029 Tin) = 1302 425 Tie(1)).

In fact Theorem 3.14 was first proved (in the case w¢ =1) by Shemanske
in Theorem 7.7 of [15] by proving such a trace identity.

Our next theorem explains the vanishing of pth Fourier coefficients of
newforms where p is a prime dividing the level.

THEOREM 3.16. Let F(t) be a newform in SYN,y) with F(1)=
Sa(n)x". Let p be a prime dividing N. Then the following are equivalent:

(1) a(p)=0
(ii) p*|N and e(y,)<ord,(N)
(i) F=G, for some newform G in SY(N', yi*) for some N’ and some
character y modulo a power of p where N’ differs from N by a power of p.

Further, assuming (1), N’ in (iii) can be chosen so that N <N if p#2 or
if p=2 and ord,(N) 2z 4. If p=2 and ord,(N)=2 (resp. 3), then N’ can be
chosen to equal 4N (resp. 2N).

Proof. Let N=p'M with p} M. (i) - (ii) follows from Theorem 3 of
[1] and Theorem 3 of [11]. Now assume (ii) holds. If e = e(y,) > v/2, then
by Theorem 3.9, F=G, for some newform G in SY(p°M, y%*) where y is
a primitive character modulo p*~°. Thus we assume e=e(if,)<v/2. Let
7= ( /p), the Legendre symbol if p #2 and let y(n)=(—1)""""2 for odd n
if p=2. Thus e(x)=1 (2 if p=2). By Theorem 3.7 if p is odd or if p=2 and
v>4 we have

@ SUPM )= D SYUpM, U

Thus F~ G, where G is some newform in S(p'M, ¥) for some i, e <i<v.
But by Proposition 1.1, G, € S,(N, ¥) so that from the theory of nexforms



TWISTS OF NEWFORMS 315

we see that G, =F. Finally assume p=2 and v <3. Then since e(y,) <v/2
we have |, = 1 By Theorem 3.15 we have

3
i=0

If FeSY8M,y), then F~G, for some newform G in Sy(16M, ). By
Proposition 1.1, G, e S,(16M, §) so that G,=aF(t)+bF(2t) for some
a, be C. As shown above the 2nd and hence all even Fourier coefficients of
G are zero so that G=(G,),=aF(1),+bF(21),=aF(r),. But all even
Fourier coefficients of F are zero so that aF=G,. Comparing the first
Fourier coefficients gives a=1, If Fe S%(4M, ), the proof is the same
except that G, =aF(t)+bF(2t) + cF (41). The fact that (iii) - (i) is clear.
Also the conditions on N’ are clear from the proof of (ii) — (iii). J

Remark 3.17. W e(¥,)>v/2, then F is the twist of some G =3 a(n) x"
with a(p)#0. This is not true in general as the example S%(p?, 1), p odd
demonstrates. One can give an easy alternate proof of the fact that
(i1} — (ii1) by using Theorem 3.2 of [2]. However, in doing so one does not
obtain the information about N’

4. DECOMPOSITIONS INVOLVING THETA SERIES

If F(r) is a newform in S}(M, ¢) and y is a primitive character mod p”
with p a prime not dividing M, it is well known (see [2, p. 228]) that F {7)
1s a newform in § k( pM, y*$). More generally, if F(1) is a newform n

Sp’M, mg) and y is a character mod a power of p with r=-e(y) “large”
(eg, r>v/2 and r>e(w)) we also expect F, (r) to be a newform in
S2p™ M, y*w¢). Thus we are led to investigate spaces of newforms of the
general type SY(p> "M, wg) where e(w)=r if p is odd and e(w)=r~—1 if
p=2. Decompositions of these and similar spaces involve both twists of
newforms and theta series. This is the topic of this section. The relevant
material on theta series is contained in [8] and especially [97]. With the
exception of the proofs of Lemmas 4.1 and 4.2 (which are given in [9]),
this section can be read independently of [9].

We begin by stating two results from [9]. Let p be a prime and let M
be a positive integer prime to p. Let s be a positive integer, w a character
mod p*, ¢ a character mod M, and set y =w¢. Let k be an integer >2
satisfying (—1)=(—1)*. Assume e{w)<s/2 and let L(p) be a quadratic
field extension of Q,. Then for any positive integer n we can define the
Brandt matrix B(n)= B, _,(n; M;L(p),s;¥). The Brandt matrix B(n)
gives an explicit matrix representation of the action of the Hecke operator
T(n) acting on a space of theta series. These theta series are modular
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forms of weight & and character ¥ on I'y( p°M). The precise definition of
the Brandt matrices can be found in [8, Sect.7.3]. The definition is
complicated and will not be needed for this paper.

LEMMA 4.1. Let p be an odd prime and M a positive integer prime to p.
Let r be a positive integer, ® a character mod p’, ¢ a character mod M, and
set y=w¢. Let k be an integer 22 satisfying Yy(—1)=(—1F. Assume
e(w)<r—1 and let L(p) denote either of the ramified quadratic extensions
of Q,. Then

Z(trper,w Tk(n) - 2 trpz'_]M,lﬁ Tk(n) + trp27~2M§,# Tk(n))
=tr By _,(n; M; L(p), 2r; §) —tr By _(n; M; L(p), 2r—1; )

+ Y 1) tr g 2y Tin)

X
{(”/P) deg T)(n) ifr=1,andk=2,and  is trivial

4.1
0 otherwise (4.1)

SJor all n with (n,pM)=1. Here the sum %, is over all the
(p"=2p" " "+p 2 if r=2 and p—2 if r=1) primitive characters y of
(Zlp'Z)~.

Proof. If r=1 and yy=1, Lemma 4.1 reduces to Theorem 7.1 of [14].
In the general case Lemma 4.1 is the same as Lemma 6.5 of [9]. |

LEMMA 4.2. Let the notation and hypotheses be as in Lemma 4.1 except
that we now assume r =1 and w is a character of (Z/pZ)*. Then

2,200y Ti(n) = 3 tr 0 Tuln) = tr By _5(n; M; L(p), 2; §)

+ Z x—(n) tI'pM,de, Tk(n)
X

(1 + (3)) deg To(n) &(n)  ifk=2, ¢ is trivial, and o = &2
- p where & is a character of (Z/pZ)™ {4.2)
0 otherwise

for all n with (n, pM)=1 where the sum is over all the p—2 primitive
characters of (Z/pZ)*.

Proof. This is the same as Lemma 6.7 of [9]. |
THEOREM 4.3. Let p be an odd prime and M a positive integer prime to p.

Let r be a positive integer, © a character mod p’, ¢ a character mod M, and
set Yy=wd. Let k be an integer =2 satisfying Y(—1)=(—1)*. Assume
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e(w)<r—1. Then there exist spaces @' and O" of theta series such that the
following isomorphisms hold. If r =1 we have

2SUp’M. )= 0'DSi(p. M, $)
D2SUM, ¢Y ® D 2S3(pM, 1*9)" (4.3)

X/~

1

as H-modules where y=( [p) and the sum @ , . is over all the 5(p—3)
classes of primitive characters mod p excepting y modulo the equivalence
¥~ i If r=2, we have

2SUPM )= 0" @ D 2SUp'M, y*Y)* (43")

X/~

as H-modules where the sum @ ,,. is over all the 5(p"—2p" "'+ p"~?)
classes of primitive characters mod p” modulo the equivalence y ~ 7.

Remark 4.4. Note that if y, =¥®, then SY( p'M, Y% ) = SU p'M, )"
by Corollary 3.3. Also, if @ is either the trivial character or an odd
character mod p, it is shown in Theorem 7.16 of [9] that @' and @" are
the subspace of “newforms” @° in a space of theta series. ©° is defined in
an manner exactly analogous to the definition of the space of newforms
S9N, ) as a subspace of S,(N, ¥ }—see [9, Sect. 7.1]. In our more general
case it is almost certain that @' and @” can also be identified with a space
of “newforms.”

Proof of Theorem 43. By Proposition 5.1 of [9], the Brandt matrix
By_(n; M; L(p), v; ) gives the action of the Hecke operator T(n) on a
space ., (0,, ) of theta series (see [9, Sect.5]). Since (O, |, V)<
*ﬂk((OZr’ lp)’

tr By _o(n; M5 L(p), 2r;§) —tr B, _o(n; M; L(p), 2r—1; )

is the trace of T)(n) acting on the orthogonal complement of #,(C5, |, )
in (0, §) which we denote by #'. If r=1, k=2, and Y is trivial then
by Theorem 5.6 of [9], we see that (n/p) deg T,(n) is the trace of T,(n) on
the “Eisenstein series part” of .#'. Otherwise by Propositions 5.2 and 5.3
and Theorem 5.6 of [97, the “Eisenstein series part” of .4 is trivial. Hence
letting @' denote the orthogonal complement of the Eisenstein series part
in .#', we see that (4.1) yields

2([rp2rMyw Tk(n) - 2 trpzl»le_,/, Tk(n) + trplr—ZM_w Tk(n))

=tre Ty (n)+ ), 7(n) tr 4y 2y Ti(n) (4.4)
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for all #n with (n, pM)= 1. Here trg: T (n) denotes the trace of T,(n) acting
on the space ©' and the sum Y, is over all the (p"—2p" '+ p" "2 if r=2
and p —2 if r=1) primitive characters y of (Z/p"Z)*.

By (1.5) the left hand side of (4.4) equals the trace of T,(n) on

@ 28(M/m) Sy(pm, ). (4.5)
S@ i M

Now we consider the right hand side of (4.4). Let y be a primitive
character mod p” and consider S.(p'M, y¥)=S.(p'M, y’wé). If r=1,
then w=1 and e(x?)=1 except when y=7. If r>2, then e(y’w)=r for
all y. Hence by (1.5)

SpM,y)= @  20(M/m) SUm, y)® D S(M/m) S(pm, §)
f@)Imi M 1@ mim
and forr=2orr=1and y#7,
Sdp M,y )= @  3(M/m)Sy(p'm, ().
F)imiM
Then by Lemma 1.2 if » =1 the right hand side of (4.4) equals the trace of
T.(n) on

0'® @ 20(M/m)Sy(m ¢)® D o(M/m)S(pm, ¢)

J$)im| M S mi M
@D @ o(M/m)S;(pm, (4, (4.6)
X A@)miM

where the sum @, is over all the p—3 primitive characters mod p
excepting y. If r>2, then the right hand side of (4.4) equals the trace of
Tk(n) on

'@ @ oM/m)SUp'm 1Y), (4.6")
x Sf(@)miM
where the sum @ , is over all the primitive characters mod p”.
From (4.4), (4.5), (4.6'), and (4.6”) we find if =1, then

@ 26(M/m) S (p*m, §)

1) mi M
=0'® @ 20(M/m)SiUm ¢y® @ o(M/m)SYUpm, $)
S$)imi M 1) Im) M
@D D M/m)S(pm, ’$), (47)

1 fi@m M



TWISTS OF NEWFORMS 319

where the sum @, is over all the p—3 primitive characters mod p
excepting v; and if r= 2, then

@  20(M/m) Sy (p*m, )

) m M

=0'®® @ o(M/m)Sip'm, Y, (4.7")

1 flerim M

where the sum @, is over all the primitive characters mod p’.

If F(7) is any newform in any space Sj(p'm, ) where p is a prime not
dividing m and ¢ is a character mod p’m and y is any character mod a
power of p, then by Theorem 3.2 of [2] there is a newform G(t) in some
space Sy(p"m, y°¢) such that F,(1)~ G(t). The important thing for us is
that m, the part of the level prime to p, is the same for F(1) and G(1). Now
consider (4.7”). If F(z) is a newform in S{(p'm, x*y) then by (4.7"), Fy(t)
is equivalent to some newform G(z) in some space S%(p¥m’, ). But by the
above argument, m=m’. Noting that if y,=7®, then S%p'M, Y2y ) =
SUp™M, x}y)™ by Corollary 3.3, we obtain (4.3”) for some subspace ©" of
O'. The isomorphism (4.3') is obtained similarly from (4.7’). Note that we
do not need to use Theorem 3.2 of [2]. We could have used induction on
M/f(¢) instead. In fact, to identify @’ as a space of “newforms” in a space
of theta series, one must use induction. |

CorOLLARY 4.5. Let the notation and hypotheses be as in Theorem 4.3.
Then if r=1 we have

SUP'M. $)2SUPM, §) © SYUM, ) ® @ SUpM, *$), (48')

where y = ( /p) and the sum @ ,,. is over all the 5( p — 3) classes of primitive
characters mod p excepting y modulo the equivalence y ~ . If r = 2, we have

SUPM 2@ SUPM, ), (4.8")
X/~

where the sum @ ,,_ is over all the £(p"—2p” ' + p"~?) classes of primitive
characters mod p" modulo the equivalence y ~ y®.

Proof. By Proposition 1.1 every newform in the R.H.S. of (4.8') (resp.
(4.8")) is contained in S,(p’M, ¢) (resp. S.(p> M, ¥)); (4.8") (resp. (4.8"))
now follows from (4.3) (resp. (4.3")) and the theory of newforms. ||

We now consider S(p*M, w¢) with e(w)=1.

PROPOSITION 4.6. Let the notation and hypotheses be as in Theorem 4.3
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except that we now assume r=1 and o is an odd character mod p. Then we
have

2SUAP M, Y)=0'® @ 25U pM, yy)* (4.9)

X/~

as H-modules where the sum @ . is over all the 3(p—3) classes of
primitive characters mod p excepting & modulo the equivalence y ~ 70.

Proof. This is Theorem7.17 of [9] where @' =0%(M;L,2;¥) is a
space of “newforms.” For completeness we give a (different) proof here. As
in the proof of Theorem 4.3 we see that (4.2) yields

20,200 Tiln) = 3100y Tu(m) = tr e Ti(n) + Y, 7(n) tr,00 2y Tiln).  (4.10)

X

Using (1.5) and Lemma 1.2 we obtain from (4.10)

@ 20(M/m)SUpP’m ) @ o(M/m)S(pm ¥)
(@) lmi M S®)imI M

=0'®@® @ (M/m)S(pm, 1Y),
X S@)m M
where the sum @, is over all the p—2 primitive characters mod p. Note
that if y = @, then by Theorem 3.2 we have S(pm, y*¥) = S%(pm, ) and
we obtain

©  20(M/m) Si(p’m, )
S@mim

~20'@D® @ (M/m)S(pm, Y, (4.11)
x Sf(@)mM
where the sum @ , is over all the p — 3 primitive characters mod p except-
ing &. Now as in the proof of Theorem 4.3 the isomorphism in (4.9) follows
from (4.11) using Theorem 3.2 of [2] (or induction). |

If w is an even character mod p we could again use (4.2) together with
Theorem 3.2 to obtain (4.12) below. However, it is just as simple to
proceed as follows.

PROPOSITION 4.7. Let the notation and hypotheses be as in Theorem 4.3
except that we now assume r=1 and w is a non-trivial even character mod p
with @ = A%. Then we have

SUPM, 0f) = 0" @ SUM, ¢)* ® SUpM, ¢)*
DM, $) D S(pM, $)® D SYUpM, (*¢)”, (4.12)

X/~
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where the sum @ ,,. is over all the 5(p —5) classes of primitive characters
mod p excepting y =7, x = A, and y = 1 modulo the equivalence y ~ .

Proof. Note that by assumption p = 5. By Theorem 3.7,
Sk(pM, 22$)D SUP*M, °4)
=SUM, §Y DSUpM, $Y D SUP*M, 9)". (4.13)
By (4.8"),
Sip*M, $)' 0" ®Si(pM, ¢)" S UM, $)*
S D Si(pM, 1’9", (4.14)

1/~

where y=( /p) and the sum @, . is over all the 3(p—3) classes of
primitive characters mod p excepting y modulo the equivalence y ~ 3. The
summand corresponding to y=A in (4.14) gives the first summand of
(4.13). Hence we obtain (4.12). |

CorOLLARY 4.8. Let p be an odd prime and M a positive integer prime
to p. Let w be a non-trivial character mod p, ¢ a character mod M, and set
Y =w¢. Let k be an integer 22 satisfying y(—1)=(—1)*. If o is odd we
have

SUPM )2 @ SAPM, 2 ), (4.15)

X/~

where the sum @ . is over all the 3(p—3) classes of primitive characters
mod p excepting @ modulo the equivalence y ~ 3. If w is even then letting
w= 1% we have

SUPM, o) 2SUM, $) @ SUpM. ) ® SUM, ¢)*
®SUPM, $)* D D SUpM, y*¢)*, (4.16)
X//\

where the sum @ . is over all the L(p—5) classes of primitive characters
mod p excepting y =1, y =, and y =1 modulo the equivalence y ~ j.

Proof. By Proposition 1.1 every newform in the RH.S. of (4.15) or
(4.16) is contained in S,(p>M, ). Equations (4.15) and (4.16) now follow
from (4.9), (4.12), and the theory of newforms. ||

THEOREM 4.9. Let p be an odd prime and M a positive integer prime to p.

Let r be a positive integer, w a character mod p’, ¢ a character mod M, and
set Yy = weg. Let k be an integer =2 satisfying y(—1)=(—1). Assume r = 2,

6413537
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e(w)=r, and let w=¢A’ for any character ¢ with e(¢)<r—1 and e(A)=r.
Then

Swp* M, ei’¢)
2r—1

20" ® @ Sip'M, eh)'®D SUPM, e’d), (417)

i=efe) o~

where the sum @ ,,. is over all the equivalence classes of primitive charac-
ters y mod p” such that yA and yAe remain primitive mod p’, modulo the
equivalence y ~ 7. Here ©" is “half” of the @" in (4.3").

Proof. By Theorem 3.7

2r 2r
@ SUPM, el’9)= D SUP'M, ¢4)". (4.18)
i=r i=e(e})
By (4.3")
SUPTM, e4)' = 0" D D SUp'M, 1Y), (4.19)

X~

where the sum @, . is over all the 5(p"—2p" '+ p’?) classes of
primitive characters mod p” modulo the equivalence y~7yé Now by
Theorem 3.9 we can write the L.H.S. of (4.18) as

2r—1
S M 90 & (@ Sk eioy)
i=r elp)=1i—r

=SHpPTM, ei’)® D SUp ed’p’d), (4.20)

e(p)<r

r

where @.(,-;_, denotes the sum over all primitive characters mod p'~
and @,,,., denotes the sum over all characters mod p"~'. Each space
S%(p', eA*p*¢)? occurring in (4.20) appears as a summand (when y = 1p)
in the R.H.S. of (4.19). Hence from (4.18), (4.19), and (4.20) we obtain
4.17). 8

CoOROLLARY 4.10. Let the notation and hypotheses be as in Theorem 4.9.
Then

SUp*M, £1*9)
2r—1

2 @ SUPM. Y@@ SUpPM, ex’d)™ (4.21)

i=e(e) X~



TWISTS OF NEWFORMS 323

Proof. By Proposition 1.1 every newform in the R.H.S. of (4.21) is
contained in S.(p* M, e4%¢); (4.21) now follows from (4.17) and the theory
of newforms. ||

Remark 4.11. We now explain how Corollary 4.10 relates to Theorems
3.1 and 4.1 in Atkin and Li [2]. First consider Theorem 3.1 of [2]. Recall
(see the paragraph preceding Theorem 3.9 above) that the only case of
Theorem 3.1 of {27 remaining to be considered is base (b) when a < 8. Let
F(1) be a newform in S{(p'M, wg) and let y be a primitive character
mod p". Let a =e(w) and B=r. Theorem 3.1 of [2] states that if a<r,
2r>v, and e(yw)=r, then F,(t) has exact level pM. Since we are
considering Corollary 4.10 we make the additional assumptions that p is
odd and r>2. Now if a<r, letting w=¢ and y =4, F,(t) appears in the
first summand on the R.H.S. of (4.21), hence is a newform of level p" M,
and hence has exact level p” M. If a=r, then w=¢& for some & with
e(e)<r. Let A=y Then y=EA Also &= and £ie=yw are primitive
mod p”. Thus F,(t) appears in the second summand on the RH.S. of
(4.21), hence is a newform of level p>M, and hence has exact level p>" M.
Theorem 4.1 of [2] states that if F(z) is a newform in S)(p’M, wé) and y
is a character mod a power of p with e(y)=r>v and e(wy) =r, then F (1)
is a newform in S pM, wy’4). This follows by the same argument as
above. If p is odd and r=2, we leave it to the reader to check that
Theorem 4.1 of {27 and the above case of Theorem 3.1 of [2] follow from
Corollary 4.8. If p=2, Theorem4.l of [2] and the above case of
Theorem 3.1 of [2] follow from Theorem 3.14.
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