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We give a list of finite groups containing all finite groups G such
that the group of units ZG∗ of the integral group ring ZG is
subgroup separable. There are only two types of these groups G
for which we cannot decide whether ZG∗ is subgroup separable,
namely the central product Q 8Y D8 and Q 8 × C p with p prime and
p ≡ −1 mod (8).
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A group Γ is said to be subgroup separable if for every finitely generated subgroup H of Γ and
g ∈ Γ \ H there exists a subgroup of finite index K of Γ such that g /∈ K H . In other words Γ is
subgroup separable if every finitely generated subgroup of Γ is closed in the profinite topology of Γ

(i.e. the topology generated by normal subgroups of finite index). The importance of subgroup sep-
arability has long been recognized, both in group theory and topology. This powerful property has
attracted a good deal of attention in the last few years, largely motivated by questions which arise
in low dimensional topology (see [28], and [3] for example). The first author who observed the im-
portance of the subgroup separability property was Mal’cev: he noticed that a subgroup separable
finitely presented group has solvable generalized word problem. It is clear that subgroup separability
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of a group indicates that its profinite topology is strong. For arithmetic groups the meaning of the
profinite topology being strong is defined concretely by means of the congruence subgroup prop-
erty. It is known that the congruence subgroup property for non-polycyclic arithmetic groups implies
non-subgroup separability.

There are few examples of non-abelian groups that are known to be subgroup separable. We give
a list of arithmetic groups known to have this property, since it is relevant to the subject of this
paper. M. Hall [10] provided the first non-trivial examples by proving that free groups are subgroup
separable. R.G. Burns [5] and N.S. Romanovskii [26] showed that a free product of subgroup separable
groups is subgroup separable. These results were all proved using algebraic methods. A more topolog-
ical approach was developed by J. Hempel in [11], J.R. Stallings in [30] and P. Scott in [28]. Scott used
hyperbolic geometry to prove that surface groups are subgroup separable. More recently, D.D. Long
and A.W. Reid [17] adapted Scott’s approach to show that geometrically finite subgroups of certain
hyperbolic Coxeter groups are subgroup separable. In fact a combination of the Agol, Long and Reid
results [2,3] proves subgroup separability of Bianchi groups (see Theorem 3.4 in [18]) and so for all
non-uniform arithmetic lattices.

In this paper we consider the problem of classifying finite groups G such that ZG∗ , the group of
units of the integral group ring ZG , is subgroup separable. To this end, we first prove that ZG∗ is
subgroup separable if and only if the simple components of the rational group algebra QG satisfy
some special conditions. To classify the finite groups G with such rational group algebra we use
firstly some representation theory techniques and secondly some results of Jespers and Leal [12,13]
and Gow and Huppert [7,8] on simple components of rational group algebras. Throughout the paper
we will need to compute the Wedderburn decomposition of QG for some finite groups G . The reader
can check these computations using a method introduced in [22] or the GAP package Wedderga [4,9].

We start introducing the basic notation.
The group of units of a ring R is denoted by R∗ . We will use ζn to denote a complex primitive

n-th root of unity.
The commutator subgroup of a group G is denoted by G ′ . If x, y ∈ G then xy = y−1xy and (x, y) =

x−1 y−1xy. The cyclic group of order n is denoted by Cn . We also use 〈x〉n to denote a cyclic group of
order n generated by x. By D2n we denote the dihedral group of order 2n and by Q 4n the quaternion
group of order 4n. The following finite groups will play an important role in the paper:

D+
2n+2 = 〈a〉2n+1 � 〈b〉2, with ba = a2n+1b;

D−
2n+2 = 〈a〉2n+1 � 〈b〉2, with ba = a2n−1b;

D = 〈
a,b, c

∣∣ ca = ac, cb = bc, a2 = b2 = c4 = 1, ba = c2ab
〉;

D+ = 〈
a,b, c

∣∣ ca = ac, cb = bc, a4 = b2 = c4 = 1, ba = ca3b
〉
.

We also need the central product D8Y Q 2n of D8 and Q 2n , i.e. D8Y Q 2n = (D8 × Q 2n )/〈(z1, z2)〉, where
z1 and z2 are generators of the center of D8 and Q 2n respectively. Recall that a non-abelian group G
is said to be Hamiltonian if every subgroup of G is normal in G . The finite Hamiltonian groups are
the groups of the form Q 8 × Cn

2 × A with A a finite abelian group of odd order [25, 5.3.7].

If F is a field and a, b are non-zero elements of F then ( a,b
F ) denotes the quaternion algebra

F [i, j | i2 = a, j2 = b, ji = −i j]. The Hamiltonian quaternion algebra (−1,−1
F ) is denoted by H(F ).

Recall that a quaternion algebra ( a,b
F ) over a number field F is totally definite if F is a totally real

field such that a, b are totally negative (i.e. σ(F ) ⊆ R and σ(a) and σ(b) are negative for every
homomorphism σ : F → C).

Let A be a finite dimensional semisimple rational algebra and R an order in A. Hence A ∼=
A1 × · · · × An with A1, . . . , An simple algebras. Such an expression is called the Wedderburn decom-
position of A and the factors Ai are called the simple components of A. The following Wedderburn
decompositions can be found in [6, pp. 161–163], [29, Lemma 20.4] or [12]:
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QCn ∼=
⊕
d|n

Q(ζd),

QD2n ∼= 2Q
(

D2n/D ′
2n

) ⊕
⊕

2<d|n
M2

(
Q

(
ζd + ζ−1

d

))
,

QQ 2n ∼= QD2n−1 ⊕ H
(
Q

(
ζ2n−1 + ζ−1

2n−1

))
,

QD−
16

∼= 4Q ⊕ M2(Q) ⊕ M2
(
Q(

√−2)
)
,

QD+
16

∼= 4Q ⊕ 2Q(i) ⊕ M2
(
Q(i)

)
,

QD ∼= 8Q ⊕ M2
(
Q(i)

)
,

QD+ ∼= 4Q ⊕ 2Q(i) ⊕ 2M2(Q) ⊕ 2M2
(
Q(i)

)
,

Q(D8Y Q 8) ∼= 16Q ⊕ M2
(
H(Q)

)
. (1)

By an order in A we mean a Z-order in A, i.e. a subring of A with finitely generated underlying
additive group and containing a basis of A over Q. It is well known that if R and S are orders in A
then R∗ ∩ S∗ has finite index in both R∗ and S∗ (see e.g. [29, Lemmas 4.2 and 4.6]).

We say that A is virtually central (VC) if the center of R∗ , for R an order in A, has finite index in R∗ .
This definition does not depend on the choice of the order. If A is simple then A is VC if and only if
it is either a field or a totally definite quaternion algebra [29, Lemma 21.3]. Therefore, in general, A is
VC if and only if all its simple components are fields or totally definite quaternion algebras.

We now recall some elementary properties of subgroup separability. It is easy to see that abelian
groups are subgroup separable and that the class of subgroup separable groups is closed for sub-
groups. Moreover, if Λ is a subgroup of finite index in Γ and Λ is subgroup separable then Γ is
subgroup separable. This implies that if R and S are orders in a finite dimensional semisimple ratio-
nal algebra then R∗ is subgroup separable if and only if so is S∗ . If Γ is a subgroup separable group
and Ω is a finitely generated abelian group then it is known that Γ × Ω is subgroup separable (see
e.g. [21, Lemma 4]). However, subgroup separability fails to be preserved by many natural operations.
For instance, if F is a non-abelian free group then, by a well-known result of K.A. Mikhailova [20],
F × F contains a finitely generated subgroup that have undecidable membership problem (see [19,
Theorem IV.4.3]). Hence F × F is not subgroup separable. So the class of subgroup separable groups
is not closed under direct products.

The following proposition links subgroup separability of ZG∗ with the Wedderburn decomposition
of QG .

Proposition 1. Let G be a finite group. Then ZG∗ is subgroup separable if and only if one of the following
conditions holds:

1. QG is VC.
2. QG has exactly one non-VC simple component A and if R is an (any) order in A then R∗ is subgroup

separable.

Proof. Let QG = A1 ×· · ·× An be the Wedderburn decomposition of QG and let Ri be an order in Ai .
As both ZG and R = R1 × · · · × Rn are orders in QG , it follows that ZG∗ is subgroup separable if and
only if so is R∗ .

If condition 1 holds then R∗ contains a finitely generated abelian subgroup of finite index. If con-
dition 2 holds and A1 is the only non-VC simple component of QG then R∗

1 is subgroup separable and
R∗

2 × · · · × R∗
n has a finitely generated abelian subgroup H of finite index. Thus R∗

1 × H is a subgroup
separable subgroup of finite index in R∗ . In both cases R∗ is subgroup separable and hence so is ZG∗ .

Conversely, assume that ZG∗ is subgroup separable. Then R∗ is subgroup separable and hence so is
each R∗

i . By Tits Alternative each R∗
i is either virtually solvable or contains a non-abelian free group.
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Since the direct product of two non-abelian free groups is not subgroup separable, the number of R∗
i ’s

which are not virtually solvable is at most 1. If R∗
i is virtually solvable then Ai is VC [15, Theorem 2].

Therefore QG has at most one non-VC simple component. �
Observe that the class of finite groups G such that ZG∗ is subgroup separable is closed under

subgroups and epimorphic images. The first is an obvious consequence of the fact that the class of
subgroup separable groups is closed under subgroups and the second is a consequence of Proposi-
tion 1. We will use this throughout without specific mention.

Let A = Mn(D) with D a finite dimensional division rational algebra and R an order in D . Then the
group of units of an order in A is subgroup separable if and only if so is GLn(R). Moreover, GLn(R)

contains a subgroup of finite index of the form H × K where H is a subgroup of finite index in the
center of R∗ and K is a subgroup of finite index in SLn(R). Therefore GLn(R) is subgroup separable if
and only if so is SLn(R). This and Proposition 1 imply that it is relevant to consider the problem of
when SLn(R) is subgroup separable for R an order in a finite dimensional rational division algebra D .
This is, in general, a difficult problem with many known negative results and few positive ones. Most
of the negative results follow from the fact that if SLn(R) is subgroup separable then it does not have
the Congruence Subgroup Property. In particular, if SLn(R) is subgroup separable then n � 2 and if
n = 2 then D is either Q, an imaginary quadratic extension of the Q or a totally definite quaternion
algebra over Q (see the Main Theorem on page 74 in [24] and also 5.6 of [23] for a short proof
written for fields that is valid for division algebras as well). This proves the following lemma.

Lemma 2. Let G be a finite group such that ZG∗ is subgroup separable and A a non-VC simple component
of QG. Then A is either a division algebra or isomorphic to M2(D) with D either Q, an imaginary quadratic
extension of Q or a totally definite quaternion algebra over Q.

We say that a group G is decomposable if it is the direct product of two non-trivial subgroups.
Otherwise we say that G is indecomposable. Proposition 1 and Lemma 2 imply strong conditions for
finite decomposable groups G such that ZG∗ is subgroup separable.

Lemma 3. If G is a finite non-abelian decomposable group such that ZG∗ is subgroup separable then one of
the following conditions holds:

1. G ∼= Q 8 × Ck
2 for some k � 1.

2. G ∼= Q 8 × Cn, with n either 3, 4 or prime satisfying n ≡ −1 mod (8).

Proof. Assume that G = H × K with H non-trivial and K non-abelian. We claim that K is Hamiltonian.
Otherwise one of the simple components of QK is not a division algebra and so, by Lemma 2, it is of
the form M2(D) for D a division algebra. As QH has at least two simple components, QG has at least
two simple components which are not division algebras, and hence they are not VC. This contradicts
Proposition 1 and finishes the proof of the claim.

If H is non-abelian then it is also Hamiltonian, by the previous paragraph. Then G contains
a subgroup isomorphic to Q 8 × Q 8. As Q(Q 8 × Q 8) has a simple component isomorphic to
H(Q) ⊗Q H(Q) ∼= M4(Q), the group Z(Q 8 × Q 8)

∗ is not subgroup separable, by Lemma 2. This yields
a contradiction. Therefore H is abelian.

Let n > 1. Then Q(Q 8 × Cn) has a simple component isomorphic to H(Q(ζd)), for every divisor d
of n. This algebra is VC if and only if d = 1 or 2. Therefore, if Z(Q 8 × Cn)∗ is subgroup separable then
n has at most one divisor different from 1 or 2 and hence n is either 4 or prime. The same argument
shows that if Z(Q8 × Cn × Cm)∗ is subgroup separable with n and m different of 1 then n = m = 2.

This implies that K ∼= Q 8 × A with A an elementary abelian 2-group, and H is either elementary
abelian 2-group or cyclic of order 4 or prime. Moreover, if A �= 1 then H is elementary abelian 2-
group. Thus either G satisfies condition 2 or G = Q 8 × Cn with n = 4 or an odd prime. Assume
that G = Q 8 × Cn with n odd prime. Then one of the simple components of QG is isomorphic to
H(Q(ζn)). If moreover n �≡ −1 mod (8) then H(Q(ζn)) ∼= M2(Q(ζn)) (see e.g. the paragraph below [16,
Proposition 2.11]). By Lemma 2, n − 1 = [Q(ζn) : Q] � 2 and hence n = 3. This finishes the proof. �
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By Lemma 2, if ZG∗ is subgroup separable then every simple component of QG is either a division
algebra or a two-by-two matrix ring over a division algebra. The simple components of this form,
for G a nilpotent group, have been classified in [12]. We will use this in our next lemma.

Lemma 4. Let G be a non-abelian nilpotent finite group. Let e be a primitive central idempotent of QG such
that (QG)e is not abelian. If ZG∗ is subgroup separable then one of the following facts holds:

1. Ge ∼= Q 8 × C3 and (QG)e = M2(Q(
√−3)).

2. Ge ∼= Q 8 × C p with p prime satisfying p ≡ −1 mod (8) and (QG)e = H(Q(ζp)).
3. Ge ∼= D8 and (QG)e = M2(Q).
4. Ge ∼= Q 8 and (QG)e = H(Q).
5. Ge ∼= Q 16 and (QG)e = H(Q(

√
2)).

6. Ge ∼= D+
16 and (QG)e = M2(Q(i)).

7. Ge ∼= D and (QG)e = M2(Q(i)).
8. Ge ∼= D8Y Q 8 and (QG)e = M2(H(Q)).

Proof. As Ge is an epimorphic image of G , Z(Ge)∗ is subgroup separable and (QG)e is a simple
component of QG isomorphic to a simple component of Q(Ge). We separate cases depending on
whether Ge is a p-group or not. The p-group case is the most involved and it is split depending
on whether QGe is a division algebra, a matrix algebra over a field or a matrix algebra over a non-
commutative division algebra.

If Ge is not a p-group, for some p then, by Lemma 3, Ge ∼= Q 8 × C p with p prime and either p = 3
or p ≡ −1 mod (8). In the first case (QG)e ∼= M2(Q(

√−3)) and in the second case (QG)e ∼= H(Q(ζp)).
Therefore if Ge is not a p-group then either condition 1 or 2 holds.

Assume otherwise that Ge is a p-group for some prime p. If p is odd then, by a well-known result
of Roquette [27], (QG)e is an n × n matrix algebra over a field, for n a power of p, contradicting
Lemma 2. Thus Ge is a 2-group and, by Lemma 2, (QG)e is either a division algebra or a two-by-
two matrix algebra over a division algebra. Then Ge and (QG)e satisfy one of the conditions of [12,
Theorem 2.2].

If (QG)e is a division algebra then Ge is isomorphic to Q 2n and (QG)e = H(Q(ζ2n−1 + ζ−1
2n−1 )). Then

D2n−1 is an epimorphic image of Ge. Hence QG has a simple component isomorphic to M2(Q(ζ2n−1 +
ζ−1

2n−1 )). (See Wedderburn decomposition in (1).) By Lemma 2 it follows that Q(ζ2n−1 + ζ−1
2n−1 ) = Q and

thus n � 4. Therefore, in this case either condition 4 or 5 holds.
Assume that (QG)e ∼= M2(F ) with F a field. By [12, Theorem 2.2], Ge is isomorphic to one of

the following groups: D8, D16, D+
16, D−

16, D or D+ . By inspection of the Wedderburn decomposition
of these groups (1) we observe that QD16, QD−

16, QD and QD+ have at least two non-VC simple
components, yielding a contradiction with Proposition 1. We conclude that Ge is either D8, D+

16 or D.
Then either condition 3, 6 or 7 holds.

It remains to consider the case when (QG)e ∼= M2(D) with D a non-commutative division algebra.
By [12, Theorem 2.2], D ∼= H(Q(ζ2n−1 +ζ−1

2n−1 )) and G = 〈H, g〉, with H a subgroup of index 2 in G , and
H contains a non-trivial normal subgroup N such that N ∩ N g = 1 and H/N ∼= Q 2n . (Observe that case
(3.a) in [12] is in fact contained in case (3.b) because if D8 = 〈a,b〉, with a of order 4, H = 〈b, Q 2n 〉 and
N = 〈b〉 then H and N satisfy condition (3.b) for Ge = D8Y Q 2n .) By Lemma 2, Q(ζ2n−1 + ζ−1

2n−1 ) = Q

and hence n = 3. Since N ∩ N g = {1} and N is a normal subgroup of H , 〈N, N g〉 = N × N g ⊆ H and
(N × N g)/N is a non-trivial subgroup of H/N ∼= Q 8. Thus N is isomorphic to a subgroup of Q 8 and
therefore its order is either 2, 4 or 8. If |N| = 8 then N × N g is isomorphic to Q 8 × Q 8 and its
rational group algebra contains a simple component isomorphic to M4(Q) yielding a contradiction
with Lemma 1. Thus N has order 2 or 4. We claim that N has order 2. Otherwise N is generated by
an element of order 4, since so is every subgroup of order 4 of Q 8. Then H = 〈x,a,b〉 with N = 〈x〉4,
a = xg , b2N = a2N and ab N = a−1N . As N is normal in H and a is not central in H we have xb = x−1

and ab = a−1. Moreover b2 = a2xi , with i = 0,1,2 or 3. As a2 and b2 are central in H and x is not,
necessarily i = 0 or 2. In both cases H/〈b2〉 is isomorphic to D8 × C2. This yields a contradiction with
Lemma 3.
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Thus N = 〈x〉2, |H| = 16, H/N ∼= Q 8 and G = 〈H, g〉 with xg �= x. This implies that H is isomorphic
to either Q 8 × C2 or 〈c〉4 � 〈d〉4, with dc = c3d. Assume that H is as in the second case. Then H
has 3 elements of order 2, namely c2, d2 and c2d2. Notice that c2 is the only element of order 2
in H ′ = 〈c2〉 and c2d2 is the only non-square element of order 2 of H . This proves that c2, d2 and
c2d2 are invariant by any automorphism of H . As x is an element of order 2 of H it follows that
xg = x, a contradiction. Therefore H ∼= Q 8 × C2. This implies that for every a,b ∈ H with (a,b) �= 1 we
have H = 〈a,b〉 × 〈x〉, 〈a,b〉 ∼= Q 8 and xg = a2x.

In the remainder of the proof we will use that D8 is not an epimorphic image of G . Otherwise
M2(Q) is a simple quotient of QG and by assumption M2(H(Q)) is another simple quotient of QG
yielding a contradiction with Proposition 1.

We claim that the order of g is either 2 or 4 and in fact we may assume that it is 4. If
g is of order 8 then we may assume that g2 = a. Thus, xg = g4x and therefore 〈g, x〉 is a nor-
mal subgroup of G isomorphic to D+

16. Then gb = gi x j with i = ±1 or ±3 and j = 0 or 1. Also
g−2 = a−1 = ab = (g2)b = (gi x j)2. If j = 0 then g−2 = g2i . Therefore i ≡ −1 mod 4 and thus G/〈a2, x〉
is isomorphic to D8, a contradiction. So j = 1 and g−2 = g6i . Therefore i = 1 or −3. In this case
G/〈xg2〉 is isomorphic to D8, again a contradiction. Then the order of g is 2 or 4. If the order of g
is 2 then gx has order 4. Hence, we may assume that g has order 4 as desired.

Thus in the remainder of the proof we assume that g has order 4. Then g2 is an element of
order 2 of H which commutes with g and hence g2 = a2. The group H has three abelian subgroups
of order 8, namely, 〈a, x〉, 〈b, x〉 and 〈ab, x〉. If any of these groups is not fixed by the action of g
then we may assume that ag = b (changing b by ag if needed). Then (g,a) = b−1a = ab and thus the
quotient G/〈a2, x〉 is a non-abelian group of order 8 generated by two elements of order 2. Hence
G/〈a2, x〉 ∼= D8, a contradiction. So the action of g fixes the three subgroups of order 8 in H . If 〈a〉
is not normal in G then ag = ax or ag = a−1x. Then a = (ag)g is equal to either (ax)g = axa2x = a−1

or (a−1x)g = axa2x = a−1, a contradiction. This proves that every cyclic subgroup of order 4 of H
is normal in G . Therefore, if (a, g) �= 1 then ag = a−1 and hence (ax)g = ax. Thus replacing a by
ax if needed we may assume that (g,a) = 1 and similarly, one may assume that (g,b) = 1. Hence
G = 〈g, x〉Y 〈a,b〉 = D8Y Q 8 which finishes the proof of the lemma. �
Theorem 5. Let G be a non-abelian finite group such that ZG∗ is subgroup separable. Then G is either abelian
or isomorphic to one of the following groups:

D6, D8, Q 12, C4 � C4, D, D+
16, Q 16, Q 8 × C3, Q 8 × C4, D8Y Q 8,

Q 8 × Cn
2 with n � 0, or

Q 8 × C p with p prime and p ≡ −1 mod (8).

Proof. If G is decomposable then, by Lemma 3, G is isomorphic to either Q 8 × Cn
2 (with n � 1),

Q 8 × C3, Q 8 × C4 or Q 8 × C p with p prime and p ≡ −1 mod 8. So in the remainder of the proof
we assume that G is indecomposable. We consider cases depending on whether G is nilpotent or
not.

Assume that G is nilpotent. Then, G is a p-group, because it is indecomposable and, by Lemma 4,
G is a 2-group. Moreover, for every primitive central idempotent e of QG such that Ge is not abelian,
one of the conditions 3–8 of Lemma 4 holds. If G is Hamiltonian then G is isomorphic to Q 8. Assume
that G is not Hamiltonian. If Q 16 is not an epimorphic image of G then, by Lemma 4, every non-
commutative simple quotient of QG is isomorphic to either M2(Q), H(Q), M2(Q(i)) or M2(H(Q))

and only one simple component is not a division algebra, by Proposition 1. The non-abelian finite
groups G satisfying this condition have been classified in [13, Theorem 1]. Using this result we deduce
that G is isomorphic to either D8, C4 � C4, D, D+

16 or D8Y Q 8.
Assume otherwise that Q 16 is an epimorphic image of G . Then D8 is also an epimorphic image

of G and therefore M2(Q) is isomorphic to a simple component of QG . Then the remaining sim-
ple components of QG are division algebras, by Proposition 1. By Lemma 4, every simple quotient
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of QG is isomorphic to either M2(Q), H(Q) or H(Q(
√

2)). Then G satisfies condition (3) of [14, The-
orem 1.3]. Thus G is one of the groups (a)–(g) listed in that result, because G is non-abelian indecom-
posable 2-group and the groups (h) and (i) in the list are not 2-groups. The groups (a)–(f) have expo-
nent 4, while the exponent of G is at least 8 because Q 16 is an epimorphic image of G . Thus G is iso-
morphic to the group Hn given by the presentation 〈x, y1, . . . , yn | x4 = x2 y4

i = y2
i [x, yi] = [yi, y j] = 1〉

for some n � 1. As Hn/〈y2
2, . . . , y2

n〉 ∼= Q 16 × Cn−1
2 does not satisfy the conditions of Lemma 3 if n > 1,

we deduce that n = 1. We conclude that G ∼= Q 16. This finishes the proof for the nilpotent case.
Assume that G is non-nilpotent. By Proposition 1, every simple component of QG is either a division

algebra or a two-by-two matrix ring over a division algebra. In other words the reduced degree over
Q of each irreducible character of G is either 1 or 2. This implies that G contains a nilpotent subgroup
of index 2, by [7,8]. Hence G = N2′ � G2 where N2′ is a nilpotent 2′-group and G2 is a 2-group such
that N2 = CenG2(N2′ ) has index 2 in G2. Therefore, there is a non-trivial automorphism σ of N2′ of
order 2, such that for every x ∈ G2, the action ϕx of x on N2′ by conjugation is trivial if x ∈ N2 and
otherwise ϕx = σ .

We claim that G2 is cyclic. Assume first that G2 is abelian and write G2 = 〈x1〉n1 × · · · × 〈xk〉nk

with 2 � n1 � n2 � · · · � nk . Let i be minimum with xi /∈ N2. By replacing, x j by x j xi , for each j > i
such that x j /∈ N , we may assume that x j ∈ N2 for every j �= i. Then G = (N2′ � 〈xi〉) × ∏

j �=i〈x j〉. As,
by assumption, G is indecomposable we deduce that k = 1, as wanted. Assume otherwise that G2 is
non-abelian. By the nilpotent case G2 is one of the 2-groups listed in the theorem. On the other hand
G ′

2 is a normal subgroup of G and G/G ′
2

∼= N2′ � (G2/G ′
2). By the abelian case, G2/G ′

2 is cyclic. This
yields a contradiction, since none of the 2-groups listed in the theorem satisfies this condition.

Hence G2 = 〈x〉 for some x, of order 2n , say. Now we claim that every subgroup of N2′ is normal
in G . Otherwise there is a ∈ N2′ of order q, an odd prime power, such that b = ax /∈ 〈a〉. This implies
that 〈ab, x2〉 is contained in the center of G and 〈a,b, x〉/〈ab, x2〉 is isomorphic to D2q1 , for q1 a divisor
of q different than 1. However QD2q1 has a simple component isomorphic to M2(Q(ζq1 + ζ−1

q1
)).

This implies that Q(ζq1 + ζ−1
q1

) = Q and hence q1 = 3. Thus a3 = (ab)i = aibi for some integer i.

Therefore bi = a3−i . As b /∈ 〈a〉, we have i = 3m for some m. Then a3(1−m) = b3m . As a and b have
the same order, m is coprime with 3. Thus b3 ∈ 〈a3〉. This implies that 〈a3, x2〉 is normal in G and
H = 〈a,b, x〉/〈a3, x2〉 ∼= (〈a〉3 × 〈b〉3) × 〈x〉2. The Wedderburn decomposition of QH is

QH = 2Q ⊕ 2Q(
√−3) ⊕ M2(Q) ⊕ M2

(
Q(

√−3)
)
.

By Proposition 1, ZH∗ is not subgroup separable, a contradiction. This finishes the proof of the claim.
Thus every subgroup of N2′ is normal in G . Therefore, if a ∈ N2′ is an element of order q non-

commuting with x, then 〈a, x〉/〈x2〉 ∼= D2q . As in the previous paragraph this implies that q = 3. Using
that G is indecomposable it is now easy to prove that N2′ = C3. Therefore G = C3 � C2n with ax = a−1.
If n � 3 then K = C3 � C8 is isomorphic to an epimorphic image of G . The Wedderburn decomposition
of QK is

QK = 2Q ⊕ Q(i) ⊕ Q(ζ8) ⊕ M2(Q) ⊕
(−1,−3

Q

)
⊕

(
i,−3

Q(i)

)
.

By Proposition 1, ZK ∗ is not subgroup separable, a contradiction. Therefore G is isomorphic to either
C3 � C2 ∼= D6 or C3 � C4 = Q 12 which finishes the proof of the theorem. �

To obtain a complete classification of the finite groups G such that ZG∗ is subgroup separable one
should decide which of the groups appearing in Theorem 5 satisfy the conditions of Proposition 1. If
G = Q 8 × Cn

2 , with n � 0, then ZG∗ is finite and hence ZG∗ is subgroup separable. For the remaining
groups in Theorem 5, QG has precisely one non-VC component. The following table classifies the
groups appearing in Theorem 5, other than Q 8 × C2, according to the non-VC component A. The third
column contains an order R in the non-VC component.
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G A R

D6, D8, C4 � C4, Q 16 M2(Q) M2(Z)

Q 8 × C3 M2(Q(
√−3)) M2(Z[√−3])

Q 8 × C4, D, D+
16 M2(Q(i)) M2(Z[i])

D8Y Q 8 M2(H(Q)) M2(H(Z))

Q 8 × C p , with p prime and p ≡ −1 mod (8) H(Q(ζp)) H(Z[ζp ])

Let G be one of the groups in the previous table and let R be the order displayed in the third column
of the table. By Proposition 1, ZG∗ is subgroup separable if and only if R∗ is subgroup separable. This
has been settled for the groups in the first three rows. Indeed, it is well known that GL2(Z) contains
a non-abelian free subgroup of finite index and it has been proved recently that GL2(Z[√−3]) and
GL2(Z[i]) are subgroup separable (see [18, Theorem 3.4]). So we have the following positive result.

Theorem 6. If G is one of the following groups

D6, D8, Q 12, C4 � C4, D, D+
16, Q 16, Q 8 × C3, Q 8 × C4 or

Q 8 × Cn
2 (with n � 0)

then ZG∗ is subgroup separable.

To decide whether ZG∗ is subgroup separable or not, for G one of the groups in the last two rows
of the table, one should decide whether R∗ is subgroup separable. Thus to complete the classifica-
tion of finite groups G with ZG∗ subgroup separable it remains to decide if GL2(H(Z)) is subgroup
separable and for which prime integers p with p ≡ −1 mod (8), the group of units of H(Z[ζp]) is
subgroup separable. In fact GL2(H(Z)) is subgroup separable if and only if so is SL2(H(Z)). Similarly,
H(Z[ζp])∗ is subgroup separable if and only if so is SL1(H(Z[ζp])).

A presentation by generators and relations for SL2(H(Z)) has been obtained in [1]. Unfortunately
the subgroup separability question for this groups does not seem to follow from the presentation.
Note that SL2(H(Z)) does not posses the congruence subgroup property, since it contains a subgroup
of finite index that maps onto a free non-abelian group. However, it is not known whether failure
of the congruence subgroup property implies subgroup separability for arithmetic groups (virtually
indecomposable in direct products).

In the remaining cases, SL1(H(Z[ζp])) with p prime with p ≡ −1 mod (8), the congruence sub-
group property is unknown and the structure of the group not-understood.
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