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1. Introduction

In this paper we are dealing with the class of degenerate second order elliptic differential operators

d

1
Aqu(x) = 5 D Xi(Sij — X))oy u(X), X € Sq, (1.1)
i, j=1

and mAg, where Sy = {x €[0,1]% | 2?21 xi < 1} is the canonical simplex of R and m is a strictly positive function in
the space C(S4) of all continuous functions on S4. The operator (1.1) arises in the theory of Fleming-Viot processes as
a generator of a Markov Cp-semigroup defined on C(S4). Fleming-Viot processes are measure-valued processes that can be
viewed as diffusion approximations of empirical processes associated with some classes of discrete time Markov chains in
population genetics. We refer to [15,16,19] for more details on the topic. In particular, the operator (1.1) is the generator
corresponding to the diffusion model in population genetics in which neither mutation, migration, nor selection affects. This
is the simplest case of a Wright-Fisher model. Actually, the generators corresponding to more general diffusion models in
population genetics are of the following type

d d
1
Au(x) = 5 ijz—l Xi (8ij — xj)afixju(x) + ;bi(x)axiu(x), x € Sq, (1.2)

where the coefficients b; belong to the space C(S4) and depend on factors as mutation, selection and migration. So, the
operators (1.2) are of degenerate elliptic type with the elliptic part as in (1.1).
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The operators (1.2) arising from Fleming-Viot processes have been largely studied using an analytic approach by sev-
eral authors in different settings, see [1-3,6,8-10,14,23,26-29] and the references quoted therein. The interest is that the
equations describing the diffusion processes are of degenerate type and hence, the classical techniques for the study of
(parabolic) elliptic operators on smooth domains cannot be applied. In particular, the difficulty in studying these operators
is twofold: the operators (1.2) degenerate on the boundary 9S, of S; in a very natural way and the domain S4 is not smooth
as its boundary presents sides and corners.

As it is shown in the Feller theory for the one-dimensional case, the behavior of the diffusion process on the boundary
constitutes one of its main characteristics. So, the appropriate setting for studying the equations describing the diffusion
process is the space of continuous functions on the simplex Sg.

In the one-dimensional case, the study of such type of degenerate (parabolic) elliptic problems on C([0, 1]) started
in the fifties with the papers by Feller [17,18]. The subsequent work of Clément and Timmermans [11] clarified which
conditions on the coefficients of the operator mA, with A defined according to (1.2) and 0 < m € C([0, 1]), guarantee the
generation of a Co-semigroup in C([0, 1]). The problem of the regularity of the generated semigroup in C([0, 1]) has been
considered by several authors, [4,6,5,23]. In particular, Metafune [23] established the analyticity of the semigroup under
suitable conditions on the coefficients of the operator mA. Thus, he obtained the analyticity of the semigroup generated by
x(1 —x)D? on C([0, 11), which was a problem left open for a long time. We refer to [7] for a survey on this topic.

In the d-dimensional case, the problem of generation of a Cy-semigroup in C(S4) has been studied by different authors.
In more generality, the problem was solved by Ethier [14]. Actually, Ethier [14] (see also [15, p. 375]) proved the existence
of a Cp-semigroup of positive contractions on C(Sy) under mild conditions on the drift terms b;. In the following, we state
such a result in the case of our interest.

Theorem 1.1. (See Ethier [14].) The closure (Aq, D(Aqg)) of (Ag, C%(S4)) generates a positive and contractive Co-semigroup (T(®)ex0
on C(Sq). Moreover, the space C"(Sy) is a core for the infinitesimal generator of (T (t))r>0 for every n > 2.

On the other hand, Shimakura [27] (see [28, Ch. VIII, p. 221]) gave concrete representation formulas for the semigroups
of diffusion processes associated to a class of Wright-Fisher models including the simplest case. In particular, Shimakura
[28, Ch. VIII, p. 221] showed that the eigenvalues of Ay are given by

_n(n—l)
2

and that the corresponding process is replicated on every face of Sy in the following way. Denote by A, ¢ the restriction
of Ay to a face F of Sy and by F(V) the face of S; having V as a set of vertices. If V contains p + 1 vertices of Sy with
p <d, then F(V) can be identified with the simplex S, and the differential operator A4 r with the differential operator A,
on Sy, ie,

, neN, (1.3)

n—

Ag renyu = Ap(ulpvy), ue D(Ag). (1.4)

Moreover, in [28, Ch. VIII, p. 221] it was proved that the restriction of the semigroup (T (t))¢»0 to every face F(V) with
p + 1 vertices and p < d satisfies

(T(t)f)|F(V) =Trv)®Oflrvy), fe€C(Sa), (1.5)

where (Trv)(t))r>0 denotes the semigroup on C(F(V)) generated by A4 r(v). As the process is preserved under restriction
to faces, Campiti and Rasa [8] pointed out that the domain D(A4,) can be described recursively as follows

D(Ay) = {u e C(Sy) ’ ue ﬂ lec;g(gd)’ Aqu € C(Sy) and for every proper face
q=1

F S Sy4: ulp € D(Ag,r) and Ag p(ulp) = (Adu)|F}- (1.6)

If Vg ={vo,...,vq} denotes the set of vertices of Sy, then (1.6) implies that Aju(v;) =0 for every u € D(Ay) and i =
0,....d.

There are few results about the regularity of the generated semigroup in C(Sy), [1,3]. In the papers [1,3] it was estab-
lished the differentiability and the compactness of the generated semigroups related to some classes of operators of type
mA in C(Sy), including the generators of diffusion processes associated to a class of Wright-Fisher models, but not the
generator (1.1) corresponding to the simplest case. The main aim of this paper is to prove the analyticity of the semigroup
generated by the closure of (A4, C2(S4)) on C(S4) and hence, extending the result of Metafune to several variables. The
proof of the result is given by induction on the integer d. Actually, we provide a method which allows us to reduce the
proof to the one-dimensional case and which gives information on this particular class of operators.
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The paper is organized as follows. In Section 2 we consider the problem of the analyticity of the semigroup generated by
the closure of (A, C2(S2)) on C(S,), deepening and solving the 2-dimensional case. The end of this is to clarify in details
the necessary techniques to give the inductive step. In Section 3 we prove the analyticity of the semigroup generated by
the closure of (Ag, C2(Sq)) on C(Sg) by induction. Finally, by using the method of approximate resolvents, we show the
analyticity of the semigroup generated by the closure of (m.Ag, C2(S4)) on C(Sg).

1.1. Notation

The function spaces considered in this paper consist of complex-valued functions.

Let K € R? be a compact set. Denote by C"(K) the space of all n-times continuously differentiable functions u on K such
that lim,_,x, D*u(x) exists and is finite for all || <n and xp € dK. In particular, C(K) denotes the space of all continuous
functions u on K. The norm on C(K) is the supremum norm and is denoted by || ||x. The norm || ||,,x on C"(K) is defined

by f[ulln,k = X jq<n D72k

For easy reading, in some cases we will adopt the notation ||@(x)u|k to still denote supyck|@(x) u(x)|.

A bounded analytic semigroup of angle 6 with 0 <6 < 7r/2 is an analytic semigroup defined in the sector Xy ={z € C |
largz| < 0}.

For other undefined notation and results on the theory of semigroups we refer to [13,22,25].

In the present paper we will use some results about injective tensor products. We refer to [20,21,30,24] for definitions
and basic results in this topic and for related applications.

2. The 2-dimensional case
2.1. Auxiliary results
We first consider the one-dimensional second order differential operator
Au(x) =mx)xu” (x), xel0,b], 2.1)
and suppose that b > 0 and m is a strictly positive function in C([0, b]). The operator A with domain D(A), defined by
D(A) = [u e ¢([0,11) N €2(10, b]) ‘ lim Au=0, u/(b) = 0}, (2.2)
generates a bounded analytic Co-semigroup (T (t))¢>»o of angle 7 /2 on C([0, b]) which is contractive, [23,6,7,11].

Proposition 2.1. Let b > 0 and let m be a strictly positive function in C([0, b]). Then the operator A with domain D(A) defined
according to (2.2) satisfies the following properties:

(1) There exist &, > 0, Cp > 0 and D}, > 0 such that, for every 0 < & < gp, and u € C([0, b]) N C2(]0, b]) with Au e C([0, b]), we
have

Cp
”\/’_‘”/”[o,b] < ?llull[o,b] + DpellAullo,py-

(2) ”le]e eXiS[ J(b >0 (l”(i lb > 0 suc h lh(lt,f()l every O<t< ]b, we )[(ll}e
—||u 0.b]>

and such that, for every t > t;,, we have

[V(T©Ou) |5 < ue Clo, b],

I
IVX(T©u) |95 < Kpllulliopy,  u € CIO, b].
(3) Foreach 0 < 6 < 7 there exists a constant Cp, > 0 such that, for every A € {z € C | |argz| < 0} with |A| > 1, we have

’ C
[VE(RG Ay | gy < ﬁnunm,b], u € C([0. b)).

Proof. Denote by mg = minye(g ) m(x). Then mg > 0.
(1) Let u € C([0, b]) N C2(10, b]) with Au e C([0, b]). Then we have, for every z, h €10, b/2], that

h
u(z+h):u(z)+hu/(z)+/(h—s)u”(z+s) ds. (2.3)
0
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Let0<¢ < \/g and h =¢&4/z. Then h < % and hence, from (2.3) it follows

ez
1 1 —
V2 (2) = —(u(z + £4/7) — u()) — - / ENZ=S 1 Szt s)ds,
£ e zZ+s
0
where
N ez
_ 1 2
/@dsg— /(8ﬁ—s)ds=8—.
zZ+s z 2
0 0
Therefore

2 £ 2 £
(VETH IS 2l + §||zu”||[0’b] < Slulhos + z—mollAull[o,by

On the other hand, if z € [b/2, b] and ¢ €]0, b/4] (and hence, z — ¢ € [b/4, b[), there eXists & € [b/4, b] such that
2
! 8 "

uiz—¢e)=u(z) —eu'(z2) + ?u &)

and hence,
/ 1 8 4

u'(2) = g(u(z) —u@z-¢)+ Su (&).

It follows that
2+/b Vb 4 2+/b 2
|Vzu'(2)] < T||U||[0,b] + TSE}SU”(E)‘ < T””H[O,b] + %”Z“N”[b/‘hb]

2¢e

2vb
< —lulljo,py + | Aullp/a,p-
< [0,b] \/Bmo [b/4,b]

So,

2v/b
I «/ZU’H[b/z’b] < Tllull[o,b] + | Aullcio,b)-

2e
Vbmy

We then obtain, for every 0 <& < g := min{\/g, %, 1}, that

25290 o+ 2o (L 2 Y jau
< [0,b] mo \ 2 \/E [0,b]-

(2) Let u € C([0, b]). Since (T (t))¢>o is a bounded analytic Co-semigroup in C([0, b]), we have T(t)u € D(A) and there
exists M > 0 such that ¢t||AT(t)|| < M for every t > 0. Applying the property (1) above, we then obtain

H ﬁ”/H[o,b] <

VAT @) 10 < 2 [T@u g, + Do [AT Ol g4y < Loy + De - Nl
Set tp := 8%. Then there exists K, = max{Cp + MDy, /tp(Cp + MDp)} > 0 such that we obtain, for every 0 <t <t} and taking
& = 4/t, that
Ky
ﬁ lltellfo,by5
and such that, for every t > t,

H\/?(T(t)u)/H[O’b] < Kpllullo,py-

(3) By property (2) above the operator /xDT(t) is bounded on C([0, b]) with norm less or equal to Kp//t if 0 <t <t
and to Kj if t > tp. It follows, for every n > 1, u € C([0, b]) and x €]0, b], that

H\/’_‘(T(t)”)lulo,bj <

+o0 00
ﬁD( / e"tT(t)udt> :/e*"fﬁ(r(t)u)’dt

0 0
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and hence,
tp —+00 C C C
VX(R, M) || 1 < Kpllullo.p /t—”ze—”tdw / e dt =1<b<—1+—2)||u|| 0] < —=lulljo.p)-
b

Consequently, ifve D(A) and n> 1, then
0,b] X b 0,b 0,b] )
\/_ nv Av [0,b] niv [0,b] + \/_ Av [0,b]

Let 0 <6 < be a fixed angle. If v=R(u, A)u for some u € {z < C||argz| <6} with || > 1 and u € C([0, b)), then by the
sectoriality of A it follows

H ‘/;V/”[O,b] <

1
A A0 sy = (V1R Ay + 5 80 )
1
~G, (ﬁ IR Aoy 7 iR, A= ”lo*bl)

n 1
< ch<£||u||[o,b] + —nun[o,b]),

[l N4l

where the constant M depends only on 6. By taking n = ||, we get the assertion. O

Remark 2.2. The inclusion (D(A), | |la) < C([0, b]) is compact and hence, (A, D(A)) has compact resolvent (here, || ||a
denotes the graph norm). Indeed, if u € D(A), then via Proposition 2.1(1) we obtain, for every 0 <x, y < b, that

y y
:’[ﬂ%u/(t)dt x/%ﬁdt

for some constant C > 0. Next, let (uy), € D(A) with sup,cy [lunlla = K < co. Then (2.4) implies that the sequence (up)y is
equicontinuous in C([0, b]). Since (uy), is also equibounded in C([0, b]), we can apply Ascoli-Arzela theorem to conclude
that (uy), contains a subsequence (up )y, converging to some u in C([0, b]). This proves the claim.

Since (A, D(A)) generates an analytic Co-semigroup (T (t))¢>0 on C([0, b]) (and hence, a norm-continuous Co-semigroup)
and has compact resolvent, (T (t));>0 is also compact.

y

/ u/(t)dt

X

u(o —u(y)| = < Vst 0.5y < CIVE = /1 l1ula (2.4)

We now consider the one-dimensional second order differential operator

Ajux) =m@x)x(1 —xu"(x), x€[0,1], (2.5)
with domain D(A;) defined by
— 2 ; —
D(Ay) = [u e C*(10, 1[) N C([0, 1]) ‘ xli%} Au(x) = 0]. (2.6)
The operator (A1, D(A1)) generates a bounded analytic Co-semigroup (T (t));»o0 of angle 7 /2 on C([0, 1]) which is posi-

tive and contractive, [6,23]. Using Proposition 2.1, we can show that the operator (A1, D(A1)) also satisfies the following
properties.

Corollary 2.3. Let m be a strictly positive function in C([0, 1]). Let (A1, D(A1)) be the differential operator on [0, 1] defined according
to (2.5). Then the differential operator (A1, D(A1)) satisfies the following properties:

(1) There exist € > 0, C > 0 and D > 0 such that, for every 0 < & < € and u € C([0, 1]) N C2(]0, 1) with Aju € C([0, 1), we have
C
[vx(1 —x)u’||[0’l] < g”u”[o,l] + De|l Arullfo, 13-
(2) There exist K > 0 and t > 0 such that, for every 0 < t < t, we have
’ K
v =0 (T©u) g, < ﬁllull[o,u, u e C([0,1]),

and such that, for every t > t, we have

|v/x(1 — x)(T(t)u)’H[Oﬂ < Kllullo,1. u e C([0,17).
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(3) Foreach 0 < 6 < m there exists a constant C > 0 such that, for every .. € {z € C | |argz| < 6} with |A| > 1, we have

|v/*(1 —x)(R(x, Ap)u) ||[0”\ ||u||01 u e C([0,1]).

Proof. (1) Let b= % Since m(x)(1 — x) is a strictly positive function in C([0, b]), the differential operator A g p; is of the
same type of (2.1) and hence, we can apply Proposition 2.1(1) to conclude that there exist £ > 0, C; > 0 and D7 > 0 such
that, for every 0 < & < &; and u € C([0, b]) N C%(]0, b]) with A;u € C([0, b]), we have

Cq
I */;”/H[o,b] < s lullio,o7 + D1€llArullo,b1- (2.7)

Next, let A be the differential operator on [0,b] defined by Av(x) = m(1 — x)x(1 — x)v”(x) for x € [0,b], and let
@ :C([b,1]) — C([0,b]) be the surjective isometry defined by @ (u)(x) := u(1 — x) for u € C([b, 1]). Then the differential
operator A is of the same type of (2.1). In particular, we have

(Ao ®@)(u)(x) =m(1 —x)x(1 —x)u"(1—x), x€[0,b], ueC([0,b])N CZ(]O, b)),
and hence,
(@ ToAo®)w)x =mx)(1 —x)xu"(x), xe[b,1], ueC((b,11)NC*(Ib, 1[).

Thus, we can apply again Proposition 2.1(1) to conclude that there exist €3 > 0, C2 > 0 and D > 0 such that, for every
0<e&<eand u e C([b, 11) N C2([b, 1[) with Aju e C([b, 1]), we have v = & (u) € C([0, b]) N C2(]0, b]) with Av € C([0, b])
and

Cy @)
V1 —XU/H[M] = ||\/)_<V/H[0’b] < ?”V”[O,bj + Dae||Avlijop = ?Hulhb,u + Dae |l Arullp, 13- (2.8)

Combining (2.7) and (2.8) and setting & = min{e1, &2}, we obtain, for every 0 <& < & and u € C([0, 1]) N C2(]0, 1[) with
Aqu € C([0, 1]), that

H v _X)u/”[o,u < ”ﬁu/”[o,b] + H 2 _Xu,”[b.l]

Cq (&)
< — IIUII[o,b] + DiellArulljo,p + — ||u||[b,]] + Daell Aruflp,1

C1+ 2
< llulljo,11 + (D1 + D2)ell Arullfo, 13-

Then, the proof of property (1) is complete.
Properties (2) and (3) follow as in the proof of Proposition 2.1. O

2.2. Consequences for a class of two-dimensional elliptic differential operators

Using the previous results and some basic properties of injective tensor products in the setting of Banach spaces, [20,
21,30,24], in this subsection we are able to provide resolvent estimates for the two-dimensional second order differential
operators of the following type

Azu(x, y) =mi(0)X(1 —x)d7u(x, y) + ma(y)ydyu(x. y), (x,y) €[0,1] x [0, b], (2.9)

with b > 0, m; and my strictly positive functions in C([0, 1]) and in C([O, b]), respectively. To this end, we proceed as
follows.
We consider the one-dimensional differential operators

Biu(x) =mi(x)x(1 —x)u”(x), x€[0,1], and Byv(y)=ma(y)yv"(y), ye€l0,b],

with domains D(B1) and D(B;), where D(B7) is defined according to (2.6) and D(B;) is defined according to (2.2), re-
spectively. The operators (B1, D(B1)) and (B3, D(B2)) generate bounded analytic Cp-semigroups of angle /2 on C([0, 1])
and on C([0, b]) respectively, which are both contractive. Denote such semigroups respectively by (S1(t))¢>0 and (52(t))¢>0-
Then the injective tensor product (T(t))¢>0 = (S1(t) ¢ S2(t))e>0 is also a bounded analytic Co-semigroup of angle /2 on
C([0, 1] x [0, b]) = C([0, 11) ®¢ C([0, b]), which is contractive, [24]. Moreover, the infinitesimal generator of (T ()0 is the
closure of the operator

((B1®1y) + (Iy ® B2), D(B1) ® D(B2)),

where I, and I, denote the identity map on C([0, 1]) and on C([0, b]) with respect to the variables x and y respectively,
and admits the space D(B1) ® D(B3) as a core. Observing that
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Au=(B1®Iyu+(Iy®Bxu, ueD(B1)®D(By),

we can denote such a closure by (A3, D(A2)). Since D(B1) ® D(B>) is a core for (Ay, D(A3)), we have C2([0,1] x [0, b]) C
D(A2) € C([0, 1] x [0, b]) N C2(10, 1[x]0, b]), [30, Ch. 44].

Since the semigroups (S1(t))r>0 and (S2(t))r>o are also compact, see [6,23] and Remark 2.2, their injective tensor prod-
uct (T (t))r>0 shares too the compactness property, [21, §44, p. 285]. Hence, its generator (A2, D(A2)) has compact resolvent
or equivalently, the canonical injection (D(A2), || |la,) = C([0, 1] x [0, b]) is compact, where | | 4, denotes the graph norm.

Next, setting T, p = [0, 1] x [0, b] and using Proposition 2.1 and Corollary 2.3, we obtain:

Proposition 2.4. Let b > 0 and let my and my be two strictly positive functions in C([0, 1]) and in C([0, b]) respectively. Then the
operator (A2, D(A>)) defined according to (2.9) satisfies the following properties:

(1) There exist H > 0 and t > 0 such that, for every 0 <t <t and u € C(T ), we have
H H
[vx( =x0(TOw),, < N |vyay (T, < N

and such that, for every t >t and u € C(T3 ), we have

[vx( =x0(TOu)|,, <Hllulr,,.  |Vydy(TOU)|,, <Hlulry,

(2) For each 0 < 0 < 1 there exists a constant C > 0 such that, for every A € {z € C | |argz| < 6} with |A| > 1 and for every
u € C(Tp), we have

C
< —=llullry,-

EN

Proof. (1) By Proposition 2.1(2) and Corollary 2.3 the operators +/x(1 —x)dxS1(t) and ,/ydy,S»(t) are bounded on C([0, 1])
and on C([0, b]) respectively, with norm less or equal to max{K, K;}/+/t if 0 <t <t :=min{t, t,} and to max{K, Kp}//E if
t > t. Then the operators (v/X(1T — x)3xS1(£))®¢ S2(t) and S1(5)®¢ (/¥dyS2(t)) are also bounded on C(T,) with norm less
or equal to max{K, Kp}/+/t if 0 <t <t or to max{K, Ky}//T if t >, [20]. So, the thesis follows, after having observed that,
for every u € C(T), we have

VX1 =03(TOu) = (VA = 08:510)B:S20) @), ¥y (TOu) = (S1(OBe (VYdyS2(0)) W).

Property (2) follows analogously to the one-dimensional case, i.e., it suffices to repeat the argument already used in the
proof of Proposition 2.1(3). O

C
VAT =R A2)0) |, < e 1Ty (R A2

We now consider the more general case

m(y)Azu(x, y) =m(y)[mi (0)x(1 = )37u(x, y) + ma(y)ydyux. )], (X, y) € Tap,

and observe that:

Proposition 2.5. Let m be a strictly positive function in C([0, b]). Then the operator (m(y)Az, D(A2)) generates a contractive Cq-
semigroup on C(T, p) and has compact resolvent. In particular, D(B1) ® D(B3) is a core for (m(y)Az, D(A3)).

Proof. Since (A, D(A3)) generates a contractive Co-semigroup on C(T, ) and m is a strictly positive function in C([0, b]),
we can apply a result of Dorroh [12, Theorem] to conclude that (m(y)A2, D(A3)) also generates a contractive Cp-semigroup
on C(T; ). Hence, the fact that (m(y)Az, D(A2)) has compact resolvent follows easily, after having observed that the norms
Il la, and || lma, are equivalent. O

Thanks to Propositions 2.4 and 2.5 we can use the method of approximate resolvents to prove the following result.

Proposition 2.6. Let m be a strictly positive function in C([0, b]). Then the operator (m(y)A2, D(A2)) generates an analytic Co-
semigroup of angle 7t /2 on C(T3,p). The semigroup is compact.

Proof. For the sake of simplicity, we suppose b =1 and set mg =: miny¢[o,1;m(y). Moreover, we denote by Q the square
Ty 1.
For each n e N let I; = [%, %], i=1,...,n— 1. Then we choose ¢;'l € C*°(R) for all i=1,...,n—1, such that

supp(¢i) € I and Y17 (¢})> = 1. We observe that, if v; € C(Q), for i=1,...,n—1, and y € [0,1], then there exists
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je{l,...,n—1} such that yel,{ and hence

n—1

Y o vix ) =dh WV & )+ HWViEY) T ViR Y).

i=1

Therefore, we have

n—1
D _dnvi
i=1

Since the operator (A, D(A3)) generates a bounded analytic Co-semigroup of angle 77 /2 on C(Q), for each . € C\ (—o0, 0],
neNandi=1,...,n—1, we can define

. -1
Rin(}) = (A—m<i>/\2> )
n

and hence, for a fixed angle 0 < 6 < 7, there exists M > 0 such that, for every L € {ze C | |argz| <0}, ne N and i =

1,...,n—1, we have
A M
R i1 ,A2 < T (211)

r o i—1\]"!
RG] = [m( 1
If we set u =A[m(i’Tl)]‘1, then we also have

<3 sup epvif - (2.10)
Q i=1,...,n—1

n

: -1
i—1
AaRin(A) =|m —) AR(u, A2)

— i1 -1-1
- m<l_) ((A2 — R(e, Az) + R (1, A2))

L n
- i —
=|m T) (=I+ ARin(V))
and hence,
i—1\1" 1+M
||A2Rm(k)||<|:m<T>] (1+M) < —_— (212)

We now consider the approximate resolvents of the operator mA, defined by

n—1

Sn(u =" ¢ - Rin(W)(phu), ueC(Q).
i=1
Combining (2.11) with (2.10), we obtain, for every A € {z€ C | |argz| <6} and n € N, that
3M
ISn0)| < e (213)

Since we have, for every ¢, n € D(A>2), that

Ax(pn) =nA2(@) + PAa(n) + 2[my (X)X (1 — X)0xpdxn + M2 (¥) YOy Pdyn],
the operators S, (A) satisfy, for every u € C(Q),

n—1

(A —mA2)Sp(Mu = (A —mA2) > - Rin() ($}u)

i=1

n—1 n—1
=D ¢ o —mADRu () (dpu) — Y mAa(¢y) - Rin() (dyu)
i=1 i=1
n—1

—2m Y " [x(1 = x)m1 (x)3xppdx (Rin () (B}u)) + yma(y)dy by dy (Rin (M) (dp11)) ]

i=1
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=1p%§§¢~(m(igl)—nQAmeaxwu»

n—1 n-1
= > "mAy(8}) - RinG)(ghu) — 2m > ymy(y)dydpdy (Rin(1) (dhu))
i=1 i=1

= (I4+C1(W) +C2(V) + C3(A))u.

We now fix n € N such that sup;i [m(y) — m(i’T])l <e 6(1+M) fori=1,...,n— 1. Then, from (2.10)-(2.12) and Proposi-
tion 2.4(2) it follows, for every L € {ze C| |argz| < 9} with [A| >1and u e C(Q), that

1+M

leroul <3¢ _sup 43R (0j)] g < lulla < ~lullg.
Q= Q= 2

,,,,,

n—1
[C2Gu] g = ZmAz ) - Ria(3) (¢51) . <;yggﬁjm(mnf\zwg)uq||Rm(x>(¢,§u)||Q
<Cyrer%3§]m(y)=§"t{y IR (d5u) [ o < |MIIUIIQ,
[Cs®uq <6 max ;M) sup ||ymz(y)ay¢ dy(Rin(M)(@gw)) | <H H su Iv/y3y (Ria () @)

:Hi=1?}_l_§,1[m<i_71)} ﬁay(R<)»m<i_Tl)] Az) pru )H mIIUIIQ,

for some positive constants K, K’ independent of A and u. Now, if |A| > R for some R > 0 large enough, then we
get ||C1(A) + C2(A) + C3(M)|| <1 and hence, the operator B = (. — mA3)Sz()) is invertible in £(C(Q)). So, there exists
R(x,mAz) =Sz(A)B~! in £(C(Q)) and by (2.13)

M/
IRG.,mAY) | =SB~ < i (214)

for some M’ > 0 independent of A, provided A —m(y)A; is injective and, in particular, for A > 0 as m(y)A3 is dissipative by
Proposition 2.5.

Observing that if » € p(m(y)A;) and | — A| < |[R(A, mA2)|~! then w € p(m(y)Ay), it is not difficult to conclude via
(2.14) and an argument of connectness that

p(m(y)Az) 2 {zeC|largz| <0, |z| > R}.

This fact together with (2.14) imply that mA; generates an analytic semigroup of angle 7 /2.
Since the semigroup is analytic, hence norm-continuous, and the differential operator (mA,, D(A3)) has compact resol-
vent, the semigroup is also compact. O

Moreover, an analogous result of Proposition 2.4 holds in the case of the differential operator (mA,, D(A3)). Indeed, we
have:

Proposition 2.7. Let b > 0 and let m be a strictly positive function in C([0, b]). Then the operator (mA,, D(A>)) satisfies the following
properties:

(1) There exist K > 0 and t, > 0 such that, for every 0 < t < t, and u € C(T3 ), we have

VAT=00(T O, < 2 ulny, V700, <
and such that, forevery t > t, and u € C(Tz,b), we have

VA =0T O) |y, < Koltlry,. V305 (T, < Kyl

(2) Foreach 0 < 6 < 7 there exist two constants Cp, > 0 and cp > 0 such that, for every A € {z € C | |]argz| < 6|} with |\| > ¢, and
u € C(Tp), we have

f Iullrz,,

Cp
|V =203 (R(2, mAz)u)HTZb\ || Ity VT3 (RGLmARU) |y, < m" 7y -
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Proof. We first prove property (2). Fixed an angle 0 <6 <, let A € {ze C||argz| < 0|} with |A| > 1 and u € D(mA3) =
D(A3). Then there exists v € C(T ) such that R(A, Ay)v =u and hence, by Proposition 2.4(2) we have

C C
VAT =0l r,, = VAT =0(RG A2)) |, < —=lViry, =

If |A] is large enough, by Proposition 2.6 there exists also w € C(T, ) such that R(A, mAz)w =u with |[AR(A, mAy)|| <M
for some M > 0. We then obtain

Azt — Auir, - (2.15)

1 1
Axu — Au = —(mAyu — Au) + (— — l)ku
m m

and hence,
1 1
lA2u —Aullr,, < —IlmAzu — Aulir,, + | — + 1) Allullr,,
Y T mg * mg
:lumAzu—xunT + L+1 ARG mA)w |
mo Zb mo ’ T2
1 1
< —lmAzu — dullr,, + M{ — + 1 )lwlr,,
mo mo

<M/ ! 1 2.16
X m_0+ ”W”TZ.b’ ( . )

. 1 . o .
with M’ = ZM(m—0 + 1) (assuming that M > 1). Combining (2.15) with (2.16), we get

[vx( =8, < ImAzu AullT -

The other inequality follows proceedlng in analogous way.
(1) Fix 0 < 6@ < m. By property (2) above there exist Cp, ¢, > 0 such that, for every A € {ze C | |argz| < 6} with |A]| > ¢}
and u € C(Typ),

[ V¥ =08(R(. mAu) [, < ||u||r2b

So, we obtain, for every A € {ze C||argz| < 9} with |A] > ¢, and v € D(A»), that

Cp Cp
VX(1 —X)oxv ||Av mAV|T
|| x ”T 2p 2 S VA VA
Since (mAjz, D(A2)) generates an analytic Co-semigroup (T (t))r>o of angle 7 /2 on C(T; ), for every u € C(Tp ) we have

T(t)u € D(A3) and there exist M > 0, w > 0 such that t[|mA;T(t)|| < Me" for t > 0. Applying (2.17) with v = T(t)u,
we then obtain that

[Vx( =x8(T®w)],, < Cov/IAllIulr,, + m

Set tp 1= % > 0. Then there exists K, = max{C(1 + Me"'), %(l + M)} such that we get, for every 0 <t < t; and taking
A=t"1, that

[AIVIT,, + —==ImA2VIiT, . (217)

wt

IIuIITZ,,,. (2.18)

K
|Vx@ =ax(T®u) |, , \—}( +Me"®)|lulr,, < 71’E||u||rz,,,,
and such that, for every t > tp,
|v/x(1 = x)0x(T (t)u) ||T (1 + Mye"lullr,, < Kpe™lullr,,.

The other inequality follows proceedmg in analogous way. O

We establish now the following notation: for every 0 <§ < 1 set

sz1_5 = [0, 1] X [0, 1-— 3], T1_5,2 = [0, 1-— (S] X [0, 1]. (2.19)
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Example 2.8. The above results apply to the following second order differential operators

1 x(1-% ya-y)
A21U(X, Y) = 5 = 2 32u + 5 d2u
1 (x(1-% y(1—y)?
=1C y< 2 ogu + ou), xy)eTzis, (2.20)
with domain D(B1) ® D(B3), and
X(1—x) 2 1 yd-y 2
A Y) = B) B]
2,2U(X, y) 5 e U
1 (x(1—»? y(a-y)
=1 x( 2 o + 3 u), xy)eTios2, (2.21)

with domain D(By) ® D(B1), where D(B1) and D(B;) are defined by

D(By) = {uec(0,1)NC2(10.10) | lim x(1—xu"(o =0},

x—0t,1—
D(B2) = {ueC((0,1-8)NC?(10,1-3)) | lim yu"(y)=0, u'(1 - =0}.
y—0

Indeed, as § <1 — y <1 for every y € [0,1 — §], by the previous considerations we can conclude that the closure
(A2,1,D(A2,1)) of (Az,1, D(B1) ® D(B3)) generates an analytic Co-semigroup of angle 7 /2 on C(T2,1—s), which is contractive
and compact, and shares properties (1) and (2) in Proposition 2.7. Analogously, as § <1 —x < 1 for every x € [0, 1 — §], the

closure (A2, D(Az2)) of (A2, D(B2) ® D(B1)) generates an analytic Co-semigroup of angle 7 /2 on C(T1_s2), which is
contractive and compact, and shares properties (1) and (2) in Proposition 2.7 with respect to y and x.

2.3. Analyticity of a class of degenerate evolution equations on the canonical simplex of R?
Let S, be the simplex of R? defined by
S;={xy)eR*|x,y>0, x+y<1}.
We are here concerned with the second order degenerate elliptic differential operator
1 1
Agu(x, y) = S x(1 = 03U, y) + 5y(1 = AU, y) = xydgux ), x,y) €S. (2.22)
The aim of this subsection is to show the analyticity of the semigroup (T (t));>o0 generated by the closure (A3, D(A2))
of (A3, C%(S2)) on C(S3) (see Theorem 1.1). In order to prove this, we use suitable changes of coordinates as follows.
Fix 0 <8 < . Then, we set
21={x,yeS|0<y<1-58}, 2:={xyeS|0<x<1-3}. (2.23)

Then Sy = U,-zz1 £2;. Next, we introduce the maps

@1:Ta1-5 —> 21, (1,8) > @1(1,5) = (r(1 —s),5),
@2:Ti_s2— 22, (1,8) > @2(r,5) = (r,s(1—1)), (2.24)

where T 1_5 and Tq1_s > are defined as in (2.19).
Lemma 2.9. The map ¢; is bijective and a C*°-diffeomorphism fori =1, 2.

Lemma 2.10. Let @1 : C(£21) — C(T3,1—s) and & : C(§22) — C(T1—s,2) be the operators defined by

Pi(u)=uog;, ueC($2), i=1,2.
Then ®; is a surjective isometry for i = 1, 2. In particular, ®1(C™"(£21)) = C"(T2,1—s) and @2 (C"(§23)) = C"(T1—_s2) foreveryn e N.

For each i € {1, 2} we define

=@ ' oArio®;,  D(Ay)) = (D(Az), (2.25)
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with (Ayi, D(Az,;)) the second order differential operators defined in Example 2.8. Then the operator (Ajy;, D(A2;)) gen-
erates an analytic Co-semigroup of angle m /2 on C(£2;) (which is also contractive and compact) for every i € {1,2}.
We observe that, for i =1 and v = &1 (u) for some u € qﬁfl(D(Az,l)), we have

dv=>1-s)du, 9°v=_>1-5s)7232u,
Ov=—rdu+dyu,  9Zv=r>diu—2rd5u+du.

So, we obtain

r(1—r)(1—y5) 52u + s(1—y5)

A1 (®1(W)(r,5) = Az 1v(r,5) = > 2 (rPo7u — 2ra2u + dyu)

rl—=s)[1—r(1—s s(1—s
= ( i > ( )]afu —rs(1 —s)afyu + ( )8§u, (r,s) e Ty1-s,
and hence,
x(1—x) ya-y

Az 1(%,y) = == U, Y) + T U, Y) = Xy, y), (%) €821,

i.e.. ./42|Q1 =A2.1.
On the other hand, for i =2 and v = &, (u) for some u € <1>2’1(D(A2'2)), we have
v =0 —sdyu,  9}v=07u—2sd u+s°du,
dv=>0-ndyu,  Zv=(1-n?du.

So, we obtain

s(1—95)(1—r) 924
2 y

r(l1—r)
2

A22(P2(W))(r,s) = Az 2v(r,s) = (97u —2507,u +s*d7u) +

r(l—r) s(1—nr[1—-s(1-r)]
= > afu —rs(1— r)afyu + 5 B)Z,u, (r,s) e T1-s,2,
and hence,
x(1=x) 1=y
Aaa(x y) = S0k ) + T 0ux y) — xydyu(e ). (x.Y) € 2,
i.e.. A2|92 = Az.z.

We may now prove the main theorem of this section.

Theorem 2.11. The closure (A, D(A)) of (A2, C2(S2)) generates an analytic Co-semigroup (T ()0 of angle 7 /2 on C(S2). The
semigroup is compact.

Proof. Fix 0 <§ < 1. Let {}i=1,2 S C2°(R?) be such that 2 (¥)*=1o0nS, and

supp(¥1) S {(x,y) eR* |y <1—38},  supp(¥2) € {(x,y) eR* | x<1—6}.

For the sake of simplicity, we still denote by ; the restriction of ; to §2;, fori=1,2.
By Proposition 2.6 the operators A, ; generate analytic Co-semigroups of angle 7 /2. So, if 0 <6 < is a fixed angle,
we can find two positive constants C and R such that, for |A| > R with |argA| < 6, the resolvents R(%, Ay ;) exist and satisfy

C
IRG-, A2 < o i=1,2. (2.26)

So, for every A € {z € C | |argz| < 0} with |A| > R, we can define the operator S(1):C(S,) — C(S2) via

2
SMu= Z ViR, A2 ) (Yiu), u € C(Sa), (2.27)
i=1
and hence,
3C
s <

m.
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We observe that the previous considerations on the differential operators A; ; ensure, for every i =1,2 and u € C(Sy), that

A (ViR Azi) (W) = Az i (ViR (A, A2 (Yiu)), (2.28)
and, for every f, g € D(A; ), that

A i(f8) = (A2if)g+ f(A2i8) + [¥(1 —x — y)ox foxg + (1 —x — ¥)ydy fOyg + Xy (dxf — 0y f)(0xg — 3y 8)]-

(2.29)
By (2.28) and (2.29) we obtain, for every A € {z € C| |argz| < 0} with |A| > R and u € C(S;), that
2
(h— A)SMu = 2SO W) = Y A (ViR Az i) (riw))
i=1
2
= ASO)W) = Y Agi(Vi(RO:, Az (Yriw)) )
i=1
2 2
= > Vil — A2 )R, Az )W) — Y Az i(Y)R(L, Ag i) (i)
i=1 i=1
2
=[x =x = y)ax (R, A2, (i) 0x i + y(1 — x — )y (ROL, Azi) (i) dy v
i=1
+ xy (0 (RO, Az, (Wiw)) — 3y (R(A, Az, (Wiw)) ) (9x i — dy i) |
= (I+BM) +C)@W).
Applying (2.26) we obtain, for every A € {z€ C| |argz| < 6} with |A| > R and u € C(S>), that
B < M
[BGuls, < 5 lulsa,
for some M > 0. In order to estimate C(1) we proceed as follows.
Let f € D(Az.1) and v =&1(f). Then v € D(A3,1) and the following holds
orv=_>1—5)okf, OsvV =—roxf + 9y f, (2.30)
and hence,
orv r 1—r
0f =1 r_s, dy f=0d5v + T ocf =0y f =1 — v — v, (2.31)

So, by Lemma 2.10 and Proposition 2.7(2) (combined with Example 2.8) we obtain, for every A € {z € C| |argz| < 0} with
[A] > R1 := max{R, cp}, that

(1 —x = y)ax fayn + y(1 —x = y)dy fay w1 +xy(Oxf — 3y )@ — v,
<x =x=ydufap| o + [y —x=dy fayyn| o + [xy@xf — 3y H@x¥1 = dy¥)] o,

< C1(
1 Ta1-5

1—r
r(1—s)s (vr — vs) )
T-s Ta1-5

/ /

G G
< —=IA—=A21Vl1y s = —=IAf — A21fll2-

VIAI V1Al
If f=R(, Az1)(Y¥qu) for some u € C(S2), then it follows, for every A € {z € C| |argz| < 6} with |A| > Ry, that
[%(1 = x — y)ox(ROL, Az 1) (W1u))0xr1 + y(1 — X — ¥)dy (R(A, Az,1) (Y1) dy 1
+xy(0x(RO- Az, 1) (Y1) — 0y (RO, A 1) (W) By — dyy) [,

/ !/

C C
1 1
lulle, <

S U I

with C] a positive constant independent of A and f.

Vr
r1—s)1—r)(1—y5) —

+ H(l —na —s)s(vs + Lw)
1—s

Ta1-5

+

llulls,, (2.32)



414 A.A. Albanese, E.M. Mangino / J. Math. Anal. Appl. 379 (2011) 401-424

By the symmetry of the change of variables, one analogously shows that, there exists C; > 0 such that, for every A € {z ¢
C | |argz| < 0} with |A]| > Ry and u € C(S3), we have
|x(1 = x = y)ax(R(., A2,2) (Y2u))dx 2 + (1 — x — ¥) ydy (R, A2,2) (¥2u) ) By v
+ xy (3 (R(A, A2,2) (Y21)) — By (R(L, Az, 1) (¥211)) ) (92 — aywz>||52

C2
< ——=llulls (2.33)
VI

Combining (2.33) and (2.32), we obtain that there exists K > 0 such that, for every A € {z€ C| |argz| < 6} with |A| > Ry
and u € C(Sy),

|coul, «/W lulls,-

If |A] > 1, then the operator B = (A — .43)S(}) is invertible in £(C(S3)). So, there exists R(x, A2) = S(A)B~! and

[RG- A | =[[s00B7H < m

with C’ a positive constant independent of A, provided A — A3 is injective and, in particular, for A > 0 as A; is dissipative.
To conclude that the semigroup is analytic of angle 7t /2 it now suffices to repeat the argument already used in the proof of
Proposition 2.6.

Since R(x, A2) = S(A)B~! for some A > 0 and the operator S() is compact by Proposition 2.6, the differential operator
(A3, D(A)) has compact resolvent. Thus, the semigroup is also compact, being analytic and hence, norm continuous. 0O

Recalling that the eigenvalues of the operator A, are given by A, = —@, n > 1, [28, Ch. VIII, p. 221], and using
Theorem 2.11 together with [23, Proposition 5.6] we obtain the following result.

Theorem 2.12. The semigroup generated by (A,, D(A3)) is bounded analytic of angle 7 /2.
Moreover, the differential operator (A3, D(A)) satisfies:

Proposition 2.13. The closure (A3, D(A3)) of the differential operator (A, C%(S,)) defined in (2.22) satisfies the following proper-
ties:

(1) There exist K > 0 and t, > O such that, for every 0 <t <ty and u € C(S;), we have

[Vx(1 =) (TOu)[ g, < IIuIIsz, [Vy( =yay(Tou), < IIUIIs2
and such that, forevery t >t and u € C(Sz), we have

| VXA =00(TOW) |5, < Kollulls,. — |vyA =9y (TOwW) |, < Kpllulls,.

(2) For each 0 < 6 < 7 there exists two constants C > 0 and | > 1 such that, for every A € {z € C | |argz| < 6} with |A| > | and
u € C(Sy), we have

C
[Vx(1 = 08RG, Au) |5, < ”u”Szv IVy( = y)dy(RG., A2u) g, WHUHSZ-

Proof. We first prove property (2). According to the notation in the proof of Theorem 2.11, fixed an angle 0 < 6 < ;v there
exists | > 1 such that, for every A € {z€ C | |argz| < 60} with |A| > [, we have

R(A, A3) = S(W)B7L,

where the operators S(\) are defined according to (2.27) and ||[B~
with |A| > 1 and u € C(S;), that

1|l < 2. So, we obtain, for every A € {ze C | |argz| < 6}

2

[ VAT =08(RG Aoy |5, < 3 |Va = 00(WiR G, Az ) (¥iB 1)) |

i=1

< (VXA =00 RG, Az ) (wiB ™) |

i=1

N
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+[vVx(@ = 0vidk (RO A2 (viB~'u)) | )
2
<3 (Bl g+ VAT =0 win(RO Az (i)
i=1

2
<c2(ﬁ|yg Yhulls, + [|Vx(1 = %8x(RG-, Az ) (iB~ ))Hgi), (2.34)
i=1

where c:= supi221 Iill1, ;- To estimate the second addend on the right in (2.34) we proceed as follows.
Fori=1 set f =R(A, A2,1)(1//1B*1u) and v = @1(f). Then by (2.30) and (2.31)

1—s)[1-r(1—
VAT =0 | g, = |22y

T21-5
1
WHM A1Vt s = \/IT”)\f A2.1 fll,
anl ulg, < WH s, (235)

Next, for i =2 set f = R(A,Azqz)(sz_lu) and v = @,(f). Then oy f = 0,v + ﬁasv and hence,

st)

[Vx(1 =08 f |, = H\/r(l —1) <Br

T1-s.2

<|Vra=nsev];, H\/r(l Lt
T1-5.2
//
< ﬁ”)\'v AZ’ZVHTZJ—B \/W |)“f AZ Zf”.Qz
2 1 C2 1
= ﬁllwlB ufl g, < WHB Iulls, . (2.36)

Combining (2.34)-(2.36) we obtain, for every A € {z€ C | |argz| < 0} with |[A| > and u € C(S>), that

[Vx(1 = 0)0x(RO A | 5, < || IIs,

for some constant C > 0 independent of u and A.
The proof of the other case is analogue.
Property (1) follows as in the proof of Proposition 2.7(1). O

3. The d-dimensional case

The aim of this section is to show that the semigroup (T (t))¢>o generated by the closure (Aq, D(Ag)) of the operator
(Ag, C%(S4)) on C(Sy) (see Theorem 1.1) is also analytic for d > 2. We prove this using an argument by induction as follows.

3.1. Inductive hypotheses and consequences
We suppose that the following holds.

Hypotheses 3.1 (Inductive hypothesis). Suppose that the closure (A4, D(Aq)) of (Ag, C2(Sq)) satisfies the following properties:

(1) (Aqg, D(Ag)) generates a bounded analytic Co-semigroup (T (t))r>o0 of angle 7 /2 on C(Sg). The semigroup is compact.
(2) For each 0 < 6 < 7 there exist C > 0 and | > 1 such that, for every A € {z € C | |argz| <0} with |A| >, i=1,...,d and
u € C(Sq), we have

[Vxi(1 —x)ax (RO, A |5 < IIuIIsd



416 A.A. Albanese, E.M. Mangino / J. Math. Anal. Appl. 379 (2011) 401-424

In order to prove the inductive step, we need to provide some auxiliary results as follows.
Fix 0<é < % Then, we define the sets Tgyq,1—s 1= Sq x [0,1 —68], T1_s,4+1 :=[0,1— 8] x S4, and consider the second
order differential operators

d

1 2 1 2
Ady11 = 2(1_—"d+1) ”2:1)(1'(51‘]‘ —Xj)ax,.xju + Exd+1(1 —Xd+1)3xd+1uy X€Tgi1,1-s, (3.1)
1 d+1
A1z = 52 (1 = X192 u + IO > % =Xy, XE€T1sap1. (3.2)
i, j=2

Recalling that C(Tgy1.1-5) = C(Sq) ®¢ C([0,1 —8]) and C(T1-s5.4+1) = C([0,1 = 6] ®¢ C(S4) and the discussion prior to
Proposition 2.4, we can prove via Hypotheses 3.1, Proposition 2.1 and analogously to the proofs of Propositions 2.4, 2.6
and 2.7 the following facts.

Setting D(B) :={u € C([0,1 —8]) N C2(]0,1 —8]) | limy,_, o+ yu”(y) =0, u’'(1—8) =0}, we have:

Proposition 3.2. Suppose that Hypotheses 3.1 hold. Then the following properties are satisfied:
(1) The closure (Ag41,1. D(Ad41.1)) of (Ag+1,1, D(Ag) ® D(B)) generates an analytic Co-semigroup of angle 7t /2 on C(Tg+1,1—5)
which is contractive and compact.

(2) The closure (Ag41,2, D(Ad+1,2)) of (Adg+1,2, D(B) ® D(Ay)) generates an analytic Co-semigroup of angle 7t /2 on C(T1_5,d+1)
which is contractive and compact.

Proposition 3.3. Suppose that Hypotheses 3.1 hold. Then the following properties are satisfied:

(1) Foreach 0 <6 < m there exist C; > 0 and l; > 1 such that, forevery A € {ze C | |argz| < 6} with |A| > |y and u € C(Tg41,1-5),
we have

C .
|v/xi (1= %)y, (R(A, Adm)u)llrdm5\¢|1k_|||u||rdﬂ_l,,;, i=1,....d,

and

Cq
||de+1axd+1 (R()" Ad+1s1)u) ||Td+1,1—a < m||u||Td+ll —5*

(2) Foreach 0 <6 < 7 there exist C; > 0 and I, > 1 such that, forevery > € {z € C| |argz| < 0} with |A| >l and u € C(T1_5,4+1),
we have

Ca
[ VX136 (RO Agsru) 7, < m||u||r1 pasts

and

| V(T =Xk (RG, Agi1.2)u)

C
Iy < =lullny ge i=20....d+ 1
1-8,d+1 m s

3.2. Analyticity of a class of degenerate evolution equations on the canonical simplex of R4+1

For the inductive step, we also need to perform the following changes of coordinates.
Fix 0<§ < % Then, we set

21:={Xx€S41110<xg11 <18},  22:={x€Sq4110<x1 <15} (33)

Then Sg41 = Uiz:] £2;. Next, we consider the maps @1:Tg4+1.1—s — §21 and @2 : T1_5 441 — §22 defined by

@1(r) := (r1 (1 = ra1), 120 = Ta31), .., Ta(1 = Tg41), Tag1)

©2(r) == (r1,r2(1 —r1), ..., 1¢(1 = 11), a1 (1 — 7). (3.4)

Lemma 3.4. The map ¢; is bijective and a C*°-diffeomorphism fori =1, 2.
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Lemma 3.5. Let @1 :C(£21) = C(Tg41,1-5) and @3 : C(§22) — C(T1_s,4+1) be the operators defined by

Pi(u) =uog;, ueC($2),i=1,2.

Then @; is a surjective isometry for i = 1, 2. In particular, ®1(C"(§21)) = C"(Tg41,1—s) and P2 (C"(£22)) = C"(T1_s,4+1) for every
neN.

For each i € {1, 2} we define

Agiri =P o Agirio @i, D(Agsr) =D (D(Adsr,0)), (3.5)

with (Ag41,i, D(Ag+1,i)) the second order differential operators defined in (3.1) and (3.2). Then, by Proposition 3.2 and
Lemma 3.5 the operator (Ag41.i, D(Ag+1.i)) generates an analytic semigroup of angle /2 on C(§2;) for every i € {1, 2}.
We observe that, for i =1 and v = &1 (u) for some u € @fl(D(AdH,l)), we have

Ov=~1—rg)du,  Fv=>0-rg)’00u, i=1,....d

Ope v =1 —ray) g, u, i, j=1,....d,
d d d
Oy V="— Zr,-axiu + Oy, U, aﬁdﬂ V= Z rirjafixju -2 Zriaixd+lu + 83d+]u.
i=1 i, j=1 i=1
So, we obtain
Ag1.1(P1W) (1) = Agy1,1v (1)
d
= 7‘1 Z Ti(Sij — T'j)(] - rd+1)283_x_u
2(1 — Td+1) =1 i
1 d d
+5ran (11— rd+1)< > rirjafixju - ZZr,'Bfideu + afd+1u>
i,j=1 i=1
1
2
=3 2 ni( = ran[8y = = ra) g u
i,j=1
d 1
= 2 ni( = ) a B U+ STan (1= Tag)df, 0. 1€ Tasn s,
i=1
and hence,
1 d 1
Adp1, 1000 = o D7 il = X U0 = Y XiXa 105, U0 + SXap1 (1= Xa4 105, uR)
i,j=1 i=1
1 d+1
=5 D XS — Xy U(X), X€E 21,
i,j=1

e, Agi1le, = Ad+1.1-
On the other hand, for i =2 and v = &;,(u) for some u € @;1 (D(Ag+1,2)), we have

d+1 d+1 d+1
_ , 2, _ 92 92 .52
OV =0x, U — Zrlaxiu, 0p v =0gu— ZZr,Bxlxiu + Z Til Oy Us
i=2 i=2 i.j=2

dv=>1-r)dgu,  Fv=>0-r)’dgu, i=2,....d+1,

a}irj\/:(l —r1)283ixju, i,j=2,...,d+1.
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So, we obtain

d+1 d+1
1
Ad12(P2W) (1) = A1 2v() = 511 (1~ r1)<8§1u —2) it Ut Y rfrjaixju>
i=2

ij=2
1 d+1 1 d+1
+ rp— Z ri(8ij —rj)(1 — rl)zafixju =5n(- oAU — Zrm(l —11)0g U
i,j=2 i=2
d+1
+ 3 Z ri(1—rp)[8i —r;j(1 — rl)]a)%,»xju» reTi—sd+1s
ij=2
and hence,
1 d+1 d+1
Ags120() = 5x1(1 = X UX) = Y X1XidF  U(X) + 5 D XS — X)), U(X)
i=2 ij=2
1 4t
=5 D XS — X))o u(X), X€E 2,
i,j=1

ie, Agyle, = Ads12-
We now may prove the main theorem of this section.

Theorem 3.6. Suppose that Hypotheses 3.1 hold. Then the closure (Aqy1, D(Ad41)) of (Agy1. C2(Sq41)) generates an analytic Co-
semigroup (T (t))¢>0 of angle 7t /2 on C(Sg41). The semigroup is compact.

Proof. Fix 0 <§ < 1. Let {¥i}i=12 € C°(R) such that Y2 (¥i)?=1on Sqyq and

supp(¥1) € {x e R | xq01 <18},  supp(y2) C {xe R |xy <1-35).

For the sake of simplicity, we still denote by ; the restriction of ; to §2;, fori=1,2.

By Proposition 3.2 the operators A4.1; defined according to (3.5) generate analytic semigroups of angle 7 /2. So, if
0 <6 < is a fixed angle, we can find two positive constant C and R such that, for |A| > R with |arg | < 6, the resolvents
R(%, Az;) exist and satisfies

C
IRG- A2 )| < i i=1,2. (3.6)

Then, for every A € {ze€ C | |argz| < 8} with |A| > R, we can define the operator S(1):C(S4+1) — C(Sg+1) via

2
SMu=Y YiRO, Ag1.)(Wi), u€C(Sar1), (37)
i=1
and hence,
s <>
Sl

We observe that the previous considerations on the differential operators 44,1 ; ensure, for every i =1,2 and u € C(S441),
that

Agi1 (ViRO- Agpa ) (Wit)) = Agg,i (ViR (L, Aggr,0) (Yiw)), (3.8)
and, for every f, g € D(Ag41,i), that
d+1
Ad1,i(f8) = 8(Ags1,i ) + f(Adg+1,i8) + Z Xi(8ij — Xj)0x f 0x; 8- (3.9)

i,j=1
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y (3.8) and (3.9) we obtain, for every 1 € {z € C| |argz| < 6} with [A| > R and u € C(S441), that

2

(= AgrD)SOIU = ASM W) — > Agr1 (ViR Agy,i) (Yiw))
i=1

2
= 2SO0 =Y Adrri(¥i(RO, Aggr) (Wiw)))

i=1

2
Z {0 — Ads1.)R(, Adgyr, l)w,u)—ZAaHl(wl)R(x Ad 1.0 (in)

i=1

2 d+1
=0 > XiGjn — X3 (RO, Ad 1,0 (Wid) 3, i
i=1 j,h=1
=: (I+B@) +C) ).

Applying (3.6) we obtain, for every A € {ze€ C| |argz| <6} with |»| > R and u € C(S441), that

M
||B()\’)u||sd+1 < m”u”SdH,

for some M > 0. In order to estimate C(1) we proceed as follows.
We first observe, for every f, g € D(Ag41), that

d+1 d+1 d+1 d+1
D X — X foyg =Y Xi(1—x)dy f@— Y > [XiXjdx [y, 8 — XiXjdx, [0 & + XiX O, f O, &1
i, j=1 i=1 i=1 j=1,j#i
d+1 d+1 d+1 d+1 d+1
=Y Xi(1=x)0 fog— ) Y Xixjoy [ (05,8 — 04,8) — Y _Xidx foxg Y X;
i=1 i=1 j=1,j#i i=1 j=1,j#i
d+1 d+1 d+1  d+1
= le (1 - Zx])ax,fax,g D> xixjox f (05,8 — 0x,2).
i=1 j=1,j#i
Next, let f € D(Ag+1,1) and v = @1(f). Then v € D(A441,1) and the following holds
Ov=(1-r14:1)0f, i=1....d By, Zr,ax,f + Oy £ (3.10)
i=1
and hence,
d r
O f = v, i=1,...,d, 8 =0,V — B, 311
le 1— rd+'l Ti Xd+1 f Td+1 + ; 1— rd+1 T ( )

So, by Proposition 3.3 we obtain, for every A € {z€ C | |argz| < 0} with |A| > Ry :=max{R, [y, [}, that

d+1 d+1 d+1 d+1  d+1
D xi(8ij — x})dy, f ;v > xi (l — ij)axifax,.wl =D > xixjd f (O ¥ — )
i,j=1 Sdt1 i=1 j=1 i=1 j=1,j#i Sat1
d+1 d+1 d+1 d+1
gc(z xi<1—ij>8xif +Z Z IIXinax,-fllm)
i=1 j=1 21 i=1 j=1,j#

1

)i
(

I
aTd+1 v+ Z —lafi V)
i=

1 —Tat1

(5

i=1

ri(1—Tray1) (l—ZrJ

oV
Tay11-5
d

+ |ras1 (1 —rdﬂ)(l —Zﬁ)

j=1

Tat1,1-5
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535>

11]1]751

53

i=1

53

i=1
Cq

1AV — Ag1avir G
T e - +1,1 s — T —
Jm BRI
—— A f — Ag1 flisgsq-

riri(1 — rd-H)

'H Td+l,1—8

1
ri(1— rd+l)?ariv

d+1 Td+1 1-5

rar1ri(1 —r4e1) <8rd+1 v+ Z 8r,~v>

1—r441

Td+1,16>

IAf — Adgr1,1f ey

«/|k
If f=R(, Agy1.1)(W1u) for some u € C(Sq41), it follows, for every A € {z € C | |argz| < 0} with |A| > Ry, that
d+1 c
D xj@jn = xn) 3 (ROL Aepr W) o Wi < —=llulls,,, - (312)
Jj.h=1 Sd+1 1A

By the symmetry of change of variables, we obtain in analogous way that there exists C; > 0 such that, for every » € {z € C |
largz| < 0} with |A| > Ry and u € C(S441), we have

d+1

Cy
D xi@jn = %) (RO Aggr ) W) o, i < —=llulls,,,- (313)
j.h=1 Sat1 1A

Combining (3.12) and (3.13), we obtain that there exists K > 0 such that, for every A € {z€ C| |argz| < 6} with |A| > R and
u € C(Sg41),

K
”C( u ”Sdﬂ X m||u||5d+1

If |A| > 1, then the operator B = (A — A441)S(}) is invertible in £(C(S4+1)). Hence, there exists R(%, Agy1) = S(A)B~1 and

C/
IR, Agen|| = ||SGB™| < i (314)

with C’ a positive constant independent of A, provided A — A4,1 is injective and, in particular, for A > 0 as Ag,q is
dissipative. To conclude that the semigroup is analytic of angle ;v /2 it now suffices to repeat the argument already used in
the proof of Proposition 2.6.

Since R(A, Ag41) = S(A)B~! for some A > 0 and the operator S(1) is compact by Proposition 3.2, the differential operator
(Ag+1, D(Ags1)) has compact resolvent. Thus, the semigroup is also compact, being analytic and hence, norm continu-
ous. O

Recalling that the eigenvalues of the operator A4, are given by A, = f@, n > 1, [28, Ch. VIII, p. 221], and using
Theorem 3.6 together with [23, Proposition 5.6] we obtain the following result.

Theorem 3.7. The semigroup generated by (Ag+1, D(Ag+1)) is bounded analytic of angle 7t /2.
Moreover, the differential operator (Ag41, D(Ag41)) satisfies:

Proposition 3.8. Suppose that Hypotheses 3.1 hold.
Then the closure (Ag41, D(Aq41)) of the differential operator (Ag.q1, C2(Sq11)) defined in (1.1) satisfies the following properties:

(1) There exist Ky, > 0 and t, > 0 such that,forevery O<t<tyi=1,...,d+1andu e C(S4+1), we have
|Vxi( = xpax (TOW)|s, | ||U||5d+1,

and such that, foreveryt > tp,i=1,...,d+ 1 and u € C(Sq+1), we have

|| \Y Xi(l _Xi)axi(T(t)u) ||Sd+1 < I<b ”u”5d+1 .
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(2) For each 0 < 6 < m there exist two constants C > 0 and | > 1 such that, for every A € {z € C | |argz| < 0} with |A| > |,
i=1,...,d+1andu € C(S441), we have

C
Vit =30 (RO Agsu) 5., < ol

Proof. We first prove property (2). According to the notation in the proof of Theorem 3.6, fixed an angle 0 <6 < 7 there
exists | > 1 such that, for every A € {z€ C | |argz| < 0} with |A| >, we have

R, Agp1) =SB,

where the operators S(1) are defined in (3.7) and ||[B~'|| < 2. Fix i € {1,...,d + 1}. So, we obtain, for every A € {ze€ C |
largz| < 6} with |A| > and u € C(Sq41), that

[V (1 = x)3x; (RO Agsn)u) [,

2
<YV = )3 (ViR O Agir (w8 Mu)) |

j=1
2

< (IVxi = x0)ds PRG A (Wi ) [ g + Vi = x50 (RO Agr p (¥iB~w)) | )
j=1

2
<Xl + VTR (R Asss 584D o,

< Z(WIIB Yulisy,, + |V =x0)0x(RC, Agr, ) (9B~ ))Ilg}) (3.15)

with ¢ := sup?zl l¥ill1,;. To estimate the second addend on the right in (3.15) we proceed as follows.
For j=1 set f =R(X, Ag411)(¥1B~1u) and v = ®1(f). Then, by (3.10) and (3.11) we have, for i =1, ...,d, that

|v/xi(1 — x,-)a,qf”fz1 = H Vit =rge )1 —ri(1 = rg41)] v

1—r441

Tat1.1-s
//

ﬁ”lv — Ad1,1V Ty 15 = «/|T IAf = Agr1.1 e

C
= J—A—|Hw13—1u|lgl < \ﬁlll%‘1 liulls,, .. (3.16)

and we have, for i =d + 1, that

| Vxa:1 (1 = Xa D80, f| o, (317)
d r

e~ 1—r
i=1 d+1 Tay1.1-5
d
< ”\/ Td+1(1 —T44+1) 0y v H Tar11s Z ray1(1 — rd+1)1 e o v .
i= d+1,1-3
// !
ﬁnxv — Adr1.1V 700 = ﬁ”” Agr11f ey
/
1
xATHIﬁ] ”_(21 «/W”B ””u”5d+1 (3.18)

By the symmetry of the change of variables, one analogously shows that there exists C; > 0 such that, for every A € {z€ C |
largz| <0} with [A|>1,i=1,...,d+ 1 and u € C(S441), we have

|V (= %08 (RO, Ag.2) (2B~ ")) |, < W” U lulls,., - (3.19)
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Combining (3.15)-(3.17) and (3.19) we obtain, for every A € {ze C| Jargz| <0} with [A| >1,i=1,...,d+ 1 and u € C(S441),
that

[V (1 = %) 3% (RO Agru) [ g, | < \/_|||u||sd+1

for some constant C > 0 independent of u and A.
Property (1) follows as in the proof of Proposition 2.7(1). O

3.3. The main results

Finally, we can state and prove the main results of this paper.

Theorem 3.9. The closure (Aq, D(Aq)) of the operator (Ag4, C2(Sq)) generates a bounded analytic Co-semigroup of angle 7 /2 on
C(Sq) for every d > 1. The semigroup is compact.

Proof. The proof is by induction on the integer d > 1. The case d =1 is given in [6,23]. Suppose that the result holds for
d > 2. Then we can apply Theorem 3.6 and conclude that the result holds for d + 1. Thus, the proof is complete. O

Therefore, a similar argument as in the proof of Proposition 2.6 together with Theorem 3.9 allow us to show that the
following holds.

Theorem 3.10. Let d > 1 and m be a strictly positive function in C(Sg). Then the operator (mAg, D(Ay)) generates an analytic
Co-semigroup of angle 1t /2 on C(Sq). The semigroup is contractive and compact.

Proof. By Theorem 1.1 and [12, Theorem] we can conclude that (m.4,4, D(Ag)) generates a contractive Cp-semigroup
on C(Sg). We claim that the semigroup is analytic of angle v /2. To show this we can proceed as in the proof of Proposi-
tion 2.6 and hence, we indicate only the main changes.

For each n e N let I =[EL Ly j=1,...,n—1, and let L={1,...,n — 1}%. Then, for every j = (j1, j2..... ja) € L,
we define the set
Ji= (1 < IP x - x 1) N Sq.

Set Mp={jelL] jn # ¥} and fix V] € ]n for all j € M. Then, we choose ¢,., € C(RY) for all j € My such that supp(d)n) - jn

and Z]eM (qbn)2 = 1. We observe that, if v; € C(Q), for j € My, and x € Sy, then there exists j € M, such that x € jn and
hence,

Y dlwvim= > @V,

jeMy j€Mn o

where Mpo={j= (1 +hi,ja+ha, ..., ja+hg) | Vie{l,...,d} ki € {—=1,0,1}} so that M, ¢ contains exactly 3¢ elements.
Therefore, we have

Z(pnv]

JjeMy

<37 sup g, (3.20)
Sd JEMR

Since (Ag, D(Ay)) generates a bounded analytic semigroup of angle /2 on C(Sy), for each A € C\ (—00,0), n € N and
j € My, we can define

Rin(0) = (A —m(Vi)Ag) "

and hence, for a fixed angle 0 < 6 < 7, there exists K > 0 such that, for every A € {ze C||argz| <6}, ne N and j € M, we

have
R 3.21
(m(V Jy’ )” [ G.21)

Moreover, if we set yu = A[m(V,{)]*l. then we have

-1

[Rin)] = [m(V3)]

AdRin(0) = [m(Vi)] ' (=1 + ARjn(1))

and hence,
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. 1+K
| AaR jn ) | < [m(Vi)] 1(1+1<)<m—0 (3.22)

with mg = minyes, m(x) > 0. We now consider the approximate resolvents of the operator m.A4 defined by
Snu= Y ¢n-Rjn()(du), ueC(Sa).
Jj€Mn
Combining (3.21) with (3.20), we obtain, for every A € {z€ C| |argz| <0} and n € N, that
S 3.23
Isuci] < - (323)
Since we have, for every ¢, n € D(Ay) that

d

Ag(9n) =nAa(@) + dA2(n) + Z Xi(8ij — Xj)0x, P Ox; 1,
i, j=1

the operators S,(A) satisfy, for every u € C(Sy),

O —mADSy U = u+ Y gi(m(Vi) —m) Ag(Rjn(0) (diu))

JjEMn

— 5" mAg(87) - Rin@) () — Y Z X (8in — xn)x, (Rjn ) (#i1)) 3, 1

JEMR jeMp i,h=1
= (I+C1 (M) + C2(0) + C3(M)u

We fix 1 € N such that supﬂlm(x) m(V )| m for j € My. Then, from (3.20)-(3.22) and Proposition 3.8(2),
and argumenting as in proofrbf Proposition 2.6 we obtain, for every A € {z€ C| |argz| < 0|} with |A| > and u € C(Sy), that

4

K
i Sdq»
|A| N/

for some positive constants K’, K” independent of A and u. Now, if |A| is large enough, then we get ||C1(A) + C2(A) +
C3(M)|l <1 and hence, the operator B = (A —mA3)Sz (1) is invertible in £(C(Sy)). So, there exists R(A, mAg) = Ss(X)B~! in
L(C(Sg)) and, by (3.23) |[R(x, mA) | = IS)B~ || < 1\\//\II for some M’ > 0 independent of A, provided A —m.Ay is injective
and, in particular, for A > 0 as mAy is dissipative. To conclude the proof it now suffices to repeat the argument already used
in the proof of Proposition 2.6. O

1
[ciGuls, < Shuls,,  [C2Guls, K puls,. |csouls, <
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