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After many years, the deep nature of spacetime in string theory remains an enigma. In this Letter we
incorporate the concept of Born reciprocity in order to provide a new point of view on string theory
in which spacetime is a derived dynamical concept. This viewpoint may be thought of as a dynamical
chiral phase space formulation of string theory, in which Born reciprocity is implemented as a choice
of a Lagrangian submanifold of the phase space, and amounts to a generalization of T-duality. In this

approach the fundamental symmetry of string theory contains phase space diffeomorphism invariance
and the underlying string geometry should be understood in terms of dynamical bi-Lagrangian manifolds
and an apparently new geometric structure, somewhat reminiscent of para-quaternionic geometry, which

we call Born geometry.

© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY license, Funded by SCOAP3.

1. Introduction

String theory is a remarkable model that aims to be a descrip-
tion of the quantum nature of spacetime. Yet the true nature of
spacetime in string theory is still rather mysterious. In this Let-
ter we present a new interpretation of string theory based on the
concept of Born reciprocity [1] which elucidates this fundamental
question.

The Born reciprocity principle states that the validity of quan-
tum mechanics implies a fundamental symmetry between space
and momentum space. This symmetry results from the freedom
to choose a basis of states. General relativity fundamentally breaks
this symmetry because it states that spacetime is curved, while
energy-momentum space, defined as a cotangent space, is linear
and flat. The simple but radical idea proposed by Max Born more
than 75 years ago [1] is that in order to unify quantum mechanics
and general relativity one should also allow phase space, and thus
momentum space, to carry curvature [2]. Up to now, however, the
mathematical implementation and the physics of Born geometry
have been elusive [3,4]. In this Letter we show that Born geometry
naturally appears in the very foundations of string theory and that
it underlies many exotic stringy spacetime properties. In the stan-
dard formulation of perturbative string theory, there exist many
signs of novel structures that should appear at short spacetime
distances. Perhaps one of the simplest is the concept of T-duality
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on flat compact target spaces, one of the hallmarks of perturba-
tive string theory [5]. This concept is central in the study of fixed
angle, high energy scattering in string theory [6] (including its gen-
eralizations [7]), the study of the high temperature limit [8], and
the still mysterious stringy uncertainty principle [6,9]. In the open
string sector, T-duality played a fundamental role in the discovery
of D-branes [10]. Mirror symmetry can be also viewed as T-duality
[11]. What these and other studies make clear is that the short
distance behavior of string theory is exotic, at least from the per-
spective of quantum field theory. In the case of T-duality on flat
compact target spaces, the short distance behavior is governed by
long distance behavior in some dual space. In this Letter we ask:
Are there similar conclusions that can be reached in more general
settings, for instance, when target space is curved or non-compact?
Is the usual foundational assumption, that string perturbation the-
ory is built on maps from the worldsheet into a smooth spacetime,
truly justified? In what follows, we reconsider some of these ba-
sic assumptions, and reformulate string theory in a larger context.
We will emphasize that some of the structure of traditional string
perturbation theory is dictated not by general principles of quan-
tization and consistency, but by auxiliary ad hoc requirements,
including locality. Relaxing these auxiliary requirements and let-
ting the string take its fullest extension will allow a reformulation
that implements quantum mechanical Born reciprocity. In so doing,
T-duality is cast essentially as a Fourier transform. In fact, many of
the concepts that we discuss in this Letter are familiar, at least in
the context of a o -model with fixed flat compact target. One of our
motivations is to understand how to generalize the usual picture
of T-duality on compact target spaces [12]| to non-compact and
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curved cases, as well as how to generalize recent efforts on the ge-
ometric underpinnings of the traditional picture found in the con-
text of double field theory [13]. However, we also introduce new
concepts associated with the diffeomorphism symmetry in phase
space as well as the mathematical structures of bi-Lagrangians and
Born geometry which we believe incorporate the main features of
stringy spacetime. In particular, the new concept of Born geometry
discussed in this Letter contains the traditional picture of T-duality
as well as the results of double field theory as important special
cases of a more general structure.

2. Quasi-periodicity and generalized T-duality

The simplest examples of T-duality arise by considering string
theory in flat backgrounds. Thus, we begin the discussion by ex-
amining the quantization of the Polyakov action coupled to a flat
metric,

%/nw(*dxﬂmx”), (1
P

where xd denote the Hodge dual and exterior derivative on the
worldsheet, respectively. We generally will refer to local coordi-
nates on X as o, T, while it is traditional to interpret X* as local
coordinates on a target space M, here with Minkowski metric. One
needs to demand that the integrand be single-valued on X. For
example, on the cylinder (o, 7) € [0, 2] x [0, 1] this implies that
dX* (o, ) is periodic with respect to o with period 2. However,
this does not mean that X* (o, t) has to be a periodic function,
even if M is non-compact. Instead, it means that X#* must be a
quasi-periodic function which satisfies X* (o +2m, 1) = X*(0,7)+
p*. Here p* is the quasi-period of X*. If p* is not zero, there is
no a priori geometrical interpretation of a closed string propagating
in a flat spacetime - periodicity goes hand-in-hand with a space-
time interpretation. Of course, if M were compact and space-like
[14], then p* would be interpreted as winding, and it is not in
general zero.

In what follows we will see that the string can be understood
more generally to propagate inside a portion of a phase space.
What matters here is not that string theory possesses or not a geo-
metrical interpretation but whether it can be defined consistently.
This is no different than the usual CFT perspective, in which there
are only a few conditions coming from quantization that must be
imposed; a realization of a target spacetime is another indepen-
dent concept. It has always been clear that the concept of T-duality
must change our perspective on spacetime, including the cherished
concept of locality, and so it is natural to seek a relaxation of the
spacetime assumption.

The first hint that it is consistent to consider the more gen-
eral class of quasi-periodic boundary conditions comes about as
follows. Given a boundary dX parameterized by o, a string state
|&) may be represented by a Polyakov path integral ¥[x%(0)] =
fxm:x[DX] fMet(E)[Dy]eWS”(X), where [Dy] denotes the inte-
gration measure over the space of 2d metrics. We begin with the
usual assumption that the fields X are periodic, that is §-dX =0,
for any closed loop C on X. Such a loop carries momentum «'p =
fc xdX. We define a Fourier transform of this state by ¥[y(c)] =
f[Dx(o)]e% Jos ¥ dyuy [x1 (0)]. In fact, this state can also be rep-
resented as a string state associated to a dual Polyakov action, by
extending y(o) to the bulk of the worldsheet, and interpreting
fy5xdy = [5dX A dY. Integrating out X then gives ¥[y(o)] =

fYIax=y[DY] fMet(E)[Dy]e’HS”(Y). The momentum may now be

expressed as p = fc dY, and so we will refer to Y as coordinates
in momentum space. The key difference however compared to the

previous path integral is that this integral is over quasi-periodic Y,
as the quasi-period is just p. Moreover these quasi-periodic func-
tions are constrained to carry no dual-momenta: p = —a’ ¢ xdY =
0. Thus, we see that it is a matter of convention that we have
taken p to vanish. Indeed, in the compact case, the Fourier trans-
form is just implementing the T-duality [12], and in that case it is
well-known that the boundary conditions can be relaxed to finite
(p, p). However, the notion that T-duality could be viewed as a Fourier
transform is much more general and it can be applied in non-compact
and curved cases as well.

Relaxing the boundary conditions has the following effects.
Consider the string path integral with insertions of vertex opera-
tors ~ []; ePiX(@)_ Each of these operators induces multivaluedness
in momentum space, with periods p; around each puncture. This
can be rewritten in terms of dual vertex operators that are non-

local operators on the worldsheet, ~ e' ZipiJe *dy. It turns out
that the expectation value of the vertex operator in spacetime is
equal to the expectation value of the dual vertex operator in mo-
mentum space. Moreover the effect of the dual vertex operator
is to open up the momentum space string and allow for mon-
odromies p; around the punctures. Note that the 2d electrostatic
picture of the correlation functions of the usual vertex operators
[6] (see also [8]) now generalizes to 2d electromagnetism with
electric and magnetic charges (dyons), if we allow vertices with
both p, p. The corresponding Dirac-Schwinger-Zwanziger quantiza-
tion of the dyon charges is equivalent to satisfying the diffeomorphism
constraint in the presence of these operators [15]. Thus, although we
have given up (temporarily, as it will turn out) spacetime local-
ity and mutual locality on the worldsheet (i.e., absence of branch
cuts in the operator product algebra of dyonic vertex operators),
the string path integral can still be consistent if the target space of
the o-model is not itself physical spacetime. In what follows we
will construct just such a o-model.

3. First order formalism and the phase space action

In view of the preceding discussion consider the first order ac-
tion

n o
S:/(PMAdX“—i-En“”(*Pﬂ/\PU)). (2)

Here P, = P, dt 4+ Q, do is a one-form, and the momentum car-
ried by a closed loop C on the worldsheet is given by p,, = fc P,.

If we integrate out P, we find P, = %n,w dX" and we obtain
the Polyakov action plus a boundary term which is exactly the ker-
nel of the above Fourier transform, S = —LSp(X)+ [y X*P,. On
the other hand, if we integrate out X instead, we get dP,, =0, and
so we can locally write P, =dY/,. It is in this sense that there is
“one degree of freedom” in P - on-shell P is equivalent to the
scalar Y. Notice though that this is true only locally, and in order
to interpret it globally we must allow Y, to be multi-valued on
the worldsheet. That is, Y, should carry, as compared to X*, ad-
ditional monodromies associated with each non-trivial cycle of X.
This means that the function Y is only quasi-periodic with periods
given by [. P, = [-dY, = p,. The action of Y becomes essen-
tially the Polyakov action S=—a'S p(Y). This action is weighted
with o’ instead of 1/’ because Y naturally lives in momentum
space.

Starting from (2) we see that if we integrate the one form P
we get back the spacetime Polyakov action and if we integrate
X we get the momentum space Polyakov action. In order to get
a phase space action a natural idea is to partially integrate out
P. Given the natural worldsheet space and time decomposition of
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P, =P,dt + Q,do the action reads (in conformal co-ordinates
[16]) § = [ Pud: X" — Quds X* + %(Qu Q" — P, PH). The equa-
tions of motion (EOM) for P, Q are simply «’'P = 3;: X, &/Q =
ds X. By integrating Q only, we get the action in the Hamilto-
nian form: S = [P -9 X — (%P - P + 55,0, X - 3, X). Now, as
suggested by the preceding discussion, we can introduce a mo-
mentum space coordinate Y such that d,Y = P. Like X, this co-
ordinate is not periodic; its quasi-period Y (27r) — Y (0) represents
the string momentum. Using this coordinate the action becomes
[OsY -3 X — %(a/agY S35 Y + %HUX - 35 X). The main point is
that in this action both X and Y are taken to be quasi-periodic.
The usual Polyakov formulation is recovered if one insists that X
is single-valued, and the usual T-duality formulation is recovered
if one insists that quasi-periods of X appear only along space-like
directions and have only discrete values.

We can now embark on several levels of generalization. First,
one can assume that the background metric G, and axion B,
are constant but arbitrary. In order to express the result it is conve-
nient, as suggested by the double field formalism [13], to introduce
coordinates X* = (X*//a’, Y, +/&’)T on phase space P, together

-1 -1
© 2B B0 and nag = (03). 0 is
a neutral metric and H a generalized Lorentzian one [17]. These
data are not independent: if we define J = n~'H, then J is
an involutive transformation preserving n, that is, J2 =1, and
J™nJ =n. We call (1, J) a chiral structure on P, with generalized
metric H=n]. The phase space action is then

with two metrics: Hag = (

1
s=/§(a,XAaUXBnAB — 3 X", XP Hap). (3)

In honor of its inventor [18], we call this the Tseytlin action [19]. If
n is constant, J depends only on X along non-compact directions,
quasi-periods are only along Y, except when there are compact flat
directions, and this action is equivalent to the Polyakov action on
an arbitrary curved non-compact manifold or on a flat torus bun-
dle over a non-compact curved space. This is the realm of double
field theory [13]. However, note that if we allow for ‘dyonic’ ver-
tices, that is vertex operators constructed as functions of X, we
expect that the o-model can be relaxed away from constant 1 and
H. Given the interpretation of X and Y, this means that not only
will spacetime become curved, but momentum space as well. This
then will lead to an implementation of Born reciprocity.

Indeed, we now propose three layers of generalization. First we
allow H to depend on both X, Y irrespective of whether the direc-
tions are flat or non-compact. Second we allow non-trivial quasi-
periods both along X and Y even when they label non-compact
or time-like directions. And finally, we relax the condition on 7 to
be a flat metric, i.e. we allow it to be arbitrary curved. These gen-
eralizations restore the Born duality symmetry. Of course, it is not
clear that these generalizations are consistent, and we will look for
consistency conditions coming from the quantum dynamics of the
string [20].

The dynamics of the sigma model is characterized by this ac-
tion together with a set of four constraints: the Weyl (W) and
Lorentz (L) constraints, expressing the invariance under local world
sheet Weyl rescaling and Lorentz transformations, together with
the Hamiltonian (H) and diffeomorphism (D) constraints express-
ing invariance under 2d diffeomorphisms [15]. In phase space
terms, these constraints are

1
H= iaax : ](3UX),

D=08;X-0,X, (4)

where - denotes the 1 contraction, and we have introduced the
vector S =9, X4 — JA53,XE. We now see that in this setting we
have to cancel two anomalies: Weyl and Lorentz. These equations
express a relaxation of the locality equations S =0 to milder con-
ditions. We also see that in this formalism H and D are on the
same footing and should be treated similarly. Finally, in the phase
space covariant approach one can study the correlation functions
of dyonic vertex operators that satisfy these constraints [15]. In
the case in which all metrics are constant, the EOM one gets by
varying X gives 9,S4 = 0. Up to a time-dependent redefinition
XA — XA 4 CA(t), this implies the duality equation *dX = o’ dY!
In turn this duality equation implies the EOM for X, Y, AX4 =0.
This is one of the main points that we stress: the worldsheet EOM
is simply a self-duality equation in phase space, and this fact generalizes
to curved backgrounds in phase space.

We now look at the EOM for the sigma model (3) in which
H and 7 are no longer constrained to be flat. Since we have two
metrics on phase space we can consider several different connec-
tions: for example, we denote by V the torsionless connection [21]
compatible with the neutral metric n, while D denotes the one
compatible with the generalized metric H. With the help of these
and the vector S we can write the EOM as [15]

VOSA:—%(VAch)aGXBagXC. (5)

We see that whenever H is not covariantly constant with re-
spect to the n-compatible connection, we no longer have that
S vanishes. Instead, Eq. (5) describes how S changes along the
string. The equation of motion of the string should be supple-
mented with the above constraints. In particular, the Lorentz
and diffeomorphism constraints imply that S and 9,X are null
with respect to 7. The condition that S is null then implies
(VsHpc) (35 X)8 (35, X)C = 0, where Vg denotes the derivative along
S. Note also that we can write Eq. (5) in an alternative form,
V50:X = J(Ds95X). The RHS denotes the acceleration of the
curve X(o) in the geometry of H. It vanishes when it is geodesic.
The LHS denotes the rate of change in time of the velocity vector
along the curve. One might interpret this form of the EOM to mean
that the geometry “viewed” by d,X is H, while the one “viewed”
by 9:X is 7.

4. Born geometry and bi-Lagrangians

The Tseytlin action depends on a choice of a chiral structure
(n, J), on P, ie, a neutral metric n and an involution ] pre-
serving 7, which in turn, allows the construction of a general-
ized metric H =n]J. In order to solve the equation of motion we
need a bi-Lagrangian structure [22] compatible with (n, J): that
is, a choice of decomposition of TP =L @& L in terms of two dis-
tributions L, L which are null with respect to 1 and such that
J(L) = L. Equivalently, such a bi-Lagrangian is characterized by
an involutive map K which anti-commutes with J and with n:
K? =1, while KJ + JK =0 and K"nK = —n. This map is de-
fined by K| =1d, K|; = —Id. We call a manifold P equipped
with a chiral and compatible bi-Lagrangian structure (1, J,K) a
Born manifold if L and L are involutive. Quite remarkably, a Born
manifold is equipped with a symplectic structure on P given by
w =nK [23]. It is also equipped with an almost Kdhler structure
I=K]J, I?=—1, ITwl = w such that the corresponding Kihler
metric is the generalized metric H = wl. In summary, a Born man-
ifold is a phase space equipped with a symplectic form « and
metric H = wl, that is almost Kihler (12 = —1, ITwl = w). It is
chiral (J2=1, JTw] = ) and it is bi-Lagrangian (or para-Kihler)
(K2 =1, KTwK = —w) and it is equipped with a neutral metric
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n = wK. The three structures (I, J, K) anti-commute with each
other. There is no standard nomenclature for this type of geometry
[24] and thus we call it Born geometry. This new geometric struc-
ture naturally unifies the complex, real and symplectic geometries
encountered in quantum theory, general relativity and the Hamil-
tonian formulation of classical theory [25].

The Lagrangian distribution L is a generalization of the con-
cept of spacetime and the restriction of the generalized metric
to one Lagrangian is the generalization of the concept of space-
time metric: H|; = G. We say that the bi-Lagrangian distribution
L,f is transversal with respect to the chiral structure if the metric
on L is covariantly constant along L, that is V3G =0, for U € L.
One can show [15] that solutions of the classical string EOM as-
sociated with a chiral structure (n, J) on P are in correspondence
with transversal bi-Lagrangian distributions. In the flat case, S =0,
and if 9,X is in L, then 3;X is in L, because 8;X = J(05X) when
S =0 and because J:L — L. Thus, in the flat case, the space-
time in which string propagates can be identified with L. In the
general case, we have seen that the Lorentz and diffeomorphism
constraints imply that S and 9, X are null with respect to 1, and
moreover, we have that 9; X =S+ J (0, X) from the definition of S.
Once again, the fact that 9,X is in L implies that J(3,X) is in L.
Notice that S has to be in L, in general, because, otherwise, the
general metric induced on L would not be arbitrary, as follows
from (VsHpc)(05X)8 (35 X)C = 0, which is in turn implied by the
null nature of S and the string EOM. Therefore, in general, 3; X has
to be in L. This naturally generalizes the flat case, and it also im-
plies that the usual concept of spacetime metric is associated with
the induced metric on L, that is, H|, a part of a much richer struc-
ture of the dynamical phase space description which also includes
dynamical momentum space associated with L.

5. Conclusion

We have presented a new viewpoint on string theory, with
wide ramifications and applications ranging from the stringy un-
certainty principle [6,9,8] to “non-compact” T-duality [26], includ-
ing the vacuum problem in string theory. Our main point is: The
fundamental symmetry of string theory contains diffeomorphisms in
phase space. In this formulation both elements (1, J) of the chiral struc-
ture are dynamical. The solutions are labeled by bi-Lagrangians and
spacetime is a derived dynamical concept. The fundamental mathe-
matical structure is encoded in the new concept of Born geometry
and the choice of bi-Lagrangian structure and the induced metrics
on spacetime L as well as on momentum space L. This manifestly
implements Born reciprocity and it implies a dynamical, curved
phase space, including a dynamical, curved momentum space [2],
thus providing a generalization of locality. We note that this for-
mulation can be consistently quantized [20]. The implementation
of conformal invariance is non-trivial in general, particularly in the
interacting case. This is the problem of finding consistent, con-
formally invariant, string backgrounds. In general, apart from just
Weyl invariance we have to enforce worldsheet Lorentz invariance
[27]. The combination of the two are now required for consis-
tency. We have evidence at one loop (but not yet at all loops) that
consistent backgrounds exist, that are not obviously the same as
traditional string backgrounds.
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Bi-lagrangians also feature in the literature on generalized geometry: M.
Gualtieri, arXivimath/0401221 [math.DG].

[23] Note that normally a symplectic manifold is equipped with a globally defined
symplectic form that is closed. In our case the symplectic structure on 7P, that
is, w = nK, is not closed unless the two form B is also closed, that is, pure
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gauge. In the text of this Letter we have only considered the case of constant
B, so this issue does not arise. However, more generally, at least from the usual
spacetime description of string theory, this symplectic structure is not closed
in the presence of an H (H =dB) flux, as implied by the relation of the sym-
plectic structure to K, which contains a quantity that we called B (assuming
flat n). Note that the more precise discussion of this important issue is tied to
a deeper understanding of Born geometry and how Born geometry relates to
the usual spacetime description of string theory. Born geometry will be investi-
gated in another paper in preparation, L. Freidel, R.G. Leigh and D. Minic, “Born
Geometry”. The most important point to emphasize here is that in the present
Letter, we discuss the algebraic structures of Born geometry, and noted the
presence of a would-be symplectic structure. Compared to the usual formula-
tion of the string, one has extra freedom in the choice of the Lagrangian (i.e.
spacetime), which feeds into the calculation of the symplectic structure. Differ-
ential constraints on the geometric structure will be obtained from the string
path integral by requiring the cancellation of Lorentz-Weyl anomalies. It would
be fascinating to understand how Born geometry fits into this more general ge-
ometric situation involving H fluxes. This has been discussed in the literature
previously in the sense of the appearance of non-associativity of string the-
ory in H-flux backgrounds and the gerbe-like nature of the string in double
geometry.

[24] This is reminiscent of an almost hyper-Kdhler structure, which arises when

[25]

[26]

[27]

(I, J, K) are all Kdhler structures, in: the mathematical literature this is some-
times, called an almost hyper-para-Kahler structure or a para-quaternionic
manifold or a 3-web; see S. Ivanov, S. Zamkovoy, Differ. Geom. Appl. 23 (2005)
205;

For this reason we call this new structure Born geometry: L. Freidel, R.G. Leigh
and D. Minic, Born geometry, in preparation;

Similarly, J? = +1 is sometimes called a paracomplex structure. The paracom-
plex structure is central to paracomplex geometry: V. Cruceanu, F. Fortuny, P.M.
Gadea, Rocky Mt. J. Math. 26 (1996) 83. Finally, the triplet —I%2 = J2 =K% =1,
1]+ JI =0 (and cyclic), corresponds to split-quaternions (also called para-
quaternions.

See also, G.W. Gibbons, J. Geom. Phys. 8 (1992) 147,

A. Ashtekar, T.A. Schilling, Geometric formulation of quantum mechanics,
arXiv:gr-qc/9706069;

V. Jejjala, M. Kavic, D. Minic, Int. J. Mod. Phys. A 22 (2007) 3317, Section 2, as
well as references therein.

L.F. Alday, ].M. Maldacena, ]. High Energy Phys. 0706 (2007) 064;

N. Berkovits, . Maldacena, ]. High Energy Phys. 0809 (2008) 062.

See also D.S. Berman, N.B. Copland, D.C. Thompson, Nucl. Phys. B 791 (2008)
175;

K. Sfetsos, K. Siampos, D.C. Thompson, Nucl. Phys. B 827 (2010) 545;

S.D. Avramis, ].-P. Derendinger, N. Prezas, Nucl. Phys. B 827 (2010) 281.
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