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Diffusion in a Fluid Membrane with a Flexible Cortical Cytoskeleton

Thorsten Auth†§* and Nir S. Gov‡
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ABSTRACT We calculate the influence of a flexible network of long-chain proteins, which is anchored to a fluid membrane, on
protein diffusion in this membrane. This is a model for the cortical cytoskeleton and the lipid bilayer of the red blood cell, which we
apply to predict the influence of the cytoskeleton on the diffusion coefficient of a mobile band 3 protein. Using the pressure field
that the cytoskeleton exerts on the membrane, from the steric repulsion between the diffusing protein and the cytoskeletal fila-
ments, we define a potential landscape for the diffusion within the bilayer. We study the changes to the diffusion coefficient on
removal of one type of anchor proteins, e.g., in several hemolytic anemias, as well as for isotropic and anisotropic stretching of
the cytoskeleton. We predict an overall increase of the diffusion for a smaller number of anchor proteins and increased diffusion
for anisotropic stretching in the direction of the stretch, because of the decrease in the spatial frequency as well as in the height of
the potential barriers.
INTRODUCTION

Diffusion within the fluid membrane plays an important role

for cellular processes, because the cell communicates with its

surrounding via its lipid bilayer. For example, diffusion of

activated receptor molecules leads to signal amplification

(1) and diffusion of adhesion molecules to the contact area

is important for cell adhesion (2). Diffusion in the membrane

has to be small enough to allow proper localization of extra-

cellular signals (3). Further discussion of the functional role

of diffusion within the cell membrane can be found in Saxton

(4). To increase our understanding of the interaction of the

cell with its environment, it is important to understand the

diffusion of lipids and proteins in the plasma membrane.

The diffusion coefficient of lipids in an intact red blood

cell (RBC), is of order D z 1 mm2 s�1, whereas the diffusion

coefficient of a typical membrane protein, such as the mobile

component of band 3 (that is a common protein in RBC

membranes), is two orders of magnitude smaller (band 3

has a free, mobile fraction and a cytoskeleton-bound frac-

tion, which is immobile) (5). Saffmann and Delbrück found

that the diffusion is slower for an increased size of the

diffusing molecule (6), but according to their theory the

size dependence is only logarithmic and not able to explain

the large difference between the diffusion coefficients of

a membrane protein and a lipid. The inverse dependence

of the diffusion coefficient on the protein diameter found

in Gambin et al. (7) will not suffice. Furthermore, the diffu-

sion coefficient of band 3 in artificial dimyristoylphosphati-

dylcholine membranes was found to be three orders of

magnitude larger than in intact cells (5).
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The cytoskeleton, which is in close proximity to the

membrane, acts as a strong regulator of the diffusion within

the cellular membrane. The evidence for this role comes

from various experiments. Experiments show that the spec-

trin cytoskeleton of the RBC slows down translational

diffusion (8–13), and proteins diffuse considerably faster

on membrane blebs of muscle cells that are free from the

cytoskeleton compared with the intact cell membrane con-

taining the cytoskeleton (14). Using single molecule

tracking techniques, small compartments have been found

for the diffusion in the cell membrane (15), that may be

explained by the cytoskeletal network below the bilayer.

Further general discussion about the cytoskeletal influence

on the diffusion in the lipid bilayer is found in the review

articles (4,5,16–18).

In principle, several interaction mechanisms between the

cytoskeleton and the molecules in the lipid bilayer are

possible. In mechanism 1, proximity of the cytoskeleton to

the bilayer alters the local viscosity and therefore the local

diffusion coefficient. The diffusing molecules stick to the

cytoskeletal filaments in mechanism 2, or the molecules of

the cytoskeleton act as physical barriers for diffusion in

mechanism 3. Mechanism 1 has not attracted much interest

up to now and the magnitude of the effect is still unclear

(19–21). We neglect the hydrodynamic interaction of the

diffusing particle with the bulk fluid, by which the cytoskel-

eton could indirectly alter the diffusion coefficient. Mecha-

nism 2 proposes that sticking of membrane proteins or lipids

to the cytoskeleton (22–25) hinders diffusion by confinement

of the diffusing molecules to attractive cytoskeletal elements

(26). Sticking has been found to explain the slower lateral

diffusion of lipids in supported bilayers compared with the

diffusion in free bilayers (27,28). However, in the RBC

membrane, mobile proteins such as band 3 seem to be

squeezed out of areas with a dense underlying cytoskeletal

network and to be enriched in areas with a dilated network
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(29), which does not seem to be compatible with a sticky

cytoskeleton. The fact that the fast rotational diffusion of

free band 3 in RBCs is not affected by the presence or

absence of the cytoskeleton (30), whereas the translational

diffusion is strongly hindered by an intact cytoskeleton,

has been interpreted in Sheetz (9) as an indication for mech-

anism 3; the cytoskeleton acts as a physical barrier for

protein diffusion and forms corrals. A similar reasoning is

found in Corbett et al. (31). The importance of such barriers

for the patchiness of lipid membranes is discussed in Gheber

and Edidin (32). Compartments that have been found with

single particle tracking experiments support the barrier

model (15,17,18,33,34).

Many models are based on the corral hypothesis (9,35,36).

In Saxton (37), a percolation analysis is used for a spectrin

network with defects, and transient bonds that can be passed

with a given probability (e.g., caused by conformational fluc-

tuations of the spectrin) are discussed. Saxton (38) investi-

gates the influence of transient bonds and the dependence

of the diffusion and the elastic properties on the state of

the network. Such a transient bond network could also

explain why the barrier-free pathlength that is found by drag-

ging proteins with tweezers in the cell membrane is larger

than the cytoskeletal mesh size (39). In addition, the models

in Saxton’s work (37,38) already incorporate possible disso-

ciation of spectrin tetramers into dimers or detachment of

spectrin molecules from the actin/band 4.1 complex. Attach-

ment and detachment of spectrin molecules may be driven by

ATP, as suggested by Sheetz and Casaly (10) and Gov and

Safran (40), or induced by stretching of the bonds (41). To

justify dynamic corral models (38,42,43), conformational

fluctuations of the flexible spectrin polymer away from

the plane of the bilayer (21,38) or of the bilayer itself (44–

46) are sufficient to allow diffusing molecules to leave a

corral.

This study focuses on the diffusion in the membrane of

cells that have a cortical, two-dimensional cytoskeleton,

which is composed of flexible long-chain proteins (47).

A prominent example of such cells are RBCs (48), where

the long-chain proteins are spectrin tetramers, but a similar

cortical cytoskeleton is found on the plasma membrane of

other mammalian cells (4), and spectrin has been identified

in neurons (49) and on membranes of intracellular organelles

(50). Our model presents a general computation of the effects

of an anchored network of flexible molecules on the diffu-

sion in the fluid membrane to which this network is attached.

This model should therefore be relevant to many biological

and synthetic systems, some of which are listed above. We

apply our model to the special case of band 3 diffusion in

the RBC membrane, because this is a well studied system

with available experimental data (8,51–53).

We introduce what we believe is a new model that quan-

tifies effects of excluded-volume (steric hindrance) on the

diffusion inside the bilayer membrane, due to an anchored

network of flexible long-chain proteins. The long-chain
proteins exert a pressure field on the (flat) fluid membrane

that repels diffusing molecules (the pressure field locally

bends the membrane, but the pressure-induced bending of

a flat RBC membrane has been predicted to be only a few

nanometers in height (47); our model does not take into

account the effects of membrane fluctuation (54) and

membrane curvature (55,56) on the diffusion). The cytoskel-

etal filaments therefore act as soft potential barriers; this

approach allows the calculation of the escape probability

of the protein from the corral uniquely (57). According to

the ‘‘wall theorem’’, the polymer pressure is proportional

to the probability that the polymer chain touches the

membrane (58). It is straightforward to define the potential

barriers for the in-plane diffusion, because they are simply

proportional to the cytoskeletal pressure on the membrane,

p(r) where r ¼ (x,y). The barrier height felt by the diffusing

molecule depends on its interaction volume, v, that protrudes

into the cytoplasm and interacts with the cytoskeletal fila-

ment, V(r) ¼ vp(r). This interaction volume depends on

the shape of the diffusing molecule and has to be determined

from experimental data. Our model allows us to calculate the

effects of lack of proteins that anchor the cytoskeleton to the

bilayer and of cytoskeletal stretching on the in-plane diffu-

sion (the effect of stretching a cortical, RBC-like cytoskel-

eton on in-plane diffusion has been discussed, but not

calculated in Boal (59)).

For simplicity, we consider only networks with fixed

connectivity, and do not account for processes of filament

detachments and network reorganization (10,40). The real

cytoskeleton of the RBC contains numerous defects with

various kinetics that effectively increase the area of the indi-

vidual corral. The main properties of the RBC cytoskeleton

network not described in our calculations include: i), the

spectrin filaments form tetramers that can break into discon-

nected dimers, especially when the cell is stretched (60); ii),

the end points of the filaments can detach from the anchor

proteins due to shear and metabolic processes (40); and

iii), certain domains in the spectrin molecules can unfold

when they are highly stretched (61). These effects can be

added in future refinements of our model, by allowing the

processes of filament detachment, contour length changes

(unfolding), and rearrangements of the connectivity resulting

in network remodeling. Before these complex processes are

modeled, it is useful to first describe a more simple system,

as we do in this study.

Using a random walker and Metropolis Monte Carlo, we

determine the effective diffusion coefficients of proteins

that are affected by the pressure field of the cytoskeleton

(62). We find that the diffusion depends on the density of

anchor points between the cytoskeletal network and the

membrane, and on the degree of stretching of this network.

Most notably, for anisotropic stretching (keeping the

network area constant), we find that the effective diffusion

increases in the direction of the stretch and decreases in the

perpendicular direction.

Biophysical Journal 96(3) 818–830
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THEORY

We first describe the calculation of the pressure field due to the

cytoskeletal network as a superposition of the pressure fields

of the individual filaments. The pressure field of each filament

is obtained by a Greens function calculation (47), combined

with a simple model that takes into account the finite contour

length of each spectrin tetramer (L¼ 200 nm). We assume that

the attachment points of the filaments to the membrane are

stationary, which is well justified by simulations that show

that the chains move much more wildly than the anchor points

(59). Our use of a stationary pressure field for the cytoskeleton

interaction with the diffusing molecules is justified due to the

following estimation: spectrin radius of gyration, Rg z 10 nm,

viscosity of cytoplasm, hcytoplasm z 3hwater z 3 10�3 Pa s,

Zimm time t ¼ hRg
3/(kBT) z 7.5 ms, D ¼ 0.25 nm2 s�1 (8),ffiffiffiffiffiffiffiffi

hr2i
p

jt¼t ¼ 1:4 nm. The Zimm time of the spectrin molecule

in which the filament changes conformation is tx8ms, and

during this time a typical membrane protein diffuses 1 nm,

which is small compared with the overall width of the poten-

tial barrier of the filament (z10 nm) (Fig. 1).

The pressure field of a linear, flexible polymer that is

attached to a hard wall with both ends is determined by the

coordinates of its anchors, r1 ¼ (x1,y1) and r2 ¼ (x2,y2),

and by its bulk radius of gyration, Rg. The pressure (47)

p
�

r;Rg

�
¼ kBT

4pR2
g

eðr1�r2Þ2=ð4R2
gÞe�ðjr1�rj þ jr2�rjÞ2=ð4R2

gÞ

jr1�rj þ jr2�rj
jr1�rj3jr2�rj3

½jr1 � rkr2 � rj�
ðjr1 � rj þ jr2 � rjÞ2�6R2

g

�
þ 2R2

gðjr1 � rj þ jr2 � rjÞ2
i
;

(1)

diverges close to the anchor points and decreases exponen-

tially for large distances from the anchors, jr [ rij (i¼ 1, 2).

The derivation of Eq. 1 is based on the diffusion equation

to calculate the polymer conformation (47). This implies that

neither self-avoidance effects within the polymer chain nor

the Kuhn length (that is twice the persistence length) and

the contour length of the polymer are taken into account

(the path of a diffusing particle can bend on an arbitrarily

small scale, thus the Kuhn length of such a Gaussian chain

vanishes whereas its contour length diverges; it can be

seen from the exponential decay of the polymer pressure

for large distances from the anchor points that there is no

finite contour length in the model, otherwise the pressure

would drop to zero beyond some distance from the anchor

points). The effect of self-avoidance may be considered to

be small if the correct radius of gyration is used (58,63)

and the flexible chain approach can be used as long as the

Kuhn length is small enough. The contour length of the

chain, L, is crucial for this work, especially when we stretch

the chains up to large fractions of L.

In Winkler (64) and Winkler and Reineker (65), a Gaussian

polymer model is combined with the condition of a finite

Biophysical Journal 96(3) 818–830
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FIGURE 1 Entropic pressure that a flexible cytoskeletal protein exerts on

the bilayer membrane. (a) Pressure field as obtained from Eq. 1. Pressure

profiles parallel (b) and perpendicular (c) to the connection between the

anchor points. Data for a polymer with radius of gyration, Rg ¼ 14 nm,

and Kuhn length, [ ¼ 5.5 nm, (contour length L ¼ 214 nm) for different

distances, d, between the anchor points: d ¼ 40 nm (dashed-dotted),

d ¼ 70 nm (dotted), d ¼ 100 nm (solid), d ¼ 130 nm (long dashes),

d ¼ 160 nm (short dashes).
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contour length. For flexible as well as semi-flexible chains,

force-extension relations, and end-to-end distribution func-

tions have been calculated and the analytic theory describes

experimental and simulation data very well (64). We use

a simple argument to illustrate the basic mechanism of a finite

contour length to obtain an expression analogous to Eq. 1:

we subtract from the contour length, L ¼ 6Rg,0
2/[ (where

[ ¼ L/N is the Kuhn length of the polymer, N the number of

repeat units in the chain, and Rg,0 the radius of gyration of

the free chain), the anchor distance, d, because this length

of the chain is needed to connect the anchor points and is

therefore not available for conformation fluctuations. To

calculate the pressure field of the stretched chain, we simply

replace Rg in Eq. 1 for the free chain by the new, effective

Rg, which we obtain using the effective Kuhn length, [0 ¼
(L � d)/N: Rg

2 ¼ [02N/6 ¼ ([/6)(L � d)2/L.

In Fig. 1, we plot the pressure profile of a single polymer

bond: a), along a line that connects both anchor points, and b),

in the perpendicular direction along the midline between the

anchor points. We use values for the free radius of gyration,

Rg,0¼ 14 nm, and the Kuhn length, [ ¼ 5.5 nm (i.e., contour

length L z 214 nm), that are close to those known for the RBC

spectrin tetramers. The distance between the anchors is varied

between d ¼ 40 nm and d ¼ 160 nm, whereas the observed

values for the relaxed RBC are ~60–100 nm (66). For a small

distance between the anchor points, the pressure in the middle

between the anchors increases with decreasing anchor

distance because of the high-pressure regions around the
anchor points (Fig. 1 a). For a large distance of the anchors,

the pressure in the middle between the anchor points increases

with the anchor distance, because the stretching brings the

polymer closer to the membrane along the straight line

between the anchors (and depletes it everywhere else). In

the limit of the completely stretched out polymer bond, we

expect an infinite pressure (hard-core barrier) along the

straight line connecting the anchor points (because the poly-

mer lies on the membrane) and zero pressure everywhere

else. There is therefore a separation, d z 100 nm, where the

pressure at the midpoint between the anchors is minimal.

Fig. 2 shows a superposition of the single-filament pressure

fields for an idealized arrangement of spectrin bonds on

a hexagonal lattice, as in the RBC cytoskeleton. The pressure

fields for cytoskeletal networks of various deformations are

shown; nondeformed and uniaxially stretched with a factor

1.5 and accordingly compressed in the perpendicular direc-

tion, such that the total area is conserved. Note that the spatial

frequency of cytoskeletal bonds decreases in the direction of

the stretching, independent of the orientation of the network.

Furthermore, from the isolines of equal pressure, it can be

seen that the pressure along stretched bonds increases.

Simulation

To simulate the diffusion process in the lipid bilayer, we

use a random walk in two dimensions. The step length is

a ¼ 1 nm, which is the typical size of the lipid molecules.
x

y

a

b

c

FIGURE 2 Red blood cell cytoskeletal pressure field for

polymers with Rg ¼ 14 nm, [ ¼ 5.5 nm, and an unstretched

bond length of d ¼ 100 nm. (a) Cytoskeleton stretched with

factor 1.5 in x direction and compressed accordingly in y
direction such that the total area is conserved. (b) Un-

stretched cytoskeleton. (c) Cytoskeleton stretched with

factor 1.5 in y direction.

Biophysical Journal 96(3) 818–830
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FIGURE 3 Simulation snapshots of a particle diffusing within the lipid

bilayer under influence of the potential landscape that is defined by the

cytoskeletal pressure. Cytoskeletal bonds have an unstretched bond

length d ¼ 100 nm and are sketched using straight lines; for better visibility

the coarse-grained path of the diffusing particle connects the particle posi-

tions only every 1000 simulation steps (except subfigure (c)). The length

of the overall path is 100,000 simulation steps each. All plots show a square

region of the cell membrane, the tick distance is 50 nm. Snapshots are

plotted for the unstretched cytoskeleton and several effective interaction

volumes of the diffusing particle, v, as well as for two stretched cytoskele-

tons: (a) unstretched, v ¼ 2000 nm3; (b) unstretched, v ¼ 6000 nm3; (c)

unstretched, v ¼ 6000 nm3, position shown every simulation step; (d)

unstretched, v ¼ 10,000 nm3; (e) unstretched, v ¼ 20,000 nm3; (f) un-

Biophysical Journal 96(3) 818–830
The diffusion coefficient for the free membrane is adjusted to

values that have been measured in experiments without cyto-

skeleton. The influence of the cytoskeleton is taken into

account by the potential landscape that is determined by

the pressure field of the cytoskeleton multiplied with the

effective interaction volume, v, for the protein under consid-

eration. Metropolis Monte Carlo (67) is used for the random

walker: diffusion steps toward a location with lower energy

are always accepted whereas diffusion steps toward a loca-

tion with higher energy are rejected with the probability,

P(DE) ¼ 1 � exp [�DE/(kBT)]. The energy difference is ob-

tained from the pressure difference between the (possible)

future and the present location, DE¼ vDp. The effective inter-

action volume is obtained from electron microscopy data for

spectrin and the diffusing protein or phenomenologically

from measurements of the effective diffusion coefficient.

Fig. 3 shows simulation snapshots for diffusion in a poten-

tial landscape that corresponds to the RBC cytoskeleton with

the spectrin molecules anchored only at the vertices of

the network to the lipid bilayer membrane (RBC without

ankyrin). In Fig. 3, a–f, the path of a diffusing particle is

shown for an unstretched cytoskeleton with bond length,

d¼ 100 nm, and for different values of the interaction volume.

In all snapshots, the diffusion of the particle has been

observed for equal times, thus on average the length of the

observed path should be longer for smaller values of the

effective interaction volume. This does not have to hold for

each single snapshot, as seen for the snapshots with v ¼ 2000

nm3 and v ¼ 6000 nm3. However, with increasing interaction

volume the diffusing molecule is observed to spend longer times

in the cytoskeleton-free regions (corrals) than at the location of

the bonds, which leads to a hopping motion. For high enough

interaction volume, v¼ 40,000 nm3, the particle is not observed

to leave the single compartment during the simulation time.

For the stretched cytoskeletons in Fig. 3, g and h, the

particle diffuses preferably in the direction of the stretch,

as seen in the snapshots. For the hexagonal lattice, the two

situations of stretching in x direction as well as in y direction

are qualitatively different, but the effect on the diffusion

coefficient parallel and perpendicular to the stretch is similar,

as shown in the next section.

We extract the diffusion coefficients, D, by fitting a straight

line to the mean-square protein displacement (MSD) for

distances that are much larger than a single compartment,

hr2i ¼ 4Dt (Fig. 4). At long times, normal diffusion is

observed, but with a smaller diffusion coefficient compared

with diffusion without the cytoskeleton. Anomalous diffusion

is found for the crossover between the long-time, slow

stretched, v ¼ 30,000 nm3; (g) stretched with factor 1.5 in x direction,

v ¼ 6000 nm3; (h) stretched with factor 1.5 in y direction, v ¼ 6000 nm3.

The trajectories in (g) and (h) are inconclusive whether the diffusion is

enhanced parallel or perpendicular to the direction of the stretch, because

these trajectories are too short. Quantitative data for the anisotropy of the

diffusion over long times is plotted in Fig. 6 b.
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diffusion and the short-time, fast diffusion within a single

corral. In the inset of Fig. 4, we plot the early times of the

MSD, both for a system with extra midpoint anchor

complexes (ankyrin) and without, using v ¼ 6000 nm3

(Fig. 5). We find a sharp crossover for the system with the an-

kyrin anchor complexes, as observed in Tomishige et al. (52),

whereas we get a smooth crossover when these extra anchor

complexes are missing. The sharp crossover can be also found

without anchor complexes for larger values of v.

The value of the crossover MSD in our calculations

is z1000 nm2, which is ~5 times smaller than observed in

the experiment (52). A possible reason for this discrepancy

could be that the perfect hexagonal network in our calculation

constrains the diffusion into corrals that are too small, whereas

in the real RBC the network contains many defects that effec-

tively increase the area of the individual corral. In Tomishige

FIGURE 4 Mean-square displacement of a diffusing particle in the

membrane. The solid lines give (from top to bottom) the free diffusion without

cytoskeleton with diffusion coefficient D0, the fits to the simulated diffusion

in the potential landscapes with interaction coefficients v¼ 2000 nm3 and v¼
10,000 nm3 (the simulation data is indicated by dark ‘‘þ’’ for a cytoskeleton

without ankyrin anchors and light ‘‘x’’ for a cytoskeleton with ankyrin

anchors respectively; see Fig. 5). The diffusion for lengths that are large

compared with the mesh size of the cytoskeleton is normal, but with reduced

diffusion coefficients, Dv¼2000nm3¼0.84(1)D0 and Dv¼10,000nm3¼0.31(1)D0.

The inset shows the mean-square displacement of proteins with v ¼
6000 nm3 for short times. The solid line gives the free diffusion.

a

V V

b

VV A

FIGURE 5 (a) RBC without ankyrin: spectrin tetramer that is only

anchored to the lipid bilayer at the vertices of the cytoskeletal network

(V), where it is also connected to five other tetramers as indicated in the

figure. (b) RBC with ankyrin: spectrin tetramer that is anchored at the

vertices (V) as well as in the middle of each filament via the ankyrin anchor

complex (A).
et al. (52), the corral size is determined from the crossover

value; in our simulations, the corral size for the diffusion is

given by construction of the cytoskeletal network and does

not need to be determined from the crossover value. For

a distance of 100 nm between the cytoskeletal vertices as for

our unstretched cytoskeleton, the corral size in the simulations

is z4300 nm2, which is only about a factor two smaller than

estimated in Tomishige et al. (52). The hop rate is thus twice as

large, z6 s�1. Due to the large repulsion from the anchor

points, the particle does not diffuse over the entire corral

(Fig. 3), giving rise to the smaller effective crossover value.

From Figs. 6 a and 7 a, we note that a relatively small change

in the interaction volume parameter v corresponds to a large

change in the diffusion coefficient (and the hop rate). Because

the interaction volume is not well known, it can be used as the

fit parameter. However, the value for the interaction volume

that is determined from the fits is of the same order of magni-

tude as the value obtained from structural studies.

RESULTS

We present results for cytoskeletal filaments that are

anchored to the lipid bilayer at their ends (that models the

RBC without the band-3-ankyrin anchor complex) as well

as for filaments that are anchored also at their midpoints

(RBC with ankyrin) (Fig. 5).

In a healthy RBC, the cytoskeleton is attached to the lipid

bilayer at the vertices of the network as well as at the midpoint

of the spectrin filament. The latter linkage, which involves the

proteins band 3 and ankyrin, can be damaged in disease (68).

The presence or absence of this additional anchor changes the

fluctuation properties of each spectrin bond: i), it modifies the

elastic properties of the spectrin as an entropic spring (41);

and ii), it changes the polymer-membrane interaction. The

additional anchor brings the spectrin filament closer to the

bilayer, which increases the pressure that the conformational

fluctuations exert on the lipid bilayer.

RBC without ankyrin

In Fig. 6 a, long-time diffusion coefficients for proteins that

diffuse in the potential landscape of the unstretched cytoskel-

eton are shown as a function of the interaction volume, v. For

the unstretched hexagonal network (Fig. 2 b), the diffusion

along the x and y directions is found to be equal within the

simulation errors for all values of the interaction volume.

In the semi-logarithmic plot, the diffusion is non-Arrhenian

for small barrier heights: the decrease of the effective diffu-

sion coefficient with increasing barrier height (i.e., with

increasing v) is stronger than the exponential decrease that

is expected from the Arrhenius law for the transition rate

between two minima in the potential landscape, separated

by a potential barrier with height Eb

G ¼ G0 exp

�
� Eb

kBT

�
: (2)

Biophysical Journal 96(3) 818–830
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c

b

a

FIGURE 6 RBC without ankyrin. (a) Ratio of reduced and free diffusion

coefficient, D/D0, for a protein that diffuses in the potential landscape of the

cytoskeletal network that is unstretched (squares), stretched in x direction by

a factor 1.5 (circles), and stretched in y direction by a factor 1.5 (diamonds),

for several values of the interaction volume, v (see Fig. 3 for trajectories).

The value of D is obtained from the mean-square displacement for long

times. If no error bars are given, the error is smaller than the symbol size.

(b) Relative contributions of the diffusion parallel and perpendicular to the

Biophysical Journal 96(3) 818–830
However, Arrhenian behavior is not expected for small

barrier heights and for nontrivial barrier shapes, but is recov-

ered for large barrier heights, i.e., for large values of v. In

Fig. 6 a, the dependence of the diffusion coefficient on the

effective interaction volume is similar to the temperature

dependence that has been found for the random trap model

for interstitial diffusion (69–71). In this model, the transition

probability of a particle does not depend on the ‘‘direction’’,

but only on the energy of the current position of the particle.

Our potential landscape is more complicated than the ideal-

ized, pure barrier or pure trap models, and therefore requires

the use of computer simulations instead of analytical theories

to determine the effective diffusion coefficient.

In Fig. 6, a and b, the total and the directional diffusions

parallel and perpendicular to the stretching are plotted for

cytoskeletons that are anisotropically stretched with a factor

1.5 (and accordingly compressed in the perpendicular direc-

tion). For small values of the interaction volume, the influ-

ence of the cytoskeleton on the diffusion is small and the

diffusion is almost isotropic. For large values of the interac-

tion volume, the anisotropy increases until the diffusion

takes place almost entirely parallel to the direction of the

stretching. The orientation of the hexagonal network with

respect to the direction of the stretching slightly influences

the exact values of the predicted effective diffusion coeffi-

cients. In a real cell, the measured values of D will be aver-

aged with respect to the orientation, due to the disordered

nature of the RBC cytoskeleton (72).

Isotropic compression for v ¼ 6000 nm3 does not strongly

affect the diffusion, whereas isotropic stretching reduces the

effective diffusion coefficient (Fig. 6 c). In this figure we also

plot an analytic expression that gives an estimate for the

diffusion coefficient by assuming a simple one-dimensional

hopping diffusion over barriers that are given by the value of

the pressure difference at the midpoint between the anchors

and in the center of the corral (for simplicity, we argue here

for one dimension, but the argument also applies in two

dimensions (73)).

Using Eq. 1,

D=D0fexp
�
� v
�
pmid � pcenter

	
=kBT



;

where pmid ¼
4
�

d2 þ 2R2
g

�
pR2

gd3
;

(3)

the pressure in the middle of a bond, and pcenter is the pressure

in the center of a corral. For an unstretched cytoskeleton,

anisotropic stretch, Dk/D and Dt/D, for stretching in x (open and solid

circles) and in y direction (squares and triangles). (c) Reduced diffusion

for v¼ 6000 nm3 and a cytoskeletal network that is isotropically compressed

and stretched with the factor s: total diffusion D/D0 (squares) and simple

analytical models (lines, discussion in the main text) as well as contributions

in x and in y direction, Dx/D0 (circles) and Dy/D0 (diamonds).
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pcenter�pmid; for small structure sizes, s ( 0.8, we have

to correct pmid by adding up the pressure contributions

from neighboring bonds. The corrected exponent reads

c

b

a

FIGURE 7 Same as Fig. 6, but for a RBC with ankyrin and thus in (a and

b) for smaller values of the interaction volume. For isotropic stretching in

(c), in the simulations the diffusion breaks down for s > 1.0.
�v(pmid� pcenterþ 4 pmid,nb) kbT, where 4 pmid,nb is the pres-

sure at the midpoint due to the contributions of the neigh-

boring bonds, and pcenter ¼ 3 pcenter,nb is the pressure of the

surrounding bonds in the center of the corral. (Contrary to

the pressure at the midpoint of the bond by the bond itself,

pmid,nb and pcenter,nb vanish exponentially with increasing

distance from the anchor points.) Equation 3 should apply

to the RBC whenever it applies to the simulations (Figs. 6

c and 7 c); in particular, Eq. 3 does not apply when the pres-

sure fields of different cytoskeletal bonds overlap consider-

ably. The overlap of the pressure fields is reduced by the

additional ankyrin anchor, thus the expression holds up to

smaller corral sizes for the RBC with ankyrin, compared

with the RBC without ankyrin (compare Figs. 6 c and 7 c).

In Fig. 6 c, we rescale the function in Eq. 3, such that it

best fits the simulations. The analytical model (solid line)

therefore captures very well the functional form of the

dependence of the diffusion on the distance between the

anchors, d. An even better fit can be obtained if the size of

the corral is taken into account by the prefactor d/a in front

of the exponential function in Eq. 3 (dashed line) (35). For

very small structure sizes, the pressure in the center of the

corral exceeds the pressure at the midpoint of the bond, the

potential landscape for the diffusion becomes more compli-

cated and our analytical approximation is no longer appro-

priate.

RBC with ankyrin

Because of the close proximity of the cytoskeleton to the

lipid bilayer, the effective diffusion coefficients in an intact

RBC are considerably smaller than for the RBC without

ankyrin (Figs. 6 and 7). To compare our calculations with

experiments, we need to specify the effective interaction

volume, v, for the protein of interest. The value of this

parameter can be roughly estimated from the available struc-

tural data of the protein, as we show below. We can also

extract this value by fitting the calculated reduction of the

diffusion coefficient due to the cytoskeleton to the experi-

mental data (8,52). We show that the estimated interaction

volumes that we obtain using either method roughly agree.

The size of the cytoplasmic part of a protein can be esti-

mated using available atomic force microscopy or electron

microscopy images. For band 3, the cytoplasmic part has

been characterized in Zhang et al. (74) and Wang et al. (75).

and in the dimer state it consists of an elongated protrusion

with volume 3.4 � 7.5 � 5.5 nm3 ¼ 140 nm3. The pressure

field that the band 3 dimer interacts with is generated by

the spectrin tetramer with diameter z5 nm (76) and Kuhn

length z5 nm. The overall excluded volume between

the spectrin filament and the band 3 protein is therefore esti-

mated to be z3600 nm3. (For each side that the band 3 protein

faces the cytoplasm, we have to add the spectrin diameter and

the length that the spectrin molecule is stiff to estimate

the total volume in which the protein affects the spectrin

Biophysical Journal 96(3) 818–830
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conformations: (3.4þ 10)� (7.5þ 10)� (5.5þ 10) nm3 z
3600 nm3.) Note that the band 3 also forms tetramers of larger

volumes (74), and has other proteins attached to its cyto-

plasmic domain, such as band 4.1, which further increase its

effective volume in the cytoplasm.

We can calibrate v using experiments that measure the

diffusion coefficients of proteins with and without cytoskel-

eton. In Sheetz et al. (8), 50 times faster diffusion of band 3

has been found in mouse erythrocytes that lack major compo-

nents of the cytoskeleton (D ¼ 0.25 mm2 s�1) compared

with diffusion in the healthy cells (D ¼ 4.5 10�3 mm2 s�1).

From Fig. 7 a, we find that a reduction of the effective diffu-

sion coefficient by a factor of 1/50 corresponds to an interac-

tion volume v ¼ 6000 nm3. Additionally, the ratio of the

short-time to long-time diffusion coefficients observed for

intact band 3 was found to be z100 (52), which corresponds

to an interaction volume of v z 6000–7000 nm3 in our

calculations (Fig. 7 a). We therefore find that fitting the value

of v to the observed diffusion coefficient, agrees with our

previous estimate. Note that for the same interaction volume,

our model predicts that the cytoskeleton in the ankyrin-

deficient cells reduces the diffusion in the bilayer only by

a factor of one-half for the unstretched cell (Fig. 6 a).

The high sensitivity of the diffusion to the value of the inter-

action volume v, as shown in Figs. 6 and 7, means that

the exact value of this parameter has to be extracted from

diffusion experiments and is difficult to obtain from the

molecular structure.

For trypsinized band 3, the ratio of the short-time to long-

time diffusion coefficients was found to be z10 (52), which

corresponds in our calculations to an interaction volume of

v z 3000–4000 nm3 (Fig. 7 a). Our model therefore predicts

that the cytoplasmic interaction volume of band 3 is reduced

by z50% due to the trypsinization, which is a very substantial

reduction of in the volume compared with the normal band 3.

Note that even after trypsinization, the membrane domain of

band 3 possesses a significant volume protruding into the

cytoplasm (75), such that our estimate of a z50% reduction

is realistic. However, the estimate for the cleaved cytoplasmic

volume that we calculated within our model is also an upper

bound, because even for a membrane protein without any

cytoplasmic domain, there is still the corralling effect due to

the excluded volume of the anchor structures that are

embedded within the bilayer (‘‘picket-fence’’ model)

(17,77). This is not explicitly included in our model. For an

intact band 3 molecule, the picket fence of the anchor proteins

is naturally taken into account, because at the locations of the

anchors the cytoskeletal pressure is high and these picket

regions are not accessible for the diffusing protein.

For a cytoskeleton that is stretched by a factor 1.5 and for

v¼ 6000 nm3, our model predicts a strongly asymmetric diffu-

sion, which differs by about one order of magnitude between

the parallel and perpendicular directions (Fig. 7 b). In the

ankyrin-deficient case (Fig. 6 b), our model predicts a weaker

asymmetry of the diffusion in such a stretched network.

Biophysical Journal 96(3) 818–830
In Fig. 7 c, isotropic compression for v ¼ 6 000 nm3

hardly affects the diffusion, whereas isotropic stretching

inhibits the proteins to leave the corral. We also plot the

normalized analytical expression (for s(0.5, the pressure

at the midpoint is corrected by the pressure of the adjacent

bonds), given in Eq. 3, which again shows very good agree-

ment with the simulation results. The functional form is

mainly determined by the value of the pressure at the

midpoint (solid line), the geometric effect of the larger

compartments has a minor influence (dashed line).

DISCUSSION

We propose what we believe is a new model for the steric

hindrance of protein diffusion in the cell membrane that is

directly related to the local density of flexible cytoskeletal

filaments anchored to the membrane and to the protein

size. We apply the model to calculate the effect of the spec-

trin cytoskeleton of RBC on the diffusion of the band 3

protein. The results presented in this study are for a hexag-

onal cytoskeletal network and are applied to the RBC, but

the model applies whenever a cell has a cortical cytoskeleton

of flexible polymers. (Steric hindrance has also been found

for stiff, actin filaments that are parallel to the lipid bilayer

(78). The appropriate model for this system is a rigid rod

next to a fluctuating membrane (46).)

Our model goes beyond simple corral models, as it

describes barrier heights and widths based on the physical

properties of the cytoskeletal filaments. We are not only

able to analyze experiments by assignment of barrier heights,

but also to provide testable predictions. After determination

of a protein-specific effective interaction volume, our model

predicts the effect of a cortical cytoskeleton and of cytoskel-

etal changes on protein diffusion. In particular, we have

studied the effect of stretching the cytoskeleton as well as

the role of anchor complexes that connect the skeleton

with the bilayer. From the good agreement between the

expression given in Eq. 3 and the simulation results (Figs.

6 c and 7 c), we show that the hopping diffusion in such

a system is dominated by the passages of the diffusing

particle through the regions of lowest barrier height, which

is at the midpoints between the anchored ends of the flexible

protein (see typical trajectories in Fig. 3).

Experimentally, in membranes of RBCs that lack certain

anchor proteins or components of the cytoskeleton, the diffu-

sion coefficient increases with increasing deficit in cytoskel-

etal components (8,68); also cleavage of the cytoplasmic part

of band 3 increases its diffusion (11,52). Similarly, an

increase of the diffusion coefficient has been found if free

spectrin anchor proteins have been added to perforated cells

that compete with the attachment of the cytoskeleton to the

bilayer. The increased diffusion coefficient by a factor 2

has been interpreted as being due to partial detachment of

cytoskeleton and bilayer (79). Our calculations about the

dramatic consequences of ankyrin anchors on the diffusion
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in the RBC membrane can be useful in the study of hemo-

lytic anemias where anchor complexes or linkages within

the cytoskeleton are defective (80,81).

Deformation of a red blood cell in a micropipette leads to

increased diffusion along the micropipette axis, which is the

direction in which the cytoskeleton is strongly stretched

(12,82). Both observations are in good agreement with our

calculations (Figs. 6 and 7). Another experiment where

hopping diffusion in a stretched membrane of the RBC has

been observed is described in Tomishige et al. (52). Although

this is the most direct experiment to date for the effects of

stretching on the hopping diffusion, the short length of these

trajectories (just as those shown in Fig. 3, g and h) make them

inconclusive about the anisotropy of the long-time diffusion

in the stretched network. Nevertheless, the local trajectories

shown in Figs. 8 and 9 of Tomishige et al. (52) do indicate

a somewhat preferred diffusion along the stretch direction,

in agreement with our model’s predictions. Quantitative

evidence can be obtained from a long-time average over

many trajectories in the stretched network, as shown in

Figs. 6 b and 7 b. Such data awaits future experiments.

We note that additional processes, not included in our

model, could result in enhanced diffusion perpendicular to

the stretching direction. These processes are the breaking

of the spectrin bonds, either by detachment from the anchor

proteins (40) or by dimerization (60), and the unfolding of

the individual spectrin molecules (61). The experimentally

observed diffusion will result from the competition between

the pressure field of the intact network and the processes

mentioned above. If spectrin bonds preferably break while

they are stretched (41), one could expect a higher diffusion

in the direction perpendicular to the stretch. This is contrary

to the predictions we calculate in this study for a fixed-

connectivity network and serves as an example for how

diffusion studies can be used as a tool to investigate the

cytoskeleton properties (51,83). RBCs are stretched and

deformed continuously in flow (84) as they pass through

narrow capillaries (85). Whereas the bilayer can be observed

directly during the cell deformation, much less is known

about the cytoskeleton dynamics, although the cytoskeleton

plays an important role for the elastic deformation properties

(29) of the cell and its membrane fluctuations (86). Diffusion

experiments in stretched cells may thus lead to a better

understanding of the cytoskeleton (38,83).

Steric hindrance of the diffusion by the cytoskeleton is easy

to explain for proteins, because proteins stick out of the lipid

bilayer membrane. Interestingly, compartmentalized diffu-

sion, hypothesized to be caused by the cytoskeleton, is also

found for lipids that are observed on the outer leaflet of

cellular membranes (while the cytoskeletal network is inside

the cell) (17). This observation indicates that lipid diffusion

may be indirectly influenced by the cytoskeleton via a picket

fence model (17) or via coupling of the diffusion in the both

layers of the membrane (87). (The picket fence model can

be applied to protein diffusion with the fence being formed
by the anchor proteins of the cytoskeleton. This is already

included in our model; at the locations of the anchor proteins

the polymer pressure is high such that the diffusing proteins

have a low probability to be found there.)

Another example for an observation of anisotropic diffu-

sion comes from the outer hair cell (88). In this cell, stretch-

ing the long axis of the cell gives rise to enhanced diffusion

along the axis. Note that although this cell has a cytoskeletal

network with different geometry, it also contains a spectrin

network, somewhat similar to the RBC. We plan to address

the specific geometry of these cells in our future studies.

Although the corral model is commonly hypothesized

(and in case of the red blood cell, the cytoskeletal architec-

ture strongly suggests a corral mechanism), it is not yet

accepted for all cases for which it had been originally

proposed (89,90). Other mechanisms, such as sticking, can

also explain a reduced diffusion coefficient due to the pres-

ence of a cytoskeleton (23). Our calculation supports the

hopping diffusion due to corralling in the case of the RBC

membrane, in good agreement with Tomishige et al. (52).

Furthermore, our calculation indicates that for small interac-

tion volumes (or sparse anchoring) the hop diffusion does

not manifest itself in a clear offset in the MSD plot for short

times (Fig. 4, inset). Such a smooth crossover has also been

observed experimentally in several systems (91).

We wish to stress that our model does not exclude other

mechanisms that surely contribute to the observed diffusion

of band-3 in the RBC membrane. Because we have a fit

parameter in our model (the interaction volume v), we can

use it to fit the data with our model alone, but we also show

that the diffusion coefficient is very sensitive to small changes

in this parameter (Figs. 6 a and 7 a). This means that the

contribution due to other mechanisms can be accommodated

easily because our structural estimate of the value of v is not

precise enough. The use of a fit parameter in our model is

not a disadvantage because any model requires some experi-

mental, structural inputs. Other mechanisms that can be added

to our model would need further experimental input or fit

parameters. However, to avoid a large number of fit parame-

ters, we analyzed the most simple case of a polymer network

attached to a lipid bilayer first. Combining other effects to this

basic model can now be done in a systematic manner, as the

effects of each added mechanism can be studied.

The testable predictions of our model for the influences of

stretching and of removal of anchor proteins on the diffusion

might contribute to the verification of the corral mechanism.

Measurements of the diffusion in the membrane can then be

used as a tool to gain knowledge about cytoskeletal

processes, such as active remodeling that depends on the

ATP content of the cell (10,92). Anisotropic as well as

isotropic stretching of the cortical cytoskeleton in cells might

have a functional role by controlling diffusion.
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