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Based on earlier papers of the first author we give a concise formula for the
values of class zeta functions of totally real cubic fields at even positive integers
which is the exact analogue of the Barn—Siegel formula for real quadratic fields. For
this purpose we use a rather complicated series representation for the aforemen-
tioned values depending on a parameter x which is analyzed for x —0. The final
formula is well suited for actual computations; two tables of values of class zeta
functions are given at the end of the paper.  © 1990 Academic Press, Inc.

This paper is concerned with the computation of the values of zeta func-
tions of ideal classes of totally real cubic fields K at integral arguments.
Given a basis of the integers in K and a system of fundamental units we
develop an algorithm which is well suited for the calculation of the afore-
mentioned values. Our starting point is a revised version of the results in
[5, 6] (cited as I and II in the sequel). We check our values by comparing
them with the results in [9] if K is not normal; if K is normal and hy=1,
we have the well-known factorization of the zeta function into L-functions
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which again enables us to control our results. (Of course, for ;=1 the
Euler product of the zeta function can be used for numerical purposes in
both cases.) In principle Shintani’s method [10] can be used constructively
in either case; however, to our knowledge that has not yet been worked
out.

Our method uses a complicated series representation for the zeta values
considered. It does not yet work in the case of totally real fields of degree
n =4, because the series representation of the zeta values developed in I
and II becomes even more complicated, and there remains also much work
to be done on the limiting process x —0 (compare the proof of
Theorem 1).

For brevity’s sake we shall use throughout this paper the definitions and
proofs of I and II. All symbols not defined here will be found there. The
main result (Theorem 1), however, can be understood without recourse to
Iorll

THEOREM 1. Let K be a totally real cubic field with discriminant A.
The conjugates of K will be denoted by K’ and K"; for a € K the conjugates
are denoted by o and o, respectively. Furthermore, for aecK let
Tr{a):=a+a' +a”, N@):=a-o -a". Let K:= K(\/Z), keN, k=22, and
&, &, be independent units of K with N(g,)* = N(&,)* = 1. Define L by L :=
In |e,/ey| In |e5/e5| —In |}/e]| In |ey/e;]. Let w;e K, j=1,2,3, be algebraic
integers, and W =70, @ Zw,® Zw, a module of rank 3 of K with the
property e, W=¢,W=W. W splits into equivalence classes with respect to
M = {e7es: (m,n) e Z*} (note that —1¢ M); let W, be a system of repre-
sentatives of (W\{O})/M:W\{0}=U ez €18 Wo. We choose peKk,
p#0, with the property Tr(pw;)eZ, j=1,2,3. Set Ai:=gcd(Tr(pw,),
Tr(pw,), Tr(pw;)) and

1 1 1 pw, pw, pw;
, .
E=| ¢ g g |, j=1,2, B,=| p'o}, pw, puwj
! 1 H " " " " " " "
£18y &8y €18 pwy pwy pw;

Defining'

((k, W,ey,8)= 3 Nw)™*

we Wy

and setting for 1,,1,€ K, v=1,2, M{k, v, 1,, 1,) :=0 if det E, =0, otherwise

'For ¢,, ¢, a system of fundamental units we simply write {(k, W).
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M(k, V, Ty, TZ)
(2mi)*

:=sign(L)(—1)'[K: Q]! 30

3k 3k
mle m,Zo <m1’ mz)
{ det E,
|det(E, B,)]’

I )

x1=0 k2=0 p =0 pp=0 L=y +55), k—1— (uy + )

-<m2— 1)(3/{— 1—(m, +m2))
Ky, #y Ky, ta

. _ Ki+ K2 i1+ p2 03k —2 — (my + K1+ K2+ p1 + 43)
Trg (] ) 7

o M)

B(39 m,, m,, 3k— (ml +m2)s (Ev’Bo)*s 0)

-‘t rluz,tUSk 1— (m1+mz+x2+uz))}

for det E, #0,

Clk, v, 1y, 1,)

(2ni)*

12-(3k—2)(k—1)P°
“N(p)A—*+3B,, ,(0) |det B,| ~* sign(det E, )
- {sign((z, 7, — 71 75)(r, — 1)) + sign((r) 7 — {75} () — 77))
+sign((ty73 — 1, 7)(t] — 7)) +sign(r{(r, — 7)(v3 — 73))
+ sign(t, (7 — 77)(17 — 13)) + sign(7) (71 — 1, (1, — 17))
+ N(t2)[sign(z{(t; — 13)(14 7, — 11 72))
+sign(z, (15— 17 )(11 15 — 1{17))

"o

+sign(zy(t5 — 1)(t{1; — 1,1, )]},

i=sign(L)}(—1)*!

the following equation holds:
C(k, Wa 81, 82) = M(k9 1’ 81’ 82) + M(ka 2a 82’ 81)
+Clk,1,6,,8)+C(k, 2,65, &) {*)
Remark 2. (a) For the convenience of the reader we restate the defini-
tions necessary for understanding the assertion of Theorem I:

(¢) For k,lmeZ, (, Yi=kW'm (k—(l+m)!, if k,l,m k—
({+m)eNuU {0}, (;D)=(- )’*'"(’*’"), if LmeNuU {0}, (,,"m)=0
otherwise.
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(B) Let A=(ay;), . a regular (n, n)-matrix with integral coefficients,
det A-A~'=:(A,),, Let
~ B,(x—[x]) r=0orrz2orr=1Ax¢7Z
B, (x):=
0 r=1Axel,

where B,(y) is deﬁned as usual by ze**(e" — 1) "=, B,(y) z"/r!. Then,
forr=(r,.,r,)e(NuU{0}),

|det 4| — 1 |det A} - n 1 n
Bonr A0)= Y - % n (detAzAK,).

xK1=0 kp=0 i=
(y) For a matrix 4 the transposed matrix is denoted by A*.

(b) For the zeta function {(s, K,;) of an absolute ideal class K, of K
we get with ce K !, ¢ integral, ¢,, &, a system of fundamental units of K,
and ke N,
{(2k, Ko)= 3 Norm(c)** - {(2k, c, &, &,).

(c) In Theorem 1, C(k, 1,¢,¢,)+C(k,2,¢,,¢6,)=0 for ¢ totally
positive, j=1, 2, and sign(det(E, E,))= 1.

Contrary to Siegel's formula [11(22)], Theorem 1 is well suited for
actual computations. The required input data of the field K under
consideration are

» the coefficients a,b,ceZ of a generating equation f(x)=
x*+ax*+bx+c=0, K=0Q(a) for a zero « of f;

* an integral basis @,, @,, &; of K (respectively of W) which for K we
assume in the form &, =1, @, =a, @y = (d+ex+a?)/f (d,e, f€2);

» the coefficients ey, e,, e;, fy, f5, f3€Z of two fundamental units
g1 =€,0,+er;0,+e303, &= f1D + f,0,+ f3@; of K.

Also the argument k and sufficiently many Bernoulli numbers (up to the
index 3k) are input. We note that k is always even since the result for odd
k is zero.

In the following we only compute SN(W)*./4%*~'n=*((k, W) for
integral ideals W (compare Remark 2(b)). This is not very difficult by the
formula of Theorem 1. Essentially all it takes is arithmetic with rational
numbers. Of course the numerators and denominators can become quite
large and we need to do computations with multiprecision integers. We add
a few comments on the calculation of the generalized 3-fold Dedekind sums
B(3, m, 4,0) and of the traces of power products of conjugates of the
fundamental units (computed in the normal extension K(\/Z ) of K).

For the computation of the 3-fold Dedekind sums B(3, m, 4, 0) (me Z°,
AeGL(3,Z)) we make use of Bemerkung 15 and Hilfssatz 16 of I1I. We
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note that the matrix 4 is of the form (E;B,)* (j=1, 2) in our case (see
Theorem 1). We have the freedom to choose pe K* quite arbitrarily. We
set p = @, for a dual basis @,, @,, @; of K subject to

Tr(@:d;) =6,  (1<ij<3).

Hence, the first column of 4 becomes 0, 0, 1. The remaining entries of 4
are also easily determined. We compute £, in terms of the basis
@,, @,, @3 and the corresponding entry a,; of A4 just becomes the coefficient
of @; (j=2,3;i=1,2,3; &€ {e;, &}, 83=¢6,8) We transform A4 by
elementary row operations into an upper triangular matrix of the form

1 * *
0 ged(ay, ar3) *
0 0 lem(a,,, a,3)

which we denote by 4. The Dedekind sum B(3, m, 4, 0) = B(3, m, 4, 0) can
then be evaluated with formula (b) of II, Hilfssatz 16.

The computation of traces depends on whether the normal closure
K= K(\/Z ) of K coincides with K (K is cyclic) or is an extension of K of
degree 2. We simplify the notation by replacing Tr g, by

Tre {2 Tryq for K cyclic
B Trge for K#K.

Clearly, 1" =N(z)/(t7’) for e K* can be expressed in terms of @&;, &,
(1<i<3), too. Hence it suffices to know the values

Tr(x) =2 Tr(a) = —2a=Tr(z'),
Tr(«?) =2 Tr(a®) = 2(a® — 2b) = Tr(a'?),
Tr(ao’) =20,
Tr(a?a'?) = 2(b* — 2ac),

Tr(aa’2)={3c_ab+5 for KcycPc
3¢c—ab for K#K,

Trieta’) = {3c —ab—06 for Kcyc}lc
3c—ab for K#K,
where 0= (a—a')(a' ~a")(@"—a)eZ for K cyclic, which are easily

calculated from the coefficients of the generating equation of K. The
remaining computations are straightforward. We remark that the trace
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computations can also be done by approximating o,a’,a” and thus
£, &, ¢/ (j=1,2) sufficiently well by floating-point numbers since we know
that the result will be a rational integer. However, the required precision
strongly varies with the size of the coefficients of the fundamental units and
it seems to be easier (and more adequate to the problem) to do all calcula-
tions with (multiple precision) integers.

Regarding the complexity of our method we have the following

PROPOSITION 3. The number of arithmetic operations required for the
computation of the zeta values according to Theorem 1 is O(k®E®-4~1), and
the integers on which these operations are performed have a binary length
O(k(log k +log E)). Here E is an upper bound for the size of the input data.

Proof. We obtain this result by counting the arithmetic operations in
evaluating the formula for M(k, v, 1,,1,) in Theorem 1. In addition we
note that the special choice of p yields

|det(E,B,)| <E* 4. |}

In two tables at the end of the paper we list some (ideal class) zeta func-
tion values of totally real cubic fields of moderate discriminant.

PROOF OF THEOREM 1

Our first task will be to simplify the assumptions of II, Satz 28, as the
regularity conditions on the units are too complicated for practical pur-
poses. This is possible by simplifying the assumptions of I, Satz 6, and by
performing the limiting process x — 0 in I (26) at a later stage of the proof.
Thus we can substitute the absolute convergence of the double series in I
(65) by the absolute convergence of the double series (46) in this paper.
However, the limiting process x — 0 must now be dealt with in a different
manner; this is done in Theorem 7 which recalls the determination of
boundary values of elliptic functions. Indeed there are natural connections
between the two problems which will become more obvious when the
Kronecker limit formula for the cubic case [8] is established.

First, we have to generalize 1, Satz 6:

THEOREM 4. Let keN, xeR, x#0, a:=(a, b, ¢) with a=a, +ixb,,
b=a,+ixb,, c=as+ixbs,a,-a,-a;#0, (a,,b,)eR?, j=1,2,3, pairwise
linearly independent. Let PB:=(a, B,y,6)eR* with sign(l —|a|)=
sign(1 — |y])#0, sign(1—|B])=sign(l —|6|)#0 and R :=In x| In|d]|—
In|B| In|y| #0. Let ¢: R* — R have the property (see 1, Definition 1): for all

641/36/3-2
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m € Z* with ax™B" + by™ " + ¢ = 0 it follows that ¢(m) = 0. Then the follow-
ing equation holds:

(—1)¥~Y(k — 1)1 sign(R) - (abc) ~*

=Y PB™(h¥(a, m)+ hiY(a, m))
+ Y «"B(1—¢(m)) H*(a, m).

me Z°

Proof. 1. Case. Let (lal, |Bl, |7], 18])e(l, o0)* and R>0. The proof
then is similar to the proof of I, Satz 6; the only change occurs in estab-
lishing the equations I, (2)-(5). As in the proof of I (2) it is easy to see that
for demonstrating the analog of I (2) it suffices to show

lim Z la=*B"hyy(a, — K, n)| =0. (1)

K—»OOn_¥OC

Using the notations of the proof of I, Satz 6, we have again
7 —po >0. (2)

Now let 4>0 with —1+ (ot '+pu)p<0, K, :=[K(at ™' +u)]. As in I
(10) we deduce

o)

Z 'a_KﬂnhIZ(a5 _Ka n)l

S et (- e O T 7 I
+lafE (A — ol 7) T} 50 (K> o0). 3)

In the same way we prove I (3)-(5). The rest of the proof of I, Satz 6, can
be transfered literally.

2. Case. Let (lal, B, Iyl, 16])e(1, 00)* and R<0. By interchanging «
and B,y and § in the first case we can reduce the second case to the first
case.

All other cases can be dealt with by interchanging K« M resp. L« N
resp. Ko M and Lo Nin I (13). Thus the proof is concluded. ||

In the following lemma we consider the convergence of certain series
whose summands consist essentially of the reciprocals of certain linear
forms over Z[i].

LemMA 5. (a) Let a,eZ’, beZ’ j=1,2,3, a,a,b, Ji U VE
{1,2,3}, j#u, linearly mdependent Let u:=(u,v,w)eR> Let A be the
matrix with the rows a, a,,a;. Let T(x) be the (3, 3)-matrix with the

columns a4+ ixb¥*, j=1, 2, 3 (compare Remark 2(a) (v)). Then we have that
J J
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3
Y fldet A) [] f(a,m*) - e>™™" g (mT(x))
j=1

me 73

is absolutely convergent for xe R, x#0, andreN>, r, +r,+r;26.

(b) Ler a,,a,€7’ a,,a, linearly independent, b, ¢,e7*, j=1,2,3.
Let r;eN, j=1,2,3, xeR. Then

2 3
Y I1 (1—=f(a;m*)) [T f(bm*)((b, + ixc)m*)~"
meZ3 j=1 j=1

converges absolutely and is a continuous function of x on R.

Proof. (a) Let det A#0. The case r;=2, j=1,2,3, is clear. Thus it
suffices to consider the case r;=3, r,=r;=1, from which all other cases
follow. Let A be the matrix with the rows a,, b,, a,. Setting

a;:=1,a,+4,b, + 1,4, (4)
we have A;#0. Now II, Lemma 19, yields
Y. g (mT(x))|

me 7}

< Y flimims(Aymy+ Aymy + Aymy))m? + x’m3) 2

me 723
ms(Aymy + dymy + Aymy)| 7!

=X (5}

if we can show X < co. Application of the Holder inequality for series yields

X< z f(m,m3(llm1+/13m3))|m,|'3|m3(),1m1+/13m3)|"‘

(m,,m;)eZZ

1/2
IRNERE {( T fmmyms) lmal = (o = )

meZ}

( 5 f(ml)f(mz)fulml+zzm2+zam3)>“2}
me Z° Imy 132 |ms) 2 A my + Amy + Aymy)?

< o0 (6)
(compare [3, Hilfssatz 4a]). Thus (a) is demonstrated.

(b) As a,,a, are linearly independent there exists d € Z3 such that
a;,a,,d form a basis of R>. Setting 4 the matrix with rows a,,a,,d in II,
Lemma 19, and proceeding as in (a), we get the desired result. |

We need the following lemma in the proof of Theorem 7:

LeMMA 6. Let A=(ay;), , be an integral regular (n, n)-matrix, ne N.
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(a) Then there exist exactly |det A|"~" elements ve {0, ..., |det 4| —1}"
with A~ 'v*e Z".

(b) Let t:=(ty, .., 1,)€(Z\{0})", A(t)=(1:a;),,. Then it follows
for re N", ue R" that

n

B(n,r, A(t)* ]—[ (Itd"c7 ") B(n, ¥, A*, T 1y, ..., ToU,).

Proof. (a) The proof of Theorem 2.2 in [7] can be adopted almost
literally.

(b) In the case r;>2, j=1, .., n, we easily establish a series represen-
tation for n-fold Dedekind sums (see II, Satz 20(c)) from which the result
follows; in all other cases the result follows from the case r,>2, j=1, .., n,
by differentiation with respect to u;, j=1,..,n If ueZ, je{l,.., n}, we
get the result by a limiting process (substitute u; by u; + ¢, differentiate, add
the results and let ¢ —0). ||

We can now prove the following theorem which together with
Theorem 4 will be the main tool in the proof of Theorem 1:

THEOREM 7. Let A=(ay)s; and B=(b;);; be integral matrices,
b;#0, BA=:(c;)s ;. Let E=(d,);3, 0= lforl—j, 5U—0fori;éj.

i, 1
Setji — ged(ay, ap, @)y i=1,2, 3. Let T=(ry, 1y r3) €N, Rimri+7ry+
r;=6, xeR, x#0, and u —(ul,uz,u3)eR3 Let
1 (2m)

F(r, A,u):= —f(de tA)— |d tA|~! Z B,I(u)

j=

Prae [_11 [(l—f(l—rv))sign(bﬁ)- y (l—f(uv—u))],

uneZ
v#£j

S(4, Bu,x):= ) f(detd)e>™ ™ f[ S aym;)

me 2} ve1 (z;=1 (a,;+ixc,) mj)rv‘

Then the series defining S(A, B, u, x) converges absolutely for x #0, and we
have

(a) limo (S(E, B,u, x)+ S(E, B,u, —x))

(2m)’f

J

=_2 1‘[ B, (u;)+ F(r, E, u),

(b) lim (5(4, B, 0, x)+ S(4, B, 0, —x))

x—+0
2mi)R
= —2f(detA)r—('—m’)—r-T |det 4]~ B(3, 1, A*,0) + F(r, 4, 0).
1 3
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Proof. Let det A#0 (the case det 4 =0 is trivial). The absolute con-
vergence of the series follows from Lemma 5.

(a) Forr,;22, j=1, 2,3, the assertion is evident. Now let r;= 1 for some
J€{1,2,3}. We may assume r, >3 and will only consider the most difficult
case ry=r3=1.

If u,¢7 and u; ¢ Z the assertion follows by twofold partial summation
(see [1, p.97]); if u,¢7Z and u,eZ it is obtained by partial summation
with respect to m, and application of the Euler summation formula and
partial fraction decomposition (compare (8), (11) below), which will also
be used in the following case, u,eZ and u, e Z.

Denoting by B, the matrix resulting from B by setting b,; = b5, =0 we
easily deduce

im (S(E, B, u, x)— S(E, By, u, x))=0. {7)
x—0

Thus it is sufficient to determine lim, _ o(S(E, By, u, x)+ S(E, By, u, —x)).
From the equation

(my+ix(b,ym, +bymy+by3m3)) " (my+ ix(byymy + byymy)) !
(my +ix(bsymy + byymy)) !
= (14 ixby)(1 + ixbsy) + x2by3byy) !
“(my+ix(byymy +bamy+ bymy)) "
{ —ixbyy(mymy + ix(byymy + byymy))) !
— ixbay (my(my+ ix(bs,m, + byymy))) ™'+ (mymy) ™t} (8)
we conclude that we have only to determine lim, _ Si(x), j=1,2, 3, where

. ezmlmlf(m1m2m3)
Sl(x) = Z . b 1t 3
mezs M+ ix(bym +bomy+bismy)) mym;

Sy(x) = Z —‘I'szs ezmlm'f(mlmzmﬂ i
me 23 <(m1 +ix(byymy +bim, + bm’"z))”)
X my(my + ix(byymy + byyms))
Z —ixbs, ezmlmlf(mlmzms) .
me 2} ((m, +ix(byymy +byym, + b13m3))’1>’
x ms(my + ix(by,my + byzms))

S3(x) =

the series defining S;(x), j=1, 2, 3, are absolutely convergent for x # 0. By
means of the Euler summation formula we show by some calculations

(f(m;ms) - e dt >
my o (my+ b)) (my+ibsyt))’
9)

lim Sy(x)= —iby, 5 Y
x—-0

meZ melZ
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lim Sy(x)=—iby; ¥ ¥

x—=0 meZ melZ

flmym,) (= eXmam gy
( m; —oo (my +ib13t)"(m2+ib23t)>'
(10)
The integrals can be evaluated elementarily; this however is without impor-
tance for the following. Determining the limiting value of S,(x) proves to
be the most difficult part of our task. Applying (38) from [4, p. 36], three
times (see also IT (87)) we get

(my+ix(byymy +byymy + by3ms)) " (mymy) ™!

= (mym3)~'(m, + ix(b;;m; + b 3my)) ™"
r—1

—ixbyy Y {((1 +ixb, ym,) "+

r=0
“(my+ix(byym +b12m2))’(’1")m3_1

ri—1-—r

—ixbyy Y, (14 ixbyy)my) =" Dlmy + i(byymy + byymy)) ~0+D

t=0
.(m1 +ix(b11ml +b12m2+b13m3))—(’1—r7t]

r

—ixbyy ), ((L+ixbyy) my)~C+ Dmy+ix(bymy +byjymy)) =19

s=0

-(ml+ix(b11m1+b12m2+b13m3))_("”’}. (11)

In the equation defining S,(x) we now substitute 3., _, by 3% s (see II,
Definition 13). This is possible because of the absolute convergence of the
series in question. Taking into consideration (11) we get by using the Euler
summation formula with respect to the summation over m, after per-
forming several lengthy estimates

lim §,(x)
x—0

n—1prrn—r—1 .
_ lim z*{z[ S (=x) byabys €™ flmymym,)

=0 mezs Lo =0
(1 +ixby)my) = O (my + ix(bym, + byymy)) 0D
A(m+ix(byym,+bymy+bymy)) "0

+ Z (__xz) bi2bys e2niu1m1f(mlm2m3)((1 + iXbu)ml)_(Hl)
s=0

~(my + ix(bym, +b13m3))_('+17“

-(m, +ix(byym, +b12m2+b,3m3))‘(""’:|}
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= lim Z {(=x?) byybys e 2™ fm mym,)

v—»OmeZ3

my N (my 4 ix(byymy + bamy)) !

“(my+ix(byymy+bym, +bymy)) !

+m; (m, +ix(bym, +bymy)) "}
(my+ix(byymy+b,my+by3ms)) ]} (12)

when the necessary estimates are done it turns out to be useful to consider
the summands for =0 and s =r together. Observing

m"(my+ix(byymy +bmy+byms)) H(my +ix(byymy 4+ bymy)) !
+(m, +ix(b; m,+b3m;)) )
=m; " V(1 +ixb ) (m, +ix(bm, +bj,m,y)) !
“(my +ix(by my+bymy)) 7!
“(my+ix(byymy+ byymy + bymy)) !
+m7 " (my A+ ix(byymy +bamy)) N (my + ix(byymy 4 bamy)) T
(13)

we get from (12) and (13) by using the Euler summation formula with

respect to m, and m; after some calculations

lim S (x)=1lim Y ¥ ™ f———’(gll)
1

x—0 x—=0

(—x2b12b13)

meZ

'JT dt rc dt (14)
—w My +ix(bymy+bat) I my+ix(byymy + bty

the integrals being infinite integrals in the Riemann sense.
From (9), (10), and (14) the assertion easily follows. From (a) we
deduce (b) by applying 11, Lemma 19, and Lemma 6. ||

In the following lemma we consider again limiting values of a certain
type of functions defined by threefold infinite series:

LEMMA 8. Let Ayg=(a;); ; be an integral matrix; (A;); 5 :=det Ay- Ay ",
if Ao is regular. In this case let I'[3 a;A;#0. Let a;:=(a,, a;, ,3)
i=1,2,3, B=(b;); an integral matrix, ]—Lj_l b;#0. Let BAy=:(c;)s 3.
Let seNu {0}, crsZ3 c#0, peZ’® j=1,..,s and r:=(r|,r,,r;)e N’
ry+ry+r;=5. Setting for xe R



278 HALBRITTER AND POHST

d(m, x) = f(det 4,) val (f(avm*).(i (a,;+ ixc,) m,~>‘,v)

(1= flem*)) T] fp,m*),

S(x):= Y.* d(m, x)
me Z?
it follows that the series is absolutely convergent for x #0, convergent for
x=0, and
i li—r’nO(S(x) +8(—x))=S(0).

Proof. The assertion being trivial for 4, singular we may assume 4, to
be regular. We first consider the case s=0 where [])_, f(p;m*)=1.
Lemma 5 asserts the absolute convergence of the series for x 0, in case
x =0 the convergence follows easily by partial fraction decomposition (see
[2], p. 290).

Casel. Ifr;>2, j=1,2,3, the assertion is evident.

Case2. ri=1vr,=1vr;=1 We may assume without restriction
ry=1and r,+r; >4 Setting c=d,a, +d,a,+d,a;, deQ, j=1,2,3, we
easily see by II, Lemma 19, and [3, Hilfssatz4], that only for
d, =0 A d,-d;+0 the assertion is not self-evident. In that case there exist
1eQ, t,#0, 1,, 1€ Z, ged(¢,, t5)=1, t,- 13 #0, such that

t1c=t2a2+t3a3. (15)

Setting ¢, := (¢, ¢, ¢;3) we conclude

2
S(x)=Y* [1 fa,m*)((a;+ ixc,) m*)~"

meZ?j=1
Sflam*)((— 13¢5 "2y + ixe;)m*) "(1 ~ f((t,3, + t325)m*)).  (16)

We now apply II, Lemma 19, where A is to be the matrix with the rows
a,,a,, 1,a,+¢;a; and D :=det 4.
Settlng bj = (bjl’ bj27 bj3), j= 1, 2, b3 = (b31, b32 - lzt; 1b33, O) w¢e Obtaln

S(x)= IDI~3 Z 2* f(mlmz)(l —f(mz)) tz‘rs(_t3)r3 eZm'xA“m‘

x(D) me Z?

-(m; + ixb,m*) ™ (m, + ixb,m*) ~"(m, + ixb;m*) "

=D X Y flmymy) 57— )7 - g2rinAT im0
x(D) (my,m)e Z?
3
) (ml + ix(bllml + bu’"z))—l H (m2 + ixbj(ml, ms, 0)*)—”', (17)

i=2
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where the series again converges absolutely. Setting o,m,+a,m, :=
kA~ '(m,, m,, 0)* we see for «, ¢ Z by partial summation

lim Z* Simym,) ezni(alml+azm2)(m1 + ix(byymy + blzmz)r1

x—0 (m1.my)e 22

3
° H (m2+ ix"j(ml’ m2’ 0)*)70

j=2
_ *  dmizymy f(ml) * 2minymy f(mZ)
- Z € ' Z e rp+r3’ (18)
melZ my myeZ my

If «, € Z we define

Sf(m,) 2 Sf(my)

(1 +ixb11)m1j=2 (m2+ ixbjlml)”’

T(X) = Z* eZm’azmz

(my,m)e 22

an easy calculation yields

e2nioc2mzf(m m )
lim * . L2 —T(x) |=0.
x>0 (ml.%)ezl <(m1 +ix(byym, + biym,))
132, (my+ ixb(m,, m,, 0)*)"
H}—Z( 2 j( 1 2 ) ) (19)
Adding the summands for m, and —m, in the series for 7(x) we get
—Zibll o ( *x 2 f(ml)
T(x)+ T{(—x)= - - eIl em—— . ¢
(x) (=) (M +ixby (=1 +ixbyy) 2 m?;z m

{H fom) gy fomy) 1. o)

i (my+ixbymy)7 5 (my—ixbym,)7

Because of b,, #0 we have

|x(my + ixbyym,) = < /1x] - (Imal 1By, Imy]) =" (21)
thus (19) and (20) imply
lirr%) (T(x)+ T(—x))=0. (22)

Taking into consideration (17)-(22) and II, Satz 20, we deduce
lirr:) (S(x))+ S(—x))

— — A1 . flmym,)
=|D| 3 * ¢ rg(_t )r3 eanA (my1,m,0)* .
K(ZD) (ml.'g)ezz : ’ mym3*"

- Z*f(alm*)f(azm*)(l_f((tzaz+tsa3)m*))

(a,m*)(a,m*)2(—t,¢; 'a,m*)"
1 243 2

(23)

me 73
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From the last equation the assertion easily follows. Now let s >0. We con-
sider the case s =1 only because all other cases can be treated in a similar
manner. We can assume without loss of generality p, # Ac for all Ae R. On
account of

Spym*)=1—(1—f(p,m*)) (24)

and the absolute convergence of

3
Y [ (f(a;m*)(a;m*)~")(1 - flem*))(1 - f(p,m*))  (25)

meZ? j=1

the assertion follows from the case s=0. |

Proof of Theorem 1. First of all we have to introduce some notations.
For w, (€K, p, 0, 1€ Z? xeR we set (see 11, Hilfssatz 23)

ﬁk(w + ixé’ m, p, 0')

=(—)k-1P Y fl("f”f”’)
(k—1,k—1,k—1) j=1 Kj’”j
K| =V =

L pPIK2+ 01K of pLy o3 o p1(vz+ 1)+ oi(va+ 1)
ey £} &y

. 85’2"2 + azxaafzpzuz + azusegpz(vz +1)+ozvi+ 1)

S(Tr(we] 7'e57 7)) f(Tr(weT ey )
. ((CU, + l-xél) gllmglzn)—(p1+l)
~(Tr(a)8’1"+"‘£;'+p2)+ix Tr(ésrln+m£;+pz))f(xz+uz+vz+1)

. (Tr(wgrln+alst21+:r2)+ ix Tr(éstln+alerzr+az)))(x3+u3+v3+1), (26)

p= (e 0.0 = (2 2 5 2), @7
1 €& &) &)
Ui(w+ixé, m)
=a" 1871 ~B) U (w+ixé,m, —1, =1, —1,0)
—a(1—-B) T (w+ix¢, m, 1,0,1,1)
+B(1—a) Up(w+ixé, m, 0,1, 1, 1)
—oa B 0—a) U w+ixé, m, —1, —1,0, —1)
+a (1 —ap) Up(w+ixé, m, —1,0,0, 1)
B {1 —ap) U (w+ix¢, m, 0, ~1, 1,0), (28)
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and (see I, (51))
Vi(w+ixé, m,p, 6, 1)
=detA'(g,p,6,t)- (1) k-1
¥ ﬁ (Kj+ﬂj+ vj) gEIPLH K2O1H T gt 101 00 + Ry

(h—tk—1k—1) j=1 Kjs Ky

NVYPL S+ VIO VITE oK1 P2+ K202+ K3T2 o) H1p2+ 202+ 3T 1VEP2 -+ V262 + V3T
& & & &

Sf(Tr(weT T #1657 2)) f(Tr{weT 7' ed* 7)) f(Tr(we * et ™ 7))
1 2 1 1 2

A Tr(w8m+p1 n+p2)+lXTl'(68’1n+m£n+pz)) {K{+uj+vi+ 1)

,(Tr(werln+a18n+m)+l-xTr(éarln+a1£n+az))f(x2+u:+v:+1)

_(Tr(w£m+r1 n+rz)+ler(£8m+n£n+tz)) 1K3+p3+v3+1) (29)

The assertion shows that it does not matter which of the three conjugate
fields are denoted by K, K', and K", respectively. A discussion of ail
possible cases then yields that we can assume without restriction

sign(l— L )—51gn<1—— &
8] 8]

It turns out to be convenient to choose a special basis for W. In the same
way as in the proof of I1, Hilfssatz 23, we put (see I, (51))

(by(ne))ss:=4'(g,n,) B,

{( )33 if det A'(g,p,)=0
(A'(e,p,) B,)~" if detA'(gp,)#0

and deduce that there is a Z-basis of W with the property

);eo j=1,2. (30)

(cy(Mc))ss =

3
[T by cym)#0  if det A, n,)#0, x=1,..6. (31)

Lj=1

Proceeding as in the proof of 11, Hilfssatz 20, we see that we only have to
prove (*) for such a basis. We fix such a basis for the rest of the proof.

To be able to apply Theorem 7 we still have to prove the existence of
elements of K with suitable properties. Setting 4'(g, p,.) =: (e;(n,))s s we
denote the adjoint of e;(u,) by E;(n.), k=1,.,6, i,j=1,2,3. Let
B(e, u,) :=(E;(n,))3; and for te K

AN =)

T 0
P(t,pn):=A'(e,n )| 0 v 0 |B(gn,) (32)
0 TN

el
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We define for te K
tt) =1 —n, t(1)i=1"-1, (1) i=1—1",
5y :=1,(€,), i=1,2,j=1,2,3, sy =1(e8), Jj=1,2,3.

"

We now choose 6,€ K, j=1, 2, 3, with the property |6,| > |5}, |16,] > |6]],
(650> 18, 1051 > 1631, 1851> (3], 951> |65]. Setting for neN, r=1,2,3,
k=1,..06,

PO}, )= (py(n, 1, k)33, (33)

an easy calculation yields that there exists Ne N such that

3

3 6
IT 11 piln,r,k)#0 for n=N, (34)

r=1 k=1 ij=1

and for k=1, 2 and n> N the following equations hold:

sign(p12(n, 1, ) pis(n, 1, K)) = —sign(ss,s,,) (35)
sign( pz; (n, 1, k) pas(n, 1, 1)) = N(e) sign(e,s252;) (36)
. Sign(81522532) K= 1
- _ . 37
sign( psy (1, 1, k) p3,(n, 1, x)) Nie,) {Sign(82512S32) =2 (37)
sign(p2(n, 2, k) py3(n, 2, K)) = —sign(s335,3) (38)
sign( pa; (1, 2, k) pa3(n, 2, k)) = N(e, ) sign(e;.513523) (39)
. Sign(e) $,35813) k=1
= —N| . 40
sgn(pa: (1,2, ) P, 2,00) = = Naw) - { o K70 o)
sign(p,2(n, 3, ) p13(n, 3, k)) = —sign(s;;5,,) (41)
sign( py; (#, 3, k) pa3(n, 3, k)) = N(e,) sign(e s, 5,) (42)
. sign(e{s,,53) k=1
sign n, 3, n3,k))=—N aK)-{ ) . (43)
gn(ps ( K) pa )) ( sign(ess,, s3,) =

Now we fix MeN such that M-5Ypw; is an algebraic integer for
r, j=1, 2, 3. This implies

Tr(MéYpw,) e Z, r,j=1,2,3,

and we set in the following: 4, :=M -7, r=1,2, 3. We can now proceed
to the main part of the proof. Let weW, xeR, x#0, and
a(w, x) = (po(l +ixl;), p'ow'(1+ixk}), p"w"(1+ixA})), j=1,2,3. We
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apply Theorem 4 with a = a;(w, x), = (¢,/e7, e,/e;, €i/e], €5/e5). Using the
equation (see I, Hilfssatz 3(e))
Y. oa"B"(1 -, (m)) ¢,,(m) H*(a, m)

me 272
6

- 2 B™(1-9,(m)) ¢, (m) Z g5.'(a, m), (44)

meZ? =

we get for j=1,2,3
(—=1)* '(k— 1)1 sign(L)[N(p) N(w)(1 + ixA,)(1 +ixA))(1 + ixA))] %

= Z B™(h$7(a;(w, x), m) + h$)(a,(w, x), m))

+ Y a"B(1—9,(m)) HY(a,(w, x), m)
me 72
= Y {Vilpo(l +ixd), m, p,) — Vi(po(1 +ixi;), m, p,)}
6
- {(1~<pw(m))¢w(m) T Ve(po(l +ixi), m, u»}
me 2?2 v=3
+ Y (1-9,m)(1—¢,(m)) U (pa(l +ixA), m). (45)
me 2?

Observing (34), Theorem 7 yields
Y Y Vilpo(l +ixA), m, p,)l

we Wy me 22

= ¥ |Vilpo(l+ixA),0,p,) <00, j=1,23,v=1,.,6; (46)

we W
Lemma 5(b) implies
)N : (1-¢,m))(1—a,m))-|Ulpa(l +ixi;), m)| < co,
e e j=1.2,3.  (47)
Thus both series can be rearranged arbitrarily for x #0. Then Theorem 7
yields in connection with (35)-(43)

3

é lim (Z (=1 (Vi(po(1 +ixA), O, p,)

i=1*~ 0w

+ Vk (p(l)(l - ix}'j), 09 uv))>

= =T+ (=1 "'k = 1) sign(L)(C(k, 1, &, 5) + C(k, 2, &5, £,)),
(48)
where T, is defined in I, Hilfssatz 23.
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From Lemma 8 we deduce by setting w(m) :=Y3_, mw;

j=1%70 we Wy meZ7?

( S (Velpoo(L + ixdy), m, p,) + Vi (poo(1 - ixd,), m, uv)))}

=3

O\l'—‘

3 lm { B 0= ATr{potm) [T ATrptm) o)

1"_>0 meZ?} pel

( Z (Vk(pCU(m)(l + ixllj)’ 07 O! uv)

v=3

+ Vi (pwo(m)(1 — ix4;), 0, 0, m)}

=y {(1 ~ f(Tr(pw(m))))

me 73

T A(Tr(po(m) ) 3, Vi (po(m), 0,0, u,)}

=T, (49)

From Lemma 5(b) in connection with II, Hilfssatz 26, and I, Hilfssatz 3(e)
we conclude using the notations of II, Hilfssatz 26

= Z lim 3 Y (1-9¢,m)1-a,m))(Uk(po(l+ixi,), m)

i=1*7"%hewy mez?
+ Ui (po(l —ix4;), m))
=Y Y (1—9¢,m)l—-g,(m)) U.(pw, m)

we Wy meZ?

Y X a"p(l-e,m)(1-¢,(m)) Ha' (), m)

weWy meZ?

> { % {t-pumn-g.m)

we Wy \meZ?

k-1 2 3
Yy [ (—1)y*1detd, 5 B~ Qu_,(a() p,,,m>]}

pu=1r=1 j=1

+ Z {Z( r+1detAr(Qk~l(a,(w)sOsursm)

me Z?

+ Qk— l(a ((D), 0, Rirs B3 Rors m) + Qk— I(a’(w)’ 07 Bz B3 Ry,s m)}}

=:T,. (50)
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It is easy to show

YooY (1—e,(m)(1-¢,(m)) Q@ (w)uv,m)<oo (51)
we Wy meZ?
for pe N U {0}, ve Z° Applying II, Hilfssatz 26(b) to every single sum-
mand of T; and adding up — T; and T, while observing (51) we get

_T3+T4=Tzq (52)

where T, was defined in II, Hilfssatz 27(b). From (45) and (48)~(52) we
conclude

(—U""(k— 1)’3 Sign(L) N(p) ™k, W, &y, &,)

—hm Z Z (14 (= 1)ixa)(1+ (= 1) xA))(1 + (= 1)%ix4])

,Ivl

- T+ T,. (53)
As in the proof of II, Satz 28, the assertion follows. §

Remark 9. Of course {(2k+ 1, W, &, &,) =0 for ke N; however, if y #1
(see 1, p. 108) or in the still more general case of “Nebenklassenzetafunk-
tionen” (see, €.g., [2, p. 307], where these are defined for real quadratic
fields) the methods developed here can be extended to the values at odd
positive integers which then are no longer zero in general.

NUMERICAL RESULTS

In the following two tables column 1 contains the discriminant of K.
In column 2 we list the coefficients a, b, ¢ of a generating equation
x*+ ax®>+ bx + ¢ =0. Column 3 contains an integral basis of K in case it is
not a power integral basis (see remarks on input data). Table I contains
only fields of class number one. Hence, the other columns of that table list
the values of the Dedekind zeta function of K for the argument k=2
and—for small discriminants—also for k=4 and k=6 (up to the factor
\/j”"ln“y‘; see Remark 2(b)).

In Table II the class number A, of the considered fields is always greater
than 1; it is therefore listed in column 4. Column 5 contains generators of
an ideal representing the inverse of the ideal class whose zeta value is given
in column 7 for k =2 (up to the factor given above). The values of the class
zeta functions are added up to obtain the value of {«(2); this is marked by
an asterisk in column 5. Finally, column 6 lists the norm of the ideal in
column 5.

We note that the values of the zeta functions listed in both tables dis-
tinguish fields of the same discriminant but not necessarily of different ideal
classes of a fixed field (compare 4 =21212).
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TABLE 1

Zeta Values &,(k) \/22" ~!7=3 of Fields with Class Number 1

Disc. Gen. eq. Int. bas. k=2 k=4 k=6
49 -1, -2,1 8/21 2528/2835 473152/212625
81 0, -3, —1 8/9 6368/1215 3222592/91125
148 3—-1, -1 8/3 18464/405 210001984/212625
169 1, -4,1 8/3 359264/5265 428922304/212625
229 0, —4,1 16/3 85312/405 2317186688/212625
257 3, -2,-1 16/3 121024/405 4307040128/212625
316 -1, —4,2 32/3 55936/81 13831672576/212625
321 1, -4, -1 8 5920/9 4883946944/70875
361 -2, =5, ~1 8 130784/135  176543630656/1346625
404 L, -51 40/3 627616/405 10531359808/42525
469 4, -2, -1 16 69952727 13276324736/23625
473 0, =51 40/3 1023328/405 24677996992/42525
564 -1,-5,3 24 75616/15
568 -1, -6, -2 80/3 2181056/405
621 0, 6,3 80/3 2836544/405
697 0,-7,5 64/3 3925504/405
733 -1,-7,8 32 1671296/135
756 0, —6,2 104/3 5627552/405
761 -1, -6, —1 80/3 5398976/405
785 -1, -6,5 88/3 6035104/405
788 -1, -7, -3 112/3 1302464/81
837 0, ~-6,1 128/3 1614592/81
892 -1,-8,10 160/3 10589824/405
940 0,-7,4 176/3 12736832/405
961 -1, -10,8 (t+0?)2 224/3 14631296/405
985 -1, -6,1 112/3 13195072/405
993 -1,-6,3 136/3 2778464/81
22356 0, —36, 60 a2 6120
22356 0, —18,6 5592
22356 0, —36,78 5504
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TABLE II
Values &(k, K,) \/ZZ’“ =3 of Class Zeta Functions

Disc. Gen. eq. Int. bas. he Id. basis Norm k=2
1957 -1, -9,10 2 1 [ 304/3
2, 2 112/3
* 416/3
2597 -1, -9,8 3 1 1 3152/21
2. 2 848/21
4, 4 1040/21
* 240
2777 -1, —14,23 2 1 1 160
3, ~1+a 3 32
* 192
3969 0, —21,35 3 1 1 17048/63
3, ~l+a 3 2456/63
9, (~t+a)? 9 2840/63
* 7448/21
3969 0, —21,28 (a+a?)/3 3 1 1 20960/63
I l+a 3 14816/63
9, (1 4+ «)? 9 9248/63
* 2144/3
8069 -1, —17, -16 4 1 1 800
2,0 2 160
4, a2 4 96
8, o} 8 224
* 1280
20733 0, —36, —1 (I+a+a?)3 5 1 1 3248
2,1+2 2 368
4, (1+a) 4 304
8, (1 +a)? 8 816
16, (1 +a)* 16 1328
* 6064
21212 -1, —36,18 (20 +a?)/3 7 1 1 10016/3
2,4 2 1184/3
4, a? 4 2720/3
8, o’ 8 608/3
16, a4 16 1376/3
32,03 32 1184/3
64, o® 64 3872/3
* 20960/3

641/36/3-3
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