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We study the regularity of the extremal solution of the semilinear
biharmonic equation BA2u — TAu = (1-#)2 on a ball B c RV,
under Navier boundary conditions u = Au =0 on 9B, where 1 >0
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asserts that the extremal solution u* is regular (supgu* < 1) for
N <8 and 8,7 >0 and it is singular (supgu* =1) for N > 9,
B >0, and T > 0 with % small. Our proof for the singularity
of extremal solutions in dimensions N > 9 is based on certain
improved Hardy-Rellich inequalities.
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1. Introduction

Consider the fourth order elliptic problem

A
ﬂAzu —TAU= —— in £2,
a-ws (Gy)
O<u<1 in §2,
u:Au:O Ona.Q,

where A > 0 is a parameter, T > 0, 8 > 0 are fixed constants, and 2 ¢ RN (N >2) is a bounded
smooth domain. This problem with 8 =0 models a simple electrostatic Micro-Electromechanical Sys-
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tems (MEMS) device which has been recently studied by many authors. For instance, see [3,5,7-11,
14-16], and the references cited therein.

Recently, Lin and Yang [18] derived the equation (G;,) in the study of the charged plates in elec-
trostatic actuators. They showed that there exists 0 < A* < oo such that for A € (0,A*) (G,) has a
minimal regular solutions u, (supgu, < 1) while for A > A*, (G,) does not have any regular so-
lution. Moreover, the branch A — u, (x) is increasing for each x € B, and therefore the function
u* =lim,_»;+u; can be considered as a generalized solution that corresponds to the pull-in volt-
age A*. Now the important question is whether the extremal solution u* is regular or not. In a recent
paper Guo and Wei [17] proved that the extremal solution u* is regular for dimensions N < 4. In this
paper we consider the problem (G;) on the unit ball in RVN:

A
ﬂAzu —TAUu= — in B,
I-w (P3)
O<u<l1 in B,
u:Au:O OnaB,

and show that the critical dimension for (P,) is N = 9. Indeed we prove that the extremal solu-
tion of (P,) is regular (supgu* < 1) for N <8 and 8,7 > 0 and it is singular (supgu* = 1) for
N>9, 8>0,and T > 0 with % small. Our proof of regularity of the extremal solution in dimensions

5 < N < 8 is heavily inspired by [4,6]. On the other hand we shall use certain improved Hardy-Rellich
inequalities to prove that the extremal solution is singular in dimensions N > 9. Our improve Hardy-
Rellich inequalities follow from the recent result of Ghoussoub and Moradifam [12,13] about Hardy
and Hardy-Rellich inequalities.

We now start by recalling some of the results from [17] concerning (P,) that will be needed in
the sequel. Define

A*(B) :=sup{A > 0: (P;) has a classical solution}.
We now introduce the following notion of solution.

Definition 1. We say that u is a weak solution of (G,), if 0<u <1 ae.in £2, ﬁ e L1(£2) and if

/u(ﬁA%—tAq))dx:)\/ﬁdx, Vo e WH(2) N H(£2).
2

2

Say that u is a weak super-solution (respectively weak sub-solution) of (G,), if the equality is replaced
with > (respectively <) for ¢ > 0.

We now introduce the notion of stability. First, we equip the function space M := H?(£2) N
H)(£2) = W22(2) N H}(£2) with the norm

Iyl = (f[T|V1/f|2+ﬁ|Aw|2]dx)z

Definition 2. We say that a weak solution u; of (G,) is stable (respectively semi-stable) if the first
eigenvalue (i1, (u,) of the problem

—TAh+4 BA%h — sh=ph inQ2, h=Ah=0 ondQ (1)

2
I —uy)

is positive (respectively non-negative).



596 A. Moradifam /]. Differential Equations 248 (2010) 594-616

The operator BA%u — T Au satisfies the following maximum principle which will be frequently
used in the sequel.

Lemma 1.1. (See [17].) Let u € L' (£2). Then u > 0 a.e. in §2, provided one of the following conditions hold:

1 ueC*2), BAu—TtAu>00n 82, andu= Au=00nd.
2. [u(BA%¢ —TAP)dx >0 forall0< ¢ € WH(2) N HY(£2).
3. ue WA2(2), u=0, Au<0ondB, and [[BAuAP + TVuVeldx >0 for all 0 < ¢ € WH2(2) N
H(£2).
0

Moreover, either u =0 or u > 0 a.e. in £2.
2. The pull-in voltage

As in [4,6], we are led here to examine problem (P;) with non-homogeneous boundary conditions
such as

A
,BAZU—TAL[:W inB,
a<u<li in B, (Pra.y)
u=uwo, Au:‘y OnaB,

where o,y are given. Whenever we need to emphasis the parameters 8 and 7 we will refer to
problem (Pj «,y) as (P g,r,a,y). In this section and Section 3 we will obtain several results for the
following general form of (P, «, y),

A
BA%u—TAU=—"— in$2,
1—u

(1—u)?
a<u<li in £, (G y)

u=o, Au=y on 052,

which are analogous to the results obtained by Gui and Wei for (G,) in [17].
Let @ denote the unique solution of

{ﬁA2®—IA<D:O in £, 2)

®=0, AP=y onaf.

We will say that the pair («, y) is admissible if y <0, ¢ < 1, and sup, @ < 1. We now introduce
a notion of weak solution.

Definition 3. We say that u is a weak solution of (P; ), if @ <u<1 ae. in £, ﬁ e L1(£2) and
if

/(u—cp) (BA* ) —TAP) = /(] 72 Vo e WH(2) N H)(82),

where @ is given in (2). We say u is a weak super-solution (respectively weak sub-solution) of (Pj «,y),
if the equality is replaced with > (respectively <) for ¢ > 0.

Definition 4. We say a weak solution u of (P; 4,)) is regular (respectively singular) if [lulloc < 1
(respectively ||ulco =1).
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We now define

A*(a,y) :==sup{A > 0: (Py.q,y) has a classical solution}

and

As(at, ) :=sup{A > 0: (P; q,)) has a weak solution}.
Observe that by the Implicit Function Theorem, we can classically solve (P «,,) for small A’s. There-
fore, A*(cv, ) and A (c, y) are well defined for any admissible pair (¢, ). To cut down on notations
we won't always indicate o and y. For example, A, and A* will denote the “weak and strong critical

voltages” of (P g,y ).
Now let U be a weak super-solution of (P 4,) and recall the following existence result.

Theorem 2.1. (See [17].) For every 0 < f € L' (£2) there exists a unique 0 < u € L' (£2) which satisfies
/u(ﬂA2¢ —TAP)dx = / fopdx,
Q Q
forallg e W42(2) N H)(£2).

We can introduce the following “weak” iterative scheme: ug = U and (inductively) let u,, n > 1,
be the solution of

_ v 4,2
/(un ®)(BA% —TAD) = /(1_u” 2 Vo e WH2(2) NHY(R2)

given by Theorem 2.1. Since 0 is a sub-solution of (P;, 4, ), inductively it is easily shown by Lemma 1.1
that o <upy1 <up < U for every n > 0. Since

I-u)?<A-U)2ell (),

by Lebesgue theorem the function u = limp_, ;o Uy is @ weak solution of (P 4 ) so that o <u < U.
We therefore have the following result.

Lemma 2.2. Assume the existence of a weak super-solution U of (P;. «,y ). Then there exists a weak solution u
of (Pya,y) sothata <u < U ae.in £2.

In particular, for every A € (0,1,), we can find a weak solution of (Pj 4,,). In the same range
of A’s, this is still true for regular weak solutions as shown in the following lemma.

Lemma 2.3. Let (o, y) be an admissible pair and u be a weak solution of (P «y ). Then, there exists a regular
solution for every 0 < . < A.

Proof. Let € € (0,1) be given and let u = (1 — €)u + €&, where & is given in (2). By Lemma 1.1
sup, @ < supp u < 1. Hence,

supu<(1—€)+esup® <1, inffu>(1—-e)a+einfd=qa,
Q Q 2 2
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and for every 0 < ¢ € W42(2) N H}(£2) there holds:

/(u —P)(BA%P —TAP) = (1 - e)[(u —®)(BA%) — TAP)

—(1—e)k/(1
¢

_ _ 3
=a E)A/(l—ﬂ—i—e(q)—l))?
2

P
0= [ ot
2

Note that 0 < (1—€)(1—u)=1—u+€(® —1) <1—1u. So u is a weak super-solution of (P(],e)sk,a_y)
so that supp & < 1. By Lemma 2.2 we get the existence of a weak solution w of (P(;_¢3; «,) S0 that
o < w < u. In particular, supp w <1 and w is a regular weak solution. Since € € (0, 1) is arbitrarily
chosen, the proof is done. O

Lemma 2.3 implies the existence of a regular weak solution U, for every A € (0, A,). Introduce
now a “classical” iterative scheme: ug = 0 and (inductively) u, = v, +®, n > 1, where v, € W42(2)n
H{(£2) is the solution of

,Bszn—rAvn:ﬁAzun—rAun: in 2 and Av,=00n0ds2. 3)

(1 —up—1)?

Since v, € W42(2)N H] 0(£2), Uy is also a weak solution of (3), and by Lemma 1.1 we know that & <
Uy, <upg1 < U; for every n > 0. Since supg u, < supo Uy < 1 for n >0, we get that (1 —u,_q)2 ¢
L?(£2) and the existence of v, is guaranteed. Since v, is easily seen to be uniformly bounded in
H2%(£2), we have that u; := limp_, ;oo un does hold pointwise and weakly in HZ(£2). By Lebesgue
theorem, we have that u, is a radial weak solution of (P,) so that supy, u; < supg U, < 1. By elliptic
regularity theory [1], u; € C%(£2) and u;, = Auy, =0 on 9£2. So we can integrate by parts to get

¢
/ﬂ(AzuA—TAUA)¢dX2/uA(ﬂA2¢_TA¢)dXZ)‘/m
o 2

2

for every ¢ € W42(£2) N H}(£2). Hence, u;, is a classical solution of (P) showing that A* = A..

Since the argument above shows that u; < U for any other classical solution U of (P, «, y) with
M > A, we have that u, is exactly the minimal solution and u;, is strictly increasing as A 1 A*. In
particular, we can define u* in the usual way: u*(x) = limy_»x uy (x).

Lemma 2.4. 1*(£2) < +o00.

Proof. Let u be a classical solution of (P «,,) and let (, 1) with Ay =0 on 952 denote the first
eigenpair of BA% — TA in H2(£2) N H}(£2) with ¢ > 0. Now let C be such that

/((m—ﬁy)auw Bad, (AY)) = /w

a2
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Multiplying (P;. «,)) by ¥ and then integrating by parts one arrives at
f * u—CJly=0
A—uz M -
2

Since ¢ > 0 there must exist a point x € £2 where — uqu(x) — C < 0. Since o < u(x) <1,

A
(1-u(x)?
hence one can conclude that A < supg_, -1 (1t + C)(1 — u)?, which shows that 1* < +oc0. O

In conclusion, we have shown the following description of the minimal branch.
Theorem 2.5. .* € (0, +00) and the following holds:
1. Foreach 0 < A < A* there exists a regular and minimal solution u; of (Pj 4,y ).

2. For each x € 2 the map A — u, (x) is strictly increasing on (0, A™*).
3. For A > )\* there are no weak solutions of (P «,y).

3. Stability of the minimal solutions

This section is devoted to the proof of the following stability result for minimal solutions. We shall
need the following notion of H-weak solutions, which is an intermediate class between classical and
weak solutions.

Definition 5. We say that u is an H-weak solution of (P, q,y) ifu —& € H2($2)N Hg)(.Q), o<u<1
ae. in £, (1j—u)2 e L'(£2) and

/[ﬁAqubJrrVuv(p]dx:x/ﬁ, Vo e WH2(2)NH(£2),
2 2

where @ is given by (2). We say that u is an H-weak super-solution (respectively an 7H-weak
sub-solution) of (P «,y) if for ¢ > 0 the equality is replaced with > (respectively <) and u >0
(respectively <), Au < 0 (respectively >) on 952.

Theorem 3.1. Suppose that (o, y) is an admissible pair.
1. The minimal solution u,, is stable, and is the unique semi-stable H-weak solution of (Pj, 4,y ).
2. The function u* :=limy, =+ Uy, is a well-defined semi-stable H-weak solution of (Pyx « ).

3. u* is the unique H-weak solution of (P;x 4,y ), and when u* is classical solution, then 11 (u*) =0.
4. If v is a singular, semi-stable H-weak solution of (P «,y), then v =u* and A = A*.

The main tool is the following comparison lemma which is valid exactly in the class H.

Lemma 3.2. Let («, y) be an admissible pair and u be a semi-stable H-weak solution of (P;. «,y ). Assume U
is a H-weak super-solution of (P;. .y ). Then

1. ug<Uae.in $2;
2. ifuis a classical solution and w1 (u) =0 then U = u.

Proof. (i) Define w :=u — U. Then by means of the Moreau decomposition for the biharmonic op-
erator (see [2,19]), there exist wq and wjy € H2(£22) N Hé(.Q), with w = wy + wy, wq >0 ae,
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BA%2w; — TAwy <0 in the H-weak sense and fgﬁAW1AW2 + tVw1.Vwy = 0. Lemma 1.1 gives
that wy <0 a.e. in £2.
Given 0 < ¢ € C°(£2), we have

/ﬂAwA¢+rVw.v¢gx/(f(u)—f(U))qs,
2

2

where f(u):= (1 —u)~2. Since u is semi-stable, one has

w [ s < [paw? s ovm = [pawsw +evwsw < [ (fw - r@)ws.
2 2 2

2

Since wq > w one has

/f’(u)wm < /(f(u) - f)wi,
2

2

which re-arranged gives

/fW120,
2

where ]‘(u) = f(u)— f(U) — f'(u)(u — U). The strict convexity of f gives ]‘ <0 and f’ < 0 whenever
u # U. Since w1 >0 a.e. in £2, one sees that w < 0 a.e. in £2. The inequality u < U a.e. in §2 is then
established.

(ii) Since u is a classical solution, it is easy to see that the infimum of wq(u) is attained at some ¢.

The function ¢ is then the first eigenfunction of BA2 —TA — (13‘1)3 in H2(£2) N H}(£2). Now we show

that ¢ is of fixed sign. Using the above decomposition, one has ¢ = ¢1 + ¢ where ¢; € H2(£2) N
HY(2) for i=1,2, ¢1 >0, [, BAG1AGs + TV1.Vdy =0 and BA%¢y — TA¢y <O in the H-weak
sense. If ¢ changes sign, then ¢ £ 0 and ¢, < 0 in 2 (recall that either ¢ <0 or ¢ =0 a.e. in 2).
We can write now

Jo BA@1 — )2+ T|V($1 — ¢2)|* — Af () (1 — ¢2)?
Jo(P1 — ¢2)?
Jo B(AG)? +T|V|? — 1 f'(u)$?
<
Jad?

0=p1(u) <

= u1(u),

in view of ¢1¢2 < —¢p1¢2 in a set of positive measure, leading to a contradiction.
So we can assume ¢ >0, and by Lemma 1.1 we have ¢ > 0 in £2. For 0 <t < 1, define

g(t):/ﬂA[tU+(l —Du]A¢ +TV[tU + (1 —t)u].V¢—Aff(tU+(l —Du)e,
2 2
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where ¢ is the above first eigenfunction. Since f is convex one sees that
gt) > k/[tf(U) +A=-0f@W— f(tU+ 1 —btu)]p >0
Q

for every t > 0. Since g(0) =0 and

g0 = f BAU —w)Ap+TVU — ).V — Af W)U — u)p =0,
2

we get that

g'(0)=—x / f ) (U —u)?p > 0.
2

Since f”(u)¢ > 0 in £2, we finally get that U =u a.e. in 2. O
A more general version of Lemma 3.2 is available in the following.

Lemma 3.3. Let («, ) be an admissible pair and y’ < 0. Let u be a semi-stable H-weak sub-solution of
(Pra,y) withu=0a' <o, Au= g’ > p on 952. Assume that U is a H-weak super-solution of (P;. ., ) with
U=o, AU=Bondf2.ThenU > u a.e.in $2.

Proof. Let il € H*(2) N H}(£2) denote a weak solution of BA%l — T All = BA?(u — U) — TA(u — U)
in 2 and i =Ai=0on 9£2. Since it —u+U >0 and A(il —u+ U) <0 on 98, by Lemma 1.1
one has that i > u — U a.e. in £2. By means of the Moreau decomposition (see [2,19]) we write
it as it =w -+ v, where w,v € Hg(.Q), w >0 ae. in £, ﬂsz — 7Av <0 in a H-weak sense and
Jo BAWAV +TVW.Vv =0. Then for 0 < ¢ € W42(2) N H}(£2), one has

/ﬂAﬁAqb +1TVi.Vep < A/(f(u) - f))¢.
2 2
In particular, we have
/ﬂAﬁAW +1TVi.Vw < A/(f(u) - f))w.
2 2
Since the semi-stability of u gives that
A/f/(u)w2 < /,B(AW)Z +7|Vw)? :/ﬁAﬁAW—H:Vﬁ.VW,
2 2 2

we get that

/f/(u)w2 <f(f(u) — f))w.
2 2
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By Lemma 1.1 we have v <0 and then w > 1 > u — U a.e. in £2. So we obtain that

0< [ (Fa - FU) = - v)w

2

The strict convexity of f implies that U > u a.e. in 2. O
We need also some a priori estimates along the minimal branch u;.

Lemma 3.4. Let (o, y) be an admissible pair. Then for every A € (0, A*), we have
5 (), — P)? f Uy —
a-u)? ) a- UA)Z’
2

where @ is given by (2). In particular, there is a constant C > 0 independent of X so that

1
/(I|Vu,\|2+,3|Au,\|2)dx+/m <C, (4)
2

2

forevery & € (0, A%).
Proof. Testing (Pjq,,) on uy — ® € W42(2) N H}(£2), we see that

(up — @)?
1 —uy)?’
2

u —

A—m)?2 /(T|V(“x —®)* + p(Aw, — @))*) dx > 22
2 2

In the view of BA%2® — TA® = 0. In particular, for § > 0 small we have that

[ or<n | SSr<woer
(1—uy)? ~ 82 A—u)3 S% (1 —uy)?

{128} {lup—@| 268}

1
<46 —— +C
/ Ay
{lup—@|2>6}

by means of Young’s inequality. Since for § small
/ 1
<
(1—-u)?
{lun—@|<8}

for some C > 0, we get that

Ji
(1—uy)3
2

for some C > 0 and for every A € (0, A*). Since
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UA—¢

/(t|VuA|2+ﬂ|AuA|2)dx=/(ﬁAuAA<D+rVuA.Vq§)+)»/m
— Ux
2 2 2

1 3
) 2
gs/(ﬂVu;J + BlAuy| )dx-i-Cg—i-C(/m)
J 2

in view of Young’s and Hoélder’s inequalities, estimate (4) is finally established. O

Proof of Theorem 3.1. (1) Since ||u; ||co < 1, the infimum defining w1 (u,) is achieved at a first eigen-
function for every A € (0, 1*). Since A — u;(x) is increasing for every x € £2, it is easily seen that
A+ 41 (uy) is a decreasing and continuous function on (0, A*). Define

A i=sup{0 < A < A*: uq(u;) > 0}.

We have that A, = A*. Indeed, otherwise we would have p1(u;,,) =0, and for every € (A, AY),
u, would be a classical super-solution of (P;,, «,,). A contradiction arises since Lemma 3.2 implies
u, =u,,,. Finally, Lemma 3.2 guarantees the uniqueness in the class of semi-stable 7/-weak solutions.

(2) It follows from (4) that u, — u* in a pointwise sense and weakly in H2(£2), and 1fu* e L3().
In particular, u* is a H2-weak solution of (Py+«,y) which is also semi-stable as the limiting function
of the semi-stable solutions {u;,}.

(3) Whenever |u*||oc < 1, the function u* is a classical solution, and by the Implicit Function
Theorem we have that w1 (u*) =0 to prevent the continuation of the minimal branch beyond A*. By
Lemma 3.2, u* is then the unique H-weak solution of (Py+« ).

(4) If L < A*, we get by uniqueness that v =u,. So v is not singular and a contradiction arises.
Now, by Theorem 3(3) we have that A = A*. Since v is a semi-stable -weak solution of (Pjx « )
and u* is a ‘H-weak super-solution of (Pj«« ), we can apply Lemma 3.2 to get v < u* a.e. in £2.
Since u* is also a semi-stable solution, we can reverse the roles of v and u* in Lemma 3.2 to see that
v > u* a.e. in £2. So equality v =u* holds and the proof is done. O

4. Regularity of the extremal solutions in dimensions N < 8

In this section we shall show that the extremal solution is regular in small dimensions. Let us
begin with the following lemma.

Lemma 4.1. Let N > 5 and (u*, A*) be the extremal pair of (P,). If u™* is singular, and he set
r:={re,1): us(r) > u*r)} (5)

is non-empty, where us(x) :==1 — C,;|x|% and Cs > 1 is a constant. Then there exists r1 € (0, 1) such that
us(r1) = u*(r1) and Aus(rr) < Au*(ry).

Proof. Assume by contradiction that for every r with us(rq) > u*(r1) one has Augs(r;) > Au*(ry).
Since I' is non-empty and

us(1)=1-Cs <0=u*(1),

there exists s1 € (0, 1) such that us(s1) = u*(s1). We claim that

us(s) > u*(s),
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for 0 < s < s7. Assume that there exist s3 < s; < s7 such that u*(sy) = us(s2), u*(s3) = us(s3) and
us(s) = u*(s) for s € (s3,5s2). By our assumption Aus > Au*(s) for s € (s3, s2) which contradicts the
maximum principle and justifies the claim. Therefore us(s) > u*(s) for 0 <s < s1. Now set w :=
us —u*. Then w >0 on B, and Aw <0 in By,. Since w(0) =0, by strong maximum principle we
get w =0 on Bg,. This is a contradiction and completes the proof. O

Theorem 4.2. Let N > 5 and (u*, A*) be the extremal pair of (P;). When u™ is singular, then

1—u*<Clx? inB
~ 9

8(N-23)(N-%)

AN Y.
where C := (5)3 and X := g

Proof. For § > 0, define us(x) ;=1 — Cslxlg with Cs5 := (2—} + 8)% > 1. Since N > 5, we have that

us € HZ (RN) and us is a H-weak solution of
A+ BSA 4 2
BA%us — TAus = AT F PO +27C(N=Z) x5 inRMN.
1- Ll(;)2 3 3

We claim that us < u™* in B, which will finish the proof by just letting § — 0.
Assume by contradiction that the set I :={r € (0, 1): us(r) > u*(r)} is non-empty. By Lemma 4.1
the set

A= {re,1): us(r) > u*(r) and Aus(r) < Au*(r)}
is non-empty. Let r; € A. Since
us(1)=1-Cs <0=u*(1),
we have that 0 <r; < 1. Define

o =, (r1) <us(r), Y = Au*(r1) = Aus(ry).

_4
Setting usr =1, 3 (us(rir)—1)+1, we see that us,r, is a H-weak super-solution of (P
where

Ao BTy )

2
’ 3

_4
a =r (a—-1)+1, y' =riy.

_4
Similarly, define uf] r=r 3 (u*(rir) — 1) + 1. Note that A%2u* — ¢ Au* >0 in B and Au* =0 on 9B.
Hence, by maximum principle we have Au* < 0 in B and therefore y’ < 0. Also obviously o’ < 1.
So, (¢, y’) is an admissible pair and by Theorem 3.1(4) we get that (uf,,A*) coincides with the

extremal pair of (P, prlr.al y,) in B. Also by Lemma 2.2 we get the existence of a week solution of
Bt
(Pt Bl y,). Since A* 4+ 61 > A*, we contradict the fact that A* is the extremal parameter of
Boritral,
(Px,ﬁ,rl’zr,a’,y’)‘ O

Now we are ready to prove the following result.

Theorem 4.3. [f 5 < N < 8, then the extremal solution u™* of (P), is regular.
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Proof. Assume that u* is singular. For € > 0 define ¢ (x) := |x| 2"+¢ and note that

N%(N —4)2

(A@)? = (Hy + 0(€))[xI~N2¢,  where Hy := 1

Given n € C§°(B), and since N > 5, we can use the test function n¢ € H%(B) into the stability in-
equality to obtain

* (pz 2 / 2
A /7(1—u*)3 <t [@p?+r 1962+ 00,
B B B

where O(1) is a bounded function as € — 0. By Theorem 4.2 we find

zx/ “’—4 /(Ago)z +oq),
B

and then

zi/ x| N2 < (Hy + 0(6)) / x| 7N+ 0(1).

Computing the integrals on obtains

2L < Hy + 0(e).
Letting € — 0 we get 21 < Hy. Graphing this relation we see that N >9. O

5. The extremal solution is singular in dimensions N > 9

In this section we will show that the extremal solution u* of (P, g 0,0) in dimensions N > 9
is singular for 7 > 0 sufficiently small. To do this, first we shall show that the extremal solution of
(Py.1.0,0,0) is singular in dimensions N > 9. Again to cut down the notation we won’t always indicate
that 8=1 and t =0.

We have to distinguish between three different ranges for the dimension. For each range, we will
need a suitable Hardy-Rellich type inequality that will be established in Appendix A, by using the
recent results of Ghoussoub and Moradifam [12].

e Case N > 16. To establish the singularity of u* for these dimensions we shall need the classical
Hardy-Rellich inequality, which is valid for all ¢ € H?>(B) N H},(B):

NZ(N 4)2 ¢2
/ (B> = Bf s ©)

e Case 10 < N < 16. For this case, we shall need the following inequality valid for all ¢ € H%(B) N
Hy(B),
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o= DN - 9* / ¢
J J (2=

N N
16 s X2 D (X2 = x| 2)

_ _4)2 2
Jr(N DN 4)f ¢

—
4 XI2(1X]2 — [x]7)

(7)

B

e Case N =9. This case is the trickiest and will require the following inequality for all ¢ € H2(B) N
H{(B), which is valid for N >7,

|Aul? > | w(ix)u. (8)
]

where
_2)2 _
W(r):K(r)< W=2) N +(N21)>,
40% — ez :
” n=3) s
K(r):_w )+ so(r)!
p(r)
and

) —r~2*2 1 9r72 4 10r — 20.

The next lemma will be our main tool to guarantee that u* is singular for N > 9. The proof is
based on an upper estimate by a singular stable sub-solution.

Lemma 5.1. Suppose there exist ' > 0 and a radial function u € H(B) N W4'°°(B \ {0}) such that

loc

)\./
Azugm for0<r<1, (9)
u(1)=0,  Aul—; =0, (10)
u is singular, (11)

and
e
Zﬂ/ e < /(A<p)2 forall ¢ € H*(B) N HY(B), (12)
B B

for some B > A/. Then u* is singular and

A (13)
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Proof. By Lemma 3.3 we have (13). Let % <y <1and

o= (V;*)i (14)

and define 1 :=1 — a(1 — u). We claim that

u*<u inB. (15)

u, <i inB. (16)
Indeed, we have

a) a3y

207N 2= _
N@=ad’ )< G 5= G

By (13) and the choice of «,
a3\ < 1¥.

To prove (15) it suffices to prove it for @31’ < A < A*. Fix such A and assume that (15) is not true.
Then

A={0<R<1|u(R) > (R},

in non-empty. There exists 0 < Ry < 1, such that u;(Ry) > u*(R1) and Au;(R1) < Au*(Ry), since
otherwise we can find 0 < sy < sy <1 so that u,(s1) = u(sy), u,(s2) = u(sz), u,(R) > u(R), and
Au; (R1) > Au*(Rq) which contradict the maximum principle. Now consider the following problem

A=t
- uw?

u=u,(Ry) onoaB,

in B,

Au= Au; onodB.

Then u, is a solution to the above problem while & is a sub-solution to the same problem. Moreover
u is stable since,

A< A*
and hence

2 _ 22 - 28
11— "1 -u?®  y(d-uw?®  (1-u?
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Table 1

Summary.

N Ay By

9 249 251
10 320 367
11 405 574
12 502 851
13 610 1211
14 730 1668
15 860 2235
16 < N < 30 LI Ay
N>31 27 A

We deduce u < uy in Bg, which is impossible, since u is singular while u; is smooth. This estab-
lishes (15). From (15) and the above two inequalities we have

2 _ B
A—ud Syd—up  dA-u3

Thus

2 2
fB(A(/))Z - (1_u(€k)3
%

This is not possible if u* is a smooth solution. O

inf (B)
peCgP

4
For any m > 3 define

4
Wp=1—anmr3 +bymr™,
where

m(N +m —2) A 3(N—2/3)
m(N+m—2) — 3(N—2/3) Nom = m(N+m—2)—3(N—2/3)

aN,m ‘=

Now we are ready to prove the main result of this section.

Theorem 5.2. The following upper bounds on A* hold in large dimensions.

1. If N > 31, then Lemma 5.1 holds with u := w3, Ay =27 and g = % > 27,
2. If 16 < N < 30, then Lemma 5.1 holds with u := w3, 1}, = % — 1,8y = %
3. If10 < N < 15, then Lemma 5.1 holds with u := w3, }\;\, < BN given in Table 1.
4. If N =09, then Lemma 5.1 holds with u := wj g, Aq := 249 < fg := 251.

The extremal solution is therefore singular for dimensions N > 9.

Proof. (1) Assume first that N > 31, then it is easy to see that ay> <3 and a3 ,A < 274 < fx,
We shall show that w; is a singular H-weak sub-solution of (P)alzV i which is stable.Note that
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wy € H*(B), - € L3(B), 0< wy <1in B, and

3 -
ay oA

Azw < —
2N A - w2

in B\ {0}.
So w is a H-weak sub-solution of (P),;;. Moreover,
4 4 2 4
wa =1~ x5 + (an2 — D(IX3 — x*) <13
Since 27X < TN we get that

s ¢* ¢
5“/m<”'vfa—wm /_4 [
B B

B B

for all ¢ € C§°(B). Hence, wy is stable. Thus it follows from Lemma 5.1 that u* is singular and
A* < 27A.
(2) Assume 16 < N < 30 and consider

4
w3 :=1—an3r3 +bN,3T3.

We show that it is a singular H-weak sub-solution of (P Hy D which is stable. Indeed, we clearly

have 0 < w3 <1 ae. in B, w3 € H*(B) and —— S € L3(B). Note that

2 2
HN/Lz :HN/ .
(1—ws) (an.mr3 — by mr™)3
B B ’ ’
< sup 1 /¢_4
0<r<1 (an,m — bN mi™ 73) 5

2

% 2

ZHN/r—4</(A<P)-
B B

Using maple one can verify that for 16 < N < 31,

Hn

A’w3<—2—_ on(0,1).

(1—w3)?

Hence, w3 is a sub-solution of (P uy 1). By Lemma 5.1 u* is singular and 1* < % —1.
Hy

(3) Assume 10 < N < 15. We shall show that ws satisfies the assumptions of Lemma 5.1 for each
dimension 10 < N < 15. Using maple, for each dimension 10 < N < 15, one can verify that inequality
(17;1 hlc1)1ds for A}y given by Table 1. Then, by using maple again, we show that there exists Sy > A}
such that

(N —2)2(N — 4)? 1 N (N —1)(N — 4)? 1
16 (%2 = 5riry 1% 2 (%12 — [x]2) 4 IXI2(1x]2 — [x]7)
28N

>
(1—ws)3
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The above inequality and improved Hardy-Rellich inequality (30) guarantee that the stability condi-
tion (20) holds for By > A’. Hence, by Lemma 5.1 the extremal solution is singular for 10 < N < 15.
The values of Ay and By are shown in Table 1.

(4) Let u := wy g. Using Maple on can see that

249

<—— inB
(1 —u)?

A%y

and

502

m <W() forallr € (0,1),

where W is given by (32). Since, 502 > 2 x 249, by Lemma 5.1 the extremal solution u* is singular in
dimension N=9. O

Remark 5.3. It follows from the proof of Theorem 5.2 that for N > 9 and % sufficiently small, there
exists u € H2(B) N W=>(B \ {0}) such that

loc

"

Azu—EAugiN for0<r <1, (17)

B (1—u)?
u(l) =0, Aulr=1 =0, (18)
u is singular, (19)

and
@? T
2,9,@,/ A3 < /(Ago)z + E|Vg0|2 for all ¢ € H?(B) N HY(B), (20)
B B

where ) > A}, > 0 are constants. Indeed, for each dimension N > 9, it is enough to take u to be the
sub-solution we constructed in the proof of Theorem 5.2, By := By, A’ <1” < B. If % is sufficiently
small so that —%Au < % on (0,1), then with an argument similar to that of Lemma 5.1 we

deduce that the extremal solution u* of (P, g ¢ 0,0) is singular. We believe that the extremal solution
of (P;,g,7,0,0) is singular for all 8,7 >0 in dimensions N > 9.
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Appendix A. Improved Hardy-Rellich inequalities

We now prove the improved Hardy-Rellich inequalities used in Section 4. They rely on the re-
sults of Ghoussoub and Moradifam in [12] which provide necessary and sufficient conditions for such
inequalities to hold. At the heart of this characterization is the following notion of a Bessel pair of
functions.

Definition 6. Assume that B is a ball of radius R in RN, V, W € C(0, 1), and fOR M—Vm dr = +o0.
Say that the couple (V, W) is a Bessel pair on (0, R) if the ordinary differential equation
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N—-1 Vi)

Wm+< W(r)
r V(r)

)y (T)+WJ/(T)=0 (Bv,w)

has a positive solution on the interval (0, R).
The needed inequalities will follow from the following two results.

Theorem A.1. (See Ghoussoub and Moradifam [12].) Let V and W be positive radial C!-functions on B\{0},

where B is a ball centered at zero with radius R in RN (N > 1) such that fOR r,\,+v(r)dr = 400 and

fOR N1V (r) dr < 4o0. The following statements are then equivalent:

1. (V, W) is a Bessel pair on (0, R).
2. [z V(xDIVeI2dx > [ W(|x))¢? dx for all g € C°(B).

Theorem A.2. Let B be the unit ball in RN (N > 5). Then the inequality

Vul|? Vul?

|Au?dx > [Vl ax+ (N —1) [ VHE gy 21)
2
B B |X|2 B |

N N1
— atv=n Xl 2t Ix

holds for all u € C3°(B).
We shall need the following result to prove (21).
Lemma A.3. For every u € C' ([0, 1]) the following inequality holds
1 1
2 N-1 u? N-1 2
/|u’(r)y r dr>/2—Nr “ldr — (N = D(u(D)”. (22)

NN
— 2
0 o TN

Proof. Let ¢ := R % and k(r) :=rN~1. Define ¥ (r) = u(r)/@(r), r € [0, 1]. Then

1 1

1
/ |u/ (1) k(r) dr = / @) |¢' () PRy dr + f 201 (W (1) (k) dr
0

0 0

1
+/\¢(r>!2|w’<r)\2k<r>dr
0

1 1
= / v (|¢' ) k) — (kog'y () dr + / o [*|v' @) k() dr
0 0
+¥2 (e (Me(1)

1
> f w2 (@' 0] ka) — (ko) () dr + w21’ D (1).
0
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Note that ¥2(1)¢’(1)e(1) = u%)% = —(N — Du?(1). Hence, we have

1

Simplifying the above inequality we get (22). O

1
/|u/(r)|2k(r)dr>f—uz(r)<k Ll (r);k(r)‘p (r))dr—(N—l)uz(l)
0 0

(23)

The decomposition of a function into its spherical harmonics will be one of our tools to prove

Theorem A.2. Let u € CSO(B). By decomposing u into spherical harmonics we get

u= 2w where uy = fie(|x]) @k (x)

and (@ (X)) are the orthonormal eigenfunctions of the Laplace-Beltrami operator with corresponding
eigenvalues ¢y = k(N +k — 2), k > 0. The functions fj belong to u € C*°([0, 1]), fx(1) =0, and satisfy

fie( =0@% and f'(r) = 0(*=1) as r — 0. In particular,

1 1
=1 and =——— | uds= u(rx)ds.
%o fo Na)NrN—1/ Na)N/ (rx)
F):8 Ix|=1

We also have for any k > 0, and any continuous real valued W on (0, 1),

2
[ 1w = [ (a) - oGP ) ax
B B

and

B

Now we are ready to prove Theorem A.2. We shall use the inequality

1 1
N —2)2 x2(r
|x’(r)|2rN_1dr> ( ) ) N-Tdr
4 2 N5+
0 0 2(N-1)

for all x € C' ([0, 1]) with x(1) = 0.

Proof of Theorem A.2. For all N > 5 and k > 0, we have

1 s 1 fielx )
e [1aulax= o | (Afk(|x|)—ck - ) dx
B B

! 2
N—-1
:/(f;ﬁ’(r)Jr fer) —cx fl;g”) rN=1dr
0

r

/W(|x|)|Vuk|2dx:/w(|x|)|Vf,<|2dx+c,</w(|x|)|x|*2fk2dx.
B B

(24)

(25)

(26)

(27)
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1 1
- /(f,g’(r))zr’Herr (N — 1)2/(f,;(r))2rN*3 dr
0 0
1 1
+ci [ fE@rT 42N = 1) / ) femyrt=2
0 0

1 1
— 2¢k / f,:’(r)fk(r)rN—3 dr —2c, (N —1) / flé(r)fk(r)rN_él dr.
0 0

Integrate by parts and use (24) for k =0 to get

1

1

1

Now / Ayl dx > / (R @) dr 4+ (N = 14260 / (fim)* 2 ar

N 5 5 .
1

+ (2ck(n — 4) +cf) / =S f2(rydr + (N — 1)(f,;(1))2. (28)

0

Now define gy (r) = @ and note that gi(r) = 0 (r*=1) for all k > 1. We have

1
/ (Fin)* =2
0

1 1

(&))" dr + f 28 (N g2 dr + / g dr
0 0

Il I
o"\_‘ o»\“_‘

(g,@(r))zr’\’_1 dr— (N —=3) / ge(nrN3dr.

Thus,

4 __ N N
0 aN-1'°

1 2 2 1
/ fm)ie s B2 / - O v w3 / fRorN=dr. (29)
r
0 0

Substituting 2c /01 (f{)*rN=3 in (28) by its lower estimate in the last inequality (29), and using
Lemma A.3, we get

o2/ (1)
(N-2) / (f (M) N=1 gy
r p—

N
4 ratl

1
— / | Aug|? dx >
Nwy
B

N
2IN-1)

1
(N —2)? fEm)

4 2 N Ny
o T awm-n"?

+ 2ck
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1 1
+(N-1) / (fem)rN 2 dr + (N = 1) f (fie(m)*rN =5 dr
0 0
/ / (N—=2)2 2
+ cx(ck — (N — 1))/r”*5fk2(r)dr+ck/ - r—2dr

402 — i)
0 0

2(N—1)
92 1 / 2
_(IN=2) f 2 G Ny,
r< —

=
4 N Niq
o JN-D 2

1
(N —2)2 / : O sy
r

N
4 N__5+1

+ Ck

0 T 2(N—-1)
1 1

(N — 1)f(f,;(r))2rN*3 dr + ci(N — 1)/(fk(r))2rN’5dr.
0 0

The proof is complete in the view of (26). O
We shall now deduce the following corollary.

Corollary A.4. Let N > 5 and B be the unit ball in RN. Then the following improved Hardy—-Rellich inequality
holds for all ¢ € H*(B) N H}(B):

(N —2)2(N — 47 ¢?
(A9)? > f
B/ 16 S (X = s X T (X2 = 1x17)

2(N—1)
_ a2 2
n (N—-—1)(N—-4) / ¢

—.
4 IX12(1X|2 — |x|2)

(30)

B

—Ly— and note that

. _N .
Proof. Let o := TN and V(r) := P

Vi 2 a(N-2) r32 2

v r 2 gy r

The function y(r) = 2 1 s decreasing and is then a positive super-solution on (0, 1) for the
ODE

W1 ()
4]

v

Vv

" N-1 ’ _
y + T—l— yr)+ y=0,

where

(N-4)?

402 — 12 —arztly

Wi =
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Hence, by Theorem A.1 we deduce

fie (7 [t
N = N N
5 %12 —arlx| 2! 27 P —alx 2T (X2 - 1x17)

for all ¢ € HX(B) N H1(B) Similarly, for V (r) = = we have that

|vw2><w—4>a/ ¢
X2 2 ) x2(x2 — Ix1%)

for all ¢ € H2(B) N Hg)(B). Combining the above two inequalities with (21) we get (30). O

Corollary A.5. Let N > 7 and B be the unit ball in RN, Then the following improved Hardy-Rellich inequality

holds for all ¢ € H*(B) N H}(B):
me>mew% (31)
B B

where
N —2)? N-1
W(r)=1<(r)< ( ) " +( 5 )), (32)
4(r2 — 2(N l)rz ) r
"y + n=3) s r
PN Ak e 2]
p(r)
and
@) =122 4 972 4 10r - 20,
Proof. Let o := 2(NN—1) and V(r) := ﬁ Then ¢ is a sub-solution for the ODE
ri—ar?2
N-1 V; W (r)
"
= 07
y+( r +V) o
where
K(r)
Wo(r) = -
r2—qr2t!

Hence, by Theorem A.1 we have

IVUI2
> [ wa(ix)u?. (33)
o X2 —alx|? T+
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Similarly
|Vul?
[ S [ wae, (4)
B B
where
K(r)
W3(r) = ——
5

Combining the above two inequalities with (22) we get improved Hardy-Rellich inequality (31). O
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