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Abstract

Let hm,p(z), (m,p) ∈ Z+ × Z+, be the Landau orthogonal basis of the Hilbert space onL2(C,

e−|z|2 dλ(z)) whereλ(z) is the usual Lebesgue measure on the complex plane. In this paper we give
spectral properties of the Cauchy transform on the orthogonal complement of Bargmann spaceΛ0(C) in

L2(C, e−|z|2 dλ(z)). In particular form fixed, we consider the orthogonal projection operator on the Hil
subspace spanned byhm,p(z), p = 0,1,2, . . . , and we give explicitly the sequence of singular values

its composition with the Cauchy transform inL2(C, e−|z|2 dλ(z)). As application of these of the Cauch
transform we get some identities for special functions which could be of independent interest.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the main results

Let dµ(z) = e−|z|2 dλ(z) be the Gaussian density on the complex planeC := {z = x + iy;
(x, y) ∈ R

2}, |z|2 = x2 + y2 and dλ(z) = dx dy is the usual Lebesgue measure onC = R
2.
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Then in [7] Dostanic has investigated some spectral properties of the Cauchy transformC defined
by

Cf (z) = 1

π

∫
C

f (w)

z − w
dµ(w), f ∈ L2

(
C, dµ(z)

)
. (1.1)

Namely, the sequence of the singular valuessp(C), p ∈ Z+, of the compact operatorC in
L2(C, dµ(z)) behaves whenp → ∞ assp(C) = 1√

p
(1+ o(1)) and that the sequence of singu

valuessp(P0C), p ∈ Z+, behaves whenp → ∞ assp(P0C) = o(e−p Log
√

3 ), whereP0 is the
orthogonal projection operator fromL2(C, dµ(z)) onto the Bargmann space [5]:

Λ0(C) = {
f ∈ L2

(
C, dµ(z)

)
, f entire onC

}
.

Now our main aim in this paper is to discuss some spectral properties of the Cauchy tra
C on the orthogonal complementΛ⊥

0 (C) of Bargmann spaceΛ0(C) in L2(C, dµ(z)). This will
be possible by using the following Hilbertian orthogonal decomposition ofL2(C, dµ(z)) given
by

L2
(
C, dµ(z)

) =
⊕

m∈Z+
Λm(C) (1.2)

where the Hilbert subspacesΛm(C), m ∈ Z+, are defined by

Λm(C) = {
f ∈ L2

(
C, dµ(z)

)
, A�Af = mf

}
. (1.3)

In (1.3) the operatorsA� andA are given respectively byA� = − ∂
∂z

+ z̄ andA = ∂
∂z̄

so that

A�A = − ∂2

∂z∂z̄
+ z̄

∂

∂z̄

is a second order elliptic differential operator of Laplacian type.
Thus using the Hilbertian orthogonal decomposition (1.2) of the spaceL2(C, dµ(z)), we will

be able to give, for every fixedm ∈ Z+, explicit formulae for the nonzero eigenvaluesλm,p,
p = 0,1,2, . . . , of the positive operator

|PmC| := √
(PmC)�(PmC)

wherePm is the orthogonal projection operator fromL2(C, dµ(z)) onto the spaceΛm(C) in
L2(C, dµ(z)) by (1.3).

Indeed, the main results to which is aimed this paper can be stated as follows.

Theorem. Let m ∈ Z+ and m to be fixed. Letλm,p, p = 0,1,2, . . . , be the sequence of nonze
eigenvalues of the positive operator

|PmC| := √
(PmC)�(PmC)

wherePm is the orthogonal projection operator fromL2(C, dµ(z)) onto the spaceΛm(C) in
L2(C, dµ(z)) given by(1.3) andC is the Cauchy transform inL2(C, dµ(z)) as given in(1.1).
Then we have:

(i) The eigenvaluesλm,p, p = 0,1,2, . . . , of |PmC| are given explicitly via the following for
mula:
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(λm,p)2 = γm−1,p 2F1

(
−min(m − 1,p),−min(m − 1,p), |m − 1− p| + 1,

1

4

)
(1.4)

where

γm−1,p =
(

2

3

)2min(m−1,p)

3−(|m−1−p|+1) (max(m − 1,p)!)2

m!p!|m − 1− p|! ,

2F1(α,β;γ, x) stands for the usual Gauss hypergeometric function.
(ii) For m ∈ Z+ andp = 0,1,2, . . . let φm,p be the functions of Hermite type defined onC by

φm,p(z) =
{ −1

p+1 1F1(1,p + 2, |z|2)zp+1, m = 0,

−(−1)m+p ∂m−1+p

∂m−1z∂pz̄
e−|z|2, m = 1,2, . . . .

(1.5)

Then for eachp = 0,1,2, . . . , the above functionφm,p(z) is an eigenvector of the operato
|PmC| with λm,p as eigenvalue.

Remark. (i) The usual Gauss hypergeometric functions2F1(α,β;γ, x) and1F1(α, γ, z), see [10]
or [11,12], are defined by

2F1(α,β;γ, x) = 
(γ )


(α)
(β)

∞∑
k=0


(α + k)
(β + k)


(γ + k)

xk

k! , |x| < 1,

and

1F1(α,β, z) = 
(β)


(α)

∞∑
k=0


(α + k)


(β + k)

zk

k!
where
(·) is gamma function.

(ii) For p � m − 1, the nonzero-eigenvaluesλm,p of the operator|PmC| are given simply
using (1.4) by

(λm,p)2 =
(

2

3

)2(m−1)

3−(p−m+2) (p!)2

m!p!(p − m + 1)!
× 2F1

(
−m + 1;−m + 1;p − m + 2; 1

4

)
. (1.6)

Corollary (Asymptotic ofλm,p whenp → ∞). Let m ∈ Z+, m fixed. Then the asymptotic b
haviour of the eigenvaluesλm,p of the operator|PmC| is given explicitly by

λm,p = 1

2
√

m!
(

4

3

)m/2

e−p Log
√

3

√

(p + 1)


(p − m + 2)
. (1.7)

Now we give an outline of the content of this paper. In Section 2, we recall the main prop
of the Landau basishm,p(z) of L2(C, dµ(z)) that are relevant for our purpose. Section 3 de
with the action of the Cauchy transform in (1.1) on the Landau basis{hm,p(z)} of L2(C, dµ(z)).
In Section 4, we provide for fixedm explicit formulae for the Schwartz kernel functions ofPmC

as well of(PmC)�(PmC) and we give the proof of main results stated in Section 1. Proceed
the same way, we deal with the Green transform onL2(C, dµ(z)) and we state its main spectr
properties that correspond to the analog of what we have done for the Cauchy transformC on
L2(C, dµ(z)).
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2. The Landau orthogonal basis hm,p(z), (m,p) ∈ ZZZ+ ×ZZZ+, of the Hilbert space
L2(CCC, dµ(z))

In this section,we state some elementary properties of the polynomialshm,p(z), (m,p) ∈
Z+ × Z+, of Hermite type [15] that were given in the abstract through the formula

hm,p(z) = (−1)m+pe|z|2 ∂m+p

∂zm∂z̄p
e−|z|2 (2.1)

wherez = x + iy, (x, y) ∈ R
2, z̄ = x − iy, ∂

∂z
= 1

2

[
∂
∂x

− i ∂
∂y

]
and ∂

∂z̄
= 1

2

[
∂
∂x

+ i ∂
∂y

]
.

Namely the following proposition summarize the properties of these polynomialshm,p(z) in
the following proposition that we will be using in this paper.

Proposition 2.1. Lethm,p(z), (m,p) ∈ Z+ × Z+, be the set of polynomials given by

hm,p(z) = (−1)m+pe|z|2 ∂m+p

∂zm∂z̄p
e−|z|2.

Then the following statements hold:

(i) For fixed(m,p) ∈ Z+ × Z+, the polynomialhm,p(z) can be expressed as

(α) hm,p(z) = A�m(zp) whereA� = − ∂

∂z
+ z̄. (2.2)

(β) hm,p(z) = cm,p 1F1
(−min(m,p); |m − p| + 1; |z|2)|z||m−p|e−i(m−p)argz

(2.3)

wherez = |z|ei argz andcm,p = (−1)min(m,p) max(m,p)!
|m−p|! .

(β)bis The polynomials{hm,p(z)}m�0,p�0 form a complete orthogonal system ofL2(C,

dµ(z)) and their norms‖hm,p‖ are given by‖hm,p‖2 = πm!p!.
(ii) Let ∆ = A�A where A� = − ∂

∂z
+ z̄ and A = ∂

∂z̄
and for fixedm ∈ Z+, let Λm(C) =

{f ∈ L2(C, dµ(z)), A�Af = mf } then Λm(C) = span{hm,p(z), p = 0,1,2, . . .} in
L2(C, dµ(z)). Further the spacesΛm(C) are pairwise orthogonal inL2(C, dµ(z)) and
we have the Hilbertian decompositionL2(C, dµ(z)) = ⊕

m�0 Λm(C).
(iii) For fixedm ∈ Z+, let Pm(z,w) be the integral Schwartz kernel of the orthogonal project

operatorPm from L2(C, dµ(z)) on the Hilbert subspaceΛm(C). ThenPm(z,w) can be
expressed as

(γ ) Pm(z,w) =
∞∑

p=0

hm,p(z)hm,p(w)

‖hm,p‖2
with ‖hm,p‖2 = πm!p!, (2.4)

(δ) Pm(z,w) = 1

π
ezw̄

1F1
(−m;1; |z − w|2). (2.4bis)

Remark 2.1. Our wording thehm,p ’s as Landau basis ofL2(C, dµ(z)) comes from the fact tha
operator∆ in (ii) above can be intertwined to give rise to the usual Schrödinger operatorH on
R

2 in the presence of a constant magnetic field. NamelyH is given by

H = −1

4

[(
∂

∂x
+ iy

)2

+
(

∂

∂y
− ix

)2]
.

The above operatorH is called actually the Landau Hamiltonian for, in 1930 Landau was
first to investigate many spectral properties of the operatorH in L2(R

2, dλ(z)).
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For instance the spectrumσ(H) of H in L2(R, dλ(z)) is given by the discrete set

σ(H) =
{
λn = 1

2
+ n; n ∈ Z+

}
.

Proof of Proposition 2.1. The proof of(α) in (i) is easy to handle using induction argume
on m = 0,1,2, . . . . For (β) in (i) we use the result of(α) i.e. hm,p(z) = (A�)m(zp) and observ-
ing that the operators∂

∂z
and z̄ are commuting we can use the binomial formula for(A�)m =

( ∂
∂z

+ z̄)m as well as the fact that(
∂

∂z

)j

(zp) = 
(p + 1)


(p − j + 1)
zp−j for j = 0,1,2, . . . .

Thus by applying the Leibnitz binomial formula to the operator(− ∂
∂z

+ z̄)m we can write the

polynomialshm,p(z) = (A�)m(zp), i.e.hm,p(z) = (− ∂
∂z

+ z̄)m(zp), as follows:

hm,p(z) =
m∨p∑
j=0

m!p!(−1)j zp−j z̄m−j

j !
(p − j + 1)(m − j)! wherem ∨ p = min(m,p).

Thus ifp � m in the above, we can reindex the above summation by settingk = m− j and to
obtain in this case that we have

hm,p(z) = (−1)mp!
(p − m)!

m∑
k=0

(−1)km!
(p − m + 1)

(m − k)!
(p − m + k + 1)

|z|2k

k! zp−m.

But the last summation overk is equal to the confluent hypergeometric function1F1(−m;
p − m + 1; |z|2). Hence the formula in(β) of (i) holds. Now to show that(β) holds also when
p � m, we reindex the above summation inj by setting this time,k = p − j and we see clearl
that(β) holds.

Note that the formulae whenp � m or p � m can be put together into a closed one formu
Namely, for every(m,p) ∈ Z+ × Z+ we have

hm,p(z) = (−1)m∨p(m ∧ p)!
(|m − p|)! 1F1

(−m ∨ p; |m − p| + 1; |z|2)|z||m−p|e−i(m−p)argz (2.5)

wherez = |z|ei argz andm ∧ p = max(m,p) andm ∨ p = min(m,p).
The result of(βbis) is classic.
(ii) Intissar et al. introduce in [3,4] the Hilbert subspacesΛm(C) of L2(C, dµ(z)) and give a

precise description of the expansion of their elements in terms of the appropriate Fourie
on C. As these spaces are realized as the null space of the operatorA�A − mI , m ∈ Z+, where
A = ∂

∂z̄
andA� = − ∂

∂z
+ z̄ then we can deduce thatΛm(C) = span{hm,p(z), p = 0,1,2, . . .} in

L2(C, dµ(z)).
Further the spacesΛm(C) are pairwise orthogonal inL2(C, dµ(z)) and we have the Hilber

decompositionL2(C, dµ(z)) = ⊕
m�0 Λm(C). See [4] for more details.

(iii) For fixed m ∈ Z+, let Pm(z,w) be the integral Schwartz kernel of the orthogonal pro
tion operatorPm fromL2(C, dµ(z)) on the Hilbert subspaceΛm(C). Then forf ∈ L2(C, dµ(z))

we have

Pmf = 1

π

∞∑〈
f,

1√
m!p!A

�m
zp

〉
1√
m!p!A

�m
zp
p=0
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and by using (i) we can deduce the explicit expressions of thePm(z,w) as

Pm(z,w) =
∞∑

p=0

hm,p(z)hm,p(w)

‖hm,p‖2
with ‖hm,p‖2 = πm!p!.

But this series can be written in a closed form (see [4, (2.6)]) as

Pm(z,w) = 1

π
ezw̄

1F1
(−m;1; |z − w|2). �

3. The Cauchy transform in L2(CCC, dµ(z)) and its action on the Landau basis of
L2(CCC, dµ(z))

In this section, we recall the definition of Cauchy transform inL2(C, dµ(z)) as well as some
of their elementary properties in the Carleman–Schatten classes and we give a precise de
of its action on the Landau basis{hm,p(z)} of L2(C, dµ(z)).

3.1. Definition of Cauchy transform inL2(C, dµ(z)) and their properties in Schatten scale

Let begin by recalling thatL2(C, dµ(z)) is the Hilbert space whose the elements are Lebe
measurable complex valued functionsf (z) on C that are square integrable with respect
Gaussian density measuredµ(z) = e−|z|2 dλ(z), z = x + iy, |z|2 = x2 + y2 anddλ(z) = dx dy

is Lebesgue measure onC = R
2. That is

L2
(
C, dµ(z)

) :=
{
f :C → C; ‖f ‖2 :=

∫
C

e−|z|2∣∣f (z)
∣∣2 dµ(z) < ∞

}
.

Definition 3.1. The Cauchy transformC in L2(C, dµ(z)) is defined as integral operator give
by

Cf (z) := 1

π

∫
C

f (ξ)

z − ξ
e−|ξ |2 dλ(ξ) wheref ∈ L2

(
C, dµ(z)

)
andz ∈ C.

In below we denote byN(z, ξ) := 1
π
(z − ξ)−1 the Schwartz kernel function associated to

above operatorC in L2(C, dµ(z)) and we discuss some properties of the Cauchy transfor
the Schatten scale. For this, recall that a compact linear operatorT on a Hilbert spaceH is said
to belong to the Schatten idealSp[H ] for givenp � 0 if ‖T ‖p

p := trace[(T ∗T )p/2] is finite. Then
with this, we have the following proposition.

Proposition 3.1. Let C be the Cauchy transform inL2(C, dµ(z)) as given in Definition3.1.
Then the Cauchy transformC belongs toSp[L2(C, dµ(z))] for everyp > 2. In particular C is
compact but not Hilbert–Schmidt.

This proposition can be deduced from Dostanic’s results [7]. However, it can also be ob
by combination of Russo’s theorem [14] and our following Lemma 3.2. This lemma give ex
informations on the kernel of Cauchy transform and the technique used in its proof can be
for others concrete kernels. The proof of this proposition will be preceded by two lemma
first is Russo’s theorem.
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Lemma 3.1 (Russo theorem [14]). Let (X,dµ) be a finite measure space and let

Tf (x) =
∫
X

T (x, y)f (y) dµ(y)

be an integral operator. Let1< q � 2 and letp be the conjugate exponent: 1/p + 1/q = 1.
Suppose that

∫
X

(∫
X

∣∣T (x, y)
∣∣q dµ(y)

)p/q

dµ(x) < ∞

and ∫
X

(∫
X

∣∣T (x, y)
∣∣q dµ(x)

)p/q

dµ(y) < ∞.

Then, as an operator onL2(X,dµ), T belongs to the Schatten idealSp[L2(X,dµ)].

Lemma 3.2. LetN(z,w) := 1
π
(z − w)−1 the Schwartz kernel function associated to the Cau

transform inL2(C, dµ(z)).
Then for every0� q < 2 we have:

(i)
∫

C
|N(z,w)|q dµ(w) = π1−q
(1−q/2) 1F1(1−q/2,1, |z|2)e−|z|2. Here 1F1(a, b, x) is the

confluent hypergeometric function.
(ii) supz∈C

∫
C

|N(z,w)|q dµ(w) � π1−q
(1− q/2).

Proof of Proposition 3.1. Note that|N(z,w)| is symmetric in(z,w). Thus the estimate (i) hol
also in replacing therez by w. In particular forq = 1, the Schur lemma hold from which w
deduce that the Cauchy transformC is bounded operator (even a contraction) inL2(C, dµ(z)).
Further using (ii) of Lemma 3.2 combined with the fact that vol((C, dµ(z)) = π , it becomes
obvious that the assumptions of Lemma 3.1 hold. Hence the operatorC belongs toSp for every
p > 2. This complete the proof of Proposition 3.1.�
Proof of Lemma 3.2. For (i) we setξ = z + √

xω, x > 0, andω ∈ S1 = {ω ∈ C; |ω| = 1}. Then
the integral inξ considered in (i) can be written as an integralJ over]0,∞[ . Namely

J = π1−qe−|z|2
∞∫

0

e−xfq(x)

(∫
S1

e
√

x(z̄ω+zω̄) dσ (ω)

)
dx (a)

wherefq(x) = x−q/2 is integrable nearx = 0 whenq < 2.
Now the integral over the circleS1 can be easily evaluated and the result is

∫
1

e
√

x(z̄ω+zω) dσ (ω) = 2π

∞∑
k=0

(x|z|2)k
k!2 = I0

(
2
√

x|z|)

S
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whereI0(z) is the 0th order modified Bessel function. Hence replacing this in (a) we see th
fq(x) = x−q/2, we can integrate term by term to obtain in this case that for the Cauchy k
N(z, ξ) we have∫

C

∣∣N(z, ξ)
∣∣q dµ(ξ) = π1−qe−|z|2

∞∑
k=0


(1− q/2+ k)

k!
|z|2k

k! . (b)

But the last series in (b) is equal to
(1− q/2)1F1(1− q/2,1, |z|2) for everyq < 2. Henceforth
we get the desired formula (i), i.e.∫

C

∣∣N(z, ξ)
∣∣q dµ(ξ) = π1−q
(1− q/2)e−|z|2

1F1
(
(1− q/2),1, |z|2). (c)

Next we prove the estimate (ii) by using the integral representation [8, p. 196] given by

1F1(α, γ, x) = 
(γ )


(α)
(γ − α)

1∫
0

tα−1(1− t)γ−α−1etx dt (
(γ ) > 
(α) > 0)

with α = 1−q/2,γ = 1 andx = |z|2, we see that the confluent hypergeometric function invol
in (c) can be estimated, for 0� q < 2, as

1F1
(
1− q/2,1, |z|2) � e|z|2 for everyz ∈ C.

Thus replacing this into (c) it follows at once that forq ∈ [0,2[ we have

sup
z∈C

∫
C

∣∣N(z,w)
∣∣q dµ(w) = sup

w∈C

∫
C

∣∣N(z,w)
∣∣q dµ(z) � π1−q
(1− q/2).

Hence (ii) holds and the proof of Lemma 3.2 is complete.�
3.2. Action of Cauchy transform on the Landau basis ofL2(C, dµ(z))

In this section we establish explicit formula for the action of the Cauchy transformC on
the Landau basis{hm,p(z)} of L2(C, dµ(z)). We give also explicit evaluations of the norm
of [Chm,p](z) in the Hilbert spaceL2(C, dµ(z)). To begin we recall that hermitian elemen
{hm,p(z)}, (m,p) ∈ Z+ × Z+, of the Landau basis ofL2(C, dµ(z)) are given by the following
equivalent formulae:

hm,p(z) = (−1)m+pe|z|2 ∂m+p

∂zm∂z̄p
e−|z|2 (3.1)

or

hm,p(z) = (−1)m∨p(m ∧ p)!
(|m − p|)! 1F1

(−m ∨ p; |m − p| + 1; |z|2)|z||m−p|e−i(m−p)argz.

(3.2)

Note that formula (3.2) permits to extendhm,p(z) as functions in(m,p) ∈ Z × Z such that
for mp � 0, for instance whenm � 0 andp � 0 by setting in this case (i.e.p ∈ Z−)

hm,p(z) = (−1)pm!
1F1

(−p;m − p + 1; |z|2)(z̄)m−p. (3.1bis)

(m − p)!
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In particular the functionshm,−1(z) = −( 1
m+1)1F1(1;m + 2; |z|2)(z̄)m+1 and h−1,m(z) =

hm,−1(z) will be used.
Now using the above notations we can state the following results.

Proposition 3.2. LetC the Cauchy transform inL2(C, dµ(z)) as defined in Definition3.1. Then
we have

(i) [Chm,0](z) = −e−|z|2hm,−1(z) for everym ∈ Z+.

(ii) [Chm,p](z) = −e−|z|2hm,p−1(z) and Chm,p(z) = −e−|z|2hm−1,p(z) for every (m,p) ∈
Z+ × Z+.

(iii) For fixedm ∈ Z+ the system{Chm,p}, p = 0,1, . . . , is orthogonal inL2(C, dµ(z)).
(iv) Letam,p

n,q = 〈Chm,p,hn,q〉 be the matrix elements of the Cauchy transformC with respect to
the basis{hm,p} in L2(C, dµ(z)). Then the coefficients can be specified as follows:

a
m,p
n,q =

{
0 if m − p + 1 = n − q,
π(−1)m+n+1(m + q)!2−(m+q+1) if m = p + n − q − 1.

(v) ‖Chm,p‖2 = πγm−1,p 2F1
(−min(m − 1,p),min(m − 1,p); |m − 1− p| + 1, 1

4

)
where

γm−1,p =
(

2

3

)2min(m−1,p)

3−(|m−1−p|+1) (max(m − 1,p)!)2

m!p!|m − 1− p|! .

Proof. (i) For p = 0, we havehm,0(z) = z̄m then

[Chm,0](z) = 1

π

∫
C

ξ̄m

ξ − z
dµ(ξ).

By writing 1
ξ−z

in series one may obtain

hm,0(z) = −z̄m+1

|z|2∫
0

xme−x dx = −e−|z|2hm,−1(z).

(ii) For p � 1 andm ∈ Z+ we see that

[Chm,p](z) = 1

π

∫
C

(−1)p+m ∂

∂ξ

[
∂p−1

∂ξ̄p−1

∂m

∂ξm
e−|ξ |2

]
1

ξ − z
dλ(ξ)

and by using the Green formulae [9, Chapter III, p. 319] or [13, Chapter 20, p. 433] w
deduce that

[Chm,p](z) = −e−|z|2hm,p−1(z)

and also

[Chm,p ](z) = −e−|z|2hm−1,p(z).

(iii) By using the explicit expression ofhm,p(z) in terms of the confluent hypergeomet
function 1F1 as given in Proposition 2.1 and (ii) of this proposition, we deduce that the sy
{Chm,p} is orthogonal inL2(C, dµ(z)).
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(iv) For (m,p) ∈ Z+ × Z+ and(n, q) ∈ Z+ × Z+ we setan,q
m,p = 〈Chm,p,hn,q〉. Then since

Chm,p(z) = −c−|z|2hm,p−1(z) we can use Proposition 2.1 together with the notations there
see thatan,q

m,p can be written as

a
n,q
m,p = −〈

e−|z|2(A�)m(zp−1), (A�)n(zq)
〉

whereA� = ∂
∂z

− z̄ and whose adjoint inL2(C, dµ(z)) is given byA = ∂
∂z̄

.

Now using the fact thatA(e−|z|2f (z)) = e−|z|2(Āf )(z) whereĀ = ∂
∂z̄

− z together with the
fact thatĀ is commuting withA� we see that the coefficientsan,q

m,p can be written as

a
n,q
m,p = −〈

e−|z|2(A�)m(Ā)n(zp−1), zq
〉
.

But observing that(Ā)n(zp−1) = (−1)nzn+p−1 and using the definition of the generaliz
Hermite polynomialshm,p in terms of the power ofA� we end that we have

a
n,q
m,p = (−1)n+1〈e−|z|2hm,n+p−1(z), z

q
〉
.

Next replacinghm,n+p−1(z) by its expression in terms of the confluent hypergeometric fu
tion 1F1(a, c, x) and using polar coordinates inz ∈ C, sayz = √

xeiθ , x > 0 andθ ∈ [0,2π[ , we
get at once that for(m,p) and(n, q) such thatm−n−p + q + 1 not zero we havean,q

m,p = 0 and
for the values(m,p,n, q) on the hyperplane ofR4 given by the equationm−n−p +q +1 = 0,
the coefficientsan,q

m,p are given by the following simplified integral:

a
n,q
m,p = π(−1)n+1Cm,n+p−1

∞∫
0

1F1(−m,q + 1, x)xqe−2x dx

where the constant

Cm,n+p−1 = (−1)min(m,n+p−1)(max(m,n + p − 1))!
|m − (n + p − 1)|!

as in(β) of Proposition 2.1 and which for the case at hand, i.e.m − n − p + q + 1= 0 it can be
simplified and we haveCm,n+p−1 = (−1)m(m+q)!

q! .

Thus to get the precise value ofa
n,q
m,p whenm − n − p + q + 1 = 0 we have to evaluate th

integral

I =
∞∫

0

1F1(−m,q + 1, x)xqe−2x dx.

But this easy to handle for it is a classical integral in special functions.I is then given by terms
of the Gauss hypergeometric function2F1(a, b, c, x),

I = 2−(q+1)q! 2F1
(−m,q + 1, q + 1; 1

2

)
.

Further knowing that2F1(a, c, c, x) = (1 − x)−a , |x| < 1, and applying this to the abov
Gauss hypergeometric function involved inI we get, finally,

I = q!2−(m+q+1).

That is the coefficientsan,q
m,p are given by

a
n,q
m,p = π(−1)m+n+1(m + q)!2−(m+q+1)
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if (m,p,n, q) satisfym − n − p + q + 1= 0. The proof of (iv) is complete.
(v) We begin by recalling the following integral formula (see [8, p. 708])

J =
∞∫

0

e−λxxc−1
1F1(a, c, kx)1F1(a

′, c, k′x)dx can be evaluated to be equal to

J = 
(c)λa+a′−c(λ − k)−a(λ − k′)−a′
2F1

(
a, a′, c; kk′

(λ − k)(λ − k′)

)
. (3.3)

Now by using Proposition 3.1 we deduce that

‖Chm,p‖2 = ‖Chm,p‖2 =
∫
C

e−3|z|2∣∣hm−1,p(z)
∣∣2 dλ(z). (3.4)

According to the explicit expression ofhm−1,p(z) in terms of the confluent hypergeometric fun
tion 1F1 as given in Proposition 2.1, we know that∣∣hm−1,p(z)

∣∣ = |cm−1,p | 1F1(−min(m − 1,p); |m − 1− p| + 1; |z|2)|z||m−1−p|

where

cm−1,p = (−1)min(m−1,p)(max(m − 1,p))!
|m − 1− p|! .

Hence by replacing this into the integral (3.4) we can perform a polar coordinates c
of variable to see that we can apply formula (3.3) withλ = 3, a = a′ = −min(m − 1,p), c =
|m − 1− p| + 1 andk = k′ = 1 and from which we obtain the desired formula as stated in (v
this proposition. �
Remark 3.1. We can apply also the formula (3.3) to give explicit evaluations of the m
elements〈Chm,p,hn,q〉 of the Cauchy transformC with respect to the Landau basis{hm,p} of
L2(C, dµ(z)).

Now, as a consequence of the method of the proof of Proposition 3.2 we have

Corollary 3.1. Let m ∈ Z+ andq ∈ Z+ − {0} be given. Then the following identity on the co
fluent hypergeometric functions holds:

m∑
j=0

∂j

∂xj

[
1F1(−m,q + 1, x)

] = q

m + q
1F1(−m,q,x) (3.5)

for every real numberx ∈ R .

Sketch of the proof of identity (3.5). That as now stated the identity (3.5) can be shown
ing induction onm and some recursion formula holds for the1F1(a, c;x). However, to identity
(3.5) as stated above we were led to it in a natural manner by computing in two differen
Chm,p(z) = −e−|z|2hm,p−1(z) as stated in Proposition 3.2(i). On the other hand, by expan

1
z−ξ

into geometrical series, say

1

z − ξ
=




∑∞
j=0

ξj

zj+1 if |ξ | < |z|,
−∑∞

j=0
zj

j+1 if |ξ | > |z|,

ξ
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and using the explicit formula ofhm,p(ξ) in terms of the confluent hypergeometric function1F1
as stated in(β) of Proposition 2.1 we can see easily thatChm,p(z) can be represented by th
integral(p − 1� m) given as follows:

Chm,p(z) = −Cm,pzp−m−1

∞∫
|z|2

e−x
1F1(−m,p − m + 1, x) dx

where the constantCm,p is given in(β) of Proposition 2.1 forp � m + 1 by

Cm,p = (−1)mp!
|m − p|! = (−1)m(m + q)!

q! , p = m + q.

Further usingm integration by parts in the integral

∞∫
|z|2

e−x
1F1(−m,p − m + 1, x) dx, p = m + q,

with the fact that

Chm,p(z) = −e−|z|2hm,p−1(z)

= (−1)m+1(p − 1)!
|m − p + 1|! 1F1

(−m, |m − p + 1| + 1, |z|2)zp−m−1

and making simplification we get the desired result:(
m∑

j=0

dj

dxj

)[
1F1(−m,q + 1, x)

] = q

m + q
1F1(−m,q,x)

for m � 0 andq � 1 (integers).

4. Expansion of the kernel functions of the operators PmC and (PmC)�(PmC) and proof
of the main result as stated in the introduction

In this section, we consider the product of the orthogonal projection operator onΛm(C),
m = 0,2, . . . with the Cauchy transform.

Namely, forf ∈ L2(C,dµ(z)), let

Pmf (z) =
∫
C

Pm(z,w)f (w)dµ(w)

with kernel function

Pm(z,w) =
∞∑

p=0

hm,p(z)hm,p(w)

‖hm,p‖2

and

Cf (z) =
∫

N(z,w)f (w)dµ(w)
C
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with kernel functionN(z,w) = 1
π

1
z−w

we consider the product

PmCf (z) =
∫
C

Nm(z,w)f (w)dµ(w).

It is clear (by standard calculations) that the kernel functionNm(z,w) of the operatorPmC is
given by the integral

Nm(z,w) =
∫
C

Pm(z, ξ)N(ξ,w)dµ(ξ) (4.1)

and the kernel functionBm(z,w) of the operator(PmC)�PmC is given by the integral

Bm(z,w) =
∫
C

N�
m(z, ξ)Nm(ξ,w)dµ(ξ). (4.2)

Henceforth, the first aim of this section is to decomposeNm(z,w) and Bm(z,w) into an or-
thogonal expansion which will be suitable for handling the eigenvalues and eigenvectors
operator|PmC| = √

(PmC)�PmC.
We start with the following proposition.

Proposition 4.1. For fixedm = 0,1,2, . . . let Nm(z,w) be the Schwartz kernel inL2(C, dµ(z))

of the operatorPmC and Bm(z,w) the Schwartz kernel inL2(C, dµ(z)) of the operator
(PmC)�PmC. Then the integral kernel functionsNm(z,w) andBm(z,w) can be expanded int
the following“biorthogonal” series inL2(C, dµ(z)):

(i) For m � 0, the kernelNm(z,w) has the following expression formula:

Nm(z,w) =
∞∑

p=0

hm,p(z)

‖hm,p‖2
e−|w|2hm−1,p(w). (4.3)

In particular, for m = 0 we have

N0(z,w) = −
∞∑

p=0

1

(p + 1)!z
pe−|w|2

1F1
(
1,p + 2; |w|2)w̄p+1. (4.4)

(ii) For m � 0, the kernelBm(z,w) is given by

Bm(z,w) =
∞∑

p=0

e−|z|2hm−1,p(z)e−|w|2hm−1,p(w)

‖hm,p‖2
. (4.5)

Before to give the proof of this proposition, we mention in following remark that the s
(4.3)–(4.5) can be written into closed explicit form.
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Remark 4.1.

(1) Form � 0 the kernel functionNm(z,w) can be written into following closed explicit form
(α) Form = 0 we have

N0(z,w) = 1

π

1

w̄(z − w)

[
1− ew̄(z−w)

]
.

(β) Form � 1 we have

Nm(z,w) = 1

m
e−|w|2A�

(
Pm−1(z,w)

)
= 1

mπ
e−|w|2

(
∂

∂z
− z̄

)[
ezw̄

1F1
(−m + 1,1, |z − w|2)]

= 1

π
(z̄ − w̄)ew̄(z−w)

×
[

1F1(m,1,−|z − w|2) + (m − 1)1F1(m,2,−|z − w|2)
m

]
.

(4.4bis)

(2) Form � 1 the kernel functionBm(z,w) can be given into closed explicit form and we ha

Bm(z,w) = e−(|z|2+|w|2)

m
Pm−1(z,w)

= e−(|z|2+|w|2)

mπ
ezw̄

1F1
(−m + 1,1; |z − w|2). (4.5bis)

Proof of Proposition 4.1. (i) Let

Pmf (z) =
∫
C

Pm(z,w)f (w)dµ(w) with Pm(z,w) =
∞∑

p=0

hm,p(z)hm,p(w)

‖hm,p‖2

and

Cf (z) =
∫
C

N(z,w)f (w)dµ(w) with kernel functionN(z,w) = 1

π(z − w)
,

then

PmCf (z) =
∫
C

Nm(z,w)f (w)dµ(w) with Nm(z,w) =
∫
C

Pm(z, ξ)N(ξ,w)dµ(ξ).

Now using expression (2.4) ofPm(z,w) and an integration term by term we deduce that

Nm(z,w) =
∫
C

∞∑
p=0

hm,p(z)hm,p(ξ)

‖hm,p‖2
N(ξ,w)dµ(ξ)

=
∞∑

p=0

hm,p(z)

‖hm,p‖2

∫
N(ξ,w)hm,p(ξ) dµ(ξ) = −

∞∑
p=0

[
hm,p(z)

‖hm,p‖2
Chm,p(w)

]

C
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and as in (ii) of Proposition 3.2, we have

Chm,p(z) = −e−|z|2hm−1,p(z) for every(m,p) ∈ Z+ × Z+,

then we obtain

Nm(z,w) =
∞∑

p=0

hm,p(z)

‖hm,p‖2
e−|w|2hm−1,p(w).

Form = 0 we use the fact that

h−1,p(w) = hp,−1(w), ‖hm,p‖2 = πm!p! and

hp,−1(w) = − 1

p + 1
1F1

(
1;p + 2; |z|2)(w̄)p+1

to deduce that

N0(z,w) =
∞∑

p=0

h0,p(z)

p! e−|w|2h−1,p(w) =
∞∑

p=0

h0,p(z)

p! e−|w|2hp,−1(w)

= −
∞∑

p=0

1

(p + 1)!z
pe−|w|2

1F1
(
1,p + 2; |w|2)w̄p+1.

(ii) The kernel functionBm(z,w) of the operator(PmC)�PmC is given by the integral (4.2
with

Nm(z,w) =
∞∑

p=0

hm,p(z)

‖hm,p‖2
e−|w|2hm−1,p(w)

and

N�
m(z,w) =

∞∑
p=0

e−|z|2hm−1,p(z)

‖hm,p‖2
hm,p(w)

i.e.

Bm(z,w) =
∫
C

N�
m(z, ξ)Nm(ξ,w)dµ(ξ)

we deduce that

Bm(z,w) =
∫
C

∞∑
p=0

e−|z|2hm−1,p(z)

‖hm,p‖2
hm,p(ξ) ·

∞∑
k=0

hm,k(ξ)

‖hm,k‖2
e−|w|2hm−1,k(w)dµ(ξ)

=
∞∑

p=0

e−|z|2hm−1,p(z)

‖hm,p‖2

∞∑
k=0

e−|w|2hm−1,k(w)

‖hm,k‖2

∫
C

hm,k(ξ)hm,p(ξ) dµ(ξ).

By using the orthogonality of{hm,p}, we deduce that

Bm(z,w) =
∞∑

p=0

e−|z|2hm−1,p(z)
e−|w|2hm−1,p(w)

‖hm,p‖2
=

∞∑
p=0

Chm−1,p+1(z)Chm,p(w)

‖hm,p‖2

where‖hm,p‖2 = πm!p!. �
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Therefore form � 1, we can use (2.6) to deduce that we have

Corollary 4.1. Let m ∈ Z+, m to be fixed andp = 0,1,2, . . . , let φm,p be the functions o
Hermite type defined onC by

φm,p(z) =
{ −1

p+1 1F1(1,p + 2, |z|2)zp+1, m = 0,

−(−1)m+p ∂m−1+p

∂m−1z∂pz̄
e−|z|2, m = 1,2, . . . .

(4.6)

Then for eachp = 0,1,2, . . . the above functionφm,p(z) is an eigenvector of the operato
(PmC)�(PmC) wherePm is the orthogonal projection operator fromL2(C, dµ(z)) onto the
spaceΛm(C) as defined in(1.3) and C is the Cauchy transform inL2(C, dµ(z)) as given
in (1.1). This eigenvector is associated toµm

p as eigenvalue for(PmC)�(PmC) whereµm
p is

given explicitly via the following formula:

µm
p = γm−1,p · 2F1

(
−min(m − 1,p);−min(m − 1,p); |m − 1− p| + 1; 1

4

)
(4.7)

where

γm−1,p =
(

2

3

)2min(m−1,p)

3−(|m−1−p|+1) (max(m − 1,p)!)2

m!p!|m − 1− p|!
and2F1(α,β;γ, x) stands for the usual Gauss hypergeometric function.

Proof. Forf in L2(C, dµ(z)), we have

(PmC)�(PmC)f (z) =
∫
C

Bm(z,w)f (w)dµ(w).

In particular

(PmC)�(PmC)e−|z|2hm−1,p(z) =
∫
C

Bm(z,w)e−|w|2hm−1,p(w)dµ(w)

=
∫
C

∞∑
k=0

Chm−1,k+1(z)Chm,k(w)

‖hm,k‖2
e−|w|2hm−1,p(w)dµ(w).

By using the orthogonality of the system{e−|z|2hm−1,p(z)}, p = 0,1,2, . . . , i.e. of the system
{Chm,p}, p = 0,1,2, . . . , we deduce that

(PmC)�(PmC)
{
e−|z|2hm−1,p(z)

} = ‖Chm,p‖2

‖hm,p‖2

{
e−|z|2hm−1,p(z)

}
.

Consequently the eigenvalues of operator(PmC)�(PmC) are given by

µm
p = ‖Chm,p‖2

‖hm,p‖2
. (4.8)

As ‖hm,p‖2 = πm!p! and

‖Chm,p‖2 = πγm−1,p 2F1

(
−min(m − 1,p),−min(m − 1,p); |m − 1− p| + 1,

1
)

4
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with
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(see Proposition 3.2(v)) where

γm−1,p =
(

2

3

)2min(m−1,p)

3−(|m−1−p|+1) (max(m − 1,p)!)2

m!p!|m − 1− p|!
we deduce that

µm
p = γm−1,p 2F1

(
−min(m − 1,p),min(m − 1,p); |m − 1− p| + 1,

1

4

)
(4.9)

with γm−1,p as above in (4.7). �
Now by using the above proposition, the system{e−|z|2hm−1,p(z)}, p = 0,1,2, . . . , can be

written in this form:

e−|z|2hm−1,p(z) = (−1)m−1+p ∂m−1+p

∂zm−1∂z̄p
e−|z|2 for m � 1 andp = 0,1,2, . . . ,

and

e−|z|2h−1,p(z) = − 1

p + 1
e−|z|2

1F1
(
1;p + 2; |z|2)zp+1 for m = 0 andp = 0,1,2, . . . .

Remark 4.2. (i) For m = 1 the nonzero eigenvalues of operator(PmC)�(PmC) are given by
1

3p+1, p � 0, and of multiplicity one.
(ii) To establish the asymptotic behaviour ofµm

p whenp → ∞ we recall that

µm
p = γm−1,p · 2F1

(
−min(m − 1,p);−min(m − 1,p); |m − 1− p| + 1; 1

4

)

where

γm−1,p =
(

2

3

)2min(m−1,p)

3−(|m−1−p|+1) (max(m − 1,p)!)2

m!p!|m − 1− p|!
and asm is fixed we have forp � m − 1

2F1

(
−min(m − 1,p);−min(m − 1,p); |m − 1− p| + 1; 1

4

)

= 2F1

(
−m + 1;−m + 1;p − m + 2; 1

4

)

=
m−1∑
k=0

[(−m + 1)k]2
k!(p − m + 2)k

(
1

4

)k

→ 1 whenp → ∞.

Now by using the above polynomial formulae we deduce that

µm
p � 1

4

(
4

3

)m

e−p Log 3 
(p + 1)

m!
(p − m + 2)
, p → ∞. (4.10)

(iii) From (4.10) we deduce the corollary given in the introduction.
(iv) It is well known that the spectral theory of the Cauchy transform and its product

Bergman’s projection on a bounded domain has been fully studied, see, for example, [1,2
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rk, we

n

as
(v) Proceeding in the same way what we have done for the Cauchy transform in this wo
state the main spectral properties of the Green transform onL2(C, dµ(z)), i.e. the logarithmic
transform given by

Gf (z) = 1

π

∫
C

Log|z − ξ |2f (ξ) dµ(ξ). (4.11)

We give the final proposition whose proof should be omitted.

Proposition 4.2.

(i) Let G(z,w) = 1
π

Log|z − ξ |2 the Schwartz kernel function associated to the operatorG in
L2(C, dµ(z)) then we have∫

C

∣∣G(z,w)
∣∣q dµ(w) = π1−qe−|z|2

∞∫
0

I0
(
2
√

x |z|)|Logx|qe−x dx for everyq � 0,

hereI0(z) stands the modified Bessel function of index zero.
(ii) LetG be the Green transform inL2(C, dµ(z)) as given in(4.11)thenG belongs to Schatte

spaceSp[L2(C, dµ(z))] for all p > 1. In particular G is a Hilbert–Schmidt operator.
(iii) The functions[Ghm,p](z) that characterise the action of the operatorG on Landau basis

{hm,p} are given explicitly by

(a) (Gh0,0](z) = e−|z|2 ∫ ∞
0 I0(2

√
x |z|)Logxe−x dx.

(b) [Ghm,p](z) = e−|z|2hm−1,p−1(z) for (m,p) > (0,0) where(m,p) > (0,0) stands for
lexicographic order.

(iv) Let a
n,q
m,p = 〈Ghm,p,hn,q〉 be the matrix coefficients elements of the Green transformG

with respect to the basis{hm,p ∈ L2(C, dµ(z))}. Then the coefficients can be specified
follows:

a
n,q
m,p =

{
0 if m − p = n − q,
(−1)m+n(m + q − 1)!2−(m+q) if m = p + n − q.

(v) The square norms ofGhm,p are given by

‖Ghm,p‖2

= γm−1,p−1 2F1

(
−min(m − 1,p − 1),min(m − 1,p − 1); |m − p| + 1,

1

4

)
where

γm−1,p−1 =
(

2

3

)2min(m−1,p−1)

3−|m−p|−1 ((max(m − 1,p − 1))!)2

|m − p|! .

(vi) Letf ∈ L2(C, dµ(z)) and

Pmf (z) =
∫
C

Pm(z,w)f (w)dµ(w)

the orthogonal projection operator ofL2(C, dµ(z)) onΛm(C) with kernel function

Pm(z,w) =
∞∑ hm,p(z)hm,p(w)

‖hm,p‖2
, m = 0,1,2, . . . .
p=0
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anifold,
Then we consider the product of the orthogonal projection operatorPm with the Green
transformG to obtain

PmGf (z) =
∫
C

Gm(z,w)f (w)dµ(w)

where

Gm(z,w) =
∞∑

p=0

hm,p(z)e−|w|2hm−1,p−1(w)

‖hm,p‖2
, m = 0,1,2, . . . .

(vii) For p � m − 1, the nonzero-eigenvaluesλm,p of the operator|PmG| are given by

(λm,p)2 =
(

2

3

)2(m−2)

3−(p−m+3) p!
(m − 1)!(p − m + 2)!

× 2F1

(
−m;−m;p − m + 3; 1

4

)
.

Acknowledgments

The authors thank Jean-Karim and Soufiane.

References

[1] J.M. Anderson, D. Khavinson, V. Lomonosov, Spectral properties of some integral operators in potential
Quart. J. Math. Oxford Ser. (2) 43 (1992) 387–407.

[2] J. Arazy, D. Khavinson, Spectral estimates of Cauchy’s transform inL2(D), Integral Equations Operator Theory 1
(1992) 901–919.

[3] N. Askour, A. Intissar, Z. Mouayn, Espaces de Bargmann généralisés et formules explicites pour les noyau
duisants, C. R. Acad. Sci. Paris Sér. Math. 325 (1997) 707–712.

[4] N. Askour, A. Intissar, Z. Mouayn, Explicit formulae for reproducing kernels of generalized Bargmann s
on Cn, J. Math. Phys. 41 (2000) 3057–3067.

[5] V. Bargmann, On a Hilbert space of analytic functions and an associated integral transform I, Comm. Pur
Math. 14 (1962).

[6] M.R. Dostanic, Spectral properties of the Cauchy operator and its product with Bergman’s projection on a b
domain, Proc. London. Math. Soc. (3) 76 (1998) 667–684.

[7] M.R. Dostanic, Spectral properties of the Cauchy transform inL2(C, e−|z|2 dλ(z)), Quart. J. Math. 51 (2000) 307
312.

[8] L. Landau, E. Lifchitz, Mécanique quantique (Théorie non relativiste), Mir, Moscow, 1974.
[9] M. Lavrentiev, B. Chabat, Méthodes de la théorie des fonctions d’une variable complexe, Mir, Moscow, 197

[10] N.N. Lebedev, Special Functions and Their Applications, Prentice Hall, Englewood Cliffs, NJ, 1965, MR 30
[11] A. Nikiforov, V. Ouvarov, Eléments de la théorie des fonction spéciales, Mir, Moscow, 1976.
[12] A. Nikiforov, V. Ouvarov, Fonctions spéciales de la physique mathématique, Mir, Moscow, 1983.
[13] W. Rudin, Analyse réelle et complexe, cours et exercices, third ed., Dunod, Paris, 1998.
[14] B. Russo, On the Hausdorff–Young theorem for integral operators, Pacific J. Math. 68 (1977) 241–253.
[15] I. Shigekawa, Eigenvalue problems of Schrödinger operator with magnetic field on compact Riemannian m

J. Funct. Anal. 75 (1987) 92–127.


