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a  b  s  t  r  a  c  t

A  semi-quantitative,  macroscopic,  phenomenon-based,  thermo-elastic–plastic  model  was  developed  to
predict the  final  plastic  strains  of  single  crystal  nickel-based  superalloys  by  considering  their  orthotropic
mechanical  properties.  Various  cases  were  considered  and  simulated  to investigate  the  basic  factors
that  influence  the  final  plasticity.  Thermo-mechanical  numerical  analysis  was  conducted  to  predict  the
recrystallization  sites  of simplified  cored  rods,  with  the  results  in good  agreement  with  the  experimental
eywords:
ingle crystal
uperalloys
nvestment casting
lastic deformation
ecrystallization

results.  These  hollowed  rods  with  thin walls showed  an increased  propensity  for  recrystallization.  The
geometric  features,  especially  stress  concentration  sites,  are  more  significant  to  the  induced  plasticity
than  the  material’s  orientation  or shell/core  materials.  This  paper  also attempts  to  provide  useful  sug-
gestions,  such  as  introducing  filets,  to  avoid  causing  plastic  strains  during  the casting  process  that  induce
recrystallization.

© 2014  The  Authors.  Published  by  Elsevier  B.V.  This  is  an open  access  article  under  the  CC  BY  license
. Introduction

Turbine blades for gas turbine applications are fabricated by
nvestment casting, often in single crystal form, which can allow
igher inlet gas temperatures to be used and increase efficiency.
owever, the external and internal geometries of single crystal
lades are becoming increasingly complicated, making them more
ifficult to cast as greater care is required to prevent defects, such as
tray grains and freckles, being introduced during the manufactur-
ng process. Recrystallization (RX) is one of the major difficulties
nd can be ascribed to plastic deformation, as demonstrated by
urgel et al. (2000). During the manufacture of new parts, plastic
eformation can be caused by several possible sources: thermal
ontraction during solidification and subsequent cooling, remov-
ng the ceramic mold and core material mechanically, stamping
dentification marks, grinding the airfoil, etc. In practice, plastic
eformation will induce RX during subsequent heat treatments or
ong-term service. For example, RX can introduce high-angle grain
oundaries, which are obviously undesirable. As demonstrated by

∗ Corresponding author. Tel.: +86 10 62795482; fax: +86 10 62773637.
E-mail addresses: lzl07@mails.tsinghua.edu.cn (Z. Li), jichunxiong@gmail.com

J. Xiong), scjxqy@tsinghua.edu.cn (Q. Xu), jiarong.li@biam.ac.cn (J. Li),
iubc@mail.tsinghua.edu.cn (B. Liu).

ttp://dx.doi.org/10.1016/j.jmatprotec.2014.10.019
924-0136/© 2014 The Authors. Published by Elsevier B.V. This is an open access article u
(http://creativecommons.org/licenses/by/3.0/).

Meng et al. (2010) and Moverare et al. (2009), RX is potentially
detrimental to creep and fatigue properties, respectively.

Work has been done to study the phenomenon of RX in single
crystal nickel-based superalloys. Some research has focused on the
influence of microstructural features on RX, such as �′-precipitates,
carbides, and �/�′ eutectics. For example, Dahlen and Winberg
(1980) have discussed the influence of �′-precipitation on the RX of
nickel-based superalloys. Wang et al. (2013) and Xiong et al. (2010)
have investigated the effect of carbon content on the RX of sin-
gle crystal (SX) nickel-based superalloys. In addition, Wang et al.
(2009) studied the influence of eutectics on plastic deformation
and the subsequent RX of the SX nickel-based superalloy CMSX-4.
Meanwhile, some research has concentrated on the effect of differ-
ent annealing conditions and crystallographic orientations on RX
behavior. Wu et al. (2012) conducted surface RX of a Ni3Al-based
SX superalloy at different annealing temperatures and blasting
pressures. Xie et al. (2012) studied the crystallographic orienta-
tion dependence of RX in a Ni-based SX superalloy. However, little
attention has been paid to the effect of geometric features, ceramic
shell and core material, and processing details. Certain critical ques-
tions need to be answered, such as at what temperature will RX
occur? What is the critical plastic deformation required to induce

RX?, and what is the influence of the geometric features, including
holes and platforms? Answers to these questions will allow more
efficient foundry processes, even process-friendly blade designs, to
be developed. Modeling has been used to analyze the directional

nder the CC BY license (http://creativecommons.org/licenses/by/3.0/).
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olidification of SX superalloys from thermal and microstructural
erspectives. Pan et al. (2010) conducted multiscale modeling and
imulations of the directional solidification process of turbine blade
asting, which resulted in good predictions of temperature pro-
les and grain number. Dai et al. (2011) investigated grain selection

n spiral selectors during investment casting of SX turbine blades
hrough both experimental and numerical modeling techniques.
ne advantage simulation provides over experiments is that it can
redict the plastic strains that cause RX.

The overarching goal of this study was to build a physics-based
ool for predicting casting-induced plasticity and subsequent RX
uring the heat treatment of SX superalloys by considering the
aterial’s anisotropic mechanical properties. Panwisawas et al.

2013a,b) developed a mathematical model to predict plasticity and
X in investment-cast SX superalloys. However, this model consid-
red SX superalloys as isotropic materials, which does not conform
o the reality. Many mechanical models have been proposed to
escribe the mechanical properties of anisotropic materials. Ding
t al. (2004) proposed a macroscopic phenomenon-based model
uilt on a modified Hill plasticity model. Zambaldi et al. (2007)
mployed a microscopic crystal plasticity model, which was built
n the physical deformation mechanisms of materials, to predict
he distribution of crystallographic slip in SX nickel-based super-
lloys. The former gained great popularity for its concise equations,
s well as its convenience and speed of calculations, though the
atter model can give more accurate predictions of slips and grain
ize.

This paper proposed a mathematical thermo-mechanical model
sing the Hill’s plasticity model as a basis, which considers the
rthotropic mechanical properties of SX superalloys, and took into
ccount both the scale effect and convenience. Numerical analy-
is using this model was performed to identify the major factors
hat cause the plasticity during investment casting and RX during
he subsequent heat treatment. A series of simplified thermo-

echanical numerical analyses with the DD6 superalloy were
onducted and compared with experimental results to test the
alidity of the model. This model could be employed to optimize
rocessing conditions to reduce the likelihood of RX.

. Mathematical model of SX superalloys

Plastic deformation during investment casting mainly occurs
ecause of the different thermal expansion coefficients of the
etals, and the ceramic shell and core. Assuming the plasticity is

ate-independent, the thermal strain (εth), elastic strain (εel), and
lastic strain (εpl) follow the relation below:

th + εel + εpl = 0 (1)

The thermal strain can be calculated as

th = ˛�T  = ˛(T − Tref ) (2)

Here, Tref is the reference temperature, which is usually room
emperature. The variable  ̨ denotes the thermal expansion coeffi-
ient, which is usually considered isotropic for SX materials (Green,
998).

.1. Orthotropic elastic properties

The elastic strain part of the model for SX superalloys considers
he orthotropic characteristics. For materials with cubic structures
BCC or FCC), where the three principal orientations (denoted 1, 2,
nd 3) are identical, the elastic constitutive equation is determined

ith the generalized Hooke law, which can be expressed as follows:

{ε} = [S] {�}
{�} = [S]−1 {ε} = [C] {ε} (3)
ing Technology 217 (2015) 1–12

{ε} = [ε11ε22ε33�12�23�31]T

{�} = [�11�22�33�12�23�31]T

[S] = [C]−1

(4)

[S] =

⎛
⎜⎜⎜⎜⎜⎜⎝

1/E −�/E −�/E 0 0 0

−�/E 1/E −�/E 0 0 0

−�/E −�/E 1/E 0 0 0

0 0 0 1/G 0 0

0 0 0 0 1/G 0

0 0 0 0 0 1/G

⎞
⎟⎟⎟⎟⎟⎟⎠

(5)

where {�} and {ε} are the stress and strain vectors, respectively.
Sij and Cij denote the elastic compliance and stiffness constants,
respectively, which measure the strain (or stress) necessary to
maintain a given stress (or strain). E, �, and G are the Young’s mod-
ulus, Poisson’s ratio, and shear modulus, respectively, in the three
principal orientations: 〈0 0 1〉, 〈0 1 0〉, and 〈1 0 0〉. The stiffness and
compliance constants have the following relations:

S11 = C11 + C12

(C11 − C12) (C11 + 2C12)
(6)

S12 = C12

(C11 − C12) (C11 + 2C12)
(7)

S44 = 1
C44

(8)

The matrix phase, �, and precipitate phase, �′, both exhibit
FCC structures and have coherent interfaces. Therefore, the nickel-
based SX superalloys can be considered approximately orthotropic
materials with three identical principal orientations. There are only
3 independent constants in [S].

By applying spatial geometry transformations, the Young’s
modulus, E′, and shear modulus, G′, in a given crystallographic ori-
entation can be obtained as follows:

1
E′ = S′

11 = S11 − 2JS
(

S11 − S12 − S44

2

)
(9)

with the orientation parameters J and S given by:

J = l2m2 + l2n2 + m2n2 (10)

S = 2S11 − 2S12 − S44 (11)

where l, m,  and n represent the directional cosines relative
to the axes 1, 2, and 3, respectively. Thus, the degree of
anisotropy depends on the orientation parameter, which has
a minimum value of zero along 〈0 0 1〉, a maximum value of
1/3 along 〈1 1 1〉, and a value of 1/4 along 〈0 1 1〉. For a pure
nickel SX at room temperature, typical values for the compliance
constants are S11 = 0.799 × 10−5 MPa–1, S12 = −0.312 × 10−5 MPa–1,
and S44 = 0.844 × 10−5 MPa–1. It can be seen that the 〈1 0 0〉 direc-
tion is the least stiff, while the 〈1 1 1〉 direction is the stiffest, with
〈1 1 0〉 between these two limits. The values of Young’s modu-
lus along these crystallographic orientations are E〈0 0 1〉 = 125 GPa,
E〈0 1 1〉 = 220 GPa, and E〈1 1 1〉 = 294 GPa. SX superalloys display a
similar degree of anisotropy. To determine the degree of elastic
anisotropy in SX cubic materials, the anisotropic factor, A, is defined
as:

A = 2C44

C11 − C12
= 2(S11 − S12)

S44
(12)

where A = 1 for isotropic materials. For example, the following cubic
metals have A values of 2.44 (Ni), 3.19 (Cu), 2.97 (Ag), 2.90 (Au), 1.65

(Ge), and 1.22 (Al). Thus, Ni displays a fair degree of anisotropy, but
it is not the most anisotropic cubic metal.

The Young’s and shear moduli over a wide range of tempera-
ture can be obtained using many methods, with tensile testing and
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ynamic resonance techniques most widely used for their simple
rinciples and high accuracy. The Poisson’s ratio at low or high

emperatures can be measured with Moire interferometry.
Fig. 1 shows the variation of the Young’s and shear moduli for

ifferent SX nickel-based superalloys with crystallographic orien-
ation and temperature. The moduli of DD6 were measured by
ensile tests, with the values for all other alloys measured with
ynamic resonance techniques. Bayerlein and Sockel (1992) pro-
ided data for MA760 and IN738LC, while the data for CMSX4,
RR99, and SX pure Ni are from Fahrmann et al. (1999), Hermann
nd Han (1996), and Reed (2006), respectively. It can be seen that

he moduli between different SX superalloy systems are relatively
lose, and all decrease with increasing temperature, especially
bove 950 ◦C.

f (�) =
√

F(�22 − �33)2 + G

f (�) = 1√
2

√
(�22 − �33)2 +
.2. Plastic behavior

For anisotropic materials, the Hill yield criterion, which is a
imple extension of the von Mises criterion, is usually employed.

ig. 1. Variation of the measured Young’s and shear moduli of some SX Ni-based
uperalloys with crystallographic orientation and temperature (data of MA760,
N738LC, CMSX4 and SRR99 from literature, and data of DD3 and DD6 from the
andbook).
ing Technology 217 (2015) 1–12 3

Hill’s potential function expressed in terms of rectangular Cartesian
stress components has the following form:

− �11)2 + H(�11 − �22)2 + 2L�2
23 + 2M�2

31 + 2N�2
12 (13)

where F, G, H, L, M,  and N are independent constants obtained
from tensile or compression tests of the material in different ori-
entations. If f(�) > �0, the material will yield, where �0 is the
user-defined reference yield stress specified for the metal plasticity
definition, usually the yield strength in one principal orientation. In
this article, �0 = S〈0 0 1〉, where S〈0 0  1〉 indicates the yield strength in
one principal orientation. The mechanical properties are identical
in the three principal orientations for FCC materials, and hence, f(�)
can be expressed as:

− �11)2 + (�11 − �22)2 + 2K(�2
23 + �2

31 + �2
12) (14)

where K = L/F and denotes the anisotropic plastic parameter. This
potential function will take the form of the von Mises criterion if
K = 3, meaning that the material is isotropic. Theoretically, the yield
stresses S〈0 0 1〉, S〈0 1 1〉, and S〈1 1 1〉 obtained through uniaxial tests
have the following relations:

S〈1 1 1〉 =
(

K

3

)1/2
S〈0 0 1〉 (15)

S〈0 1 1〉 = 1
2

(1 + K)1/2S〈0 0 1〉 (16)

Isotropic hardening criterion is employed for this model, with
the flow rule used in this model as follows:

dεpl = d�
∂f

∂�
= d�

f
b (17)

where � denotes the plastic multiplier. From the above definition
of f(�), b can be expressed as:

b =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 − 0.5 (�22 + �33)

�22 − 0.5 (�11 + �33)

�33 − 0.5 (�11 + �22)

K�12

K�31

K�23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(18)

2.3. Validation of orthotropic mechanical properties

Validation of a mathematical model is very significant for mod-
eling and simulation. This subsection will show the calculation of
some critical mechanical parameters that were used in the simula-
tions. Experimental data was  used in the calculations to verify and
validate the use of orthotropic mechanical properties.

Several methods have been developed to determine the elastic
constants from measured moduli and Poisson’s ratios. Hermann
and Han (1996) developed the regression method, which is the
simplest way to determine the elastic compliance constants. This
method is based on Eqs. (9)–(11). The reciprocal values of the mea-
sured moduli, E−1, for different orientations can be plotted against
the orientation parameter, J. Plotting the reciprocal values of shear
modulus will allow the elastic constant S44 to be determined. A lin-
ear regression with J = 0 results in the calculation of elastic constant
S11, while S12 can be calculated with Eq. (11) from the slope of the

regression lines. The slope of regression lines from plots of mea-
sured reciprocal elastic moduli against J is equal to −2S, as shown
in Fig. 2. Therefore, the elastic compliance constants can be eas-
ily obtained with this method, as Young’s and shear moduli in a
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ig. 2. Schematic of the regression method used to determine elastic compliance
onstants.

iven orientation can be measured experimentally. In addition, the
ore values obtained for moduli in various orientations, the more

ccurate the calculated compliance constants.
Sometimes Poisson’s ratios are measured and reported instead

f the shear modulus. In this case, the shear modulus can be cal-
ulated with another method, which will be illustrated next. By
ombining Eqs. (5) and (9) along 〈1 1 0〉 and 〈1 1 1〉, the following
elations can be obtained:

1
G

= 3
E1 1 1

− 1 − 2�

E
(19)

1
G

= 4
E1 1 0

− 2 − 2�

E
(20)

Through Eqs. (14) and (15), the shear moduli G1 and G2 can be
btained, respectively. For the model, the shear modulus, G, is the
verage of G1 and G2:

 = G1 + G2

2
(21)

Figs. 3 and 4 show the compliance constants and anisotropic
lastic factors of different SX superalloys obtained with the regres-
ion method. As the temperature increases, the stiffness of the
aterials decreases, especially above 950 ◦C. Combining Eqs. (9)

nd (11), Young’s moduli in all orientations can be determined,
s shown in Fig. 5. Table 1 compares the calculated results from
he regression plots and measured values of Young’s moduli of the
X superalloy DD6. As shown by the similarity of the calculated
nd measured results, it is acceptable to use calculations based on
rthotropic elastic properties in the model.

Using Eq. (15), the parameter K can be calculated using the yield

trength and ultimate tensile strength, denoted Kp and Kb, respec-
ively. For ease of calculation, the average of Kp and Kb is taken as
he calculated anisotropic plastic parameter. For the SX superalloy
D6, the values of S〈0 1 1〉 and ultimate tensile strength (UTS〈0 1 1〉)

Fig. 3. Variation of elastic compliance constants for different SX Ni-based super-
alloys with temperature. The data was calculated with the regression method.

able 1
ariation of calculation value and errors of Young’s modulus in 〈0 0 1〉, 〈0 1 1〉 and 〈1 1 1〉 with different temperatures.

Temperature (◦C) 25 700 760 850 980 1070 1100

Calculation value of E〈0 0 1〉 (GPa) 131.2 107.1 107 95.2 80.2 69.4 67.3
Calculation value of E〈0 1 1〉 (GPa) 235.7 175.5 180.4 150.2 149.6 131.3 123.9
Calculation value of E〈1 1 1〉 (GPa) 320.9 223 233.9 186 210.3 186.9 172.1
Error  of E〈0 0 1〉 −0.25% 0.82% 0.71% −1.62% −0.42% −0.14% −0.32%
Error  of E〈0 1 1〉 1.81% −5.39% −4.82% 10.21% 3.15% 10.26% 2.37%
Error  of E〈1 1 1〉 −1.85% 5.14% 4.69% −9.48% −3.33% −1.10% −2.47%



Z. Li et al. / Journal of Materials Processing Technology 217 (2015) 1–12 5

Table  2
Variation of the anisotropic parameter K and calculation error of S〈0 1 1〉 and UTS〈0 1 1〉 with different temperatures.

Temperature (◦C) 25 700 760 850 980 1070 1100

Anisotropic plastic parameter K 6.2 3.47 3.44
Calculation error of S〈0 1 1〉 34.20% – – 

Calculation error of UTS〈0 1 1〉 26.30% 11.10% 13.60

Fig. 4. Variation of anisotropic elastic factors for some SX Ni-based superalloys with
temperature. The data was  calculated using Eq. (12).

Fig. 5. Orientation and temperature dependence of Young’s modulus of SX superal
 2.46 1.87 2.15 2.36
– −2.40% −13.20% −10.70%

% −1.50% −5.90% −9.60% 5.30%

predicted with the calculated K were compared with the experi-
mental results, as shown in Table 2. It reveals that the calculated
yield strength and ultimate tensile strength in the 〈0 1 1〉 direction
are fairly accurate for temperatures of 850 ◦C and 980 ◦C. The Hill’s
yield criterion is acceptable when modeling above 700 ◦C, which is
the temperature range this model is most concerned with.

It should be noted that the difference between the measured and
calculated values for the elastic and plastic properties is not only
from the measurement error, but also an inherent characteristic
of engineered SX superalloys. Though the matrix and precipitate
phases both exhibit FCC structures, all SX superalloys are not ideal
orthotropic materials in reality. Therefore, orthotropic elastic the-
ory and Hill’s yield criterion are unable to fully describe the elastic
and plastic behavior of SX nickel-based superalloys. However, to
some extent, they are valid for semi-quantitative analysis from an
engineering perspective.

3. Experimental
3.1. Directional solidification

A simplified cored rod geometry was  designed for investigating
RX. Fig. 6 illustrates the geometric details of the test pieces, which

loy DD6: (a) 700 ◦C; (b) 760 ◦C; (c) 850 ◦C; (d) 980 ◦C; (e) 1070 ◦C; (f) 1100 ◦C.
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ig. 6. Typical geometry of a test piece: (a) cored casting and (b) schematic of
he  geometry, where Rcore, R, and W denote core radius, platform radius, and wall
hickness, respectively.

re analogs of comparable size to a turbine blade aerofoil, with
anges to simulate the mechanical constraints provided by plat-

orms and shrouds, as well as ceramic molds. Holes on both ends
ere created for core retaining. The gauge’s length was  40 mm,  with

 diameter of 10 mm and a casting wall thickness of about 1.5 mm.
ilets with radii of 3 mm were introduced where abrupt changes in
ection occurred. The nominal thickness of the shell was approxi-
ately 5 mm.  The second generation SX superalloy DD6 was used

or the experiments. The composition of DD6 is given in Table 3. The
aterial exhibits a two-phase microstructure, with coherent and

uboidal �′-precipitates that are surrounded by the �-matrix. The
ored rods were fabricated using an industrial-scale Bridgman facil-
ty in the Beijing Institute of Aeronautical Materials. Twelve rods

ere cast simultaneously with two rods per group, meaning that
wo rods shared one grain selector, as shown in Fig. 7. The SX alloy

ith 〈0 0 1〉 orientation was directionally solidified. A withdrawal

ate of 5 mm/min  was used, and the molten metal was poured
nder vacuum conditions at 1550 ◦C. The core was composed of

able 3
ominal composition of alloy DD6.

Element Ni Cr Co Mo  W Ta Re Nb AL Hf

wt.% Balance 4.3 9 2 8 7.5 2 0.5 5.6 0.1
Fig. 7. Schematic of the directional solidification process with the configuration of
test  pieces cast.

silica-based material, while the shell consisted of alumina-silica-
based material. The rods underwent standard heat treatment after
casting, and a chemical etching process, with HCl/H2O2 as the
etchant, was  used to reveal whether RX had occurred.

3.2. Mechanical testing for yield strength

To improve the accuracy of the simulation, hot compression
tests were conducted to obtain the yield strength of the as-cast
SX superalloy DD6. Cylindrical pieces with a diameter of 6 mm and
a length of 10 mm were cut using electrical discharge machining
(EDM) from the as-cast test bars of SX DD6 with a diameter of
15 mm and a length of 300 mm.  Compressive testing was  carried
out with a thermo-mechanical tester (Gleeble 3500) at different
temperatures and a strain rate of 10−4 s−1. Great care was  taken
to ensure that only test pieces within 10◦ of the 〈0 0 1〉 axis were
employed for the compressive testing. For tests below 1000 ◦C, the
pieces were heated at a rate of 15 ◦C/s, and once the target tem-
perature was reached, it was held for 1 min  before compression.
For tests above 1000 ◦C, the heating rate was increased to 2 ◦C/s
above 1000 ◦C. The holding time above 1000 ◦C was  also 1 min. A
vacuum was used to simulate the environment during investment
casting. The yield strength data was  extracted from the compres-
sion test results for modeling purposes. Typical stress–strain curves
are shown in Fig. 8, and the variation of the flow stress with tem-
perature for different SX superalloys is shown in Fig. 9. Panwisawas

et al. (2013a,b) and Wang et al. (2009) provided the yield strength at
different temperatures for the as-cast CMSX4 and as-heated SRR99,
respectively. As can be seen, the flow stress of the as-cast DD6 is
lower than that of the as-heated DD6.
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Fig. 8. Stress–strain curves at different temperatures for the as-cast DD6.

. Modeling approach

Commercially available finite element method software (Pro-
AST and ABAQUS) was used to model the temperature and strains.
hermo-elastic–plastic analysis was carried out, with the high tem-
erature plasticity assumed to be rate-independent. Temperature-
ependent material parameters for the DD6 superalloy were
ssumed. The following thermo-physical properties of DD6 and the
eramic molds were used as isotropic parameters: density, spe-
ific heat capacity, thermal conductivity, and thermal expansion
oefficient. The orthotropic mechanical properties of DD6 SX super-
lloy were considered using isotropic hardening criteria, including
he elastic modulus, Poisson’s ratio, yield stress, and ultimate yield
trength. The stress, stored plastic energy, and strains, especially
he plastic strains, were of primary interest. A 60◦ section of
he whole model, with two test rods per group, was  simulated
ecause of its periodic symmetry. The interaction between the
ores and shells was assumed to be free of friction during casting.
t is supposed that cores and shells are connected. To model the
hell and core, purely isotropic elastic properties were assumed.

t should be noted that this hypothesis will lead to the predic-
ion of larger stresses and strains because of the possible fracture
f ceramic materials. This will be discussed later in this paper.

ig. 9. Variation of yield strength of different SX Ni-based superalloys with temper-
ture (as-cast DD6 from experiments; as-cast CMSX4, and as-heated SRR99, DD3
nd  DD6 from the literature).
Fig. 10. Variation of thermal expansion coefficient of casting, shell and core with
temperature (the reference temperature is 20 ◦C).

Ignoring high temperature creep strain, static equilibrium was
assumed during the calculation of the stress field, which also
ignored the cooling rate. The following equations are employed to
determine the equivalent effective plastic strain and plastic dis-
sipation energy, denoted ε̄pl and Upl , respectively. They take the
following forms:

ε̄pl ≡
∫ ε̄pl

0

dε̄pl =
∫

� : dεpl

f (�)
(22)

dUpl =
∫ εpl

0

� : dεpl (23)

Thermal expansion coefficients are especially significant in this
model, and therefore, temperature-dependent values were used, as
illustrated in Fig. 10. Great care was  taken to ensure that the mesh
was sufficiently fine for the simulation results to be independent
of element size. An explicit integration scheme was used, and the
simulation results discussed below correspond to the integration
points because of the high accuracy of these positions.

5. Influence of geometric features

Before presenting the comparison of the simulated and experi-
mental results for the test pieces, the influence of typical geometric
features on the induced plasticity was investigated first, with the
results discussed below. Though the preliminary research was
based on simple assumptions, some of which are unachievable in
reality, the results may  be helpful for understanding what causes
plastic deformation and the subsequent RX.

5.1. Cored rods with uniform walls

This case was investigated to evaluate the plasticity induced
by the ceramic core, which is analogous to the strain induced on
the inner surface of a turbine blade. The diameter of the rod was
20 mm,  and the rod axis was parallel to the casting crystallographic
orientation 〈0 0 1〉 of the SX superalloy, as shown in Fig. 11(a). It
was assumed that the superalloy and core maintain the same tem-
perature and interact without friction during the solidification and
subsequent cooling from 1370 ◦C to 70 ◦C. A quarter section of the

cored rod model was simulated because of its four-fold crystallo-
graphic symmetry.

The rod casting wall thickness of 5 mm was chosen to inves-
tigate the evolution of stress and strain during solidification, and
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uniform for turbine blades. Therefore, decentralized-core rods were
Fig. 11. Schematic of cored rod (a) and simul

he modeled equivalent plastic strain contour results are illustrated
n Fig. 11(b). The final distribution of plastic strain on the circum-
erence of the rod is non-uniform, with the maximum values in
he primary 〈0 1 1〉 orientation. This finding can be explained by
he maximum Young’s and shear moduli of the (0 0 1) plane being
ound in the 〈0 1 1〉 direction. Fig. 12 shows the variation of sim-
lated plastic, elastic, and thermal strain, as well as the plastic
issipation energy density, with temperature during the solidi-
cation of the cored rod. The SX Ni-based superalloy undergoes
lastic deformation easily at high temperatures, especially above
000 ◦C, mainly because of the low yield strength. However, the
lastic strain induced at this stage is usually smaller in scale com-
ared with that below 800 ◦C, as illustrated in Fig. 12. This can be
xplained by comparing the variation of the potential function and
ield strength with the temperature, as shown in Fig. 13. The poten-
ial function was calculated from Eq. (14); a material will yield when
he potential function is larger than the yield strength. The evo-
ution of plastic strain may  play a role in the characteristic yield
trength of SX superalloy DD6. As seen in Fig. 13, the yield strength
f DD6 increases significantly to its peak value around 800 ◦C dur-
ng solidification, but below 800 ◦C the yield strength undergoes a
mall decline and remains relatively unchanged until room temper-
ture is reached. On the other hand, the thermal strain and stress

ncrease continuously, as shown in Fig. 12, with the majority of
lastic strain occurring below 800 ◦C. High equivalent plastic strain
an be predicted without considering the fracture of the core. The

ig. 12. Variation of simulated equivalent plastic strain, elastic strain, thermal
train, and plastic dissipation energy density with temperature during solidification.
quivalent effective plastic strain contour (b).

plastic dissipation energy was  also calculated, with only a small
fraction needed to be stored in the material to act as the driving
force for RX. According to classical theory, the driving force for RX
in a deformed metal can be estimated with the following equation:

p = 1
2


�b2 (24)

with 
, �, and b representing dislocation density, shear modu-
lus, and Burger’s vector length, respectively. A rough estimate of
the driving force can be made for the superalloy. Assuming 
 is
1015 m−2, � is about 50 GPa, and b is 0.36 nm,  then the driving force
p = 1.25 MPa  (1.8 × 106 J/m3). This value is comparable to the calcu-
lated results, assuming about 2–5% plastic dissipation energy in the
material.

The influence of different core/casting area ratios was  investi-
gated by changing the core’s radius. As shown in Fig. 14, the thinner
the casting wall, the larger the maximum equivalent plastic strain,
meaning that RX is more likely to occur in thin-walled sections.

5.2. Decentralized-core rods

The wall thickness around the ceramic core is usually non-
designed to simulate the influence of non-uniform wall thickness
on the final plasticity. The diameters of rod and core were fixed
at 20 mm and 10 mm,  respectively, and the core deviated from

Fig. 13. Comparison of simulated potential function and experimental yield
strength during solidification, indicating when plasticity occurs.
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ig. 14. Variation of maximum equivalent plastic strain with the area ratio
core/casting).

he center at varied distances. The remaining simulation condi-
ions were the same as those for the first case. Only half of the

odel was simulated because of the geometric symmetry. The cor-
elation between maximum plastic strain and wall thickness was
tudied, with the parameter minimum wall thickness/core radius
MWTCR) used for convenience. The zone of maximum plastic-
ty is influenced by the material’s crystallographic orientation and

WTCR, as illustrated in Fig. 15. When MWTCR is large, meaning
he wall thickness around the core is relatively uniform, plasticity
s prone to occur in the zone approaching the 〈0 1 1〉 direction on
he circumference. Otherwise, the area of maximum plasticity cor-

esponds to the area with the thinnest wall. Fig. 16 confirms that
he smaller MWTCR is, the larger the value of maximum equiv-
lent plastic strain obtained. If the direction of the thinnest wall

Fig. 15. Contour maps of the final plasticity of different cases with various offset 
Fig. 16. Variation of maximum equivalent plastic strain with the parameter
MWTCR.

coincides with the 〈0 1 1〉 direction, the plasticity will reach its peak
value. This may  explain why the degree of irregularity of the wall
thickness has a more significant influence on the final plasticity
than elastic anisotropy. Concerning the solidification process, much
higher plastic strains are found at temperatures of 1000 ◦C or above
(Fig. 17), which means more damage occurs compared to the uni-
form simulation if the same plasticity is induced. This suggests that
fabricating components with uniform wall thickness helps prevent
RX.

5.3. Rods with changing cross-sections
This case was designed to simulate the mechanical constraints
of flanges provided by platforms and shrouds in real turbine blades.
Twelve castings were produced with the industrial Bridgman

distances: (a) 1 mm;  (b) 2 mm;  (c) 3 mm;  (d) 4 mm;  (e) 4.2 mm;  (f) 4.4 mm.
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ig. 17. Variation of simulated equivalent plastic strain, potential function, and yield
trength with temperature during solidification (for the case of a 4 mm-offset core).

irectional solidification method to make the process as close as
ossible to actual working conditions. The nominal withdrawal rate
as 5 mm/min. The rotational axes of the test rods were parallel to

he 〈0 0 1〉 direction, like the first two cases. Fig. 18(a) shows the
eometric details of the test rods, excluding the runner system and
rain selector. The top and bottom sections are cylinders 10 mm
n diameter and 20 mm in length. The length of the middle part,
he most pertinent part for this case, is 40 mm,  and the diameter
aries from 4 mm to 18 mm so that the effect of the cross-section
atio (small section/large section) could be investigated. The nom-
nal shell thickness is 5 mm.  The reason for induced plastic strains
s illustrated in Fig. 18(b). The middle part should bear tension
tress because of the smaller thermal expansion coefficients of the

eramic-based shell compared to the cast. In addition, the temper-
ture at the top of the middle part is relatively higher, resulting in
ower yield strength. Therefore, plastic deformation will most likely
ccur in the region where the cross-section abruptly increases.

ig. 18. Geometric details of a varying cross-section rod (a) and comparison
etween stress and yield strength of the middle part (b).
Fig. 19. Comparison of equivalent plastic strain contours between changing cross-
section rods without filets (a) and with filets (b) (section ratio is 0.25).

Rods without filets of different section ratios were simulated
first. The simulation results confirm the above analysis, as shown in
Fig. 19(a). The maximum equivalent plastic strain is affected by the
stress concentration at sharp corners and tensile stress of the part
with the smaller section. The bottom part yields mainly because
of the stress concentration. The former factor plays a more dom-
inant role when the section ratio becomes larger, while the latter
becomes more important if the section ratio is small. The mini-
mum plastic strain is achieved when the section ratio lies between
0.2 and 0.5, giving a value of approximately 2%, as illustrated in
Fig. 20. However, even this level of plasticity can give rise to RX
during the subsequent heat treatment. Therefore, filets should be
introduced to avoid large levels of plasticity during solidification
and the subsequent RX induced by section variation. The rod with
a section ratio of 0.25 and filets was  then simulated to verify this
point. The result (Fig. 19(b)) shows that the maximum plastic strain
(0.71%) is about only one-third compared to that of the rod of the
same section ratio without filets (1.96%). Therefore, filets should be
added to the sites with changing cross-sections in a turbine blade
aerofoil to avoid RX. These kinds of sites include the joints between
platform and blade, as well as leading (trailing) edges in a hollow
blade. Combined with the second case modeled, another conclusion
is that the geometric features are more significant than a mate-
rial’s orientation to the plasticity induced by the investment casting
process.

In addition, the effect of shell thickness, which was varied from
3 mm to 9 mm,  was studied. The 0.25 section-ratio rods without

filets were used in the simulation. Unexpectedly, the maximum
plastic strain had no obvious correlation with shell thickness, and
varied from 1.0% to 2.4%. By comparing these cases, a primary

Fig. 20. Variation of maximum equivalent plastic strain with section ratio.
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core (Core 2). Though Core 1 was appreciably stiffer than Core
2, a little more plastic strain was induced within the metal cast
around Core 2 than Core 1 because of the smaller thermal expansion
ig. 21. Test bars with buckled cores: (a) core does not penetrate the wall; (b) co
enetrating core. (For interpretation of the references to color in this figure caption

onclusion may  be drawn; the influence of ceramic cores on plastic
train is more significant than that of the shell.

. Comparison of models and experiments

Over 100 cored cross-section rods were fabricated with the
ridgman directional solidification method. It was found that the
eramic cores often buckled or broke during the preheating and
asting processes, causing non-uniform wall thickness or the core
o penetrate the wall (Fig. 21(a) and (b)). RX occurred in most of
he core-penetrated rods (Fig. 21(c)), while little RX grains were
ound in the other rods, especially in normal cored rods. Interest-
ngly, almost all of the RX grains appear below the holes as opposed
o around the holes. To some extent, these findings were consistent
ith the simulation results (shown in Fig. 22). In the normal test

ars, only a maximum of 6% effective plastic strain is predicted
n the upper changing cross-section zone. For the test pieces with
uckled cores, nearly 30% effective plastic strain is predicted in the
one below the hole, meaning that this zone will be more prone to
X during the subsequent heat treatment. This can be easily under-
tood in the context of the case in Section 5.2. The zone below the
ole is representative of a place with small MWTCR, which has the
ighest plastic strain. In this situation, the material orientation will
lso influence the final maximum plastic strain, which has been
emonstrated by the previous simulations. It should be noted that
ost holes formed on the upper half of the middle part of the exper-

mental samples because of their geometric characteristics. Thus,
he area beneath the hole is thinner than the area above. Occasion-
lly, the holes formed in the lower half of the middle part. In these
ases, according to the models and the above analysis, RX grains
hould appear above the hole, which was confirmed by the exper-
mental samples (the far right rod in Fig. 21(c)). Thus, RX is likely
o occur at the thin-walled sites below or above the hole instead of
round the hole.

It should be pointed out that high plastic strains are predicted in
ones A and B (see Fig. 22(b)), where RX was not found. This can be
xplained by the following. First, the model is not a perfect replica
f the real test pieces, giving rise to the differences found. These
ituations are difficult to completely describe in the model. Besides,
igher plastic strains in some zones will be predicted because the

racturing of the core and shell was ignored.
Most of the plastic strain occurs above 1000 ◦C for the normal
est pieces (shown in Fig. 23), which is different from the case in
ection 5.1. The zone with both changing cross-section and core is
ore prone to RX, and should be carefully treated during the manu-

acturing of SX components. The effect of core material on plasticity
etrates the wall; (c) RX grains (marked with closed red lines) in test pieces with
eader is referred to the web version of this article.)

was also investigated with the model. Two distinct core systems
were simulated: an alumina-based core (Core 1) and a silica-based
Fig. 22. Distribution of predicted effective plastic strains in normal (a) and core-
buckled test pieces (b).
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ig. 23. Variation of potential function, equivalent plastic strain, and thermal strain
ith temperature (at the maximum integration point for normal test pieces with

lumina cores and 1 mm wall thickness).

oefficient of Core 2. Besides, the predicted plastic strains were very
lose between the two cores modeled, meaning that the effect of
ore material is less than that of geometric features when casting.
n addition, the silica-based core can be leached out of the casting
asily, leading to its employment in most situations.

Finally, it should be mentioned that the predicted plastic strains
n this research may  be larger than in reality. One of the reasons is
hat the shell and core were treated as ideal elastic materials, which
gnores fracturing during the casting process. Evidence for this is
hat the core and shell usually underwent abnormally high stress
uring modeling. This can explain why RX was not found in certain
reas of the normal cored rods fabricated, while the predicted plas-
ic strain was as high as 6%. Therefore, the model presented in this
esearch is only capable of predicting the sites of high plasticity, or
n other words, it is only semi-quantitative.

. Conclusions

A macroscopic, phenomenon-based, thermo-elastic–plastic
odel for the processing-induced plasticity during investment

asting has been developed. Though only semi-quantitative, the
odel is capable of predicting the sites where localized plas-

icity can induce recrystallization during the heat treatment of
ingle crystal superalloy castings. The following conclusions can
e drawn.

1) From an engineering perspective, orthotropic elastic properties
and Hill’s yield criterion can be employed in the thermo-
mechanical modeling of single crystal nickel-based superalloys.

2) The influence of ceramic cores on plastic strain is more signifi-
cant than the shell. The thin-walled sections have an increased
propensity for recrystallization.
3) The geometric features are more significant than material
orientation and material type. Filets should be introduced
at the sites with abrupt changes of cross-section to avoid
recrystallization.
ing Technology 217 (2015) 1–12

(4) The thin-walled sites below or above the holes (along the
withdrawal direction) have an increased propensity for recrys-
tallization.
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