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A non-3-choosable planar graph without cycles of length 4 and 5
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Abstract

Steinberg’s question from 1975 whether every planar graph without 4- and 5-cycles is 3-colorable is still open. In this paper the
analogous question for 3-choosability of such graphs is answered to the negative.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In 1975, Steinberg asked whether every planar graph without 4- and 5-cycles is 3-colorable. In the nineties Borodin
[2] and independently Sanders and Zhao [9] proved that every planar graph without k-cycles for all 4�k�9 is
3-colorable. Recently Kostochka [5] improved this result showing that every planar graph without k-cycles for all
4�k�7 is 3-colorable. Moreover, Borodin and Raspaud [3] deduced that every planar graph without 5-cycles and
without 3-cycles at distance at most 4 are 3-colorable. On the other hand, Abbott and Zhou [1] gave infinite families of
4-critical planar graphs without cycle of length 4 and 6-cycles of length 5, and another infinite family without cycles
of length 5 and only 4-cycles of length 4. For more references concerning this topic see [4].

It is natural to investigate the analogy to Steinberg’s question for list colorings of planar graphs. A graph G is L-list
colorable if for a given list assignment L := {L(v) | v ∈ V (G)} there exists a coloring c of the vertices such that
c(v) ∈ L(v) and c(v) �= c(w) for all vw ∈ E(G). If G is L-list colorable for every list assignment with |L(v)| = k for
all v ∈ V (G) then G is called k choosable.

In the last years many authors studied choosability of planar graphs with forbidden cycles. In 1995 it was proved
that every planar graph of girth 5 is 3-choosable [10] but this is not true for the class of all planar graphs of girth 4 [11].
Asking about 4-choosability of planar graphs it was shown in [6] that it is sufficient to forbid cycles of length k where
k is 3, 4, 5 or 6.

Generalization of ordinary vertex colorings and choosability are defective colorings. In that concept it is allowed
that adjacent vertices get the same color but the maximum degree of monochromatic subgraphs is bounded. A graph G
is called (k, d)∗-choosable if it is possible to find a coloring c of the vertices for every list assignment with |L(v)| = k

for all v ∈ V such that c(v) ∈ L(v) and the maximum degree of a monochromatic colored subgraph is at most d.
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Approaching to an answer to Steinberg’s question in [8] the authors prove that every planar graph without 4- and
5-cycles is (3, 1)∗-choosable. However, there are planar graphs without 4- and 5-cycles which are not 3-choosable as
shown in the following section.

2. Non-3-choosability

Theorem 1. There are planar graphs without cycles of length four and five which are not 3-choosable.

Proof. Consider the graph of Fig. 1.
Assume that the top vertex is precolored by a and the bottom vertex is precolored by b. Consider the marked list

a12 . If for that vertex color 1 is chosen look for the left part of the graph. To see that a coloring of this part is not

possible assume that such a coloring exists. Then the vertex below the marked vertex has to be colored by 2, the vertex
above by 3. Thus the vertex with list 12d must get color d. Moreover, the vertex with list 12c has to be colored by c
since its left neighbors must get colors 1 and 2. Thus, for the vertex with list 3cd remains color 3 and for the vertex
with list 23c remains color 2. In the triangle above this vertex we have now the reduced lists 13, 13 and 123. So the
vertex with recent list 123 has to get color 2. Now look for the triangle with original lists 124, 134, and 134. Because
of the colored neighbors the reduced lists are 14, 14, 14. Thus a coloring of this part of the graph is not possible if the
marked vertex is colored by 1.

Now consider the marked list b34 and assume color 3 is chosen for that vertex. Using analogous arguments as

before we can see that in this case a coloring of the right part of the graph is not possible.

In the remaining case, if 2 is chosen for the vertex with the list a12 and 4 is chosen for the vertex with list b34

then the lists in the middle part of the graph do not allow a proper coloring.
Now take nine copies of the drawn graph and identify all nine top vertices to a vertex v1 and all nine bottom vertices to

a vertex v2. Assign disjoint lists of length 3 to v1 and v2. For every pair (a, b) ∈ L(v1)×L(v2) assign the corresponding
lists in one of the copies.

It follows that the graph is planar, does not contain 4- and 5-cycles and is not 3-choosable. �

Fig. 1. A planar graph without 4- and 5-cycles which is not colorable from the given lists.



M. Voigt / Discrete Mathematics 307 (2007) 1013–1015 1015

References

[1] H.L. Abbott, B. Zhou, On small faces in 4-critical planar graphs, Ars Combin. 32 (1991) 203–207.
[2] O.V. Borodin, Structural properties of plane graphs without adjacent triangles and an application to 3-colorings, J. Graph Theory 21 (1996)

183–186.
[3] O.V. Borodin, A. Raspaud, A sufficient condition for planar graphs to be 3-colorable, J. Combin. Theory Ser. B 88 (2003) 17–27.
[4] T.R. Jensen, B. Toft, Graph Coloring Problems, Wiley-Interscience Series in Discrete Mathematics and Optimization, Wiley, New York, 1995.
[5] A.V. Kostochka, Personal communication, 2003.
[6] P.C.B. Lam, W.C. Shiu, B. Xu, On structure of some plane graphs with application to choosability, J. Combin. Theory Ser. B 82 (2001)

285–296.
[8] K.W. Lih, Z. Song, W. Wang, K. Zhang, A note on list improper coloring planar graphs, Appl. Math. Lett. 14 (2001) 269–273.
[9] D.P. Sanders, Y. Zhao, A note on the three color problem, Graphs Combin. 11 (1995) 91–94.

[10] C. Thomassen, 3-List-coloring planar graphs of girth 5, J. Combin. Theory Ser. B 64 (1995) 101–107.
[11] M. Voigt, A not 3-choosable planar graph without 3-cycles, Discrete Math. 146 (1995) 325–328.


	A non-3-choosable planar graph without cycles of length 4 and 5
	Introduction
	Non-3-choosability
	References


