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unlabeled vertex v of G and assigning it a number a from {0, 1, 2, ..., k} satisfying the
condition that, for all u € V(G), u is labeled by the number b previously, if d(u, v) = 1,
then |a — b| > d, and if d(u, v) = 2, then |a — b| > 1. Alice wins if all the vertices of G
are successfully labeled. Bob wins if an impasse is reached before all vertices in the graph

Ié?;rv:/eozr(i;: 1)-labelin are labeled. The game L(d, 1)-labeling number of a graph G is the least k for which Alice has
- aeing inni We use 1¢(G) to denote th L(d, 1)-labeli ber of G in th

Complete graphs a winning strategy. We use L( o denote the game L(d, 1)-labeling number of G in the

Complete bipartite graphs game Alice plays first, and use Ag (G) to denote the game L(d, 1)-labeling number of G in the

game Bob plays first. In this paper, we study the game L(d, 1)-labeling numbers of graphs.
We give formulas for Aq (K,) and Ag (K,), and give formulas for )»‘11 (Km,n) for those d with
d > max{m, n}.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Let G be a graph and let X be a set of colors. Consider the following two-person game which is played on G: Alice (player 1)
and Bob (player 2) alternate turns. A move consists of selecting a previously uncolored vertex v of G and assigning it a color
from the color set X distinct from the color assigned previously (by either player) to neighbors of v. If after n = |V(G)| moves,
the graph G is colored, Alice is the winner. Bob wins if an impasse is reached before all nodes in the graph are colored, i.e., for
every uncolored vertex v and every color « from X, v is adjacent to a vertex having color «. The game chromatic number of
G is the least cardinality of a color set X for which Alice has a wining strategy. We use Xgl (G) to denote the game chromatic

number of G in the game Alice plays first, and use ng(c) to denote the game chromatic number of G in the game Bob plays
first. Bodlaender [ 1] first introduced this problem and studied its computational complexity. Faigle et al. [4] showed that the
game chromatic number of the class of forests is 4. Kierstead and Trotter [ 10] showed that the game chromatic number of
the class of planar graphs is between 7 and 33. This upper bound was improved by Dinski and Zhu in [3] to 30, then reduced
to 19 in [13], and further reduced to 18 in [9]. It was shown in [10] that outerplanar graphs have game chromatic number
at most 8, and this upper bound is reduced to 7 in [7].

Given a graph G and nonnegative integers p, g with p > q, an L(p, q)-labeling of G is a function f from the vertex set V(G)
to the set of all nonnegative integers such that |[f (u) — f(v)| > pifd(u,v) = 1and |f(u) — f(v)| > qifd(u, v) = 2. For
a nonnegative integer k, a k-L(p, q)-labeling is an L(p, q)-labeling such that no label is greater than k. The L(p, q)-labeling
number of G, denoted by A, 4(G), is the smallest number k such that G has a k-L(p, q)-labeling (when q = 1, we use A,(G)
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to replace A, 4(G) in short). This problem came from the frequency assignment problem introduced by Hale [8] and was
first proposed by Griggs and Yeh [6] and Roberts [11]. Griggs and Yeh [6] showed that the L(2, 1)-labeling problem is
NP-complete for general graphs and proved that A,(G) < A?(G) 4+ 2A(G). Chang and Kuo [2] gave a polynomial-time
algorithm for the L(2, 1)-labeling problem on trees. Gongalves [5] proved that A, (G) < A%(G) + A(G) — 2 for any graph G
with A(G) > 2. There are also many other results surrounding this topic; for a recent survey see [12] and the references
therein.

We consider a new labeling game which comes from the L(p, q)-labeling problem and can be viewed as a generalization
of the game coloring problem. Given a graph G and integers k, p, ¢ with k > 0 and p > q > 0. Consider the following
two-person game which is played on G: Alice (player 1) and Bob (player 2) alternate turns. A move consisting of selecting
a previously unlabeled vertex v of G and assigning it a number a from {0, 1, 2, ..., k} satisfying the condition that, for all
u € V(G),ifuis labeled by the number b previously, then |a—b| > pifd(u, v) = 1, and |a—b| > qifd(u, v) = 2. Alice wins
if all the vertices of G are successfully labeled. Bob wins if an impasse is reached before all vertices in the graph are labeled.
The game L(p, q)-labeling number of a graph G is the least k for which Alice has a winning strategy. We use X‘]”q(G) to denote
the game L(p, q)-labeling number of G in the game Alice plays first, and use ):g’q(G) to denote the game L(p, q)-labeling
number of G in the game Bob plays first. When q = 1, we use A% (G) (resp. A5(G)) to replace 277 (G) (resp. 15Y(G)) for short.
Note that from the definition, y, (G) = 21°(G) and x2(G) = 106).

We study the game L(d, 1)-labeling number of graphs in this paper. We give formulas for )NJ{ (K,,) and ig (K,), and give
formulas for X‘{ (Km,n) for those d with d > max{m, n}.

2. Preliminary

In this section, we first fix some notation and terminology, and then derive an upper bound for the game L(d, 1)-labeling
number of graphs. The following lemma is a direct consequence of the definition.

Lemma 1. For any graph G, 24(G) > A4(G) and A4(G) > A4(G).

From now on, for convenience, we use Xdu (G) to denote the smallest number needed to complete the (d, 1)-game on

G with player i plays first under a fixed strategy S made by player j. And, to simplify the notations, for a given graph G, we
use (["(j) = (v; ) to denote that, under the constraint that the numbers can be used is no more than the number m, player i
chooses an unlabeled vertex v and labels it by the number [ in the jth move, and use PC™(j; v) to denote the set of numbers
in {0, 1, 2, ..., m} that can be chosen to label the unlabeled vertex v after the jth move.

From the definitions above, ):?(G) < mfori = 1,2 if player 1 has a strategy so that PC™(j; v) # @ forallj,1 <j <
|[V(G)| — 1 and all vertices v that are unlabeled after the jth move. And X?(G) > mfori = 1, 2 if player 2 has a strategy so
that PC™(j; v) = @ for somej, 1 <j < |V(G)| — 1 and some vertex v that is unlabeled after the jth move.

Givena graph Gand v € V(G), S € V(G), we use N;(v) to denote the set {u : d¢(u, v) = i}, and we let N;(S) to be the set
Upes Ni(v). And, for a € NU {0}, we use the notation n4(a) to denote the set {a—d+1,a—d+2, ..., a+d—1}N(NU{0}).

Theorem 2. If G is a graph with maximum degree A, then Xf(G) <(A+4+2d—2)Afori=1,2andd > 2.

Proof. Let m = (A + 2d — 2) A. Consider the following strategy S made by Alice. At the ith step, if there is a vertex v that is
still unlabeled, and PC™ (i — 1; v) # @, then Alice chooses a number a in PC™(i — 1; v) and labels v by a at the ith step. We
claim that Alice can complete the (d, 1)-game played on G under this strategy.
Let w be an unlabeled vertex after the jth step. Define Ay = {I: (/*(j') = (v; I) forsomej’ < jand v € Ny(w)}fork =1, 2.
Then, since PC™(j; w) = {0, 1, 2, ..., m} — ((Ujea, ng()) UAy), IPC"(j; w)| > m+1—((2d —1)A+ A(A — 1)) > 1. Hence
C’"(] w) # . Since PC™(j; v) ;é (?J forallj, 1 <j < |V(G)| — 1 and all vertices v that are unlabeled after the jth move,
G <m=(A+2d-2)A. Thuskd(G) <i (G <(A+2d—2)Afori=1,2andd >2. O

1(1 S) 1,s)

3. Game L(d, 1)-labeling number of complete graphs
We study the game L(d, 1)-labeling number of complete graphs in this section.

Theorem 3. Foralln > 1,1 > 0, A9(K, UrK;) = (4d — 1) [ 53] 4 [(n — 1) mod 3]d and A4 (K, UrK;) = (4d — 1) [51] —
2d + [(n — 2) mod 3]d.

Proof. Let m be the largest number that can be used in the (d, 1)-game on K, U rK;. Consider the following strategy made
by Alice. At the ith step, if there is a vertex v of K, that is still unlabeled, and there exists a number I,d < [ < m, such
that {{ —d,l —d+ 1,...,1} € PC™(i — 1;v), then Alice labels v with the number j, where j = min{l : d < | <
m{l—d,l —d+1,...,1} € PC"(i — 1; v)}. If no such number exists, and PC™(i — 1; v) # (@, then Alice chooses an
arbitrary number j in PC™(i — 1; v) and labels v with the number j. And if all the vertices of K, are labeled, choose an
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unlabeled vertex of rK; and label it with 0. We use S; to denote this strategy. For Bob, consider the following strategy made
by Bob. At the ith step, if there is a vertex v of K, that is still unlabeled, and there exists a number [,d — 1 < | < m, such
that {{—d+ 1,l—d+2,...,1} € PC™(i — 1; v), then Bob labels v with the number j, wherej = min{l : d — 1 <[ <
m{l—d+1,l—d+2,...,1} € PC™"(i — 1; v)}. If no such number exists, and PC"(i — 1; v) # @, then Bob chooses
an arbitrary number j in PC™(i — 1; v) and labels v with the number j. And if all the vertices of K, are labeled, choose an
unlabeled vertex of rK; and label it with 0. We use S, to denote this strategy.

We prove this theorem by proving a stronger statement. For the strategies S; and S,, X‘I’“ 5, (KaUTKD) < (4d—1) f%] +
51

[(n—1) mod3]d <A{, (KiUrkyandig (KiUrky) < (4d—1)["51]—2d+[(n—2) mod3]d <43, (K UrKy).
92 21 92
To prove this, we use induction on n. The conclusion clearly holds for n = 1, 2. Suppose it holds foralln,2 <n < t.

Claim 1. ¢ (K, Urk;) < (4d — 1) [52] + [(t — 1) mod 3]d.
(1,57)

Proof of Claim 1. Letp = ):‘1’(] s (K: U rK7). By the definition of Sy, Alice first chooses a vertex of K; and labels it by d. After
»51

the first step, we can imagine that this is just the (d, 1)-game played on K;_, U (r + 1)K, with Bob plays first. More precisely,
if Cip(j) = (v; D) for somej > 2,1 > 2d, and some unlabeled vertex v of K;, then we can imagine that on the (d, 1)-game
played on K;_, U (r + 1)Ky, player i chooses a vertex v of K;_, and labels it by [ — 2d at the (j — 1)th step. And ifCip =W
for somej > 2, where v is an unlabeled vertex of K; and [ = 0, or v is an unlabeled vertex of rK;, then we can imagine that
on the (d, 1)-game played on K;_, U (r + 1)Kj, player i chooses an isolated vertex v of (r + 1)K; and labels it by 0 at the
(j — 1)th step. Since

Mo (K U@+ 1K) < (4d—1) [“_2)_1} —2d + [(t — 4) mod 3]d
(1.51) 3

=(4d-1) ’Vt_;—‘ —2d 4+ [(t — 1) mod 3]d,
we have

(K UTK) < 7\3(

t—3
G iso ((Kea U (r+ 1K) +2d = (4d — 1) [3—‘ +[(t — 1) mod 3]d. O

1.5

Claim2. A5, (K UKy) > (4d — 1) [51] —2d + [(¢ — 2) mod 3]d.
52

Proof of Claim 2. Letp = Xg(z 5 (K: UTK;). By the definition of S, Bob first selects a vertex of K; and labels it by d — 1. After

the first step, we can imagine that this is just the (d, 1)-game played on K;_; U rK;, with Alice plays first. More precisely, if
Cip(i) = (v; ) for somej > 2,1 > 2d — 1, and some unlabeled vertex v of K;, then we can imagine that on the (d, 1)-game
played on K;_1 U rK3, player i chooses a vertex v of K;_; and labels it by | — 2d + 1 at the (j — 1)th step. And if Cip G = ;D
for somej > 2 and some unlabeled vertex v of rK7, then we can imagine that on the (d, 1)-game played on K;_; UrKj, player
i chooses an isolated vertex v of rK; and labels it by 0 at the (j — 1)th step. Since

5d "(t —-1) - 3"‘
(K1 UTKy) > (4d — 1) — |+ [(t — 2) mod 3]d

125y
t—1
= (4d—1) ’73—‘ —4d+ 1+ [(t — 2) mod 3]d,
we have

. . t—1
MK UKy > A4 )(K[_lUrK])—I—Zd—lz(4d—1)’73—‘—2d+[(t—2)mod3]d. O

2(2,59) 12,5,

Claim 3. X‘{(szﬁ(m Urky) > (4d — 1) [52] + [(t — 1) mod 3]d.

Proof of Claim 3. Letp = ):‘f(z 5 (K: UTKy). If at the first step, Alice chooses an isolated vertex of rK; and labels it by g, then
52

we can imagine that this is just the (d, 1)-game played on K; U (r — 1)K;, with Bob plays first. Thus by Claim 2 and its proof,
the smallest number needed to complete this game in this case is at least (4d — 1) [%1 + [(t — 1) mod 3]d and we are
done. So, assume that at the first step, Alice chooses a vertex of K; and labels it by g. Consider the following cases:

Casel.q<d-—1.
In this case, by the definition of S,, Bob selects a vertex of K; and labels it by ¢ + 2d — 1 at the second step. After
this step, we can imagine that this is just the (d, 1)-game played on K;_, U rK;, with Alice plays first. More precisely, if
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Cip(j) = (v; 1) forsomej > 3,1 > q + 3d — 1, and some unlabeled vertex v of K;, then we can imagine that on the
(d, 1)-game played on K;_, U rKy, player i chooses a vertex v of K;_; and labels it by | — g — 3d + 1 at the (j — 2)th step.
And if Cip(i) = (v; 1) for some j > 3 and some unlabeled vertex v of rK;, then we can imagine that on the (d, 1)-game

played on K;_, U rKy, player i chooses an isolated vertex v of rK; and labels it by 0 at the (j — 2)th step. Since ):‘11(2 5 (Ki—2 U
rKy) > (4d — 1) [552] — 4d + 1+ [t mod 3]d, we have

~ [t —27
Aﬁ’(zsz)(Kt_zUrK])+(q+3d—]) > (4d—1) - —4d+ 1+ [t mod 3]d + (g +3d — 1)
SR
=(4d-1) 5 —d+ [t mod3]d+q
3
> (4d—1) -5 + [(t — 1) mod 3]d,

thus the smallest number needed to complete this game in this case is at least (4d — 1) [?1 + [(t — 1) mod 3]d.

Case2.d <q<2d-—2.

In this case, after the first step, we can imagine that this is just the (d, 1)-game played on K;_, U (r + 1)K;, with Bob plays
first. More precisely, if Ci” () = (v; 1) forsome j > 2,1 > q+ d, and some unlabeled vertex v in K;, then we can imagine that
on the (d, 1)-game played on K;_, U (r 4+ 1)Kj, player i chooses a vertex v of K;_, and labels it by | — g — d at the (j — 1)th
step. If Cip(j) = (v; ) for some j > 2, where v is an unlabeled vertex of Ky, or v is an unlabeled vertex of K; and [ < q — d,
then we can imagine that on the (d, 1)-game played on K;_, U (r + 1)Kj, player i chooses an isolated vertex v of (r + 1)K,
and labels it by 0 at the (j — 1)th step. Since 5‘;(2 sz>(Kf—2 U@+ 1K) > (4d—1) [%1 —2d + [(t — 1) mod 3]d, we have

- [t — 37
Ag(zysz)(lq_z Ur+DK)+(@q+d) > @d—-1) tT —2d+ [(t — 1) mod 3]d + (q + d)
=@4d-1) % 4+ [(t —1) mod 3]d+q—d
fr_ 3
> (4d—1) 5 + [(t — 1) mod 3]d,

thus the smallest number needed to complete this game in this case is at least (4d — 1) [%1 + [(t — 1) mod 3]d.

Case3.2d —1<q<3d-2.

In this case, by the definition of S,, Bob selects a vertex of K; and labels it by d — 1 at the second step. Since after the second
step, two vertices of K; are labeled and all the numbers in {0, 1, ..., q + d — 1} cannot be used to label the other vertices
of K;, and g + d — 1 < 4d — 3, this case is the same as Case 1, since we may imagine that at the first step, Alice chooses a
vertex of K; and labels it with a number ¢’ = q — 2d + 1. Hence, by Case 1, the smallest number needed to complete this
game in this case is at least (4d — 1) [ 53] 4 [(t — 1) mod 3]d.

Case4.q > 3d — 1.

In this case, let 8 = max{k : Cf (2k) = (v; (k—1)(2d—1)+d—1), visavertex of K;}. Clearly, 8 < t.By the definition of
S,, there existsa < 8+ 1, such that Cf(Za— 1) = (v; @), wherevisavertexof K;and f(2d—1) <o < (f+1)2d—1)—1.
Let c = max{2a — 1, 28}:

g |0 ifBRd—1) <a<pd-1)+d-1,
11, fBRI-D+d<a<(B+1DQRd—1)—1,

b= a, ifa <8,
“la—-1, ifa=8+1,

and let

« if1 <j <min{2a— 1, 2b} — 1,
J =\j—2, ifj>max{2a—1,2b} +1,

forallj > 1,j ¢ {2a — 1, 2b}. Note that by the definition of #, no numbers less than « can be used to label the unlabeled
vertices of K; after the cth step when & = 0,and when # = 1, the numbers less than « that can be used to label the unlabeled
vertices of K; after the cth step belong to {#(2d — 1), (2d — 1) + 1, ..., « — d}. Also note that by the definition of b, Bob
chooses a vertex of K; and labels it by (b — 1)(2d — 1) +d — 1 at the (2b)th step, where 2b = 2aifa < ,and 2b = 2a — 2 if
a = B+ 1. Hence in this case, after the cth step, we can imagine that this is just the (d, 1)-game played on K;_,_¢ U (r+6)Kj,
with Alice plays first (by ignoring the (2a — 1)th step made by Alice and the (2b)th step made by Bob). More precisely, if
Cip (j) = (v; D) for some unlabeled vertex v of K; and some [, | < (b — 2)(2d — 1) 4+ d — 1, then we can imagine that on the
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(d, 1)-game played onK;_,_oU(r+6)Kj, playerichooses a vertex v of K;_,_4 and labels it by l at the j*th step. IfCip G =D
for some unlabeled vertex v of K; and some [, b2d — 1) +d —1 <1< (8 — 1)(2d — 1) + d — 1, then we can imagine that
on the (d, 1)-game played on K;_,_o U (r + 0)Kj, player i chooses a vertex v of K;_,_4 and labels it by | — 2d + 1 at the j*th
step. If Cip (7)) = (v; I) for some unlabeled vertex v of K; and some I, [ > « + d, then we can imagine that on the (d, 1)-game
played on K;_,_4 U (r + 68)K3, player i chooses a vertex v of K;_,_y and labels it by | — [« — (8 — 1)(2d — 1) + d] at the j*th
step. And ifo(j) = (v; I) for some j > 3, where v is an unlabeled vertex of K; and 8(2d — 1) < <« —d(when 6 = 1), or
v is a vertex of rKy, then we can imagine that on the (d, 1)- game played on K;_,_¢ U (r + 6)K7, player i chooses an isolated
vertex v of (r + 8)K; and labels it by 0 at the j*th step. Since )\1(25 (K2 UTKy) > (4d — 1) [52] — 4d + 1+ [t mod 3]d

andA  (K—3U (r + 1Ky) = (4d — 1) [553] —4d + 1+ [(t — 1) mod 3]d, when 6 = 0, we have

12,59)

K2 UrKy) + [ —(B—1D(@2d—1) +d]

1<25>
>(4d—-1) % —4d+1+[tmod3ld+[a—(B—1)2d—1)+d]
=@4d-1) % 4+ [t mod 3]d+ [0 — (B — 1)(2d — 1) — 3d + 1]
r 3
> (4d — 1) 5 + [(t — 1) mod 3]d,

and when 6 = 1, we have

KisU (T +DK) 4+ [ —(B—-12d—-1)+d]

1(25)

> (4d — 1) ? —4d+1+4[(t — 1) mod 3]d + [a — (B8 — 1)(2d — 1) + d]

=@4d—-1) ? +[(t—=1) mod3ld+[e¢—(B—1)(2d—1) —3d+ 1]
Cr_ 3

Thus the smallest number needed to complete this game in this case is at least (4d — 1) [%1 + [(t — 1) mod 3]d.
Since for all cases, the smallest number needed to complete this game is at least (4d — 1) [%1 + [(t — 1) mod 3]d,
Mgy K UKD = (4d = D[S ] +[(t — 1) mod 3]d. O
Claim4. 3§ | [K: U] < (4d = 1) [5H] = 2d + [(t — 2) mod 3]d.
Proof of Claim 4. Letp = )‘2(1 . (K; U rKy). If at the first step, Bob chooses an isolated vertex of rK; and labels it by g, then

we can imagine that this is just the (d, 1)-game played on K; U (r — 1)K;, with Alice plays first. Thus by Claim 1 and its proof,
the smallest number needed to complete this game in this case is no more than (4d — 1) |_f 1-| 2d + [(t — 2) mod 3]d
and we are done. So, assume that at the first step, Bob chooses a vertex of K; and labels it by q. Consider the following cases:

Casel.q<d-—1.

In this case, after the first step, we can imagine that this is just the (d, 1)-game played on K;_; U rK;, with Alice plays
first. More precisely, if Cip(i) = (v; ) for somej > 2,1 > q + d, and some unlabeled vertex v in K;, then we can imagine
that on the (d, 1)-game played on K;_; U rKj, player i chooses a vertex v of K;_; and labels it by | — q — d at the (j — 1)th
step. And if Cp(j) (v; 1) for some j > 2 and some unlabeled vertex v in K7, then we can imagine that on the (d, 1)-game

played on K;_; U 1Ky, player i chooses an isolated vertex v of rK; and labels it by 0 at the (j — 1)th step. Since 24 (K1 U
rKy) < (4d — 1) [51] — 4d + 1+ [(¢ — 2) mod 3]d, we have

Tasp

[t —17
1(m(zq 1UrK) + (@ +d) < (4d=1) | —— | —4d+1+[(t —2) mod 3]d + (g +d)
S
=@d-1)| —— -2+ [(t—2)mod3]d +q—d+1
17
< @d-1 5 —2d + [(t — 2) mod 3]d,

thus the smallest number needed to complete this game in this case is no more than (4d — 1) [%1 —2d+[(t —2) mod 3]d.
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Case2.d <qg<2d-—1.

In this case, after the first step, we can imagine that this is just the (d, 1)-game played on K;_, U (r + 1)K;, with Alice
plays first. More precisely, if Cl.” () = (v; D) forsomej > 2,1 > q+d, and some unlabeled vertex v in K;, then we can imagine
that on the (d, 1)-game played on K;_, U (r 4+ 1)Kj, player i chooses a vertex v of K;_, and labels it by | — g — d at the (j — 1)th
step. If C,-p(i) = (v; I) for some j > 2, where v is an unlabeled vertex in rKy, or v is an unlabeled vertex in K; and [ < q — d,
then we can imagine that on the (d, 1)-game played on K;_, U (r + 1)Ky, player i chooses an isolated vertex v of (r + 1)K;
and labels it by 0 at the (j — 1)th step. Since 24 (K—> U (r + DK;) < (4d — 1) [ 52] — 4d + 1 + [t mod 3]d, we have

Ta,sy)

- [t —27]
Mgy K2 U+ DK) + (@ +d) < (4d— 1) —— | ~4d+1+1tmod 31d+ (g +d)
o
= (4d—1) 5 —2d+[tmod3ld+q—d+1
S
< 4d-1) = —2d + [(t — 2) mod 3]d,

thus the smallest number needed to complete this game in this case is no more than (4d — 1) [%1 —2d+[(t —2) mod 3]d.

Case3.2d <q<3d-1.

In this case, by the definition of Sy, Alice selects a vertex of K; and labels it by d at the second step. After this step, we can
imagine that this is just the (d, 1)-game played on K;_3 U (r + 1)K, with Bob plays first. More precisely, if Cip G = ;)
for some j > 3,1 > q + d, and some unlabeled vertex v in K;, then we can imagine that on the (d, 1)-game played on
Ki—3 U (r + 1)Kq, player i chooses a vertex v of K;_3 and labels it by | — g — d at the (j — 2)th step. And if Cip(j) = (v; )
for some j > 3, where v is an unlabeled vertex of K; and [ = 0, or v is an unlabeled vertex of rK;, then we can imagine that
on the (d, 1)-game played on K;_3 U (r + 1)Ky, player i chooses an isolated vertex v of (r + 1)K; and labels it by 0 at the
(j — 2)th step. Since xg“ 5, K3 U (r+ DKy < (4d = 1) [551] — 6d + 1+ [(t — 2) mod 3]d, we have

- [t —17]
Aguysl)(1<[,3u(r+1)1<1)+(q+d) < @d-1) 5 —6d+ 1+ [(t —2) mod 3]d + (q + d)
-1
= (@d—1| —— | -2d+[(t—2) mod 3ld+q —3d +1
-1
< (4d-1) 5 — 2d + [(t — 2) mod 3]d,

thus the smallest number needed to complete this game in this case is no more than (4d — 1) f%} —2d+[(t—2) mod 3]d.

Case 4.q > 3d.

In this case, let § = max{k : Cf(Zk) = (v; 2k — 1)d), v is a vertex of K;}. Clearly, 8 < t. By the definition of Sy,
there exists b < 8 + 1, such that C§(2b — 1) = (v; @), where v is a vertex of K; and 28d < o < (28 + 2)d — 1. Let
¢ = max{2b — 1, 28},

p_ [0 if2pd<a=<@p+1)d—1,
=11, fQB+Dd<a<@B+2)d—1,

__|b, ifb < g,
=1p-1, ifb=p+1.

And let

L i if1 <j < min{2a,2b— 1} — 1,
J=\j—2, ifj> max{2a,2b—1} + 1

forallj > 1,j & {2a, 2b — 1}. Note that by the definition of 6, no numbers between (28 — 1)d and « can be used to label
the unlabeled vertices of K, after the cth step when & = 0, and when 6 = 1, the numbers between (28 — 1)d and « that
can be used to label the unlabeled vertices of K; after the cth step belong to {28d,28d + 1, ..., « — d}. Also note that
by the definition of a, Alice chooses a vertex of K; and labels it by (2a — 1)d at the (2a)th step, where 2a = 2bifa < g,
and 2a = 2b — 2 if b = B + 1. Hence in this case, after the cth step, we can imagine that this is just the (d, 1)-game
played on K;_3_¢ U (r + 1 4+ 0)K;, with Bob plays first (by ignoring the (2b — 1)th step made by Bob and the (2a)th step
made by Alice, and if C,-p () = (v; (2a — 2)d) for some unlabeled vertex v of K;, imagine that on the (d, 1)-game played on
Ki_3_¢U(r+1460)Ky, playerichooses an isolated vertex v of (r +1+6)K; and labels it by 0 at the j*th step). More precisely,
if Cip () = (v; I) for some unlabeled vertex v of K; and some I, | < (2a — 3)d, then we can imagine that on the (d, 1)-game
playedonK;_3_¢ U (r + 1+ 0)Ky, player i chooses a vertex v of K;_3_,4 and labels it by [ at the j*th step. If Cf G = (v; ) for
some unlabeled vertex v of K; and some [, 2ad < | < (28 — 1)d, then we can imagine that on the (d, 1)-game played on
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Ki_3_¢ U (r + 14 0)K;, player i choose a vertex v of K;_3_¢ and labels it by | — 2d at the j*th step. If Cip () = (v; ) for some
unlabeled vertex v of K; and some [, | > o +d, then we can imagine that on the (d, 1)-game played onK;_3_o U (r +146)Kj,
player i chooses a vertex v of K; _3_4 and labels it by [ — [@ — (28 — 3)d] at the j*th step. And ifCip () = (v; 1) forsomej > 3,
where v is an unlabeled vertex of K; and | = (2a — 2)d, or 28d < | < o — d (when # = 1), or v is a vertex of rKy, then we
can imagine that on the (d, 1)-game played onK;_3_¢ U (r 4+ 14 0)Kq, player i chooses an isolated vertex v of (r + 1+ 6)K;

and labels it by 0 at the j*th step. Since kz( (K—3 U (r + DKy) < (4d — 1) [52] —6d 4+ 1+ [(t — 2) mod 3]d and
K—a U (r+2)Ky) < (4d — 1) [F2] - 6d + 1+ [t mod 3]d, when & = 0, we have

2(15)
2(15 (K3 U (r+1DKy) + o — 2 —3)d] < (4d — 1) % —6d+1
+[(t — 2) mod 3]d + [@ — (28 — 3)d]
<@4d-1 _%_ — 2d + [(t — 2) mod 3]d,
and when 6 = 1, we have

2(15 J(Kea U (r +2)K) + [ — (28 = 3)d] = (4d — 1) % —6d+ 1+ [t mod 3]d + [« — (28 — 3)d]
<(4d-1) _%_ + [t mod 3]d —d
<@d-1 _%_ — 2d + [(t — 2) mod 3]d.

Thus the smallest number needed to complete this game in this case is no more than (4d — 1) [%1 —2d+[(t—2) mod 3]d.
Since for all cases, the smallest number needed to complete this game is no more than (4d — 1) [ 55| — 2d + [(t —
2) mod 3]d, A4 s, (K UTKD) < (4d — 1) [51] —2d+[(t —2) mod 3]d. O
By Claims 1 and 3, we have ):d (K[ UrKy) < (4d — 1) [52] + [(t — 1) mod 3]d < X‘f{zs | (Ke U rKy). Similarly, by
\S2
(K UrK1) < @d—1)[5]-2d+[(t—2) mod 3]d < A, (K UrKy). Thus the conclusion
Tsy Kn U TKD) < (4d = 1) [%2]+ [(n—1) mod 3]d <
2 (K, UTKy) and xd (K UrKy) < (@d— 1) [51] —2d +[(n—2) mod 3]d < A (K, Urky) foralln > 1,r > 0.
2.5 1) 3 22,5)

Therefore, 19(K, U K;) = - (@d—1) [252] 4 [(n— 1) mod 3]d and A3(K, UTK;) = (4d — 1) [ 5] — 2d + [(n — 2) mod 3]d
foralln>1,r>0. O

Claims 2 and 4, we have A5 | 5

also holds for n = t. By the principle of mathematical induction, A

By setting d = 2 in Theorem 3, we have

Corollary 4. Foralln > 1,23(Ky) = [ 2527 and 23(K,) = [ %~

4. Game L(d, 1)-labeling number of complete bipartite graphs

We study the game L(d, 1)-labeling number of complete bipartite graphs in this section. For convenience, when consider
the graph Ky, ,, we always assume that the partite sets are X, and Xy, where Xo = {uy, ta, ..., Un}, X1 = {v1, v2, ..., Un},
and E(Ki, ») = {ujvj 1 1 <i <m, 1 <j < n}. And for two integers m, n, we use §,, , to denote the number ((m+n) mod 2).

Lemma 5. A4 (Kp ) <2d+m+n—2— 8y, foralld,m,n,d>m>n>2.
Proof. Letp = 2d +m+n — 2 — 6p . For an integer I in Ag U A; U By U By, whereAg = {d,d+ 1,...,d+n—2},A; =
fp—n+2,p—n+3,...,p},Bo={p—d—n+2,p—d—n+3,...,p—d},B; =1{0,1,...,n— 2}, let

I = l+d+m—8m,n, iflEA()UB],
T |l—-d-—m+0pn, ifleA; UBg.

Consider the following strategy S made by Alice. At the first step, set« = 8 = 0, and label u; with the number d + L%"_ZJ

Forallj > 1,if C§ (2j) = (v; ), and there is still some vertices unlabeled, then Alice decides how to move at the (2j + 1)th
step according to the following rules:

Rule 1.If« = 0,v € Xg,andd+n—1 <1< p—d—n+ 1, then choose an unlabeled vertex in Xy and label it by p — L.

Rule2.1fax = 0,v € Xp,andl < d—1orl > p — d + 1, then choose an unlabeled vertex in X; and label it by I', where
Il'=p—n+1ifil<d—1and!' =n—-1ifl>p—d+1,andseta = 1.
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Rule3.1fa = 0,v € Xj,andn—1 <1< |™=2|or2d + | ™=2| < < p — n+ 1, then choose an unlabeled vertex in
Xoand labelitby I, where ' =p —d + 1ifn— 1 <1< | ™=2 |and /' =d — 1if2d 4+ [ ™=2| <1 <p—n+ 1,and set
a=1.

Rule4.1fa = 0, v € X;, | € A; UB;, then choose an unlabeled vertex in X;_; and label it by I*, and increases 8 by 1. After this,
seta =1if g =n.

Rule 5. If « = 1, choose an unlabeled vertex w in X, U X; and label it with an arbitrary number ' in PC?(2j; w) if
PCP(2j; w) # @.

To prove this lemma, we only need to show that Alice can complete the (d, 1)-game played on K, , with the number
p by using the strategy S given above. By the definition of S, if « = 0 after the jth step, then at least one of the numbers
n—1,p —n+ 1isin PCP(j; v) for each unlabeled vertex v in Xy, and at least one of the numbersd — 1,p — d + 1isin
PCP(j; v) for each unlabeled vertex v in Xy. Thus PCP(j; v) # @ for all unlabeled vertices if « = 0 after the jth step. Hence
we only need to show that if « = 0 at the j*th step, and « = 1 after the (j* + 1)th step, then PC?(j; v) # @ for all unlabeled
vertices and all j, j > j* 4 1. Consider the following cases:

Case 1. Cy(j*) = (v; I), where v € Xg,and[ <d — lorl>p—d+ 1.

We only consider that [ < d — 1, the case that | > p — d 4 1 is similar. Note that in this case, ifCip (1) = (wq; 1) for some
wy € Xoandj; < j*, thenly < p—d—n+1.Andif (7 (jo) = (wy; l) for some w, € Xy and j, < j*, thenl, > 2d 4 | ™H2=2 |,
Since at the (j* + 1)th step, Alice chooses an unlabeled vertex in X; and labels it by p — n + 1, after this step, all the numbers
inD; = {p—n+1,p—n+2, ..., p}thatare not used can be used to label the unlabeled vertices in Xy, and all the numbers in
D, ={0,1,...,d+ | ™2=2]} that are not used can be used to label the unlabeled vertices in X,. Therefore, since [D;| > n
and |D,| > m, Alice can complete the (d, 1)-game played on Ky, , with the number p in this case.

Case 2.CY(j*) = (v; ), wherev € Xj,andn — 1 < < | =2 |or2d + | =2 | < <p—n+ 1.

We only consider thatn — 1 < | < | ™=2 | the case that 2d 4+ | ™=2 | < | < p — n + 1is similar. Note that in this
case, if C,-p(il) = (wq; 1) for some w; € Xp and j; < j*, thenl; > d + L Hence if Cip(iz) = (w>; L) for some w, € X; and
j2 < j* thenl, < n — 2.Since at the (j* + 1)th step, Alice chooses an unlabeled vertex in X, and labels it by p — d + 1, after
this step, all the numbersinD; = {0, 1, ..., [} that are not used can be used to label the unlabeled vertices in X1, and all the
numbersinD; = {d + | ™2=2 | d + | ™Z=2 | 4+ 1, ..., p} that are not used can be used to label the unlabeled vertices in

Xo. Therefore, since |D1| > n and |D,| > m, Alice can complete the (d, 1)-game played on K , with the number p in this
case.

Case 3. B = n — 1 at the j*th step and Cg(j*) = (v; ), wherev € X;,l € A; UB,.

In this case, by the definition of S, at the (j* + 1)th step, Alice chooses an unlabeled vertex in X;_; and labels it by I*.
Note that after this step, all the vertices in X; are labeled properly (since 8 increase by 1 after the jth step only if one of the
vertices in X; is labeled at the jth step or at the (j — 1)th step). Let

a=min{l: C{() = (v;]),v € Xpandj <j* + 1}.

Since |[By] < n — 1,d < a < d + n — 2. By the definition of S and a, all the numbers in
{2d + | ™2=2],2d + | ™=2| +1,..., p} that are used to label some vertex in X; are greater than or equal to a + d +
M — 8n,n, and all the numbersin {0, 1, ..., | ™2=2 |} that are used to label some vertex in X are less than or equal to a — d.
Hence after the (j* 4 1)th step, all the numbersinD = {a,a+ 1, ...,a+ m — §,,} that are not used can be used to label
the unlabeled vertices in Xy. Therefore, since |D| > m, Alice can complete the (d, 1)-game played on K;, , with the number
p in this case.

From the cases above, A‘f(l o Kmn) =p < 2d+m+n—2—8n, hence M (Kn.n) < A‘f(l o Kmn) =2d+m+n—2—8np
foralld, mn,d>m>n>2. O

Lemma6. A4 (Ky ) > 2d +m—1— 8y, foralld, m,n,d>m>n> 2.

Proof. Suppose, to the contrary, A¢(Ky,) < 2d + m — 2 — 8;,.n. Let A¢(Kyn.n) = p. Since Aq(Knn) = d + m+n —1,by
Lemma 1,wehavep >d+m+n—1.LetD={0, 1, ..., p}. Ifo(l) = (v; ), where v € X;, then Bob chooses an unlabeled
vertex in X; and labels it by I, where I' = dif| < d — 1,and I' = d — 1if[ > d. In this case, after the second step, at least
2d numbers in D cannot be used to label the vertices in Xp. Since |[D| — 2d < m — 1 < [Xp/|, the (d, 1)-game played on Kp, »
cannot be completed in this case.

If Cf(]) = (v; ), where v € Xy, then Bob chooses an unlabeled vertex in Xy and labels it by I, where I' = d + m — 1 if
l<d+n—2,and!l' = d—1ifl > d+n— 1.1tis easy to verify that in this case, after the second step, at most n — 1 numbers
can be used to label the vertices in X;. Thus the (d, 1)-game played on K, , also cannot be completed in this case.

From the argument above, X‘f(Km,n) =p>2d+m—1—=4dppforalld mn,d>m>n>2. O

Theorem 7. A4 (K ) = 2d +m-+n—2 — 8y, foralld, m,n,d >m>n> 2.
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Proof. ):‘1’ (Km.n) <2d+m+n— 2 — . follows from Lemma 5, hence we only need to show that for any positive integer
p <2d+m+n—3—6;, Bob has a strategy to force the (d, 1)-game played on K, , cannot be completed by using numbers
in{0, 1, ..., p}. By Lemma 6, we may assume thatp > 2d +m — 1 — §,, ,. Consider the following strategy S made by Bob.
Seto = 0.Forallj > 1, if Cf(Zj — 1) = (v; 1), and there is still some vertices unlabeled, then Bob decides how to move at
the (2j)th step according to the following rules:

Rule1.Ifo =0,v e Xg,andle A={d+n—1,d+n,...,d+m — 2 — épn}, then choose an unlabeled vertex in X, and
labelitby2d4+m+n—3 — 8, — L

Rule2.ffa =0,v € Xp,andl <d+n—2orl>d+ m—1— &y, then choose an unlabeled vertex in X, and label it by ',
wherel! =d+m+n—-2ifl<d+n—-2and!/' =d—-1ifl>d+m—1—38,, andseta = 1.

Rule 3.1f @« = 0, v € Xy, then choose an unlabeled vertex in X; and label it by I', where I' = 2d + m — 2 — §,,, if | < L%J
andl'=n—1ifl> | 2| +1,and seta = 1.

Rule 4. If « = 1, choose an unlabeled vertex w in Xo U X; and label it with an arbitrary number I in PC?(2j — 1; w) if
PCP(2j — 1; w) # 0.

By the definition of S, if « = 0 after the jth step, then at least one of the numbers d — 1,d + m + n — 2 is in PCP(j; v)
for each unlabeled vertex v in Xp, and at least one of the numbers 0, p is in PCP (j; v) for each unlabeled vertex v in X;. Thus
PCP(j; v) # ¢ for all unlabeled vertices if « = 0 after the jth step. Since [A| = m — n — §p, , < m, there exists j*, such that
o = 0 at the j*th step, and &« = 1 after the (j* 4 1)th step. Consider the following cases:

Case 1.Cf(j*) = (v; ), wherev € Xp,and | <d+n—2orl>d+m—1—6p,.

In this case, if | < d + n — 2, then Bob chooses an unlabeled vertex in Xy and labels it by d + m 4+ n — 2 at the (j* + 1)th
step. And if | > d + m — 1 — §p,,, then Bob chooses an unlabeled vertex in X, and labels it by d — 1 at the (j* + 1)th step.
Sincep < 2d + m+ n — 3 — &y, after the (j* + 1)th step, at most n — 1 numbers can be used to label the vertices in X;.
Thus the (d, 1)-game played on K, , cannot be completed in this case.

Case 2. CY (j*) = (v; I), where v € X;.
In this case, if | < |_§J then Bob chooses an unlabeled vertex in X; and labels it by 2d + m — 2 — §;, , at the (j* + 1)th

step. And if [ > |_§J + 1, then Bob chooses an unlabeled vertex in X; and labels it by n — 1 at the (* + 1)th step. Since
p < 2d+m+4n— 3 — 8y, after the (j* 4 1)th step, at most m — 1 numbers can be used to label the vertices in Xo. Thus
the (d, 1)-game played on K, , also cannot be completed in this case.

From the argument above, whenp < 2d + m + n — 3 — §,,,, Bob has a strategy to force the (d, 1)-game played

on Ky, , cannot be completed by using numbers in {0, 1, ..., p}. Hence X‘]’(Km,n) >2d+m+n— 2 — 8y and so
MEpn) =2d+m+n—2—8,,foralld, mn,d>m>n>2. O
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