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Abstract

In this paper we study U-bounds in relation to L1-type coercive inequalities and isoperimetric prob-
lems for a class of probability measures on a general metric space RN, d). We prove the equivalence of
an isoperimetric inequality with several other coercive inequalities in this general framework. The useful-
ness of our approach is illustrated by an application to the setting of H-type groups, and an extension to
infinite dimensions.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

An effective technology to study coercive inequalities involving (sub-)gradients and a variety
of probability measures on metric measure spaces was recently introduced in [23]. This approach
was based on so-called U-bounds, that is estimates of the following form
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/|f|qU(d)yqu<Cq/|Vf|qu+Dq/|f|qdﬂ-

Here g € [1, 00), d is a metric associated to the (sub-)gradient V, y,, C,, D, € (0, 00) are con-
stants independent of the function f, and du = e~Y@ d) is a probability measure, where U (d)
is a function that is bounded from below and has suitable growth at infinity, and dA is a natural
underlying measure. While the consequences of the bounds corresponding to g > 1 were exten-
sively explored there, the limiting case was left open. In this paper we show that there is a natural
direct way from U -bounds with ¢ = 1 to isoperimetric information. In fact we show an essential
equivalence of such a bound with an L ®-entropy inequality

Enty, (f) <cp|Vf]

where

Ent? (f) = u®(f) — @ (uf)

is defined with a suitable Orlicz function @, as well as the equivalence with an isoperimetric
inequality with a suitable profile function. We first recall an interesting result of [26] showing
that in case of the Gaussian measures on Euclidean spaces, the functions f such that u|f| < oo
belong to the Orlicz space defined by a function @ (s) = s(log(1 + s))%. Also, on the level of
isoperimetry for probability measures, we would like to recall a comprehensive characterisation
of isoperimetric profiles for measures on the real line obtained in [10] (see also [5,12,14,29]
and references therein) as well as the isoperimetric functional inequalities studied in [8] (see
also [2,3,12,33]). These results provided additional motivation to our work. In particular, in [12]
the authors conjecture that for super-Gaussian distributions one should expect an analogue of
the isoperimetric functional inequality (/FI>) introduced in [8], with a suitable non-Gaussian
isoperimetric function and a different than Euclidean length of the gradient. In [2] (an alternative
to [27]) the authors gave a proof of the p = 1 (sub-)gradient bound

VP fIP < Cp) PV fIP

for the heat kernel on the Heisenberg group, and as a consequence obtained an (/FI,) inequality
in this case. We mention that, for p > 1, gradient bounds were earlier established in [16], while
the logarithmic Sobolev inequality for heat kernels on Heisenberg-type groups was established
in [23].

The other interesting question is what are the optimal equivalent conditions, on the one side
characterising the properties of the semigroup for which the form associated to the generator is
given by the square of a fixed sub-gradient, and on the other side characterising the isoperimetric
properties (e.g. in the form of some isoperimetric functional inequality with a given length of
the sub-gradient). In the particular situation when p = 1 gradient bounds are known, and an
equivalence relation (between (IFI) and the logarithmic Sobolev inequality) was established
in [19]. It seems that we are still away from fully understanding the peculiarity of this situation
and in particular answering the question what kind of additional conditions are necessary to
establish equivalence between conditions of different orders in the length of the gradient (as well
as finding a more direct proof of this equivalence without going through the semigroup route).
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From the point of view of applications to an infinite dimensional probabilistic set-up involving
an infinite product of non-compact Lie groups, it is important that we are dealing with inequalities
satisfying the tensorisation property. Then one can attack the interesting question of for which
non-product measures one can prove similar properties. This question, when the underlying space
is as we wish, appears to have some new challenging features and so far, besides the results
of [24] where logarithmic Sobolev inequalities (LS;), ¢ > 1, are shown for some classes of
measures, not much is known. Therefore in the present paper we also contribute to this topic by
proving tight L ®-entropy inequalities for suitable infinite dimensional Gibbs measures.

The organisation of our paper is as follows. In Section 2, starting from U-bounds, we prove
the L ®-entropy inequality via a route involving “dressing up” the classical Sobolev inequality
and a tightening procedure using a generalised Rothaus type lemma of [28], extended relative
entropy bounds of [20], and the following Cheeger type inequality

wlf —ufl <coulV fl.

In fact, this type of the Cheeger inequality is shown (in Theorem 2.7) to be a simple consequence
of a similar inequality in balls together with U -bounds, provided the function U grows to infinity
with the size of the ball.

In Section 3 we discuss some applications to isoperimetric and functional isoperimetric in-
equalities. Section 4 contains some consequences of the L®-entropy inequality. In particular
this includes the (LS;) inequality and U-bounds. In Theorem 4.5 we summarise all interre-
lations between the properties discussed before. Section 5 is devoted to applications of the
theory developed in the previous sections to the important class of H-type groups, where one
can check the U-bounds for probability measures with density (essentially) dependent on the
Carnot—Carathéodory distance. The interesting outcome, which comes out naturally within the
presented approach, includes a proof of the p = 1 sub-gradient bounds for heat kernels on H-type
groups which could potentially be extended to more complicated non-compact groups. Finally
in Section 6 we prove the L@ -entropy inequalities for non-product probability measures on an
infinite product of H-type groups, which allows us in particular to obtain some new isoperimetric
information. Additionally we prove here the (IFI,) inequality in such a setup; in fact even in the
case of the full gradient setup, this provides an interesting extension of results in [33] allowing
us to include the important case of unbounded interactions.

2. Li%-entropy inequalities from U-bounds

Throughout this paper we will be working in RY equipped with a metric d : RN x RV —
[0, c0) and Lebesgue measure dA. For r > 0, we will set

B(r) = {x: dx) < r},

where d(x) :=d(x, 0).
We will also let V be a general sub-gradient in RY i.e. V is a finite collection {X1, ..., X} of
possibly non-commuting fields. Assume that the divergence of each of these fields with respect

to the Lebesgue measure A on RY is zero. Set A :=>""" | X? and |V f| = (31, (Xi /)23,
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Theorem 2.1. Let U be a locally Lipschitz function on RN, which is bounded from below and

is such that Z = fer d\r < oo. Let du = % dX, so that w is a probability measure on RN .
Suppose that the following classical Sobolev inequality is satisfied

</|f|1+fdx> = <a/|Vf|dx+b/|f|dx (1)

for some constants a, b € [0, 00), ¢ > 0 and all locally Lipschitz functions f, and moreover that
for some A, B € [0, 0c0) we have

1(1£1(1U1F +1VU1)) < AulV £+ Bul f| 2)

for some B € (0, 1] and all such f. Then there exist constants C, D € [0, 00) such that

M(Ifl

for all locally Lipschitz functions f.

L1
wlfl

B
log )<CMIVf|+DM|fI 3)

Remark 2.2. Inequality (1) should be interpreted as a condition on the gradient V.
Proof. Without loss of generality, we may suppose that f > 0 and U > 0. Indeed, otherwise we

may apply (3) to the positive and negative parts of f separately. Moreover, if U > —K, with
K >0, we have that U + K > 0 and then we can replace f by fe X in (3).

First note that
B B
log—‘ ) ( |:10g+/j;] )+u<f[10g%] 1{.f<uf})

< M(f[log i]ﬂ) +ePBAup)
~ + Mf E)

where we have used that sup, ¢ 1) x(log %)5 =e¢ PP with x = % Thus it suffices to prove
that ‘

B
M(f[10g+ M—];] )<C,u|Vf|+DM(f), “4)

with some constants C, D € (0, o) independent of f. Suppose that u(f) = 1. With F = feV
and ¢ € (0, 1) sufficiently small, we have

B
fF[log+(F)]ﬁd/\= f F[élog(Fg)} da. (5)
(F21)

Now, by Jensen’s inequality (since, for 8 € (0, 1], the function (log x)? is concave on x > 1)
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/ F[élog(ﬁ)rdx:f”i;m / . d m[log(Fs)]ﬂdx

{(F=1} {(F=1}

1
<f{F>l}de[1o f{F>1}F +sd)\i|ﬂ
gb f{F>1}FdA

(1+8)ﬂf{F>]}FdA [1 (LF>1}F +e dA)1+s:|
= 0
ef (f{p>1}Fd)\)”£

(1+s)ﬂf{F>”Fd)\ (Jipsy F'T° e dn)Tie
< 5 log +1],
€ (f{F>1}de)1+a

using the simple fact that xP < x + 1 forall x > 0. Thus, since logx <x—1forall x >0,

X o

/ F llog(FS):|ﬂdA (1+e)F f{F>1}Fd)‘|:(f{F>1}F1+ dk)1+g:|‘
(F>1 ’ (fF>l Fd)\,)H-S

Since we have assumed that w(f) = 1, we have
/ feVdr/z= / Fd\/Z<1
(fe"U>1} {(F=1}
so that

1 zr
C < Fd)
sy Fanme — Jirzy

Thus

3 1
1 B 1 Bz 1+ T+e
Fl Log(Fe) | an< U2 ( pree gy
€ eb

(F>1)
1 +e)fzr
< %(a/W(F)’dA—{—bZ),
&

provided ¢ > 0 is chosen sufficiently small so that in the last step we can apply the classical
Sobolev inequality (1). Dividing both sides by the normalisation factor Z and recalling F =
fe~Y, this implies

/ f[10g+(fefu)]ﬁ du < aiplV I+ eu(fIVU]) + a3, (6)
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with dp = Le Udrand ¢; = ¢y = (1 + &)PazZ ™ /eF, c3 = (1 + £)PbZ T /&P . Now consider
the left-hand side of (6). Since 8 € (0, 1], (x — y)ﬁ >xf — y/3 for x > y > 0. Applying this with
x =log f and y =U > 0, we have

[ loe (e V) an= [ paoes - vy an

{f=eV}
/ Fdlog )P dpu — / FUP dp
{f=eV} {f=eV}
— u(fllog, f1F) — / Fllog ) du
(1< r<gely
- / FUPdp
{(f=elV}
> u(fllog, £1F) — / FUP dp.
{1<f}

Combining this with (6) we see that

w(fllog, 1F) < etV f1+cau(fIVU]) + 3+ f fUPdu
(1< f)
ciu|V f| + max{cs, I}M(f(Uﬁ+|VU|))+C3

<
< (c1 +max{ca, IJA) |V f| + 3 + max{c2, 1} B,

where we have used (2) in the last step. Finally, for general f > 0, we apply the above inequality
to f/u(f) toarrive at (4). O

As a corollary, we can also state the following perturbation result.

Corollary 2.3. Let U and pu be as in Theorem 2.1, and suppose conditions (1) and (2) are
satisfied. Let W be a locally Lipschitz function such that [ e Vdu <ooand

VW <S(IUIP+ VU +C©), WP <ao(|UIP +|VU|) +a (7)

almost everywhere, with some 0 < § < % and C(6), ag, a1 € (0, 00). Then there exist constants
C and D such that, for all locally Lipschitz functions f,

B )
ﬁ(|f|’10g~'i ><Cﬁ|Vf|+Dmf|, ®)
il f

where [i is the probability measure on RN given by ji(d)) = e_Wu,(dk)/Zﬂ, with Z; =
ule=").
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Proof. Take f > 0. Since (2) holds by assumption, we can apply it to the function fe~"W. This
yields

A(f(IUIF +1VU))) < ARIVfI + AR(FIVW]) + Bi(f)
ARV +8AR(F(IUIP +|VUI)) + (B + AC(®))ii(f)

using (7). Thus, since §A < 1, we have that
a(f(UIP +1VUI)) < ARIVFI + BAa(f) ©)

for A = A/(1—6A), B= (B+AC())/(1 —58A). Replacing f by fe_W in (3) of Theorem 2.1,
we get

B
) SCRIV I+ Ca(fIVWI) + Da(f).

lo
(f ’ o8 ll(f)Z

Using this together with (9) and the elementary inequality (x + y)# < x# + y# which holds when
x,y>0and g € (0, 1] yields

. f ﬁ)
“(f‘logﬁm
SCAVEI+a(f(IWP +CIVWI)) + (D + log Za|P) i (f)

< CAIV f| +agmax{1, CYa(f (1UIP + IVUI)) + (a1 + D + |log Zz|P) (/)
< CRIVFI+ Da(f),

where C = C + agmax{1, C}A and D =a; + D + |log Zﬂlﬁ + agmax{1, C}B. The inequality
for general f follows in similar way by applying the above inequality to the positive and negative
parts of f separately. O

The resulting inequality in Theorem 2.1 is a defective inequality, in the sense that it contains a
term involving w| f| on the right-hand side. For our purposes this type of inequality is not strong
enough, and therefore we now aim to prove a tightened inequality of the following form

Entf (| f1) := n(@(1£1)) — @ (1l f1) <enlV [l (10)

where @ (x) = x(log(1 + X)), B € (0,1], and ¢ € (0, c0) is a constant independent of f. We
accomplish this in the situation (see Theorem 2.5 below) when we have the following Cheeger
type inequality

plf = nfl < coulV [l

with a constant cg € (0, oo) independent of f.
A bound of the form described in (10) will be called in what follows an L @ -entropy inequal-
ity. It is an example of a (non-homogeneous) additive @-entropy inequality, as studied in [5]
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and [15]. To arrive at the desired inequality, our strategy will be as follows. We will first use
Theorem 2.1 to prove a defective L@ -entropy inequality, that is an inequality of a similar form
but containing additionally on its right-hand side a term proportional to w| f|. Then we will adapt
some ideas of Rothaus [30], generalised in [12], to show that such a defective inequality can be
tightened. We begin by proving the following lemma.

Lemma 2.4. Let @ (x) = x(log(1 + x))?, B € (0, 1] and let 11 be a given probability measure.
Then there exists a constant k € [0, 00) such that for any functions f and g satisfying 0 < g < f,

wf < oo, one has
@ A\
Ent () < M<f|:10g+(ﬁ>:| ) +rep(f).

Proof. We have that

Ent? (¢) = u(g[(log(1 + &))" — (log(1 + 1g))"])

oo )
ool 2]

since g < f. Set F(x) := (log(1 + x))? for x € [0, 00). Then F is increasing and concave.
Moreover, there exists a constant 6 € (0, 00) such that x F’'(x) < 6 for all x. Following [20], we
now claim that

xF(y) <xF(x)+0y 12)
for all x, y > 0. Indeed, if y < x this is trivial. If x < y, we have

F(y) - F(x)

x(F(y) — F(x)) nyT(y —x) <xF'(x)y
< 6y.
Setting x = if and y = % in (12) and integrating both sides with respect to the measure u
yields

(oo )Y es (s )] )

B
Ent] (g) < u(f[10g<1 + %)} ) +Ou(f). (13)

Thus, by (11)
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(e 5ol ) )
o )

B 21\
< (log2) u(f)+u<f[log<ﬁ>] 1{f2uf})

= (log2)? u(f)

F\1°
+u<f[log2+10g(ﬁ)} 1{f>uf})

B
< 2(log2)? u(f) +“<f|:log+<%>:| )

using once again the inequality (x 4+ y)# < x# + y# for x, y > 0 and 8 € (0, 1]. Combining this
with (13), we arrive at

B
Ent? (g) < M(f[10g+ <M—J;)] ) + (2(10g2)? +6) (),
which completes the proof. O

Theorem 2.5. Suppose U, A and 11 are as in Theorem 2.1. In addition, suppose that the following
Cheeger type inequality holds

plf —nfl < conlVfl (14)

for some co > 0 and all locally Lipschitz functions f. Then there exists ¢ € (0, 00) such that (10)
holds, i.e. for any locally Lipschitz function f, we have

Ent? (| f]) <culVfl.
where @ (x) = x(log(1 + x))~.

Proof. By Lemma A.1 of the appendix of [28], we have that there exist constants & and b such
that

Ent (f?) <aEnt} ((f — nf)?) +bu(f — uf)*.
Thus, for any ¢ € R, we have that
1y2
Ent?|f 41| =Ent?[(|f +1]7)7]

<GENt?[(1f +112 — ulf +112)" ] +bu(1f +112 —ulf +112)% (15)
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Let G = (|f—|—t|% —,u|f~|—t|%)2. Note that we can write

2
G=(f+1t12 —ulf +112) = </|f(w)+;}% _ |f(5))+t|5du(a)))
</(|f(w)+t|% - |f(67))+t|%)2du(d))

< / /(@) — F@)]du@)
<11+ ulf.

using the elementary inequality ||x + t|% — |y +1| %l <|x— y|% in the last but one step. Hence,
we have by (15) that

Ent? |f + 1| <aEnt (G) + 2bpu| f|. (16)

Since 0 < G < | f| + u| f], by Lemma 2.4 and Theorem 2.1, we have

B
Ent? (G) < u((lfl + lel)[10g+ %} ) +2eulf]
< CuIVfI+2D + )l fl. (17)

Combining (16) and (17) yields

supEnt? | f + 1| <aCu|V f|+2(a(D + k) + b)ul f1. (18)
teR

This implies the following bound

Ent?| f| <aCu|V f|+2(@(D +x) + b)ul f — ufl. (19)

Finally we can apply the Cheeger type inequality (14) to the last term on the right-hand side
of (19) to arrive at

Ent} (| f1) <cplV /L,
with ¢ =aC + 2co(@(D 4+ «) +b). O

In the same spirit as Corollary 2.3, this inequality is stable under perturbations of the following
type.

Corollary 2.6. Let U, A and u be as in Theorem 2.1. Suppose also that the Cheeger type

inequality (14) holds. As in Corollary 2.3, let W be a real function which is locally Lipschitz
and such that [ e=" dj < oo and

VW <S(IUIP+ VU +C©), WP <ao(|UIP +|VU|) +a
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for some § < %, C(3),ap,a; € (0,00) and B € (0, 1]. Moreover, let V be a measurable function
such that

osc(V)=supV —inf V < o0.
Then there exists a constant ¢ such that, for all locally Lipschitz functions f,
Ent (/1) <éalvfl,
where [i is the probability measure on RN given by
idr) =e """V udr/z,
with a normalisation constant 7 € (0, 00) and @ (x) = x(log(1 + x))E.

Proof. In the case V = 0, the result is obtained by following the proof of Theorem 2.5, using
Corollary 2.3 where necessary. In the case V # 0, by Lemma 3.4.2 of [1], we may write

Ent7(1f1) = [E[iggo)ﬂ@(lfl) — 'O (IfI—1) — (1))

eaxc(V)ZO . / o
< T:e%&&)f@('ﬂ) @@ (1f1-1) - 0w) "~ dn

where Zg = [e ~W d . Applying the above case when V = 0 to the measure &— d W yields

® osc(V)
Ent? (| f1) < /IVfI—dM
< / 2()3L(V)"|Vf|
for some constant ¢’, so that the result holds. O
In Theorem 2.5 we assume that the Cheeger type inequality (14) holds, together with inequal-
ities (1) and (2). However, we note below that under some conditions it is possible to deduce the

Cheeger type inequality directly from a weaker version of the U-bound (2), using the method
in [23].

Theorem 2.7. Let du = % d be probability measure on RN, and suppose that the following
inequality is satisfied

w(f1U1P) < AplV f|+ Bulfl, (20)

for some B > 0 and all locally Lipschitz functions f. Suppose also that:
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(a) for any L > 0 there exists r =r (L) € (0, 00) such that

[lUP <L} B(r) (1)

for some ball B(r) of radius r;
(b) forr =r(L) there exists m, € (0, 00) such that the following Poincaré inequality in the ball
B(r) is satisfied

1 1
/‘f_k(B(r)) / fdk‘dkgm_r / e =

B(r) B(r) B(r)
for all suitable functions f.

Then there exists a constant cq such that

ulf —ufl <conlVfl

for all locally Lipschitz functions f.

Proof. We have that
wlf —ufl <2ulf —m|
for all m € R. Now for L > 0 we have
wlf —ml <u(lf —myyp<ny) +0(lf —mlyyssr)- (23)

We have that {|U|5 < L} C B(r) for some r = r(L) € (0, 00), so that putting m = m X
f B(r) S dA, and noting that on the set {|U | < R} there exists a constant A, such that

Lgd_ﬂgAr’
A, S dx

we can bound the first term using assumption (a). Indeed,

1
“(|f—m|1{|UﬁgL})<Ar/‘f— /fd/\‘dk

A(B(r))
B(r) B(r)
A, A?
<— [ IVfldi< —ulVf] (24)
my m;
B(r)

using (22). On the other hand, using (20), we have
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: w(lf —ml|UP)

1 _
w(lf =milyp>ry) < T
A
Z wIV i+ le m. (25)
Using estimates (24) and (25) in (23), and taking L large enough ends the proof. O

We can now combine all the results of this section into the following theorem.

Theorem 2.8. Let U, A and i be as in Theorem 2.1.
Suppose also that conditions (a) and (b) of Theorem 2.7 are satisfied. Then there exists ¢ €
(0, 00) such that (10) holds, i.e.

Ent? (| f1) < culVf]
for all locally Lipschitz functions f, where ® (x) = x(log(1 + x))P.

To conclude this section, we finally note that the L®-entropy inequality (10) can be ten-
sorised in the following sense.

Lemma 2.9 (Tensorisation). Let I be a finite index set, and v;,i € I be probability measures.
Set vy := Q); ¢y Vi- Suppose that for each i € 1, v; satisfies the L1 ®-entropy inequality (10) with
a constant c(i) € (0, 00). Then so does vy with constant max;cy{c(i)}.

Proof. The proof follows by induction. The key observation is as follows: for J C I and k ¢ J,
one has

@@ (f) — Pk @ vy f) = (v ®(f) — Dy [))
+ (@ Ws ) —@(v(vs 1))

< Vk(ZC]VJ|ij|> + crve| Vivs f

jelJ

< max(cy, ck) Z v @ vy |V fl. O
JjeJUk

3. Isoperimetric inequalities

In this section our aim is to derive isoperimetric information for the measure p starting from
L1 ®-entropy inequalities. We assume that y is non-atomic and that the distance d on RY is
related to the modulus of the gradient of a function f : RY — R by

|V £1(x) = limsup @ = Fol (26)

dx,yio  dx,y)

As usual, we define the surface measure of a Borel set A ¢ RY by
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Af\ A
uH(A) = liminf LA A
el0 &

where A° = {x e R": d(x, A) < ¢} is the (open) e-neighbourhood of A (with respect to d). We
are concerned with a problem of estimating the isoperimetric profile of the measure u, that is a
function Z,, : [0, 1] — R™ defined by

Z,.(t) =inf{u" (A): A Borel such that u(A) =1}

(with Z,,(0) =Z,,(1) = 0). By definition it is the largest function such that the following isoperi-
metric inequality holds

T, (1(A)) < it (A). @7)

For ¢ > 1 and p such that 5 + % =1, we define functions U, = f, o Fp_l where f), is the
P

density of the measure dv,(x) = £ le‘ dx on R and F [/, = fp (here, |x| denotes the Euclidean

norm of x € R). This is motivated by the fact that I{; is the isoperimetric function of v, in

1
dimension 1. It is known (see [12]) that U, (¢) is symmetric and behaves like G (1) = t(log(%))g
near the origin so that for some constant L, > 0, we have

Lic(min(t, 1 — 1)) <Uy (1) < LyG(min(r, 1 — 1)) (28)
q

for all ¢ € [0, 1].
Theorem 3.1. Assume that the L|® -entropy inequality
Ent? (| f]) < culVf]
holds for some constant ¢ € (0,00) and all locally Lipschitz functions f, where ®(x) =
x(log(14x))? and B € (0, 1]. Then I,z %Uq with some constant ¢ > 0, g = % and the measure
W satisfies an isoperimetric inequality of the form
Uy (1) < (A) (29)

for all a Borel sets A of measure t = w(A).

Proof. When applied to a non-negative function f such that uf = 1, the L ®-entropy inequality
becomes

un(f (g + 1)” — (og2)?)) <cnlV £,

which implies that for all non-negative f (not identically 0) we have

B
u(f(<10g<1 + i)) = <1og2>/’)> <culV I, (30)
wf
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Let A be a Borel set with measure ¢t = (A). To start with, suppose that ¢ € [0, %]. We can
approximate the indicator function of A by a sequence of Lipschitz functions ( f;,),en satisfying

limsup |V f| < n*(A)

n—oo

(see [10, Lemma 3.5]). Taking f;, in (30) and passing to the limit as n — oo yields

1 B
t((log(l + ;>> - (1og2)ﬂ> et (A). (31)

‘We now observe that for ¢ € [0, %] we have

1\\? 1\\*
n<log<;>> <(10g<1+?>> —(10g2)ﬁ (32)

with n = (%)/3 — 1> 0. This implies

B
t<1og<l>> < Suta, (33)
t n

forall ¢ € [0, %]. Thus, by the equivalence relation (28), we have that
Uy (1) <t (A) (34)

forall 7 €0, 3], with & = £L,,.
Now suppose that r = u(A) € (%, 1]. For functions f € [0, 1], we can apply (30) to 1 — f,

which yields
1-1\\* 5
u((l—f)<<10g<l+ )) — (log2) )) SculV Sl
1 —uf

If we now take f, in this inequality (where ( f;,),eN is again the Lipschitz approximation of the
characteristic function of A) and pass to the limit as n — oo, we see that

1 B
(1- t)((log(l + :)) - (10g2)’3> <ept(A).

Writing s =1 —¢ € [0, %) and using (32) now gives

8
s(log(l)> <Suta). (35)
s 0

Thus by (28) again, we have Uy (1 — 1) = U, (s) < put(A) forall 7 € (%, 1] with ¢ = %Lq. By

symmetry of U4, therefore U, (t) < cut(A) fort e (%, 1], which combined with (34) yields the
result. O
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An important corollary of this result is the following:
Corollary 3.2. Assume that the L1 ®-entropy inequality

Ent? (| f]) <culVf

holds for some constant ¢ € (0,00) and all locally Lipschitz functions f, where ®(x) =
x(log(1 + )P and B € (0, 1]. Then there exists a constant co such that

wlf = nfl < conlV fl. (36)

Proof. We note thatif 8 =1/q,

1. 1 Va —(og2)la
Uy (t) 2 —min(t, 1 —t)log| ——— > ———— min(t, 1 —1).
L, min(z, 1 —t) L,

Thus by Theorem 3.1, we have that

L
min(t, 1 — 1) < é—2—ut(A),

for t = w(A), which is Cheeger’s isoperimetric inequality on sets. This is equivalent (up to a
constant) to its functional form

plf = ufl < comlV £l
(see for example [11]). O
Following an argument of [26] we can pass from the isoperimetric statement above to in-

equality (4). We note that in our general setting, the following coarea inequality is available, (for
a proof see e.g. [10, Lemma 3.2]),

IV f1 >fu+({f > s})ds 37)

R

for locally Lipschitz functions f.

Proposition 3.3. If the measure | satisfies an isoperimetric inequality of the form (29), then
there exist constants K, K’ > 0 such that

u(fog, /) <KpIVfI+K' (38)

for all positive locally Lipschitz functions f such that u(f) =1, where = é
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Proof. Let f be non-negative, with p(f) = 1. The coarea inequality (37) together with our
assumption imply

1
pIv > /u*({f > s})ds > g/uq(u«({f > 51)) ds
R R

Now, by Markov’s 1nequahty ,u({f >sh) < u({f >2) < 7 when s > 2. Therefore, since
Uy (t) > t(log( ))q for ¢t < by (28),

/Uq f > s} ) Z/{q(u({f > s}))ds
0

1

v 1 q
2/“({f>S})<1°g<u<{f>s})>> @
[t oe( o))
J - S Ldr>sh

2 1

1 1 q
[ — 1 - d
LqO/M({f>S})<0g(u({f>s}))) ’

1 r 1 q 2
> — 1 _— ds — —M,
° 1, O/“({f>”)(°g<u<{f>s})>) L

where M = sup, (g 1} (log %)’3 . Next, again by Markov’s inequality, u({ f > s}) < % Therefore,
when s > 1 we have

1
log —— > logs
n{f >sh
and we always have logm 0. Therefore, log T7=D f>s} > log, s, which implies
1 2M 1
Vflz— | A ds — — > — 1 Ay —
W12 2 [ Gog 9 u(ls > 1) ds = 2> Sl dog, )
R

with K = ?TA’; + 1. To see the last inequality, let F'(s) = f(; (log, NP dt and H(s) = s(log, $)B—s.
Then F(s) > 0> H(s) on [0,e] and when s > e F'(s) = (logs)? and H'(s) = (logs)? +
B(logs)P~! — 1. Therefore, since logs > 1 and B € (0, 1], F' > H' for s > e from which it
follows that F > H on [0, co). Therefore,
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[og (i = s1)ds = [ Fom(ir = sn)s

0

= u(F(f))

> w(H(f))

= u(fogy )P) — u(f)
=u(flog, HP)-1. O

Remark 3.4. With the above results, we have thus shown the equivalence of the L ®-entropy in-
equality with the isoperimetric inequality (29) and with inequality (38) together with the Cheeger
inequality (36); see Theorem 4.5 below.

Remark 3.5. When + = q = 2, the function U/, represents the Gaussian isoperimetric function. In

this case, the isoperimetric inequality (29) is known to be equivalent to the following inequalities
introduced by Bobkov in [8] and [9]:

Ua(1() < (Ua () + IV £1), (39)
Un(()) < (Y Ua(f)2 + IV £ 1) (40)

for all locally Lipschitz f : R — [0, 1]. The equivalence of these inequalities in this case follows
by a transportation argument which uses the fact that the standard Gaussian measure y on R
satisfies (39) and (40) with ¢ = 1 (see [6, Proposition 5]).

Remark 3.6. Suppose that the measure p satisfies an L @-entropy inequality on a metric space
(M, d). Suppose that on the product space (M", d,, u®") we have |V f| =31, |V; f|, where
Vi denotes differentiation with respect to the i th coordinate and where the moduli of the gradients
are defined via (26) with the supremum distance. The tensorisation property of the L ®-entropy
(Lemma 2.9) then allows us to obtain isoperimetric information on the product space (where the
surface measure is now defined with respect to supremum distance). This problem was consid-
ered in [4].

4. Consequences of L®-entropy inequalities

In this section we look at some consequences of the L@ -entropy inequality

Ent}} (| /1) < culVfl, (4D

with @ (x) = x(log(1 + x))B, B € (0, 1], for a general probability measure p. The first result
shows that this inequality implies a g-logarithmic Sobolev inequality, as studied in [12] and [23].

Theorem 4.1. Let (1 be an arbltrary probablllty measure which satisfies the L1® -entropy in-
equality (41) for some B € [ 2, 1] and set ¢ = ;3 € [1, 2]. Then there exists a constant ¢, such that
the following (LS,) inequality holds
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a1 Ifl" p
p{ 1171 L7 S gVl (42)

for all locally Lipschitz functions f.

Proof. Without loss of generality we assume that f > 0. Applying L @-entropy inequality (41)
to the function f/uf, we obtain the following homogeneous version

B
u(f[10g<1 + %)} ) <culV 1+ (og 2P u(f). 43)

We apply this inequality to the function g = f(1 4 log(1 + £))'=# > f > 0, where f is such
that () = 1. Note that £(g) > 1. Then we have

B
/L<g|:log<l+i>] ):M(f(l+10g(1—+—f))l_ﬂ|:log<l—i-i
ng HE

,u(f (1+1log(1 +f)) |:10g<1 +Mi>

ool ) o 211

> M<f10g<1 + —)) = u(flog(ug + f)) —log 1u(g)

WV

> u(flog(l+ f)) — 1u(g).

Thus for all £ >0 with u(f) =1,

w(flog(1+ 1)) <en|V(F(1+1og( + ) 7P|+ (log2)? + 1)u(e)
<ep((1+log(l + f))17ﬂ|Vf|)

f 1
+et-mu( g e “

+ ((1og2)? + 1) u(g)
<en((1+1log(1+ N) PIVI) + e = pulvs
+ ((log2)? + 1) u(g). (45)

Since we have assumed 8 > 2, we have 1 — 8 < 8 and hence
(@) =pn(f(1+log(1+ 1) ) <1+ pu(flog1 + H]'F)

< u(fogd + N]P) +2
<cplVFI+ (log2)f +2
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by another application of the L ®-entropy inequality (43) in the last step. Using this in (44), we
see that for general f > 0,

oo ) (oo ) o)

+c(2— B+ (0g2)P)ulV f1+ ((log2)? +2)°u(f).  (46)

Replacing f by f9 with g = % in the above yields

g 1 £V e
M(f 10g<1+M—fq>>éqcu<<1+log<l+u—fq)) f |Vf|>

+¢q(2— B+ (og2)?)u(r4 1V £1)

+ ((log2)? +2)7u(£4)

G ()
< » ul f + log +uf‘1

+ (g +e2— B+ <1og2>ﬂ)>ulvf|"

+ <%(2 — B+ (10g2)") + ((log2)? + 2)2>M(fq)

where ¢ > 0 and we have applied Young’s inequality with indices % + % = 1. Choosing

gceP~1/p < 1, we can simplify this bound as follows

q
u(f" 10g<1 + Mf—fq» SC'ulV f194 D' u(f7)

where
o fte@—prdogf) G- f+0e2)) + (log2)f +2)°
- 1— geeP—! ’ - 1— geeP—! ’
12 J2

From this one obtains the defective (LS,), which for all f > 0 such that ©(f9) =1 can be
equivalently represented as

1(flog f1) <C'wIVfI?+ D' (47)

Let us now recall that by Corollary 3.2, our assumption implies that there exists a constant cg
such that

mlf —ufl < coulV fl.
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From this inequality we can use the arguments of [12, Chapter 2] to deduce that there exists a
constant ¢, such that

wlf —pfl? <cqulV f19.

Finally, by Rothaus-type arguments ([12, Chapter 3], see also Appendix B), we can then remove
the defective term in (47) to arrive at the result. O

Theorem 4.1 has a number of corollaries, which follow from known results about the g-
logarithmic Sobolev inequality (LS, ) contained in [12] and [23]. We mention here the following

one, which is important for our purposes.

Corollary 4.2. Let (v be an arbitrary probability measure which satisfies the L1 ®-entropy in-
equality (41) with B € [%, 1]. Suppose f is a locally Lipschitz function such that

V9 <af +b (48)

with g = % for some constants a, b € [0, 00). Then for all t > O sufficiently small
,u(e[f ) < oo.
Proof. Follows from Theorem 4.5 of [23]. O

In Section 2 we proved that, under some conditions, if du = % dA is a probability measure
which satisfies a Cheeger type inequality of the form (14), and a U-bound of the form

w(FI[IUNP +|VUI]) < AplV £1+ Bl £, (49)
then the L @-entropy inequality (41) holds.
We now aim to show the converse i.e. that under some weak conditions, the L|®-entropy
inequality (41) implies a bound of the form (49). We first prove the following useful lemma.
Lemma 4.3. Let ju be a probability measure. Then

u(fhy <s~'Enty (f) +s7'O(sh) (50)

for all s > 0 and suitable functions f,h > 0 such that u(f) = 1, where @ (x) = x(log(1l +
)P, B = 5 €(0,1] and

O (h) = (6 + (log2)? + (log ue)")
with 6 = sup, > Bx(log(1 +x))#~1 /(1 4 x).
Moreover, suppose that | satisfies the L1®-entropy inequality (41) for some B € [%, 1] with

constant ¢, and that g > 0 is a locally Lipschitz function such that

IVgl? <ag+b (51)
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for some constants a, b € (0, 00). Then O (sP gP) < oo for sufficiently small s > 0, and

n(ref) < ﬁu|Vf| + 5 S0(sP P (). (52)
for all locally Lipschitz functions f > 0.

Proof. We remark first that for functions f, 72 > 0, uf =1, with s € (0, c0) and 8 = % € (0, 1),
we have

n(fh) =s""u(f(loge ™))’
< esth p 4 s
<s u| fllogl 1 + ——— stlhq X(e > ue )
+57 (log ue®™ ) ().

By the generalised relative entropy inequality of [20], we have

oS 1h B f B
ul (o145 ) ) < (ox(1+ L)) oms
<Ent (f) + (0 + (log2)P ),
since wf = 1. We therefore get the following bound
w(fh) <s~'Ent® (f) +571(0 + (log2)? + (log ue*™)?). (53)
This ends the proof of the first part of the lemma.
1
Replacing by gf = g4 and s by s? in (53), we see that the second part is a consequence of

Corollary 4.2. O

Theorem 4.4. Let dyu = % d\ be a probability measure on RN, with U a locally Lipschitz
function bounded from below. Suppose w satisfies the L1 ®-entropy inequality (41) for some
Bely. 1

Suppose also that

IVU| <alU|P +b (54)
for some constants a, b € (0, 00). Then there exist constants A, B € [0, 00) such that
w(If1(IU1F +VU)) < AplV fI + Bl f1, (55)

for all locally Lipschitz f.
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Proof. Let f > 0. We may also suppose that U > 0 (otherwise we can shift it by a constant).
Note that from (54), it follows that

IVU|? <aU +b

with g = % Hence we may apply Lemma 4.3, to see that

c c
w(fUP) < GV I+ 50U )uf)

with @ (sPUP) < o for sufficiently small s. O
The following theorem summarises the results of the paper so far.

Theorem 4.5. Let y be a non-atomic probability measure on (RN, d), |V f| be given by (26)
and q > 1. Then the following statements are equivalent:

(i)
Ent] (1f]) <culVfI,

1
where @ (x) = x(log(1 + x))4, for some constant ¢ € (0, 00) and all locally Lipschitz f;
(ii)

f 1/q ,
M<f<10g+ /Tf> ) < KulVfl+K'uf,

for some K > 0 and

mlf —ufl <conlV £l

with some cq € (0, 00) and all locally Lipschitz f > 0;
(iii)

Uy (1) < (A),
for some ¢ > 0 and all Borel sets A of measure t = jL(A).
Moreover, for q € (1,2] statements (1)—(iii) imply
@iv)

[f14
wlfle

M(Iflqlog ><C’M|Vf|q (LSy)

for some C' € (0, 00) and all locally Lipschitz functions f,
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and

)

Un(uf) < iy JUB(F) + €7V 2 (IFD)

for some C" € (0, 00) and all locally Lipschitz functions 0 < f < 1.

Finally, suppose that the probability measure [ is given by pu(dx) = % dA for some locally
Lipschitz function U on RN which is bounded from below. Suppose that the measure d. satisfies
the classical Sobolev inequality (1) together with the Poincaré inequality in balls (22), and that
VL > 0 there exists r =r (L) such that {U < L} C B(r). In this situation the following U -bound

w(LF1(1U1F 4+ VU1)) < AlV f1+ Bl f| (56)
for all locally Lipschitz functions and constants A, B € [0, 00), B € (0, 1], implies that statements

(1)—(ii) hold with g = % If in addition we have that (54) holds i.e. there exist constants a, b such
that

IVU|<aUP +b
then (56) is actually equivalent to the statements (i1)—(iii).
Proof. (ii) = (i) was shown in Section 2. (i) = (iii) is proved in Theorem 3.1. Finally, Proposi-
tion 3.3 together with Corollary 3.2 show that (iii) = (ii). The rest of the theorem, except (v), is

a restatement of the results of Section 2 and the current one.
To see (v) we notice that using (28) for small ¢ > 0 (as well as small 1 — ¢ > 0) we have

Un (1) < Coldy (1)
with some C_‘o € (0, 00), and thus there is a constant Ce (0, o0) such that for all # € (0, 1)

Us(1) < ClUy (1),
Hence, by (iii), we have the following isoperimetric relation

U (1) < Cut(A)
for any set A with (A) = t. This isoperimetric inequality was shown in [6, Proposition 5] to
be equivalent to (IFI>) in the setting of Riemannian manifolds. The proof remains valid in our
setting once we note that the co-area inequality (37) is available. O
Remark 4.6. We remark that generally perturbation of (IFI;) is a difficult matter if the un-

bounded log of the density is involved. Our route via U-bounds allows us to achieve that very
effectively.
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Secondly, as conjectured in [12] for g € (1,2] it would be natural to expect the following
functional isoperimetric inequality with optimal isoperimetric function

Uy (f) < u U () + Cyl Y F14 (IFly)

with some C, € (0, co) for all locally Lipschitz functions 0 < f < 1. One of the motivations
for such a relation is that (as shown in [12]) it implies (LS, ). Using (/FI;) and the relation of [,
norms, in finite dimension one can see that

Un(uf) < U () + CHIV 1L,

In the right-hand side, using the asymptotic relation between isoperimetric functions, one could
also replace U> with U, . The question remains if adjusting the left-hand side in a similar way
would still preserve the inequality in the desired sharp form.

5. Application of results

In order to see where these results can be applied, suppose we are still working in the general
situation described at the start of this paper, and define a probability measure
o—ad?

Z

duy = dr (57)

on RV, with o > 0, p € (1, 00) and normalisation constant Z. Recall that here d : RN x RN —
[0, co) is a metric on RY. We have the following result which can be found in [23].

Proposition 5.1. Let ., be given by (57). Suppose that we have

(i

(ii

) é < |Vd| < 1 almost everywhere for some o € [1, 00);
) Ad < K +apedP~! on {x: d(x) > 1}, for some K € [0, 00), ¢ € [0, ﬁ).

Then there exist constants A, B € [0, 00) such that

wp(1£1aP~") < ApplV f1+ Bupl f]
for all locally Lipschitz functions f.

This proposition gives conditions under which the bound (56) in Theorem 4.5 holds for a
particular choice of U and 8. Indeed, we thus have the following corollary:

Corollary 5.2. Let (1), be given by (57). Suppose that conditions (i) and (ii) of Proposition 5.1 are
satisfied. Suppose also that the measure d) satisfies the classical Sobolev inequality (1) together
with the Poincaré inequality in balls (22). Then inequalities (1)—(iii) of Theorem 4.5 are satisfied,
with g such that + +1 =1.

Moreover, if p > 2 (iv)—(v) are also true.
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Proof. For U = ad? and 8 = cl, we have

wp(1F1(UP +1VU1)) < pp(1 1P dPP + apd?~"))
< (o +ap)up(1£1477").

Therefore by Proposition 5.1, we have

w(IF1(UP +1VUI) < AulV f1+ Bl f]
where A = (a + ap)A and B = (¢ + ap) B. Thus we can apply Theorem 4.5. O

We can perturb the measure in this result and all the inequalities will hold for the perturbed
measure, as follows.

Corollary 5.3. Ler dji = e_W_V/Z dup be the probability measure described in Corollary 2.6
with unbounded locally Lipschitz W and bounded measurable V. Then [1 enjoys all properties
as wp in Corollary 5.2.

Remark 5.4. The conditions of Corollary 5.2 are easily seen to be satisfied in the Euclidean
case, when we are dealing with the standard gradient and Laplacian in R, and d(x) = |x|. In
this situation, with p = 2, the inequalities we prove are already known (see [26]), though the
proof we give here is new.

The value of our results is that they can be used in more general situations than the Euclidean
one. In particular it can be applied in the following setting.

Example 5.5. [H-type groups] Let g be a (finite dimensional real) Lie algebra and let 3 denote
its centre (i.e. [g, 3] = 0). We say that g is of H-type if it admits a vector space decomposition

g=03

where [v, v] C 3, such that there exists an inner product (-,-) on g such that 3 is an orthogonal
complement to v, and the map Jz : v > v given by

(JzX,Y)=([X,Y1,Z)

for X,Y € v and Z € j satisfies J% = —|Z|?I for each Z € 3. An H-type group is a simply
connected Lie group G whose Lie algebra is of H-type.

Such a group is a Carnot group of step 2 (see [13] for details). In particular the Heisenberg
group is an H-type group with a one-dimensional centre. However, there also exist H-type groups
with centre of any dimension.

On an H-type group G we consider vector fields X1, ..., X, which form an orthonormal
basis of v. The sub-Laplacian (or Kohn operator) is given by Ag :=) | X 12 and sub-gradient
by Vg := (X1, ..., Xm). The associated Carnot—Carathéodory distance is defined by

d(x,y) :=sup{f(x) — f(y): f suchthat Vg f| < 1}.



102 J. Inglis et al. / Journal of Functional Analysis 260 (2011) 76—-116

It is shown in [23] that conditions (i) and (ii) of Proposition 5.1 are satisfied in this setting.
Moreover, the Lebesgue measure dA satisfies the classical Sobolev inequality (1) and Poincaré
inequality in balls (22) with the sub-gradient Vg (see [32]). Thus, by Corollary 5.2 we arrive at
the following:

Theorem 5.6. Let G be an H-type group, equipped with Carnot—Carathéodory distance d and
canonical sub-gradient Vg as described above. Let
e—otd”

z

dxr

dpp =
with p > 1 and o > 0 be a probability measure on G and
dip=e"""VY/Zdpu,
with W = W(d) satisfying conditions as in Corollary 5.2 with horizontal gradient and V a
bounded measurable function. Then inequalities (1)—(iii) of Theorem 4.5 are satisfied with q such

that % + é = 1. Moreover for p > 2, the measure [i satisfies (LSy) and (IFI).

See [23, Theorem 2.2] for details of the perturbation technique necessary to achieve the rele-
vant U-bounds.

5.1. U-bounds versus gradient bounds for heat kernel

As a conclusion to this section we mention that our setup is naturally inclusive for the
following gradient bounds for the heat kernel on H-type groups which has recently attracted
considerable attention (see e.g. [2,16—18,27] and references therein).

Indeed, in the following let G be an H-type group.
Corollary 5.7. The semigroup P; = ' satisfies the following

IVe P fI< Ci() PV £

for all suitable functions, with C1(t) € (0, 00) independent of f.
Proof. Due to the group covariance, it is sufficient to show the bound at the identity element

and thanks to the action of the dilations, one only needs to establish it at t = 1. Denoting the
corresponding heat kernel by %, we see that

‘f fVch dx‘ = V(f - (f))VGhd/\‘ < flf —()|IVgloghlhdx (58)

with (f) = [ fhdi. To bound the right-hand side of this expression, suppose that we have a
function V growing to infinity such that

Vg logh| <kiV(d) + k2 (59)
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for some k1, ko > 0, and for which the following U-bound is satisfied

[ =nlv@nai<c [ 1Wasimar+ o [15 - plns (60)

with some C, D € [0, co) independent of f. Combining this with (58), we would then be able to
conclude that

'/fVGhdk‘ <Ck1/|V¢;,f|hdk+(Dk1+k2)/|f—(f)|hdk.

Moreover, under the assumptions of Theorem 2.7, (60) implies that

f|f— ()ndn <a/ Ve flhdh.

for some « > 0, allowing us to conclude that

'/fVGhdk‘ < (Ckl+(Dk1+k2)a)/|ng|hdk.

Therefore, to complete the proof we must check that, in the setting of H-type groups, there exists
a V such that (59) and (60) hold, and that the assumptions of Theorem 2.7 are satisfied, namely
that for » > 0, {V < r} is contained in some ball and inequality (22) holds.

In an H-type group with dim3 = m and dim3' = 2n we have the following heat kernel
bounds of [17] (see also [27] and [7]): there exists R > 0 such that for all points (x,z) =
(X1y.voy X200, 215 -+, 2m) With d(0, (x, 2)) > R,

_ 0@ ey
R R (RPN ER) Tl ’ ©
|Velogh(x,2)| < K(1+4d(0, (x,2))). (62)

Here f =< g means that ¢; f < g < ¢a f for some constants ¢, ¢ > 0. In this case we may write
f= eV g with a function ¥ of bounded oscillation. We can therefore take V (d) = d, so that (59)
holds, with k1 = K and k> = sup{|Vg logh|(x, 2): d(0, (x, 7)) < R} + K, as do the assumptions
of Theorem 2.7 (see for example [25,31,32]).

Finally, to show that (60) holds we use similar perturbative arguments as in Theorem 7.1
of [23] (where the corresponding U-bound with V(d) = d was established for the first Heisen-
berg group, where n =m = 1).

d(0, (x’z))Zn—m—]
[1+¢lx]d(0,(x,2)]"~1/2

More precisely, letting W = log( ) with some ¢ € (0, 1) to be determined

later, we show that we may write
—y—w —1gq2
hix,z)=e e 4

where osc(yr) < oo. This follows from the fact that
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Cr(1+[Ixld(0, (x, 0)]"?) < [1+ Ix1d(0, (x, )"~ /?

—-1/2
<C(1+[1x1d(0, (x, )],
for some constants Cy, C> > 0, together with the estimate

"2 <1 elxld (0. (v, )]

<[1+1x1d(0, (x, )]

8n—l/2[1 + |x|d(0, (x, Z))]

and (61).
Moreover, using the triangle inequality we compute

d(0, (x,2))
~|—8(n _ 1) Vg |x1ld(0, (x,2) + Ix]|VGd (0, (x, 2))|
2 1+ ¢e|x]d(0, (x, 2))
2n—m — 1
<=
R

IVeW|< (2n—m—1)

+e2n—1)d(0, (x,2))
where we have used that [Vg|x|| = |Vgd| =1 and |x| < d(0, (x, 2)).

Choosing ¢ small enough, Theorem 2.2 of [23] gives the following U-bound for positive
functions f

/ fx)dx)h(x)dx < C/ Ve fl(x)h(x)dx + D / fx)h(x)dx.
Applying this to | f — (f)| we arrive at (60) with V(d) =d. O
While the gradient bounds still remain a challenge for more complicated groups, it may be
useful to keep this observation in mind, as in principle it allows for a heat kernel bound (61)
with far less precise description of the slowly varying factor (provided the corresponding control
distance d satisfies a sufficiently good Laplacian bound outside some compact set).

5.2. U-bounds versus integrated Gaussian bounds for heat kernel

Assuming a bound of the following form

u(fd) < CulVfl+Du(f), (63)

. ~ 2. .
for a function f = ¢*™n@.L)” with L a positive number, we get

(™D min(d, L)) < 24C (> ™ min(d, L)|V min(d, L)|)
+ DM(exmin(d,L)z)
<2ACpu(*™0@L’ min(d, L))

+ Dﬂ(ekmin(d,L)z).
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If 2AC < 1, this implies
,t,L(e)‘min(d’L)2 min(d, L)) < D//L(e)‘min(d’L)z) (64)
with D’ = D(1 — 2AC)~!. Next, choosing f = ¢*™n@-L)” min(d, L) instead in (63), we obtain
(XML min(d, L)?) < Cpu|V (™D mind, L))| + D (™4 min(d, L))

<2AC (™ML min(d, L)?) + D (> ™D min(d, L))

+ CM(eAmin(d,L)z)'
Thus using (64), we obtain
/L(e’\ min(d, L)* min(d, L)2) < ZAC;L(ek min(d, L)* min(d, L)z)
+ (D’ + C)M(ekmin(d,L)z)_
Rearranging this, for 20.C < 2A0C < 1,

j_AM(elmin(d,L)z) — M(exmin(d,LV min(d, L)2) < D//M(e)\mm(d,L)z)

with D" = (D’ 4 C)(1 —2xoC)~!. Solving this differential inequality and passing with L — oo,
we arrive at the following:

Theorem 5.8 (Integrated Gaussian bound). Suppose the following is true
u(fd) < CulVfl+Du(f)
for all locally Lipschitz functions f, with some constants C, D € (0, 00). Then
,u(e)‘dz) < el
Sfor 2).C < 210C < 1 with some constant D" € (0, 00).
See Appendix A for a generalisation of this idea.

Remark 5.9. We point out that using this result and idea of [21] one can obtain Gaussian-type
upper bounds on the heat kernel.

Remark 5.10. From the point of view of the computations of [23] we start with
hV f =V (fh)— fVh

and, with a unitary linear functional o, we get
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/a(Vf)hdx=/a(V(fh))dAJr/fa(Vlog%)hdx.

Hence, one gets

ff(oc(Vlog%) —diva)hdk</|Vf| |lelhdA.

If the expression in the bracket on the left-hand side can be shown to have a treatable bound from
below, such a bound can be a useful source of analysis (though the implementation of this idea
in case of other than H-type groups remains open).

6. Extension to infinite dimensions

In this section we aim to extend the L @ -entropy inequality to the infinite dimensional setting,
where we include some bounded interactions. The setup will be as follows.

The spin space: Let M = (RY, d) be a metric space equipped with Lebesgue measure dA,
general sub-gradient V = (X1, ..., X,,) consisting of divergence free (possibly non-commuting)
vector fields and sub-Laplacian A := """ | X?, as above.

The lattice: Let Z.P be the D-dimensional lattice for some fixed D € N, equipped with the
lattice metric dist(-,-) defined by

D
dist(i. §) ==Y _lir = jil

=1

fori=(i1,...,ip),j=(1,..., jp) € ZP . Fori,j e ZP we will also write
i~j o distj) =1

i.e. i~ j when i and j are nearest neighbours in the lattice. For A C Z”, we will write A¢ =
ZP \ A, | A| for the cardinality of A, and A CC Z” when |A| < oo.

The configuration space: Let §2 := (M)ZD be the configuration space. Given A C ZP and
® = (wi)jezp € £2, let wp = (wj)ica € (M)4 (so that @ — w, is the natural projection of £2
onto M4).

Given w € £2 we introduce the injection: M4 — 2, defined by n € M4 - 1 o4 @ where
(nes w)ij=ni whenie A and (n e w)j = wj whenie A°.

Let f:£2 — R. Then fori € Z” and w € £2 define fi(-|w): M — R by

filxlo) := f(x oy w).

Let C™(£2), n € N denote the set of all functions f for which we have fi(-|w) € C™ (M) for
allie ZP. Forie ZP ke (l,...,m}and f € CV(£2), define

Xi,kf(a)) = kai(xlw)|x=wi,

where X1, ..., X,, are the vector fields on M.
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Define similarly Vjf(w) :=V fi(x|w)|x=w; and A;f(®) := Afij(x|®)|x=« for suitable f,
where V and A are the sub-gradient and the sub-Laplacian on M respectively. For A C ZP,
set Va f = (Vif)iea and

IVafl:=Y IVifl.

ieA

Finally, a function f on £2 is said to be localised in a set A C ZP if f is only a function of
those coordinates in A.

Local specification and Gibbs measure: Let ¥ = (¥x) ycczp be a family of C? functions
such that ¥y is localised in X CC ZP. Assume that ¥y = 0 whenever the diameter of X is
greater than positive constant R. We will also assume that there exists a constant M € (0, 00)
such that [|¥x [leo < M and [|ViYrx|leo < M for all i € ZP. We say ¥ is a bounded potential of
range R. For w € £2, define

HY(xa)= ) ¥x(xaeso),

ANX#D

for x 4 = (xj)ien € MA.
Let U be a locally Lipschitz function on M which is bounded from below and such that
fM e~U d) < oco. Suppose also that YL > 0 there exists r = r(L) such that

{U<L}CB().

Letdu = % dX., so that u is a probability measure on M, and let

pa(dxy) =) nidxi)

ieA
be the product measure on M*. Now define
. eI HY(xa) e/ Hi(xa)
E%(dxa) = > pualdxp) = ——5—naldxs) (65)
! J T HECD 15 (dx p) zy

for J € R. We will write iy = i and IE‘{‘;} = Ef" forie ZP. We finally define an infinite volume
Gibbs measure v on §2 to be a solution of the (DLR) equation:

vE, f=vf (66)

for all bounded measurable functions f on £2. v is a measure on §2 which has E9 as its finite
volume conditional measures.

Following for example [22,24], the extension of Theorem 2.8 to this infinite dimensional
setting will take the following form.
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Theorem 6.1. Suppose that the classical Sobolev inequality (1) and that the Poincaré inequal-
ity in balls (22) are both satisfied. Suppose also that inequality (2) is satisfied, i.e. there exist
constants A, B € (0, 00) such that

1(1£1(1U1P +1VUI)) < AplV £+ Bul f1

for some B € (0, 1] and locally Lipschitz functions f : M — R. Then there exists Jo > 0 such
that for |J| < Jo, the Gibbs measure v is unique and there exists a constant C such that

Enty (|f1) < ( DI f|> (67)

iezD

where @ (x) = x(log(1 4+ x))?, for all f for which the right-hand side is well defined.
For notational simplicity, we will only prove Theorem 6.1 in the case R =1 and D =2, but
the method can easily be extended to general R and D, (see e.g. [22] for the idea of the general

scheme).
Define the sets

I =(0,0)U {j e Z*: dist(j, (0,0)) = 2n for some n € N},
1_'1=Z ~ 1p.

Note that dist(i, j) > 1 for all i, j € I}, k=0, 1 and Iy N I} = @. Moreover Z> = Iy U I'y. For
the sake of notation, we will write E; = Ewk for k =0, 1. We will also define

P=E I E ny
The proof will rely on the following few lemmata.

Lemma 6.2. Under the conditions of Theorem 6.1, there exist constants ¢y and ¢ independent
ofieZP and w € 2 such that

E{|f — B f| < GoEP|Vif| (68)
and
Ent?, (| f1) < ZEY|V f| (69)
for all suitable functions f,ie ZP and w € $2.

Proof. Firstly, by Theorem 2.7, we have that there exists a constant cp independent of i such that

wil f = mif1 < comil Vi f 1.

Since
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osc(H?) <2|HP| <2 Y lxlleo <8M,
{iINX 0

by a standard result about bounded perturbations of Poincaré type inequalities (see [12]), in-

equality (68) holds.
Moreover, by the assumptions and Theorem 2.8, we have

Ent? (1f1) = wi(®(1£1)) — @ (il 1) < cil Vi f|
for all i € ZP. Thus by the bounded perturbation Corollary 2.6, (69) holds. O

Lemma 6.3. Under the conditions of Theorem 6.1, there exists Jo > 0 such that for |J| < Jo,
there exists a constant € € (0, 1) such that

V|V En O] <vIVh fl+ev|Vh fl
for all suitable f and k,l € {0, 1} such that k # 1.

Proof. We suppose k =1 and [ = 0. The case k =0,/ = 1 follows similarly. We can write
V|V Er )| = v( Z|Vi<Er0f>|) < v<Z|vi(E{~i}f>|>

ieln ieln

<v Z IVif|+ |J|V<Z|E{~i}(f[ViH{~i} - ]E{~i}ViH{~i}])|>

i€F| i€F|

where we have used (66) and denoted {~ i} = {j: j ~ i}. Now set Wj = Wj — E(~;; W;, where

Wi =ViH, {~1} Then since E(~jjW; = 0, we have that
v|Vr Er )] <v Y IVif]+ |J|v( > By (f - E{Ni}f>wi|). (70)
ieln i€l

Now, by our assumptions on the potential, we have ||Wj|lcc < 8M for allie 7P, so that

|E(~iy (f — Emiy W K8ME(~iy| f — E~iy f1. (71)

Note that by construction, E(~j; is a product measure. Now by Lemma 6.2 together with
Lemma 2.9 there exists a constant ¢y such that

Eiy| f = Epeiy f1 < CoB iy Vimiy £ (72)

Using (71) and (72) in (70), we then arrive at
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V|V En )| <v Y IVifl+ 8Méolle(zz IV{~i}f|)

iEFl iEFl
=v) IVifl+ 32Méo|J|v< > |Vif|>-
ieln ielp

Thus taking Jy = % proves the lemma. O

Lemma 6.4. Under the conditions of Theorem 6.1, there exists Jo > 0 (given by Lemma 6.3) such
that for |J| < Jo, P" f converges almost everywhere to vf, where we recall that P =ErEr,. In
particular v is unique.

Proof. The proof is standard: see for example Lemma 5.6 of [24]. O

Proof of Theorem 6.1. We may suppose f > 0. Using (66), write

v(2(f)) —@wf) =vER (@(f)) —v(PErR 1))
+v(2Er, ) — 2 ©vf)
= v(Ent]qE)ro () + v(Entf’E)rl Er, f))
+v(@ERER f)) — P vf).
Since probability measures [, and E, are product measures by construction, we have by Lem-

mas 2.9 and 6.2 that they both satisfy L®-entropy inequalities with constant ¢. Therefore, the
above yields

V(D(f)) — Pf) <V fl+ |V Er )
+v(P(Pf)) — 2Of).

We can similarly write
w(@(P ) =v(Entg, (P))+v(Ent, EnPf) +v(P(Pf))
<OIVRP Sl +ev|Vr Ery O] +v(S (P f)).
Repeating this process, after r steps we see that

r—1 r—1

v(@(f)) — P(vf) < éZv|Vr0Pkf| + EZU|V;~1 (Er, P*f)| (73)
k=0 k=0
(@ (P f)) — D). (74)

We may control the first and second terms using Lemma 6.3. Indeed
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v|Vp077kf| < 82v|Vr077k_1f|

< 82k_lV|VF1EFof|
< |vp fl+ vV, £l (75)
Similarly
V|V (En P f)| < evlvin £l + e vy £1. (76)

Using (75) and (76) in (73) yields

r—1 r—1
v(®(f)) — P (vf) <é(1 +e‘l)[(282")vlvnf| + (Zs”‘“)vwrm]

k=0 k=0

+v(@(P"f)) —@f).

By Lemma 6.4 we have that lim,_, o, P" f = vf, v-almost surely. Therefore taking the limit as
r — o0 in the above (which exists since ¢ € (0, 1)) yields

V(@(f)) = @(wf) < Cv|Vzn f]

R ~1
where C = c%. a

Next, we consider (IFI;) for a family of examples. In particular we restrict ourselves to a
situation when M is an H-type group and assume that for i € Z”

Ui = Z akdip_kz Z akd” " (wy) )

with d(-) denoting the Carnot—Carathéodory distance from the unit element, p > 2, where «g €
(0, 00) and a; € R. As above we consider an interaction

HY(xpA) = Y ¥x(xaesw), (78)

ANX#D

which is assumed to be bounded with bounded (sub-)gradient and for simplicity is of finite range,
as specified at the beginning of the current section. Moreover we are given a family of regular
conditional expectations defined by (6.1). Combining the previous results with those of this sec-
tion the previous we arrive at the following theorem.

Theorem 6.5. Suppose p > 2. Then there exists Jy > 0 such that for |J| < Jo the unique Gibbs
measure v corresponding to the interaction (77)—(78) satisfies the following inequalities:

®

Ent} (| 1) < clv< > |vif|), (79)

iezP
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1
where ®(x) = x(log(1 + x))¥, é + L =1, with some constant C € (0, 00), for any f for
which the right-hand side is well defined,

(ii)
1

(o) < V<U2(f)2 +o Y |Vif|2) 2 (80)

iezZl

where U, is the Gaussian isoperimetric profile function (as defined in Section 3), with some
constant Cy € (0, 00) for any function 0 < f < 1 for which the right-hand side is well de-
fined.

Proof. To begin we notice that the reference measure du satisfies a U-bound, and therefore
the conditional expectation (as a perturbation of the reference measure by strictly bounded and
strictly positive density), also satisfies the following inequality

ffwﬁdEi<A/|vif|dEi+B/dei 81)
H H H

with some constants A, B € (0, o) independent of i and wj, where [E; denotes the correspond-
ing conditional expectations. Thus we can apply Theorem 4.5 to conclude that the [E;’s satisfy
Cheeger’s inequality, as well as L @-entropy and (IFI,) bounds with constants independent of i
and wj’s. With this bound the proof of (ii) follows via the strategy developed in [33]. O

Remark 6.6. We remark that once the conditional measures satisfy L;®-entropy or (IFI>)
inequalities with constants independent of external conditions, one can show that the Gibbs
measure also satisfies (/FI>) even when the interactions Hj contain an unbounded component,
provided we have Cheeger’s inequality and appropriate U-bounds. In particular one obtains the
following generalisation of the results of [33] where only the bounded interaction case was stud-
ied.

Theorem 6.7. Suppose M =R and that U is a semibounded polynomial of degree at least 2. Let

H(x)=¢ Z Yx(xjojw) +¢ Z Gijxiwj

{INX#0 j

with rx satisfying conditions of Theorem 6.5, Zj |Gijl < 00 and & € (0, 00). Then, if ¢ € (0, 00)
is sufficiently small, the corresponding Gibbs measure satisfies (IFI5).

Remark 6.8. For cylinder functions dependent on N coordinates, adapting the length of the
gradient in part (i) of Theorem 6.5, we get

Ent} (| 1) < C1vNv > IVi,f|2>_ (82)
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for all functions f for which the right-hand side is well defined. Now, choosing a Lipschitz
approximation of a cylinder set Ay (specified by conditions on coordinates wj,,/ =1, ..., N),
by Theorem 3.1 we arrive at

Uy (v(AN)) < EVNVST(AN) (83)
with suitable constant ¢ € (0, oo) independent of N, and with use of the subscript 2 on the

right-hand side to emphasise that we have here the surface measure with respect to the quadratic
distance. On the other hand using part (ii) of Theorem 6.5 yields

Us (v(AN)) </ Cavy (AN). (84)

Thus we obtain a potentially useful tool for optimisation of isoperimetric relations for finite
dimensional marginals of the measure v.
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Appendix A. Exponential bounds

Suppose for du = e U dAr/Z, with U 2> ¢, for some ¢ > 0, and Z a normalisation constant,
we have

w(fUP) <CulVfI+Duf

for all locally Lipschitz functions f. In particular, for a Lipschitz cut-off function 0 < & <
Up < U, for f =e*VLUY, witha, B> 0, a + B =1, we have

(VP UL) = u( M Uf - Uf) < Cu|V(UhUR) | + Dp(eVUf)
KAC(PLUY - |VUL|) +aCu(tVtuy=" - VUL
+ Du(e*Vruy).

If we assume that
B
|VUL| < (lUL
with a € (0, oo) independent of L, then we get
(€ UL) <rCu(Pr U - (aUy))

+otCu(e)‘UL UZH1 . (an)) + D,u(e)‘UL Uy)
< )»anL(eAUL UL) + otanL(ekUL) + D,u(e)‘UL Ug)
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Using our assumption that Uy > ¢ > 0 and a bound
U <A8Up + A(AS)
with some §, A(AS) € (0, co) independent of L, we get
w(e*VrUL) < MaC + DS u(*ViUL) + (eaC + D - A(A8)) u(e*E).

Hence for A € (0, Ag), with A9 = (aC + D38)~!, we have

d

() = (e UL) < Bu(et)

with
B =B(k,8) = (aaC + D - A(38))(1 — Ao(aC + D))"
Solving this differential inequality for A € (0, Ag), we obtain

M(eAUL) < B

Since the constant B is independent of L, by the dominated convergence theorem we obtain the
following bound

M ( ew) < B,
which holds true for A € (0, Ag).
Appendix B. Rothaus argument

Here we give a brief outline of how to tighten a defective g-logarithmic Sobolev inequality
under the additional assumption of a g-Poincaré inequality. To do this we need the following
results from [12] which generalise the so-called Rothaus argument.

Suppose that ¢ € [1, 2] and define the Orlicz space Ly, (1) generated by the function Ny (x) =
x91og(1 4 x?) to be the space of measurable functions f such that

1£1I%, :=inf{k > 0: /Nq(§) du < 1} < o0.

Lemma B.1. (See [12].)If f >0 € Ly, (1) then

f )
1< a1 1),
LF1%, u(f og gy ) T uls7)
Lemma B.2. (See [12].) If f € LNq(u) and u(f) =0 then

i+ | ,
sup/|f+a|q10g du <161/ f]
acR |f+ Ny
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With these results in hand, suppose that we have a defective (LS, ) inequality

[f14
wlf1e

M(Iflqlog ><CM|Vf|q+DM|f|q, (85)

as well as a g-Poincaré inequality

plf —ufl? < KulV . (86)

By Lemma B.1 applied to the function | f — uf| we have

|f—uf|q> _a
0\ = uf +ulf — ufl
CulVFIL+ D+ DHulf —ufl?
(C+KD+D)ulVF,

17 = f 1, <015 = f M log
<
<

where we have first used (85) and then (86). By applying Lemma B.2 to f — uf we obtain

Lf1?
mlfl1e

M(IfIqIOg >=M<|f—uf+uflqlog

<16l — ufly,
<16(C+ K(D+ D)ulVfl,

|f —nf +ufld >
wlf —uf +ufle

so that we arrive at the desired tight form of the logarithmic Sobolev inequality.
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