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Abstract

In this paper we prove the global well-posedness for the three-dimensional Euler—Boussinesq system with
axisymmetric initial data without swirl. This system couples the Euler equation with a transport-diffusion
equation governing the temperature.
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1. Introduction

Boussinesq systems are widely used to model the dynamics of the ocean or the atmosphere.
They arise from the density dependent fluid equations by using the so-called Boussinesq approxi-
mation which consists in neglecting the density dependence in all the terms but the one involving
the gravity. This approximation can be justified from compressible fluid equations by a simulta-
neous low Mach number/Froude number limit, we refer to [15] for a rigorous justification. In this
paper we shall assume that the fluid is inviscid but heat-conducting and hence the system reads

ov+v-Vv+Vp=pe,, (t,x)eR+xR3,
orp+v-Vp—Ap=0,
divv =0,

V|t=0 = V0, P|t=0 = L0-

(D

Here, the velocity v = (vl, v2, v3) is a three-component vector field with zero divergence, the
scalar function p denotes the density or the temperature and p the pressure of the fluid. Note that
we have assumed that the heat conductivity coefficient is one, one can always reduce the problem
to this situation by a change of scale (as soon as the fluid is assumed to be heat conducting) which
is not important for global well-posedness issues with data of arbitrary size that we shall consider
here. The term pe, where e, = (0,0, 1)’ takes into account the influence of the gravity and the
stratification on the motion of the fluid. Note that when the initial density pq is identically zero
(or constant) then the above system reduces to the classical incompressible Euler equation:

hv+v-Vv+Vp=0,

dive =0, (2)

Vjt=0 = V0.
From this observation, one cannot expect to have a better theory for the Boussinesq system
than for the Euler equation. For the Euler equation, a well-known criterion for the existence
of global smooth solution is the Beale-Kato—Majda criterion [3]. It states that the control of
the vorticity of the fluid w = curlv in L}o (R4, L™) is sufficient to get global well-posedness.

In space dimension two, the vorticity w can be identified to a scalar function which solves the
transport equation

dw~+v-Vo=0.
From this transport equation, one immediately gets that

lo®],, < llwollzr
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for every p > 1 and hence the global well-posedness follows from the Beale—Kato—Majda crite-
rion.

In a similar way, the global well-posedness for two-dimensional Boussinesq systems which
has recently drawn a lot of attention seems to be in a satisfactory state. More precisely global
well-posedness has been shown in various function spaces and for different viscosities, we refer
for example to [1,5,7,12,13,17-20,22]. In particular, for the model (1) in 2D, the main idea is
that by studying carefully the coupling between the two equations and by using the smoothing
effect of the second equation, it is still possible to get an a priori estimate in L*° (or in Bgo,l)
for w and hence the global well-posedness.

In the three-dimensional case, very few is known: even for the Euler equation, the vorticity @
solves the equation

orw+v-Vo=w- Vv 3)

and the way to control the vortex stretching term o - Vv in the right-hand side is a widely open
problem. Nevertheless, a classical situation where one can get global existence is the case that v
is axisymmetric without swirl [30,23]. Our aim here is to study how this classical global existence
result for axisymmetric data for the Euler equation can be extended to the Boussinesq system (1).

Before stating our main result, let us recall the main ingredient in the global existence proof for
the Euler equation with axisymmetric data. The assumption that the vector field v is axisymmetric
without swirl means that it has the form:

1
v(t,x) =V (t,r, e, + V(1 e, x=(x1,x2,2),  r=(x]+x3)2, 4)

where (e, eg, e;) is the local basis of R3 corresponding to cylindrical coordinates. Note that
we assume that the velocity is invariant by rotation around the vertical axis (axisymmetric flow)
and that the angular component v? of v is identically zero (without swirl). For these flows, the
vorticity is under the form

w= (83vr — Brvz)eg = wgep

and the vortex stretching term reads

In particular wy satisfies the equation

r

0rwg +v - Vg = Ta)g. ®))
The crucial fact is then that the quantity ¢ := “Z solves the transport equation
¢ +v-Vi=0
from which we get that for every p € [1, oo]

le®| ., < lgolle (6)
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It was shown by Ukhoviskii and Yudovich [30] and independently by Ladyzhenskaya [23] that
these new a priori estimates are strong enough to prevent the formation of singularities in fi-
nite time for axisymmetric flows without swirl. More precisely global existence and uniqueness
was established for axisymmetric initial data with finite energy and satisfying in addition wg €
L>N L™ and % € L> N L. In terms of Sobolev regularity these assumptions are satisfied if

the velocity vg belongs to H* with s > % This condition was improved more recently. In [29], it

was proven that global well-posedness still holds if vg is in H* with s > % (note that this is the

natural regularity requirement for the initial velocity in the Sobolev scale in view of the standard
local existence result) and in the recent work [11], Danchin has obtained global existence and
uniqueness for initial data such that wg € L3'NL> and Lo € L3! (here, L3! denotes the Lorentz
space, the definition of the Lorentz spaces L9 as interpolation spaces is recalled below). Their
proof is based on the observation that one can deduce from the Biot—Savart law, the pointwise
estimate

r

1

° §W*I§I. (7)

r

By convolution laws in Lorentz spaces (again recalled below) and (6), this yields the estimate

vr
=
r

SOl S gl a0
LDC
Since one gets from a crude estimate on (5) that
)] e < o) e o1 /710,

the global well-posedness in H* s > 5/2 (the assumption ¢y € L>! is automatically satisfied)

then follows from the Beale—Kato—Majda criterion. It is actually possible, as shown in [2], to get
3

s
global well-posedness in the critical Besov regularity, that is, vo € B If 1 Vp €[1, <], in the

sense that it is possible to propagate globally the critical Besov regularity if ¢y € L.
Our aim here is to extend these global well-posedness results to the Boussinesq system (1).
Our main result reads:

Theorem 1.1. Consider the Boussinesq system (1). Let s > % vo € H® be an axisymmetric di-
vergence free vector field without swirl and let py be an axisymmetric function belonging to
H*=2N L™ with m > 6 and such that r* py € L?. Then there is a unique global solution (v, p)
such that

(v, p) € C(R+; HS) X (C(R+; H™?N Lm) N LIIOC(R+; Wl’oo)) and r’pe C(R+; L2).
Let us give a few comments about our result.
Remark 1.2. By axisymmetric scalar function we mean again a function that depends only on
the variables (r, z) but not on the angle 6 in cylindrical coordinates. One can easily check that

for smooth local solutions, if (pg, vg) is axisymmetric (and vg without swirl), this property is
preserved by the evolution.
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Remark 1.3. The assumption on the moment of p is probably technical. The control of the
moments of p are needed in our proof in some commutator estimates (see (9) for example).

Note that in view of the proof for the Euler equation, the crucial part is to get an a priori
estimate for ¢ in L>!. The equation for ¢ = wg/r becomes

d,
e +v-VE=— rp

®)

and consequently, the main difficulty is to find some strong a priori estimates on p to control
the term in the right-hand side of (8). The rough idea is that on the axis » = 0 the singularity
% scales as a derivative and hence that the forcing term 9, p/r can be thought as a Laplacian
of p and thus one may try to use smoothing effects to control it. We observe that if we neglect
for the moment the advection term v - Vp in the equation of the density then using the maximal
smoothing effects of the heat semigroup we can gain two derivatives by integrating in time which
is exactly what we need. From this point of view we see that our model is in some sense critical
for the global well-posedness analysis. The main difficulty if one wants to use this argument is
to deal with the advection term. Indeed, the only control on v that we have at our disposal is a
Lf’OOCL2 estimate (which comes from the basic energy estimate) and this is not sufficient to obtain
an estimate for D?p in LlloC (L?) by considering the convection term as a source term and by
using the maximal smoothing effect of the heat equation. Even more refined maximal regularity
estimates on convection—diffusion equations ([9,16] for example) do not seem to provide useful
information when the control of the velocity field is so poor. Consequently, our strategy for the
proof will be to use more carefully the structure of the coupling between the two equations of
(1) in order to find suitable a priori estimates for (¢, p). Since the coupling between the two
equations does not make the original Boussinesq system well suited for a priori estimates, our
main idea is to use an approach that was successfully used for the study of two-dimensional
systems with a critical dissipation, see [19,20] and the Navier—Stokes—Boussinesq system with
axisymmetric data [21]. It consists in diagonalizing the linear part of the system satisfied by ¢
and p. We introduce a new unknown I” which here formally reads

ar —1
and we study the system satisfied by (1", p) which is given by:

o,

8,F~|—v-VF=—|:—A_1,v-Vi|,0, ogp+v-Vp=Ap
r

where [37’ AL, v - V] is the commutator defined by

0 0 0
|:—rA_1, v - V]p =AY Vp)—v- V(—rA_lp).
r r r

Note that if we forget the commutator for a while, we immediately get an a priori L? estimate

for I" for every p from which we can hope to get an L” estimate for ¢, if the operator %’A’l
behaves well.
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To make this argument rigorous, we need first to study the action of the operator %A‘l over
axisymmetric functions. This is done in Proposition 2.9 where we prove that this operator takes
the form

O
TrA 1=Zaij(x)Rij
i,j

where R;j = 0;0 jA_l are Riesz operators and the functions a;; are bounded. This yields that
8r—’ A~ acts continuously on L>! and hence that

o,
-
It follows that the control of I is equivalent to the control of ¢ in L*!. Now it remains to estimate
in a suitable way the commutator term [a’ A~ v.V]p which is the main technical part. It seems
that there is no hope to bound the commutator without using unknown quantities because there

is no other known a priori estimates of the velocity except that given by energy estimate which
is not strong enough. We shall prove (Theorem 3.1) that

Sle@ | 50 Slleoll gt

A p ()
L”Gl

[[@r/ra= v Vol Slles/rlis (Il a2 +lel 1), ©)

BZ,I

This estimate is the heart of our argument, its proof combines the use of paradifferential calculus
and some harmonic analysis results and also requires a careful use of the property that velocity
v is axisymmetric without swirl in the Biot—Savart law.

The main reason for which we need some moments of p in the right-hand side of (9) is that
we want an estimate of the commutator involving wg /r and not .

In the right-hand side of (9), || pllB 1 and ||pxp|/;2 can be controlled in terms of the initial

2,1
data only by using the smoothing effect of the convection—diffusion equation for p and standard
energy estimates. Consequently, from this commutator estimate, we obtain that

loxull 1 g0

C
[¢®] 50 < C)e P00 (10)

and the next difficult step is to control || pxp|| ;1 L'BY . This is done in two steps. The first step is

to get a global L™ estimate of pxj, in terms of the 1n1t1al data only and then in a second step, we
shall prove a logarithmic estimate for the B .1 horm of xp, p in terms of the L3! norm of ¢.
For the first step, let us observe that f = pxj, solves the equation

Wf+v-Vf—Af=v"p—2V,p. (11)

Note that for the moment, we only have at our disposal the standard energy estimate for v (thus
we control |[v|| L®L? only), consequently to obtain an L* estimate for f we need to use an

L*> — L estimate for the convection—diffusion equation since the source term in the right-
hand side can be estimated only in L?. Note that the convection term cannot be neglected (again
because of the weak control on v that we have at this stage) and hence this estimate cannot be
obtained from heat kernel estimates. We shall obtain this estimate by using the Nash—Moser—
De Giorgi iterations [14,26,25]. Indeed, the main interest of this approach is that since it is based
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on energy type estimates, the convection term does not contribute. A general result is recalled
in Appendix A. For technical reasons, some higher order moment estimates which are easier to
obtain are also needed, they are stated in Proposition 4.2.

Once the estimate of || pxy| [z is known in terms of the initial data, one can establish loga-
rithmic Besov space estimates for the convection—diffusion equation (11) by using a special time
dependent frequency cut-off of x,p where we combine the L°° estimate with some smoothing
effects for x;, p. This yields (see (56))

t

loxally g | < co(r><1 + / h(t)log(2 + ||c||LgOLs,l)dr> (12)
0

where Co(t) is a given continuous function and % is some LI]OC(R+) function. We point out
that the use of the moment of order two |x;|>p is due to the treatment of the commutator
[Ag, v - V](xpp) which appears when we deal with the smoothing effects.

The combination of the estimates (12) and (10) with Gronwall inequality allows to
control ||£(#)]l ;3.1 globally in time.

The final step is to deduce, as for the incompressible Euler equation, from the control of
||§||LlooL3,1 an estimate of || oo and of [|[Vv|op. This is the aim of Propositions 4.5
and 4.6. Estimates in Sobolev spaces then follow in a rather classical way.

Once a priori estimates for sufficiently smooth functions are known, the result of Theorem 1.1
follows from an approximation argument.

The paper is organized as follows. In Section 2 we fix the notations, give the definitions of
the functional spaces, in particular Besov and Lorentz spaces, that we shall use and state some of
their useful properties. We also study the operator ar—’A_l in Proposition 2.9. Next, in Section 3,

we study the commutator [% A~! v . V]. In Section 4, we turn to the proof of a priori estimates
for sufficiently smooth solutions of (1). We first prove in Proposition 4.1 some basic energy
estimates, next, we study the moments of p in Proposition 4.2 and then we control {31
in Proposition 4.4. Lipschitz and Sobolev estimates are finally obtained in Proposition 4.5 and
Proposition 4.6. In Section 5, we give the proof of Theorem 1.1: we obtain the existence part by
using the a priori estimates and an approximation argument and then we prove the uniqueness
part. Finally, Appendix A is devoted to the proof of a priori estimates for convection—diffusion
equations by the Nash-De Giorgi iterations which are needed in the estimate of the moments
of p. In Appendix B we give the proof of Lemma 2.7 which is a technical commutator lemma
used in several places.

2. Preliminaries
2.1. Dyadic decomposition and functional spaces

Throughout this paper, C stands for some real positive constant which may be different in
each occurrence and C( denotes a positive number depending on the initial data only. We shall
sometimes alternatively use the notation X <Y for the inequality X < CY.

When B is a Banach space, we shall use the shorthand L?(B) for LP(0, T, B).
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Now to introduce Besov spaces which are a generalization of Sobolev spaces we need to recall
the dyadic decomposition of the unity in the whole space (see [8]).

Proposition 2.1. There exist two positive radial functions x € D(R?) and ¢ € D(R3\{O}) such
that

M) xE+) e 98 =1, <KPE+) PPQUE <] VEER,

geN geN

(2) suppp27P-)Nsuppp(279) =0, if Ip—ql =22,
(3) ¢ = 1= supp x Nsuppp(2~7) =0.

W] —

For every u € S'(R?) we define the nonhomogeneous Littlewood—Paley operators by,

A_ju=xD)u; VgeN, Aquzfp(Z*qD)u and Syu= Z Aju.
—1<j<q-1

One can easily prove that for every tempered distribution u,

u=Y" Agu. (13)

g=—1
In the sequel we will frequently use Bernstein inequalities (see for example [8]).

Lemma 2.2. There exists a constant C such that for k e N, 1 <a < b and u € L?, we have

1_1
sup [[8% Syul],» < C*29* @D S u) Lo,
lo|=k

and for g € N

C 2% || Agulle < sup 9% Aqul,. < CF29%) Aqull L.
| |=k

La

The basic tool of the paradifferential calculus is Bony’s decomposition [4]. It distinguishes in
a product uv three parts as follows:

uv =T,v + Tyu + R(u, v),

where

TMU=ZSq,1quv, and R(u,v)=ZAqquv,
q q
with

1
Zq = Z Agyi.

i=—1
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The term T,,v is called the paraproduct of v by u and R(u, v) the remainder term. The main inter-
est of the paraproduct term is that each term S;_1u A, v has the support of its Fourier transform
still localized in an annulus of size 29 and thus 7, v is a sum of almost orthogonal functions.

Let (p,r) €1, +00]? and s € R, then the nonhomogeneous Besov space Bf,’, is the set of
tempered distributions u such that

lully, = 27 AqullLr), < +o0.

We remark that the Sobolev space H* coincides with the Besov space Bj ,. Also, by using the
Bernstein inequalities we get easily the embeddings

s s+3($—ﬁ)
B — Bp, 1y , p1<prandr; <r.

P11
Finally, let us notice that we can also characterize L? spaces in terms of the dyadic decompo-
sition, see [28]. For p € 1, +o0], there exists C > 0 such that: f belongs to L? if and only if
(Agfg>—1 € LPI? and

c! (14)

<Ifler <c”( ) IAqf|2>2
LP

q=—1

( > lAqflz)%

q=—1

LP
2.2. Lorentz spaces and interpolation

For p € 11, 00[, g € [1, 400], the Lorentz space L”9 can be defined by real interpolation
from Lebesgue spaces:

(LPO’ LPI)(G’q) =LP1,

wherel<p0<p<p1<oo,Qsatisﬁeséz%A—%andlgqgw.
From this definition, we get:

vaq s Lp’q/’ Lp’p = Lp (15)
forevery 1 < p<00,1<g<q’ <o0.

Lorentz spaces will arise in a natural way in our problem because of the following classical
convolution results, for the proof see for instance [24,27].

Theorem 2.3. For every o, 0 < < d, p; € 11, 400, g; € [1, +00], such that 1 + ﬁ = Lz + é
1 _ 1, 1 ;
and T + o there exists C > 0 such that
I f*gllipria < Cll fllipr2allgllrsa. (16)

Moveover, in the case that p1 = 00, we have

o0 < .
1 % &gy < O g 181, (17
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In particular, by using this result and the fact that 1/|x|? belongs to L 3,00 (R3), we have that
VA £l o sy S 130 o) (18)
and thanks to the pointwise estimate (7) that

v
= Slelga. (19)
LOO

To establish some functional inequalities involving Lorentz spaces the following classical inter-
polation result (see [24] for example) will be very useful.

Theorem 2.4. Let 1 < p1 < pr2 <00, 1 <ri <rp <00, q €ll,o0] and T be a linear bounded
operator from LP" to L"i. Let 0 € 10, 1[ and p, r such that % = % + 1;—29 and % = % + %.
Then T is also bounded from LP-1 to L9 with

0 1-6
”T”,C(LI’-‘I;LW) < C”T”L(LPI;L’l)”T”[:(LPz;LVZ)'

As a consequence, we obtain the following results.

Proposition 2.5. For 1 < p < +00, g € [1, 4+00], then exists a constant C > 0 such that the
following estimates hold true

(1) Nuvlizra < CllullpellvliLea.
@) ITyvllLra < CllullLellvliLeg.
(3) Let us define the Riesz transform R;j = 9;0; AL, j €{l1,2}, then

IRijullra < Cllullzra.

3
(4) Fors > % we have H* < L3 For 1 < p <3 we have B;I s 31

Proof. (1) For a fixed function u € L°°, the linear operator T : v — uv belongs to L(L”, L?)
with norm smaller that |||z~ and hence the result follows by interpolation from Theorem 2.4.

(3) In a similar way, for every p € ]1,4o00[, R;; € L(L?, L?) thanks to the Calderén—
Zygmund theorem and hence (3) follows again by using Theorem 2.4.

(2) To establish the inequality, it is again sufficient thanks to Theorem 2.4 to prove that for
ue L™ veL? wehave | T,v||rr < Cllullzoc]lv||zr. For this last purpose we will make use of
the maximal functions tool. We will start with some classical results in this subject. For a locally
integrable function f : R?® — R, we shall define its maximal function M f by

1
Mf(x) = Sup 5 / |f (] dy.
= B(x,r)

From the definition we get

0< M(f)(x) < llgllizoe M f(x). (20)
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It is well known that M maps continuously L? to itself for p € ]1, co]. Moreover, we have the
following lemma. We refer to [28] for a proof.

Lemma 2.6.

(1) Let yr € S(R?) and define e (x) = e >y (¢ "' x) for ¢ > 0. Then there exists C > 0 such that
for every p €[1,00], € € (0, 1], we have

sug!wg * f ()| < CMF(x).

In particular, we have

sup [Ag f ()| < CMf(x).
g=—1

(2) Let p € ]1,00] and { f;, q = —1} be a sequence belonging to LP 0% Then we have

Lr

(Shref) | <e|(Sineor)
q Lr q

Let us now come back to the proof of (2). By using (14), we have

1
2)2

1
2
||Tuv||Lp,§H( ) |A,,~<Tuv)|2>

jz-1

(=

Lp H i>2

Aj< > sq_lquv>

lj—ql<4

Lr

This yields according to Lemma 2.6 and (20),

2 L
ITuvllee S H( 3 ( 3 M(Sqlmqv)) )

J==1"j—ql<4 Ly
2\ 3
st (Z( X M)
jZ=1 " j—ql<4 Ly
1
2 2
S lullze ( > <MAqv>2) S lullze ( > (Amz)
LP Ly

g=—1 g=>—1

S llullzecllvllze

where the last estimate follows from a new use of (14). This ends the proof of (2).

(4) The first embedding follows from Sobolev embeddings combined with Theorem 2.4. This
is left to the reader. For the second one we refer for example to the proof of Proposition 2.2
of [2]. O
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2.3. Some useful commutator estimates

This section is devoted to the study of some basic commutators which will be needed in our
main commutator estimates, especially in Theorem 3.1 and Proposition 3.2 . Our first result reads
as follows. The proof is postponed to Appendix B.

Lemma 2.7. Given (p,r, p, m) €[1, +o0]? such that

1 1 1 1 1
l+—=—+4+—+—-, p>2randp>3{1—-.
p r

m  p r
Let f, g and h be three functions such that V f € LP, g € L™ and xF~'h € L". Then

|[nD). £lg] ., < CxF"n

WV Flleoligliom,
where C is a constant.
As an application of Lemma 2.7 we get the following commutator estimates.

Lemma 2.8. Let p,m, p € [1, +00] such that % = % + %. Then, there exists C > 0 such that for
VfelLl, ge L™ and forevery g e NU{—1}

ltAag. £l i, < CIVFlLeliglin.
with the following definition |||y, = IVellLr.
Proof. We write fori =1, 2, 3,
i ([Ag, f1g) =[0i Ay, f18 — 0i fAGg =[hg(D), flg — 3 f Ay,
with h,(§) =29¢(279¢), and ¢ € S(R3). Using Lemma 2.7 we get

I[rg @), £lg|l » < C|xF g | IV FliLelighm < CUV £l liglom.

For the other term, the Holder inequality yields

19; f Agglir < CIV fllLell AggllLm
SCIVfilleelighen. O

2.4. Some algebraic identities

We intend in this paragraph to describe first the action of the operator aT’A_lu over ax-
isymmetric functions. We will show that it behaves like Riesz transforms. The second part is
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concerned with the study of some algebraic identities involving some multipliers which will
appear in a natural way when try to study our main commutator [, /r)A~!, v - V]p.

Proposition 2.9. We have for every axisymmetric smooth scalar function u

x2 xz X1X
(@ /r) A () = FRiu() + FRou(x) =275 Rigu(), @1

with R;j = 8,~.,~A71. Moreover, for p € 11, 00[, q € [1, 00] there exists C > 0 such that
|@r /AT g < Cllutlizra. (22)

Proof. We set f = A~ !u, then we can show from Biot—Savart law that f is also axisymmetric.
Hence we get by using polar coordinates that

onf+onf=0/r)f+0,f (23)
where
X X
9 = Lo+ 220,
r r

By using this expression of d,, we obtain

2 2 2
X X 2x1x
8rr=<7181+7282> =0 <r )31-1-3 < )32+ 1311-1— 2322-|- al 2312-

12 x2 2x1x2
— 0+ —322 + ——012

since

This yields by using (23) that

8r x% x% ZX1X2
7f= 1—r—2 onf+ 1_r_2 o f— o f

X2
x1x2
—311f+ —322f— o2 f.

To get (21), it suffices replace f by A~ lu
The estimate (22) is a consequence of (21) and the estimates (1) and (3) of Proposition 2.5
since for every i, j € {1, 2}, x’x’ eL®. O

We shall also need the following identities and estimates.
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Lemma 2.10. For every f € S(R?, R), we have
(1) Fori,je{l,2,3}
AN ) =xid; AT F+ Lo f
where L;; f = —ZRijAflf. Moreover, we have the estimates:

IVLij fllze < Cllfllgat, (24)
IV2Lij £l oy Clflira,  pell,+ool, g €[l,+ool. (25)

(2) Fori, j, kefl,2,3}
Rij(xf) = xxRij f + L} f.
with
L} = =20k AT Ry + 80, A7 + 80, A7!
where 8;j denotes the Kronecker symbol. Moreover we have the estimates

125 ]| e < CULFNl 3, (26)
IVLE £l oo SCUSllLra,  pell,+ool, g €1, +o0l. 27)
Proof. (1) We first expand
A(xid; A7 = 2R AT f) =28, AT+ x;0; f —2Rij f = x:9; f.
This yields
AT 05 f) =X A7 F = 2Ry AT f + P (),
with P a harmonic polynomial. We can easily see that the r.h.s of this identity and R;; ATLf

are decreasing at infinity. Thus to prove that P is zero it suffices to prove that x;9; A~1f goes to
zero at infinity. Since

;A f] < |xj|/ If(y)l2 dy < |f ()] dy + ijf(y)2| dv.
Ix =yl lx =yl lx =yl
R3 R3 R3
Using Theorem 2.3, we get that x;0; A~lf e LP, forevery p > 3. Hence we get P =0.
The estimates (24), (25) are a direct consequence of the above expression and (18) and the
estimate (3) of Proposition 2.5.
(2) We use the same idea as previously. We first get the identity

ALY f = A(Rijox f) = xiRij f) = 9 (o f) = 20k Rij f — xidy f
=00 f +8xdi f — 20k Rij f
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and by the same argument as above, we finally obtain that
Rij(ef) — xkRij f =8k d; A f + 8.9 A f =28 Ri; A7 F.

The estimates (26), (27) are a direct consequence of the above expression and (18) and the esti-
mate (3) of Proposition 2.5. O

3. Commutator estimates

3.1. The commutator between the advection operator and 3r—’ Al

In this part we discuss the commutation between the operators %A‘l and v - V. This is a
crucial estimate in order to get better a priori estimates for the solution of (1) by using our
transformation. Our result reads as follows.

Theorem 3.1. Let v be an axisymmetric smooth and divergence free without swirl vector field
and p an axisymmetric smooth scalar function. Then we have, with the notation x, = (x1, X2),
that

[[@:/rya™ . v- Vo] an S oo/ rlliss (loxnll gy sz + 1ol g )-

1

Proof. Since the functions p and v - Vp are axisymmetric then using the identity of Proposi-
tion 2.9 we have

1 x% x12 X1X2 2
0 /A" p(x) = r—an,O(X) + r—szzp(X) - 2r—2R12P(X) = Z aij(X)Ri, jo(x)
i j=1
and also
2
@ /NA - Vp)(x) = Z aij(X)R;, j(v-Vp)(x).
i, j=1

Since v has no swirl and the functions a; ; do not depend on r and z, we have for every 1 <
i,j<2

v - Vai,j(x) = Urarai,j + vza3ai,j =0.

Consequently our commutator can be rewritten as

2 2
[@/rA v V]p) = Y aij@)[Rij.v-Vip= Y a;(x)div{[Rij, vlp}
i,j=1 i,j=1
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where we have used the fact that v is divergence free to get the last equality. By using that
ajj € L* and the estimate (1) of Proposition 2.5, we first obtain that

I[@-/ma™v-V]p] s < ZHdIV [Rij. v1p) | - (28)
i,j=1

The terms 01 ([Rij, vl]p) and n([Rij, vz]p) can be treated in same way and hence, we shall
prove the estimate of the first one only. The estimate of 03([R;;, v3]p) which is easier will be
done in a second step.

o Estimate of 91 ([Rij, v!]p). Since v is divergence free, we have that Av = —V A w. Hence
for axisymmetric flows (where in particular w = wyey), we obtain that

v () = A1 8307 = A7 103 (x1 (wo /7).
Applying Lemma 2.10(1) we get
v () =x1 AT 03 (we /1) + Lwp/r), with £L=—20;3A7> (29)

(we omit the subscript ij for notational convenience). Consequently the commutator can be
rewritten under the form

a{[Rij. vl]p} =01([Ri,j, L(wy/P)]p) + 01 ([Ri (A_133(0)9/”))x1]:0)
=01 ([Rij. Lws/)]p) + 31 ([Rij. (A7 03(w0/r))]x1p)
+31((A_133(0)0/”))[Rij7xl]p)
=01 (A7 93(wa/r) L p) + 01 ([Rij L(ws/r)]p)

+91([Rij» (A7 93/ ) ]x10)
=I1+1041I (30)

where we have used the identity (2) of Lemma 2.10.
Estimate of 1. We write

01(0387 (o /r) Ll p) = Ruz(wa/r) Lo+ BA™ (wo/r)I1L;p. (3D
By using (1) and (3) of Proposition 2.5 and (26) we have

[R13@a/r) Lo a0 < |Ri3@a/r)| s | Lol e < Cllws/rllsallpll o

and by using Proposition 2.5(1) and (18), (27), we also obtain

|osA™ @ /M1 Lo 50 < 0387 o /r) | oo |01£1 0] 130 < Cllwn/rllpsallol o
Combining these estimates we find

Ml z31 < Cllwg /rlipsiliplips- (32)
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Estimate of 11. We will use Bony decomposition
=10 + I + I3,
with

=81 ) [Rij Sq—1(La/r))]Agp.

920

My =081 ) [Rijs Ag(L(wo/r))]Sq-10,
q20

I3=0; Y [Rij. Ag(Lwp/T))]Agp
g=-1

For the first term we easily get that there exists a function ¥ € S(R?) such that

I = Z 9 {[qu(D), Sq—1 (ﬁ(a)g/r))]qu}’

q=0
with ¥, = 2374 (29.). By using the Bernstein inequality, this yields
[o1{[wq @), Sg-1(Lien/N))]Agp}] 2 < C20[[¥g (D), Sy-1(L(@s/1))]Ag ] 12-
Thanks to Lemma 2.7 and (24), we find
|01{[ g D). Sg—1(L(wa /)] Agp}]| 12 < C2UIx Yyl 11 | VLo /)| ool Ag ol 12
SClxylipllwg/rlipsall Agpllze-

It follows that

(111 ||B% <C qu% [01{[vq D). Sq—1(L(wa/r))]Agp}| ;2 < Cllwg/rli 13 ||,0||B%
2.1 geN 21

1
and hence by using the embedding B; | — L3 (see Proposition 2.5(4)), we obtain

Il 31 < Cllws/rll sl (33)

1
3
BZ,I

To estimate the term II; we do not need to detect cancellation in the structure of the commutator,
we just write

My =Y 01Rij(Ag(L(wa/r)Sg—1p) = Y d1{Ag(L(ws/r))RijSq-10}.
q=0 q=0

A useful remark is that thanks to the Bernstein inequalities and (25), we have

1A LSl S272 V2L f || S22 fllLr, Vg 20, pell,+ool.  (34)
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This yields by using the Holder inequality and Proposition 2.5(3) that

MLl g S Y237 A (Lo /r)Sq-10]l 12 + I 273 | Ay (L@ /M) RijSy-10] 2
Bi g>0 >0
<3293 A Lo/ 15 (1Sg=10ll 6 + I RiSg—101l6)
q=0

Sllws/rlls Y2772 Se-10ll s
q=0

Sloo/rl Y Y 256025 Akpl2)
q20k<q-2

Sllws/rllsliell 1
By,

Hence we get from Proposition 2.5(4) that

M2 flzs1 < Cllws /731 II/OIIB (35)

1.
2
2.1

For the term II3 we write

I3 = 0; Z[Rij, AW (,C(a)g/r))]ﬁq,o + 01 Z [R,‘j, AW (ﬁ(a)(.)/r))]ﬁqp
g1 —-1<¢<0

=131 + 3».

To estimate the first term we first use the Bernstein inequality to get

1Al S25 D7 [[Rijs Ag(L(@a/1)]Agp| -
q=k—4

Next, to estimate the terms inside the sum we do not need to use the structure of the commutator.
By using again the Holder inequality, (34) and the Bernstein inequality, we obtain

” [Rijv Ag (E(‘U(?/’))]qu”LZ
S Aag(L@o/n)] 3 18q0l s + [ Ag (La /M) 5 1Rij Ag ol s

S27wp/rll 3 Agpll 2.

It follows by using again Proposition 2.5(4) that

3 (k— L~
M1l pan S Il 3 Slleg/rlis Y > 2249293 pllgs < lws/rlisllell s -
B2 B2
2,1 k>—1q>k—4 2,1
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For the estimate of the low frequencies term I3, we need to use more deeply the structure of the
commutator. We first write

= > [0iRij, Ag(Lwa/P)]Agp— D 91LAG(@a/r)RijAyp.
~1<¢<0 ~1<g<0

The last term of the above identity is estimated as follows by using again Proposition 2.5 (1) and

(3) and (24)

H > LA (wa/r)RijAyp
~1<¢<0

L S D L@/ Ri Age]
By _1<q<0
S 01L@a/r)| ol 2
Sllwg/rligsallel 1
BZ,I

To estimate the first term of 113, we write for every —1 < ¢ < 0 thanks to Lemma 2.7 that

[[01Rij. A (Lo /r)]Bgp| 5 S lxhil s [VL@a/P) 1 Bgpl 2.

where ﬁ(é )=£§& T&;{ 7€) and ¥ € D(R3). Using Mikhlin—-Hormander Theorem we have

| <c(1+1x) ", vreR?

This gives in particular xh € L. Therefore we get by using again (24) that

| Y (iR aueenm)]ag

~1<g<0

SVL@s/D| pllplipe S llwe/rllsallol Lo
B

IV Uy

1
1

By using the embedding B2 L= L1, (see Proposition 2.5(4)), we find that
3

320l 230 < llews/rll s llpll g2
We have thus obtained that the term II3 enjoys the estimate
M1l 31 S llwg/rligsallpllige.
Consequently, by gathering this last estimate and the estimates (33), (35), we finally get that

Il 5.0 < Cllwg /rllsalipll o (36)

BZ,I

Estimate of 111. We also decompose the term III by using Bony’s formula as follows:

I = I, + 101, + 115,
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with

I =01 [Rij. Sg-1(03A7 (/1)) ] Ag (x1p).

q=0

I =01 Y [Rij. Ag (3387 (w/r))]S4—1(x10),
q20

=01 Y [Rij. Ag(3A7 (@a/r))]Ag (x1p).
g=-1

As we have done to handle the term II;, we can use that there exists a function ¥ € S(R?) such
that

I =Y 31 ([¥g (D). Sy—1 (8387 (s /1)) ] Ag (x10)).

q=0

with ¥, = 2344/ (29.). For every p € ]1, oo[, we first write thanks to the Bernstein inequality that

|91{[¥g D), Sg-1 (3387 (@a /1)) ]Agx10)} 10
< C27|[¥g(D), Sg—1(33A (wp /1)) ] Ag(x10) | -

Then by using successively Lemma 2.7 and the continuity of the Riesz transform (i.e. Proposi-
tion 2.5(3)), we get

[¥qD), Sq—1 (38~ (o /r))]Agx10)]
Sxvglip ] Sg-1(Vas A~ @a /D) 1, | Ag 1) | o
S27 x| Vs A (wa /)|, | A x10) | o

S27 e/l

Agy(x10) ”Loo-

It follows that

IMilize $ D lwo/rlize] A1) oo S llwa/rlirlxipllg -
g0 '

This proves that the linear operator T

£ Y a{[Yg D). S1 (A7 £)] Ay (x10)}

q20
is continuous from L7 into itself for every p € ]1, oo[ and that
ITllcwn < Cpliplg .

Consequently, by using the interpolation result of Theorem 2.4, we get that T is continuous on
LP-9 forevery 1 < p <ooand g € [1, oo]. In particular, this yields

I g0 S Nleon/rll 1ol g0 (37)
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For the term III3, we use split it into

I =31 ) [Rij, Ag (3387 (@5 /r)) ] Ay (x10)
g=1

+o1 Y [Rij. Ag(B3A (@a/r))]Ag (x1p)
~1<¢<0

=131 + 1II35.
Let p €]1, oo[ from the Bernstein inequality, we have that

1AM (e S25 Y |[Rij. Ag (3387 (@a/1))]Ag (10|,
q=k—4

and the terms inside the sum can be controlled without using the structure of the commutator.
We just write

I[Rij Ag (3387 (o /1) ]Agx10) | 1 S [ Ag (3387 (@o/ 1)) | 1o | Agx10) | oo
+]ag(B3A7 @o/P)] 1 [RijAg x10) |

S27 U we/rllee | Ag 1) | oo

Note that we have used the Bernstein inequality, the continuity of the Riesz transform on L? and
the fact that the support of the Fourier transform of Aq does not contain zero which gives that the
operator R;; A, also acts continuously on L (since it can be written as the convolution with an
L! function). It follows that for every p € ]1, +-o0[, we have

o
Miller S los/rliee Y Y 279 Ag 10| oo S llwp/rliLelxipllgo .
k>—1g>k—4 ’

By using again the interpolation result of Theorem 2.4, this yields
I 51 S lwa/rll ol plgo

We can also estimate the term III3; without using the structure of the commutator. By using the
continuity of the Riesz transform on L? and (18), we obtain

[[Rij. Aq (3387 @o/M)]Agx1p)] 12 S | Ag (8387 @8/ 1)) | 1o | Bg 1) | .2
+ 243387 @o/D) || oo | RijAg (x10) | 2
Slasa™ @o/n)] ] Agrp)] 2
Sllwa/rliparllxipll .

Therefore we get

IIHIszIIB% Sllwg/rllpsalxipll 2.
2.1



766 T. Hmidi, F. Rousset / Journal of Functional Analysis 260 (2011) 745-796

Consequently we obtain
L3 g0 S llwa/rll s lxioll g e (38)

Let us now turn to the estimate of the term III,. We write

I =Y [Rij. Ag(@3A7 (0o /r)]Sq—1(x10) + [Rij. Ag(3A™ (wp/r)]154-1(x10)
q=0

= Il + Mlps.

We have by definition of the paraproducts that

Iy = Rij (T, pRi3(wo/r)) — TR, (i) R13(wa /7).

Thanks to Proposition 2.5, we get that

My [ 50 S [Riz(@o /0| s (Ixiplle + [ Riz(x10) | o)
Sllwg/rllpsa(llxiplize + |Riz@xipe) | )

Sllwg /731 ||3€1:0||Bgo nL2

Note that the L> norm in the right-hand side comes from the low frequency term in the
Littlewood—Paley decomposition: we have

IRBA_I(x10) | S [R3A1Gx10) |2 S X100l 2 (39)

thanks to the Bernstein inequality and the L? continuity of the Riesz transform.
For the estimate of III;, we shall use that thanks to the Bernstein inequality, we have for
every f that,

A8~ S27U flle,  Yg =0, pell,+ool.

This yields

M2llLr < llws/rliLe Z 279(]|01Sg—1(x10)|| ;oo + [01Sg—1Rij (x10) | ;)
q=20

Sloa/rliee Y Y 2779 Apx10) | o + [ ApRij(x10) | 1)
q209-22p>-1

Sleo/rliee (Ixipllg |+ [Rij@io) ] g0 )

Sllwa/rlicellxiplig 2
by using again (39). Consequently, by interpolation, we also find

M2l 51 S s /rllaal1pllgo oo
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We have thus shown that
L2l S oo /rll sl ollgo_ oo (40)
Gathering (37), (38) and (40), we obtain
I 30 S llews /7l 30 IIX1p||BgO‘]mLz- (41)

Finally we obtain

Jor{[Rij. v' 1o} o S B/ rlzan (Fapllgs cpz el 1)

2,1

thanks to (41), (36), (32) and (30). In the same way, we also obtain the estimate

[02{[Rij. v?]o ] on S Nl /7l s (13201l g0 g2+ 1 1)

B2,1

In view of (28), it remains to estimate the term 03 ([R;;, v3]p) which has a different structure.

o Estimate of 33(['R;j, v3] p). Since we can write that

Avd = —(curlw)z = —(8ra)9 + %> = —<r8r<%> + 2%> =—xp - Vh<%) — 2%,
r r r r r

we obtain that
V(x)=—A"! (xh .V, (—w9 )) —2A7! <—w9>
r r

and hence by using Lemma 2.10 that

2
() =x; - VA N wp/r) =2 AT Ryi(wp/r) + 2487 (wa/r)

i=1

=xp - Vi A" (wa/r) + 207 " Raz(we /7). (42)

Thus, we have a decomposition of the commutator under the form

)

—03([Rij. v*]p) =D 03 (kA (@a /M Rij, xx1p) + 205 ([Rij. A~ Rasz(ws/r)]p)
k=1

2
+ Y 93 ([Rijs kA (w0 /)] (xip))

k=1
=141+

To estimate the first term I, we use Lemma 2.10(2) to obtain that
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TN e v SR P I Y Nl (R Vo
r r Y
,
_'R3k( )ﬁkp—i—akA (%>a3ﬁfj,0

It follows that

2

|I||L31 Z p”Loo ||R3k(w9/r)”L3.l + ”akA_l(w@/r)HLoo||83‘C'i‘(jp”L3.l)
k=1

Slelipsallog/rliaa
thanks to (26), (27). The estimates of the terms IT and TIT are similar to the ones of II and IIT

in (30) (indeed, the operator A™1R33 = 933A72 has the same properties as £ = —29;3 A2
which arises in (30)) consequently, we also get as in (36) and (41) that

Il s < o /rlislioll 1 M0 S s /rll s lpxnll go a2
2,1

Consequently, we also find that

l63([Rij. v°10) [ o S llwo/rllaa (loxnll g0 g2+ ol 1)

B2.l

This ends the proof of Theorem 3.1. O
3.2. Commutation between the advection operator and A,
The last commutator estimate which is needed in the proof of our main result is the following.

Proposition 3.2. Let v be an axisymmetric divergence free vector field without swirl and p a
smooth scalar function. Then there exists C > 0 such that for every g € NU {—1} we have

|1Ag. v Vip| 2 < Cllwg/rllgsa (Ioxnlls + lloll2)-
Proof. From the incompressibility of the velocity we have
3
[Aq,v.V]p=23i([Aq,v']p)=1+H+HL (43)
i=1

The first and the second terms can be handled in the same way, so we shall only detail the proof
of the estimate of the first one. Thanks to (29), we have that

v (x) = x1 AT 03(wg /1) 4+ L(wg/r), with £L=—2R;3A7!

and hence we get
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1=91([Ag. x1A™ 83(wa/P)]p) + 31 ([Ag. L(wa/T)]p)
=1 +1p.

The estimate of the second term in the right-hand side is again a direct consequence of Lemma 2.8
and (24). Indeed, we write

ol 2 < [ VEL@o/P) | follpll 2 S llwa /Pl s lloll 2.
The first term 77 in the right-hand side can be expanded under the form
I =01([Ag, A_133(w9/r)](X1,0)) + 31 (A 3w /)[Ag, x11p) =111 + 112
We start with the estimate of I;5. By definition of A, we have

180 =x1234/<p(z%x —)p()dy
R3

— 23 / 0(27(x — ) yp()dy +2% / ¢(21(x = )01 = y1)p () dy
R3 R3
= Ag(x1p) +2792% 91 (27) % p,

where @1 (x) = x19(x) € S(R?). Consequently we get the expression of the commutator:
[Ag, x1]p=—2792%¢(27.) % p. (44)
This yields
Io = —(Riz(we/r))2%¢1(29°) x p — { AT 33(wp /1) } 271 (31901)(27") % p.

Therefore we get by using again the Holder inequality, the continuity of the Riesz transform, (18)
and the Young inequality for convolutions that:

I2ll2 < [Rus@e/r)| 2% @1 (27) % o] o + | AT 83(@o /1) | 1 2% | 10 (27) 0] 12
Sllwg/rlzslier IIL% lollzz + llwe/rllpsallorerllipillell2

Sllwa/rlipsalipllze.

Note that we have also used the embedding (15).
To estimate I1; we use again Lemma 2.8:

-1
Mz S [ VAT 93(00/1)| slxiplle S lwa/rlislixiplips S lws/rlipalixioll s
We have thus shown that

1M z2 Sllws/rligsa(Iellzz + lIxiollzs). (45)
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In the same way, we obtain that
M2 S llwa /7l s (Lol 2 + X201l 16)- (46)
It remains to estimate the last term III. By using (42), we get
—I = 33{[ A, ViA™ (@o/P)]np)} + 33 { Vi AT (o /P)[Ag, x1lp)

+203{[Ag. A" Raz(wa/1)]p}
=III; + I, + I115.

The estimates of the first and last terms follow again from Lemma 2.8: we write that

I 2 < CVZA™ o /r) | sllxnpllgs S llwg/rllslxaplize S lwa/rll s llxnpll s

and that

I3 2 < C[ VAT Razws/r)|| 1012 S [ Raz(ws /)| salloll 2 S Cllwa/rll sl ol 2

Note that we have used again the estimate (18).
Finally, to estimate the second term III; we can use the expression of the commutator [A, x;]
given by (44):

M = 27935 ((VaA™ (wa/r))2% 01 (29-) % p)
=213 V4 A (wp /1) (2% (29°) % p) + Vi A (wa /1) (279 (3301) (27°) % p).
with @5 (x) = —xpe(x). It follows as before that
I 2 S 27 Nlwe /rll 32 [on (27) % ol 1o + [ Vh A @o/ 1) | 12 B300) (27-) * o] 2
Slos/rlizslionll 3ol + lloo/rllsi ldsenl ol 2
Sllwa/rllzsallpll 2.

Gathering these estimates we also find that

I3 S lws/rllgsa (loliLe + lxapllzs)-

In view of (43), (45), (46) and the last estimate, this ends the proof of Proposition 3.2. O
4. A priori estimates

In this section we intend to establish the global a priori estimates needed for the proof of
Theorem 1.1. We shall first prove some basic weak estimates that can be obtained easily through
energy type estimates. In a second step, we shall prove the control of some stronger norms such as
lw ()| and ||[Vv(2)| Loo. This part requires more refined analysis: we use the special structure
of the Boussinesq model combined with the previous commutator estimates.
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4.1. Energy estimates
We start with some elementary energy estimates.
Proposition 4.1. Let (v, p) be a smooth solution of (1) then
(1) For pe]l,o0[, g €[1,00] and t € R, we have
N7 o2 +21V0055,5 <llooll72  llpllzgerra < ClipoliLra.
i i
(2) Foruvge L2, 00 € L?andt e Ry we have
[v@| ;2 < llvollz2 + 1ol 12

(3) For po € L? we have the dispersive estimate

1
lo®]l,~ < C(l + —§>||IOO”L2-
t4

The constant C is absolute.
Note that the axisymmetric assumption is not needed in this proposition.

Proof. (1) By taking the L2-scalar product of the second equation of (1) with p and integrating
by parts, we get since v is divergence free that

SlowlL+ [ 1900 P ax =0

R3

2dt

Integrating in time this differential inequality gives the desired result.
Let us now move to the estimate of the density in Lorentz spaces. First, the same argument
yields that for every p € [1, oo], we have

Hp(t)”LP < lloollLr.

It suffices now to use the interpolation result of Theorem 2.4.
(2) We take the L2-scalar product of the velocity equation with v and we integrate by parts

el < v 2 e 2

&\|Q~

1
2

and this implies that

HvU)HLz [o®] 2



772 T. Hmidi, F. Rousset / Journal of Functional Analysis 260 (2011) 745-796

Thus, integrating in time gives

t
[v®)] 2 < llvoll 2 + / Lo - dr.
0

Since [|p(®) ;2 < llpoll 2, we infer

lo@) | 2 < llvoll 2 + tllpoll 22

(3) The estimate is a direct consequence of Lemma A.1 The proof of the proposition is now
achieved. O

4.2. Estimates of the moments of p.

We have seen in Section 3.1 and Section 3.2 that the estimates of the commutators involve
some moments of the density. Thus we aim in this paragraph at giving suitable estimates for the
moments that will be needed later when we shall perform our diagonalization of the Boussinesq
system. Two types of estimates are discussed: the energy estimates of the horizontal moments
|xn|¥p, with k = 1, 2 and some dispersive estimates. More precisely we prove the following.

Proposition 4.2. Let v be a vector field with zero divergence and satisfying the energy estimate
of Proposition 4.1. Let p be a solution of the transport-diffusion equation

hp+v-Vp—Ap=0, p(0,x)=po.
Then we have the following estimates.

(1) For pg € L? and xj,po € L? , there exists Co > 0 such that for every t >0
5

lxnollLor2 + Ixnoll 20 S Co(1+17%).

(2) For poe L>N L™, m > 6 and xj,po € L?, there exists Co > 0 such that for every t > 0
1 _3
||)ch,o(t)||Loo < Co(t4 +t 4).
(3) For pg € L? and |xn |2,00 € L2, there exists Co > 0 such that for every t >0
2 2 3
B p||L,°°L2 + [ ] p“L,ZHl < Co(l+12).

(4) For po € L*> N LS and |x;|?po € L?, there exists Cy > 0 such that for every t > 0

lxa o) o < Co(ts +177).
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Remark 4.3. Note that when pg € L? and |xj,|>pg € L? then automatically the moment of order
one belongs to L2, that is xj, po € L2. This is an easy consequence of the Holder inequality

1 1
Ixnpllzz < loll 2| 1xal?p| 2,
Proof. (1) Setting f = xpp, we can easily check that f solves the equation
0f +v-Vf—Af=v"p—2Vp (47)

with the notations v"* = (vi, v2) and Vj = (91, d2). Now, taking the L2-scalar product with f,
integrating by parts and using the Holder inequality

1d

sl POl 41V = [ orax—2 [ Viorar

R3 R3
S vllzzliolizstflize + 200l 20V £l 22

By using the Sobolev embedding H' <> L° combined with the Young inequality, we obtain

d 2 2
SOl + Vol < oIz lel3s + ol
Since the Gagliardo—Nirenberg inequality gives that

lol2s < el 21Vall 2,

we infer

d
O+ 1V O S I 00121 012 + ol (48)

Integrating in time and using the energy estimate of Proposition 4.1(1), we thus obtain

2 2
[ r O+ 1Y f Ol 202 S W foll 7z + 101 20l 21V 2l 2 + ol 72
1
SUfoll3 2+ Co(1+12)12 + [l poll? 2t
< Co(1+13).

(2) We shall apply Lemma A.1 to (47) with F' = pe; and G = v; p. First, we observe that we
have obviously from the Holder inequality combined with Proposition 4.1(1) that for m > 2

Gl S llpgep2lipllzgepm

2m
L?OLI11+2
<Co(l+1)
and

1N Loers < llpoll Ls-
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Consequently, we get from Lemma A.1 and Proposition 4.1 that for m > 6 and for ¢t > 0,

_3 1_3 1
1f @O e SC+173) ] foll 2 + Co(1+25720) + (1+17) [l poll 16
3 1
< Co(t~F +14),
(3) The second moment g = |x;,|?p solves the following equation
dg+v- Vg — Ag=2v"(x3p) — 2Vjp — 4div (x )
=uv,f —2Vup —4divy, f.

By using again an L? energy estimate, we find that

d
1 L10] R AIOT Pt RG] PR G MR O e IO S FOT

Thus, by integrating in time and using the energy estimates for p, v and f we get

1 1 1 1 1
ls® 2+ 1Vl 202 S gollz + 0l e 21V F 1o o ¥ + ool 2t + 11l pe o1
5
< Co(l + t?),

where Cy is a constant depending on the quantities |||x % ool 2 fork=0,1,2.
(4) By setting g1 (¢, x) =tg(t, x), we have that

dg1+v-Vg — Agi =g+ 20" (txpp) — 2t Vyp — 4divy (txnp).

Multiplying this equation by |g1|*g, integrating by parts and the obvious inequality |xj,p| <
|p|%|g|%, we thus get

1d 1 1 u
gangluié+5/|Vg1|2|g1|4dx§||g||Ls||g1||if,+tz/|v||p|2|g1|z dx
R3 R3
1 1 9
+t/|p||Vg1||g1|4dX+t2/|p|2|g1|2lvg1|dx.
R3 R3
It follows from Holder inequality that
1 1 9 1 u !

12 | plZlg112|Veildx <2l 2 llgnll Aslloll? i -

LT
R3

Consequently
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l—||g1|| +5/|Vg1|2|g1|4dx
6 dt
]R3

Slglizsligils +t2|Iv||L2||g1|| 1sI|p|I

1
2

18
L7

1
(tllp||L6||81|IL6+t2||/0I| 6||g1|| </|Vg1| |g1|4dX) :

Now we can use the Young inequality combined with the following Sobolev inequality

lg1llSs < [V(gd)]7 :9/ IVeil*lg1]* dx
]R3

to obtain that

d
T lerlZe + cllgilz s +c/ IVeilPlgil*dx Sligllsllgilly 6 +t6||v||;%||p||i§
R3

+21ol36lgil s + 2ol Lslignl s

By using Proposition 4.1, we deduce that

||g1||L6 +ellgill® s + c/ IVeilPlgil*dx S llgllpsllgill s + Cor®(1+1'%)
]R3

2 2 4 5
+7llooll7sllgile +tlloolliLelligrlls-

Next, by using again the Young inequality, we infer

d
a2 < Co(t® +%) +Cot + 5] o) 510 -
By integrating in time this differential inequality, we obtain that

t

a1 50 < ol +19) +.Co [ (¢ + @ o) n (@) o
0

Therefore we get from Proposition 4.2(3) combined with the Sobolev embedding H' c L that

|81 1o < Colts +15) + Collgll 16
7 19 1
< Co ( 1o +1 6)+t2||Vg”Lt2L2
< Co(tt +15) + Co(1 +13)17.
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Therefore, we obtain that

13
6

|xiPo@)] 6 < Co(ts +172).

This ends the proof of Proposition 4.2. O
4.3. Strong estimates

As in the study of the axisymmetric Euler equation, the main important quantity that one
should estimate in order to get the global existence of smooth solutions is || (#)||3.1. Indeed,
this will enable us to bound stronger norms such as || (t)| L~ and ||Vv(t)| L~ which are the
significant quantities to propagate higher regularities.

4.3.1. Estimate of || (t)|| L
First, we will introduce the following notation: we denote by @; any function of the form

19
Dr(t) =Cy exp(. ..exp(Cot 6 ) .. )
——

k times

where Cy depends on the involved norms of the initial data and its value may vary from line to
line up to some absolute constants. We will make an intensive use (without mentioning it) of the
following trivial facts

t t
/@k(r)dr < Pr(t) and exp(f@k(r)dr> L P41 (1).

0 0

We first establish the following result.

Proposition 4.4. Let vg € L* be an axisymmetric vector field such that % e L3 and py €
L2N L™, for m > 6, axisymmetric and such that |x,|>po € L*. Then, we have for every t € R

< Da(1),

H 2w Y0

"

131

where Cy is a constant depending on the norms of the initial data.

Proof. Recall that the equation of the scalar component of the vorticity w = wyey is given by

r

orwy + v - Vwy = v—a)g — 0pp. 49)
r

It follows that the evolution of the quantity “ is governed by the equation

(8t+v-V)%=— . (50)
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By applying the operator 37' A~ to the equation of the density in (1), we obtain that
1 ) 1
(0 +v- V)(—arA_l,o> _aP —[—a,A—l, v V]p.
r r r
By setting I := 22 + i’r—’A_l,o, we infer
1 -1
@ +v- VN I=—|-0,A"",v-V|p
r

Observe that the incompressibility of the velocity field allows us to get that for every p € [1, oo]

drt.
Lp

t
1
[T, <ITollee +/H[;M—l,v-ﬂp
0

Therefore we get by the interpolation result of Theorem 2.4 that for 1 < p < oo and ¢q € [1, o0]

t
1. _
IT |, g < I0llLra +/H[—arA l,v-V}p(r) dr.
r Lpa
0
In particular, we have
(Tt
|r @ | 50 < 1ol z3a +f“|:;8rA—1’v.Vi|p(t) “dr.
L.
0

Applying Theorem 3.1 we find

t

|7 @ 30 <ol 34 +/H(we/rxr)np1(||xhp(r)|}Bo a2+ le@] r )dt
0 21

Moreover, thanks to Proposition 2.9 and Proposition 4.1 we have

1
H(we/r)(t)HLa,.<HF(t)HL3,1+H;8rA“p(t) L SITO] s+ Clipolls
131

The combination of these last estimates yield

l@a/r)@) | 150 < C(lwo/rllzsr + lpoll)

' / @@l (0@l gy oo+ o]y )de
0

2,1
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Thus we get by the Gronwall inequality that

| (@a/r)®)| 31 < C(llwo/rllzs1 + ||,00||L3,1)eXP(CllxhpllL;(BgoylmLz) +C||/0||L] ). (5D

1
2
YBZ.I

The term ||p|| ) will be controlled only by energy estimates. Indeed, the interpolation esti-
L

t B2.1
mate

1 1
SlellZ Vel

el
B 1

1
2
2,
combined with Proposition 4.1 and the Holder inequality give

1 3 1 3
< 2 z 2 < t1
||,0||L}BZ%1 S ol oot ||V,0||L[2Lz Stalleollze.

To control the term || xp ]|, 12 in the right-hand side of (51), we can use Proposition 4.2:

E =]

).

lxnpll 1 < thanpll e < Co(1+1
Consequently we obtain in view of (51)

2 Clloxnll

i h LIBO
< Coe'* e P01,
L3.]

1)
—(1)
,

(52)

Now it remains to estimate the right term of (52) inside the exponential. Let us first sketch the
strategy of our approach. We will introduce an integer N (¢) € N that will be chosen in an optimal
way in the end and we will split in frequency the involved quantity into two parts: low frequencies
corresponding to ¢ < N(¢) and high frequencies associated to ¢ > N (¢). To estimate the low
frequencies we use the dispersive result of Proposition 4.2(2). The estimate of high frequencies
is based on a smoothing effect.

By using Proposition 4.2(2) and the Bernstein inequality, we find that

t t
||xhp||L;Bgo,1=/ > ||Aq<w>(f>||modf+/ > 4@ de

04SN 0 4>N®
t t

ch/(r%+r—%)N(r)dr+c/ 3 293 Aay )@ 2 dT. (53)

0 0 9>N(@)

Now we intend to estimate the last sum in the above inequality. For this purpose we localize in
frequency the equation for f = x;,p which is

Wf+v-Vf—Af=v"p—2V,p:=F.
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By setting f, := A, f, we infer
0 fg+v-Vig—Afg=—[Ag,v-VIf + Fy.
From an L? energy estimate, we obtain that

1d

Ml}ﬁ,(z)lliz —/(qu)fqu <N fall2([lag. v - VIF || 2 + 1Fll2).

R3

Since the Bessel identity yields

QM| f,12, < — / (Afy) fydx,
]R3

it follows that

d
il 11O+ 2| fyO] 2 < C(1agv- VIS 12+ 1Fgl2).

Therefore we obtain by integration in time that

t

[ 2]z S| £, O] 2 + / emet—02

0

[Ag,v- VIS o + 1Fyll2) d.

To estimate the commutator in the right-hand side, we can use Proposition 3.2 and Proposi-
tion 4.2,

(184, v VIF @] 2 < Cll@o/D@ | i ([l @) | 16 + [xn0 @] 1)
< CO” (wQ/r)(T)“L},l (‘E% + 1:7%)'

Hence we get

t
0l e 1O+ [ 7y o]
0

t
1

+Co / ect=T)2% (o /r) (@) 3. (r% +172)dr. (54)
0

Letusset (1) =71 3 + r’%, then (54) and convolution inequalities yield
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> 293 Ay o) ()] 2 de

0 q>N(7)
S Y (| O]+ 1Fyl2)
g=-1

t T

veof B 2 [ I fon () e

0 g>N(1) 0

¢ T
SNfollp2+ ”F”L,'Lz + Co/ ”C()@/V”L$0L3,l < Z 2‘1% /e—c(r—r/)22qlc(r/) dT’) dz.
0

q>N(1) 0

Moreover, from Proposition 4.1 and Lemma A.1, we also have

1
Il <120V oll 200 + 0l e llol ) o
t

1 3
< Cllpoll 212 +Co(1+I)IIP0||L2(/T_‘_‘dT+f>
0

<Co(l+ tz).

Inserting these estimates into (53) yields
”xhp”L,lBgo ]

gC +Co/ r4~|—1: 4 N(‘L’)d‘f
0

t T
+CO/||600/7'”L?0L3.1< Z 2‘1%/6—6(1—1’)224({1/}?_i_{rl}—i)d_[/) dt
0

qg>N (1) 0
t
<ot +7)+Co [ (£F+ N ar
0

T
1
+C0/||w0/r||LooL31<‘rf’2 VO Y 2’12/ —et2 g ’}‘%ﬁ’)d;. (55)

g>N(r) 0

By a change of variables we get
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T 224
Z 2‘1%/efc(rfr’)zz‘I{T/}*%dr/: Z zq%efcrzz‘i / ecr/{r/}i%d‘r/
g>N@@) q>N(7) 0
2% ¢
- Z Zq%e_”zzq/e”/{r’}_%dr'
geA(t) 0
2% ¢
+ Z 2‘1%6—0&2‘7/ecr/{r/}—%dr/
qea(r) 0

=1(r) + (7).

with
Ai()={g>N(@) and712 > 1} and Ax(t)={g> N(r)and 12% < 1}.

To estimate the first term we use the following inequality which can, be proven by integration by
parts: there exists C > 0 such that for every x > 1

X
1

/y_%ecydy < Cx™2e%.
0
It follows that
) Se2 Y 2720 <oV s,

g>N(7)

To estimate the second term, we observe that the integral is bounded by a fixed number and
hence, we find that

s 3o 25270 3T 2052 O (14,
g€ (T) 224 !
Gathering these estimates, we obtain
T
Z e /e—c(r—r/)ﬂq{l_/}—% dr' < 2_%1\/(:)(1 n r_%).
g>N(1) 0
By plugging this estimate into (55), we get

t
13 3 1
lenoll g0 | < Co(l+1%) +c0/(ﬁ +178)(N@) + lwp/rll 30272V D) d.
0
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We choose N such that

N(v) =2[logy (2 + lwp/rll o 121)]

and then we find

°‘|\o

Ikl g0 < Co(1+ +co/ (6 +17%) )log(2+ llwn/rll o a)dT.  (56)
0

Putting together (52), (56) and Proposition 4.2(2), we find that

t
og(2+ lwp/rll e 31) < Co(1+17) + cof(r? +7 %) log(2 + llwn /7l e 31 7.
0

From the Gronwall inequality, we infer

19 1
log(2+ llwg/rll oo g31) < Co(1 41 )0+ < @y ().

Therefore we get by using again (56) that

wg
” —(@) < D2(1).
r 131
Since 2 = ¢y, (22) implies that
w
— (1) <D (1). (57)
r L31
Finally, thanks to (19), we obtain
w
<C”—(t) < Da(1).
L>® r L3,1

This ends the proof of Proposition 4.4. O

4.3.2. Estimate of |w(t)] Lo
Our purpose now is to bound the vorticity.

Proposition 4.5. Let vo € L? be an axisymmetric divergence free vector field without swirl such
that wy € L*°, % e L>!. Let po be axisymmetric scalar function, belonging to L> N L™, m > 6
and such that |x;|>po € L%. Then we have for every t € Ry

lo@| oo +1VPl L1 0 < Pal).
L i
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Proof. From the maximum principle for Eq. (49), we obtain that

t 1
o]~ < tools + [ 1o/ 0@ dr + [ |90 .
0 0

By combining Proposition 4.4 and the Gronwall inequality, this yields

t
|o®] - < ¢3<r>(1 +/ Vol dr>.
0

Now we claim that,

t
IV ol <Co<l+t2+/||a)(t)“modr>.
0

Let us first finish the proof by using this estimate. We deduce that

t
o0l <00 (14 [ Lol o)
0

and thanks to the Gronwall inequality that
lo® |~ < 240
This gives in turn
IVl 1100 < Pal).
Let us now come back to the proof of (58). For g € N we set p,; := A, p, then
0ipg +v -V, —Apyg =—[A4,v-V]p.
Let p > 2 then multiplying this equation by |po4|? -2 pq and using Holder inequality

1d -
SalP ol - /(qunpqw*zpq dx <llpglfy 18, v- Vio] -
R3

Now we use the generalized Bernstein inequality, see [24],

1 —
;ﬂnpqnﬁp < —/(qu)w *pq dx.
R3

783

(58)
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Hence we get

d
E”P(l)”m +cp2¥ | pgllzr < [[ag.v- V]'OHLP‘

This gives

t

loa®|,» <e P2 A p0llLr + / ] VNSRS 4 PY W

0

Integrating in time implies that
legl e S22 NoollLr +272[[Ag, v~ Vip| 111
According to Proposition 2.3 [18] and Proposition 4.1 we have

[(ag.v- Ve, <ClipliLr((@ + Dlolle + VA v L)
ClipollLr (G + DllellL + [[v]l2)

<
< Clipolir ((g + Dlelze + Co(1 +1)).

It follows that
lpgllzizr < Co(1+1%)272 + Clipollr (g + D27 [l 1 oo

By using the Bernstein inequality, we find for p > 3 that

142
IVl oo < Ctllpollz2 +C Y 21 lpg 1,
qeN

143 143
<Co(1+2) Y 277D 4 Collol 1y Y2770 (g + 1)

geN geN

< Co(1+1%) + Collll 1 oo
This ends the proof of the desired inequality. O

4.3.3. Lipschitz bound of the velocity

(59)

We shall now deal with the global propagation of the sub-critical Sobolev regularities. This is

basically related to the control of the Lipschitz norm of the velocity.

Proposition 4.6. Let % < s <3and (vo, po) € H* x H*"2 and (v, p) be a solution of the Boussi-

nesq system (1). Then we have for every t > 0

~ - ClIVvll, 1,00
”U”L,o"HS+”p”L,°°HS—2+”p”Z}HS < Co(l +1)e .
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If in addition py € L™ with m > 6 and |x,|> po € L?, then we get for every t >0
[Vv@ | @5 Nvllzeps + lolze sz + 10171 s < Po(0).

Remark 4.7. We point out that we can extend the results of Proposition 4.6 to higher regularities
s = 3 but for the sake of simplicity we restrict ourselves here to the case of s < 3.

Proof. We localize in frequency the equation of the velocity. For g e NU{—1} we set v, := Ajv
and p, 1= Ay p.

0vg +v-Vuy, +Vmy = pge; —[Ag,v- V]

Thus taking the L?-scalar product with v, and using the incompressibility of v and v, we get

d
Envq(r)HLz <lpglipz + [[Ag v VIv| .

Integrating in time we obtain
[vg ] 12 < [og @) 12+ Nogll 12 + [[Ag. v VIV 11
Thus we get
ol ns < llvollas + 100z gs + [ 2% [[8g. v VIV] 112),, [ 2

We will use the commutator estimate, see for instance Lemma B.5 of [10],
t
1" [1ag.v-VIv]1,2), ]l 2 < C/HW(f)HLm [v@)] s dr.
0

Putting together these estimates and using Gronwall inequality yield

Clvuli 1

lvllgee s < (lvoll s + Nz s e L (60)

Using the estimate (59) we get for g € N
”/Oq”L[OOLQ + 22q ||:0q||Lt1L2 < C”pq(o) HLZ + H [At]7 v- V]p”L}LZ
Therefore we find

Iol s+ 1olz1 s < NA-10l 12 + ool s + [ 27O [1Ag v - Vo] 11,2), 2

< Ctllpollz2 + ool s + [ (24¢ 72 18g, v - Vo] 1112), -
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Since —1 < s — 2 < 1 then we have the estimate, see [10],
t
[ @12 1ag. v Vie] ), e <C / [Ve@ ] o @] g2 .
0

Consequently,

t
ol ze prs-2 + o171 11 <C0(1+l‘)+C/||VU(T)”Loo lo@)] -2 dz.
0

By Gronwall inequality

ClVoll 1,00
1o zo0 s + lolg1 s < Col+0)eHE, 1)
Combining this estimate with (60) gives the desired estimates.

Now to get a global bound for Lipschitz norm of the velocity we use the classical logarithmic
estimate: for s > %

IVollzee Slvll2 + llwlzee log(e + [[vll ).

Combining this estimate with the first result of Proposition 4.6 and Proposition 4.5

t
IVllzee < a>4(r)<1 +/er)|\ L0 dr>.
0

It follows from Gronwall inequality that
V@) | < P50).
Plugging this estimate into (60) and (61) gives
1ol e s + N0 z30 sz + 10l 71 s < Pe(2).
This ends the proof of the proposition. 0O
5. Proof of the main result

The proof of the existence part of Theorem 1.1 can be done in a classical way by smoothing
out the initial data as follows

V0.1 = Snvo = ZSnX (2’1) * V0, 0.0 = Snpo = 23”X (2n) * 00

where S, is the cut-off in frequency defined in the preliminaries. Since x is radial then the
functions vg , and pp , remain axisymmetric. Moreover this family is uniformly bounded in the
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space of initial data: this is obvious in Sobolev and Lebesgue spaces but it remains to check the
uniform boundedness of the horizontal moment of the density. We will show that

sup lxal? om0 2 < C(llooll 2 + | 1xn*p0] ,2)- (62)
ne

For this purpose we write

/x(2”(x —M)p» dy‘

R3

12| on0(x)| = Ixn?

<2/|xh—yh|2|x|(2"<x—y>)|p|<y)dy+2'/|x|(2"(x—y))|yh|2p<y)dy
R3 R3

<2272 x1(2%) % p) ) +2(1x1(2") * (Iyal*p)) ()
with x1(x) = |x1,|?|x (x). From convolution laws we get

l1xa om0 2 < C27* Mol 2 + C Il 0 -

This achieves the proof of (62). Now, by using standard arguments based on the a priori estimates
described in Proposition 4.6, Proposition 4.5 and Proposition 4.2 we can construct a unique
global solution (v,, p,) in the following space

v, € C(IR{+; HS) ﬂLl(R+; Wl’oo) and p, EC(R+; Hs_z) ﬂLl(R+; Wl’oo).

The control is uniform with respect to the parameter n. Therefore we can prove the strong conver-
gence of a subsequence of (v, pn)neN to some (v, p) belonging to the same space and satisfying
the initial value problem. It remains to prove the uniqueness problem. This gives the existence of
a solution.

The uniqueness will be proven in the following space

(Uv IO) ekX = (C(R+, L2) N L1 (R+, Wlﬂoo))z‘

Let (v, p') € X, 1 <i <2 be two solutions of the system (1) with the same initial data (v, 6p)
and denote v = v*> — v!, 8p = p? — p'. Then

8;8v 4+ v - Vv + VIT = —8v - Vo'l + 8pe.,
060 + v2. Vép — Adp = —6bv - Vpl, (63)
divv' =0.

Taking the L2-scalar product of the first equation with v and integrating by parts gives

1d
Muavm”iz < Vo[ s l8vlI7 2 + 8ol 2 1801l 2
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Consequently,

d 1
yrd CRIOY VERS A PN L TER LI TR

Using the Gronwall inequality yields

t

T 50 < <||avo||Lz + [ ||8p<f>||def)-
0

By the same computations we get

t
180®)] 2 < 1800l L2 + f Vo' @]~ 8v@] 2 dr.
0

It suffices now to put together these estimates and to use the Gronwall inequality.
Appendix A. De Giorgi-Nash—Moser estimates for convection—diffusion equations

We intend to prove some dispersive estimates for a parabolic equation. We use De Giorgi—
Nash—Moser method similarly to [6].

Lemma A.1. Consider the equation
f+u-VF—Af=V-F+G, t>0, xeR f0,x)= fokx). (64)

Consider p, q, p1,q1, € [1, +0o0], r € [2, +00] with

2 3 2 3
—+— <1, —+ — <2
P 4 P qi

There exists C > 0 such that for every smooth divergence free vector field u and every T > 0, if
Fe L’;Lq and fo € L", the solution of (64) satisfies the estimate:

1 1—(2+3)
| £ oo <C( 14 =5 )Ifollr +CA+VT 7TV IF N 00
T* T

2r

2—(F+50)
(VT )Gl g (65)
Proof. Since the equation is linear, we can study separately the three problems

{Pf:V-F, {Pf:G, {szo, 66)
f£(@0,x) =0, f0,x)=0, £O,x) = fo(x),

where we haveset Pf =0, f +u-Vf — Af.
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Let us start with the first problem in (66). We shall prove that there exists C > 0 such that for
every F with ||F||Lqu < 1, we have the estimate

| fllzer < C. (67)

Once this estimate, is proven, the estimate involving F in (65) will just follow by a scaling
argument.

The first step is to use the standard L9 a priori estimate (obtained by multiplying by P f by
| £19 sign f). Since u is divergence free, we have that

d (1

E(gllf(t)ll‘&)+(q—1)/|vf|2|f|q—z dx<(q—1)/|F||Vf||f|q—2 N
R2 A

From the Young inequality and the Holder inequality (note that since 2/p 4+ 3/g < 1, we neces-
sarily have that g > 3 and p > 2) this yields

d (1 -
E(&Hfm ||f£q> < (g~ DIFIZ /15,

and hence by integration in time, we obtain since g > 3 that

1

1 1
2
2
I fllLsere < Cq (/ |F@)| 7 dt) SCqllFllppre < Cq (68)
0

where C,; depends only on g. To improve this estimate that is to go from the above L? estimate
to an L estimate, we shall follow the De Giorgi, Nash iteration argument. For M > 0 to be
chosen, let us take a positive increasing sequence (M), >o such that My < M and M) converges
towards M. A good choice is for example

1
Mi=M(1———). k>o. 69
k < k+1> (69)

We shall use the standard notation x4 = max(x, 0). Since u is divergence free, we obtain the
level set energy estimate

d (1
—<5|\<f—Mk>+<z)uiz>+y|V<f—Mk>+||iZ< / |F||V f|dx

dt
fZMy

1
2
<( / |F|2) IV - Mo 2

fZ=My
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where the last inequality comes from Cauchy—Schwarz. By using the Young inequality, we thus
obtain

1
Uk</ / |F|?dx dt (70)

0 fZMy

where
2 2
U= [(f = MO+ [ o2 + |V = M| 2,0

The main idea is to prove that the right-hand side of (70) can estimated by a power of Uj_1
strictly larger than 1. By using the Holder inequality, we first get that

1

1 1-2
2 _2 —2y-L. b
U < /||F(t)||Lqu([)l adt < ||F||iqu</mk(t)(l q)(pZ)dt) , (71)
0

0

where my(t) = |{x, f(t) > My}|. To estimate m (t), we note that if f(z, x) > My then
f,x) =M1 2 Mg —M_1 >0

and thus we have

(k 4 1)?
i zm < i (ft,x)— Mk71)+- (72)
This yields
(k +1)*" -
mi() < —— 22— [ (f () = M) [ (73)

for every m > 1. We shall choose m carefully below. By plugging this last estimate in (71), we
get

2 1 -2
k+ DH2\"1=9 m1-3HE)\ 7
Uk<||F||’iqu< m /||(f(t)_Mk—1)+ o L))
0

Now let us notice that if « > 1 and S € [2, 6] are such that % + % > % then we have

[(F @) = Mir) o s < Uit

Indeed the control of Uy_; gives a control of the L‘l’QLl and the L%H ! norm. By Sobolev em-
bedding this gives a control of the L%L6 norm and then the inequality follows by standard
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interpolation in Lebesgue spaces. Consequently, to achieve our program, we need to choose
m € [2, 6] such that

(75)

The first constraint can be satisfied as soon as 2/(1 —2/q) < 6 which is equivalent to ¢ > 3 while
the second constraint can be satisfied as soon as

2 2 2 3
211——)+3(1——)2m|l——)>=-2=3
p q q/ 2
which is equivalent to
2 3
—+—-<1
P 49

Consequently, since we have g > 3 and 2/p + 3/q < 1 by assumption we can choose m such
that the constraint (75) are matched. This yields that there exists y > 1 such that

2
(k+ D2\""73) (k+1)?
EN Ty <

m(l—%)
Ul Vkz=2.
M M

2
Us < ||F||L€Lq<

If U is sufficiently small, this yields that limg_, 1 Uy = 0. Since, we have from (71), the
Tchebychev inequality and the energy inequality (68) that

1 1=2
P 4 00 q-2 4 q-2
< ([t "< (b (4G
M M

0

we can indeed make Uy arbitrarily small by taking M sufficiently large and thus
limg_, y 5o Ur = 0. From Fatou’s Lemma, we obtain that for every ¢ € [0, 1]

/(f(t,x)—M)+dx<O
R3

and therefore that almost everywhere
ft,x) <M.

By changing f into — f, we obtain in a similar way that f > —M almost everywhere and thus
(67) is proven. To obtain the part of estimate (65) involving F if T > 1 we can use a change
of scale argument. Let us set Kf(t, X)=f(Tr, ﬁX) for K > 0 to be chosen. Then we have
K||f||L]ooLoo = ||f||L;cLoo and f(r, X)) solves the equation

d@f+i-Vxf—Axf=Vx-F
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where # is still divergence free and

F(z,X) = gF(rT,«/TX).

In particular, with the choice
K=vT 0 |F I s
we get that ||F II L = 1 and thus that

. -G+
I fllgerse = KN fllipre <MK =MNVT P | Flpp gy

This gives the part of the estimate (65) involving F'.

Let us turn to the study of the second problem in (66) in order to get the part of the esti-
mate (65) involving G. The estimate can be deduced from the previous one when q; < +00
which is the interesting case (when g; = oo, the estimate is a direct consequence of the Maxi-
mum principle). Indeed, if G € L)' L%, we can write G =V - F with F € LY'wha c Lb L4y

by Sobolev embedding (where g| = 33(1‘; ) and moreover, we have

£l <SGl e

Lh 197 La-

Consequently, by using the estimate that we have already proven, we get that

—(
I fllzsere < MNT e

Lo

if 2/p1 +3/q] < 1. This gives the claimed estimate.

It remains to study the third problem in (66) that is the problem with no source term but a
nontrivial initial data. Again, we shall first prove that there exists M > 0 such that for every
foeL" with || foll;2 < 1, we have the estimate

sup|| £ (1) oo < M. (76)
t>1

The standard energy estimate gives that

1F 17 oo p2 + 11722 <ol 2 (77)

To improve this estimate, we shall also use the De Giorgi—Nash iteration method We take a
sequence My as previously, and we also choose a sequence of times Ty = 1 — /¢ +1 which tends
to 1. The energy estimate for (f — M), yields that for every ¢, s with r > Ty > s, we have

+o00
sup [ (f = M)+ (0 17, + / IV (f = MO @72 de <2|(f = MO+ 32
121y
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and hence, by integrating in s for T;_1 < s < Ty, we obtain that

+oo
U <2(k + 1)? f |(f = M1 )|32ds (78)
Ti—1

with
+00
U= sup [/ = Mo+ )]+ f IV = M@ de.
t=21g
Ty

The aim is again to estimate the right-hand side of (78) by a power of Uy _ strictly greater than 1.
By using the same notations as previously, we get from (72) that

2 4 +o00
Uk<2<k+1>2<(k+71)>3 [ [=meniaas

Ti—1 R3

k+1)2\3 3
(L)> Ul . (79)

<20k + 1)2<

Since we have from (77) that Uy < ||(f0)+||%2 < ||f0||iz, U can be made arbitrarily small by
taking M sufficiently large and hence we get from (79) that limy_, 4 oo Ux = 0. This proves that
f(,x) <M for t > 1 and then we get (76) by changing f into — f. We have thus proven that
for every t > 1 the linear operator f — f(t, ) is bounded from L? into L* with norm smaller
than M. Since by the standard maximum principle, it is also bounded from L% to L with
norm 1, we get by interpolation that it also maps L" to L*> for every r > 2. To get the claimed
estimate in (65) for ¢ < 1, it suffices to use again a scaling argument.

This ends the proof. O
Appendix B. Proof of Lemma 2.7

Proof. Set¢p =F —1h, then we have by definition and from Taylor formula

[h(D). g = / 6 — () — f())dy
Rd

1
_ //g(y)cp(x ) V(x4 1y —x0) dydr,

0 Rd

with @(x) = x¢(x). Let o, B € 10, 1[ with & + B = 1. Using Holder inequality and a change of
variables we get with @, =13 ® (%)
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1
[, Fle)| < / /(|g(y>||cb(x DYV (51— )| [ — ) [F) dy di

0 Rd
o | B
1 1
< (/(|¢<x—y>||g<y>|a)dy) /(/|¢t<y>||w<x [ dy)
R3 0 R3

1
< (|<z>|*|g|$)°‘(x>/(|a>z|*|Vf|%)ﬂ(x>dt.
0

Let p1, p2 €[1, 0o] such

1 1 1
ap;,Bp2>21 and —=—+—. (80)
V2 25 P2

Then by Holder inequality

1
1
|00, £l < 101w 1l oo [ 101019515 .
0

We choose p1, pa, @ and § such that

111 111
am>1, pp=21, 1+—=—-+— and 14+ —=—+— 81)
apr roam Bp2 r  PBp

then the classical convolution laws give

1
I[rD), fle||,» < ||¢||°zr||g||Lm||Vf||Lp/||¢,||’Zr dt
0

1

_ 1
< ||¢||L»-||g||Lm||Vf||Lp/ﬁﬁ( b gy,
0

This last integral is finite provided that

1 r

'B<§r—1'

(82)

Now let us check that the set given by conditions (80), (81) and (82) is not empty. First for the
case r =1 we choose py =m, pr=p, a0 = % and 8 =1 — «. Let us now discuss the case r > 1.

From (81)
r (1 1)
o= ———).
r—1\m p;
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To geta € [%, 1[ we must choose p; such that

The condition ap; > 1 is automatically satisfied from (83) since

apr zram>r 2 1.

5= + o this condition is equivalent to

1 ro 1 1
<

p 2r—1p pi
This condition is weaker than (84). We can easily check that (83) and (84) are equivalent to

1 1 1 1
< <—.

p ro pirm

The set of p; described by the above condition is nonempty if

795

(83)

(84)

The condition Bp; > 1 is also a consequence of (83) and (84). Indeed, from the value of o and

Using the identity 1 + % = % + % + % this is satisfied under the condition p > r. The condition

(82) is equivalent to

1 1

1
pr 3 p

1
.

Now there is a compatibility between this condition and (84) if

1
3(1——) < p.
r

This ends the proof of Lemma 2.7. O
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