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Almost All Self-Dual Codes Are Rigid 
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We prove that almost every binary self-dual code has trivial automorphism 
group. We also construct a self-dual code with trivial automorphism group. 
:G 1992 Academic Press. Inc. 

1. INTR~OUCTI~N 

A binary linear code, C is said to be self-orthogonal if Cc C I. It is said 
to be self-dual if C = Cl. An automorphism of a code C is simply a 
permutation of the coordinate positions, which applied to the codewords of 
C maps codewords to codewords. The automorphism group of a code then 
is just the group of all such permutations. 

Self-dual codes of length n have been enumerated for all admissible 
n < 32 (cf. [ 1, 51). All of these codes have a non-trivial automorphism 
group, but this is exceptional. Combinatorial objects (codes, graphs, etc.) 
having only a trivial automorphism group are said to be rigid. We will 
prove that almost all self-dual (binary) codes are rigid. 

We are only considering binary linear codes of even length and log 
always is log,. This will be an unstated assumption throughout this paper. 
For background information on self-dual codes the interested reader 
should consult MacWilliams and Sloane 133. 

2. RIGID SELF-DUAL CODES 

Various formulas for the number of self-dual codes have been established 
(cf. [3, p. 6301). A self-orthogonal code is said to be weakly self-dual 
(briefly w.s.d.) if it contains the all-one vector. Let B(n) represent the 
number of self-dual codes of length n; let B(n, k) represent the number of 
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self-dual codes of length n having a given w.s.d. subcode of dimension k, 
then we have: 

LEMMA 1 [3, p. 6301. 

B(n, k) = n (2’+ 
i=l 

1) 

1). 
i=l 

ProoJ: We count the number of ordered bases. Assuming the first 
vector is the all-ones vector. There are 

42 ~ 1 

JJ (y-29 
i=l 

ordered basis for self dual codes. Each code has 

n/2 ~ 1 

n (242 - 2’) 
i=l 

such basis. This gives 

42-l 2npi-2i 42-l 

n r=l 2”/2-2i 
= n (p--+1) 

i=l 

different codes. 1 

To establish that almost all self-dual codes are rigid, we must prove that 
the ratio of the number of self-dual codes having a non-trivial 
automorphism group to the total number of self-dual codes, goes to zero 
as n goes to infinity. Since every self-dual code having a non-trivial 
automorphism group will have an automorphism of prime order, we only 
need to consider the number of self-dual codes having a permutation of 
prime order as an automorphism. 

Let S denote the set of all permutations in the symmetric group on n 
symbols having prime order. Let A,(n), rr E S, be the number of self-dual 
codes having n as an automorphism, then we claim: 

THEOREM 1. As n + co, 
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ProoJ: Let FL S be the set of permutations having more than 
n - E log n fixed points, where E > 0 is a constant to be choosen later. Then 

IFI < ‘I ( > elogn 
(E log n)! < 2E(‘ogn’Z 

IS\FI <n! < 2n’ogn. 

Let 

A,= max A,(n), TCEF 

A, = max A,(n), n E S\F. 

Then 

Our goal is to show that the RHS of the above inequality goes to zero as 
n tends to infinity. Since 

B(n - 2),/B(n) < 2 .2 -n/2 

and log IFI < s(log n)‘, it will suffice to show that for any 7-r E F, 

log A,(n) <log B(n - 2) + o(n). 

Similarly, since log jS\FI <n log n it will suffice to prove that 

(1) 

A,(n) log - 
B(n) 

< --E’n log n( 1 + o( 1 )), (2) 

where E’ > 1, for any z E S\F. 1 

We now proceed to establish these two bounds. First we will consider 
the case when rr has odd prime order p. 

3. PERMUTATIONS OF ODD PRIME ORDER 

Let C denote a self-dual code of length n having 71 as an automorphism, 
where n consists of c p-cycles and f fixed points, and n = cp + J: Let C, = 
{x E C I z(x) = x} be the fixed subspace. 

When p is an odd prime it has been established (Huffman [2], Yorgov 
[7]) that the dimension of C, is (c + f )/2 and that there is a one-to-one 
correspondence between fixed subcodes C, and self-dual codes of length 
c +f: The number of such codes is B(c + f ), which is less than B(n - 2). 



ALMOST ALL SELF-DUAL CODES ARE RIGID 267 

On the other hand, assuming that pc < F log, n, the number of self-dual 
codes of length y1 containing a given code of dimension (c +f)/2 satisfies 

E log n 
< jJ (2’f 1) < 2&‘(‘OgQ. 

i=l 

Thus log A,(n) < log B(n - 2) + s’(log n)“, when pc < E log n. This estab- 
lishes (4) when rr E F has odd prime order. 

Now we assume rr E S\F and assume IZ E Aut C, a self-dual code of length 
n. For convenience we assume that 7~ fixed the last f coordinates. Define a 
linear transformation L,(x) =x + n(x) + ... + n”-‘(x). Then L, applied to 
a C has C, as its image. Since p is odd, if a vector is in the kernel of L, 
then the fixed coordinates must be zero and the number of ones in the 
coordinates moved by each p-cycle must be even. Let mCker denote the 
kernel of L, acting on C. Then clearly we have that C, n Cker = (0) as the 
number of ones in any p-cycle cannot be both odd and even. This means 
that C is the direct sum of C, and Cker, so dim Cker is (p - 1) c/2 = 
(n-f-c)/2. 

Let V* = {XE v” 1 L,(x) = 0} be the kernel of L, acting on V, and V, 
its image, where v” is the vector of space of dimension n over GF(2). 
Then we can choose Cker s V* independently of C,. Moreover, since 
dim V* = (p- l)c, Cker is self-dual with respect to V*; that is, if C,‘,: = 
{X E V* 1 x . y = 0, Vly E Cker } then C,‘,: = Cker. More generally, for w.s.d. 
code C, if C & V* then C’ n V* has dimension dim V” -dim C, since 
vnccL. 

In choosing Cker, whenever we choose a vector in V* we must choose its 
orbit as well. The approach to counting these subspaces is, in spirit, the 
same as that used to establish Lemma 1. 

We will be choosing a sequence of independent orbits and we want to 
bound the probability that such a sequence gives an arbitrary but fixed 
subspace Cker . Equivalently we are choosing a sequence of subspaces. 

For convenience, let m= dim V*. Our first claim is that the choice of 
each independent orbit increases the dimension by at least [log p + 11 (7~ 
has order p, an odd prime) and thus there will be at most m/2rlog p + 11 
such choices. Suppose we have choosen i orbits and they span a subspace 
Ci c C ,A n V*. We next choose a vector x E C f n V*, x $ Ci and its orbit. 
Equivalently, we are choosing a coset Ci + x and its orbit. The orbit length 
of Ci + x is either 1 or p. If rc fixed Ci + x set-wise, it must fix a vector in 
Ci + X, but the only vector in V* fixed by n is 0 and thus Ci+ x= Ci, a 
contradiction. Thus in picking x and its orbit the size jumps from lCil to 
(p + 1) I Cjl and thus the dimension increases by at least rlog p + 11. We 
have then that dim Ci = k 2 irlog p + 11. 
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Let x (and its orbit) be the next choice. We want the probability that 
x E Cker given that Ci c Cker . First we must have x E C t n V* so there are 
2m-k-2k=2k(y-Zk- 1) such choices. There are 2”12 -2k of these 
choices where x E Cker. Thus the probability that x (and its orbit) is in Cker 
is 

-y/2-k _ 1 
(m-2k)/2+1 -1 

2+2k- 1 3 c2 1 

~(2(M~2ir10gp+11)/2+~ -1 
1 . 

Therefore the probability that this sequence of choices gives us Cker is at 
least 

m/2ri0gp+~l-~ 

n (2 
m/2sir10g(p+~)l+~ -1 

1 . 
i=O 

Since 

42rbdp+i)i-l m  

c T+i-iriOgp+il< 
m2 m 

i=O 8[logp+ 11+2’ 

we have that the probability of choosing Cker is at least 

(2mZ/sr10gp+~l+m/2)~~. 

Since the sum of the probabilities of choosing the various subspaces adds 
to at most 1, we conclude that there are at most 

2m2/8rlogp + 11 +m/2 < 2m2/16 fmf2 

such subspaces, where Flog p + 113 2. 
Letting c+f=2k and m=n-f-c=n-2k gives 

log A.(n) <log B(2k) + 
(n - 2k)2 

16 + cl(n - 2k) 

<c+(n-2k)2 

‘2 16 
+ c,k + cl(n - 2k) 

for some cr , c2 > 0. 
Since 

(3) 

2k=c+f=p+ 
n p!r+;+p~ (n-Elogn), 
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we have 

The maximum value of the RHS of (3) will occur when k = 1 or 
k = n/2 - (s/3) log n; thus we have 

logR,(n)4~(~-~lognjl+c,n forsome c,>O, 

n2 
C--TClOgn+c,n, 

8 6 

but log B(n) 3 n2/8 + c4n. Thus, 

A,(n) log -= 
B(n) 

logA,(logB(n)= < -inlogn(l+o(l)). 

Clearly, E can be chosen to be large enough so that s/6 > :I. 

4. PERMUTATIONS OF ORDER Two 

Let C be a self-dual code of length n having z as automorphism, where 
n = 2c + f and z consists of c 2-cycles. Again, 

c,= {xECln(x)=x}. 

In this case, C, is the kernel of L(x) = x + rc(x). Define C* = (x + z(x) / 
x E C} to be the image of L(x). Then C* G C,. Let k be the dimension of 
C* and Y + k be the dimension of C,. Then 

dim C=dim C*+dim C,=2k+r. 

Thus 

2k + r = n/2. 

We may assume that rc fixes the last f coordinate positive and that the 
first 2c coordinate positions fall into c orbits under the action of 71. We thus 
may assume for convenience that n = (1,2)(3,4). . . (2c - 1,2c). The coor- 
dinate positions of a vector corresponding to each 2-cycle of rc can have an 
odd number of ones (i.e., (01) or (10)) of an even number of ones (i.e., (00) 
or (11)). We refer to these as odd weight cycles and even weight cycles, 
respectively. 

582a/60/2-8 
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Since x. rc(x) = 0, for x E C, we conclude that the number of ones in the 
ftixed coordinate positions of any word in C must be even. If C is self-dual, 
the vector (0,l) having ones in the f fixed positions and zeroes elsewhere 
must be in C as well as the all-ones vector (1,l). We further conclude that 
any vector x E C must contain an even number of odd weight cycles (i.e., 
of the form (10) and (01)). 

Note that every vector y E C* must be of the form y = (u, 0); i.e., the 
fixed coordinates are all zero. Define Ck =’ { (u, 0) 1 (u, 0) E C,}. Clearly 
C* c CL. For any vector (u, 0) = y with Z(Y) = y, we have y. x = 0 for all 
XEC,. Hence ~EC:, iff y.x=O, for all XEC, x#rc(x). But y.x=O will 
hold iff there are an even number of cycles that are both non-zero even 
weight in y (i.e., (11)) and odd weight in x (i.e., (01) or (10)). We conclude 
that y . (x + rc(x)) = y . y’ E 0 (mod 4) for all y’ E C* iff y E C:, and thus 
dim CL = c-k. To see this, we note that by mapping each 2-cycle into a 
single coordinate (and dropping the fixed coordinates) C*, will be mapped 
into a w.s.d. code Cr of dimension k, and C:, will be mapped to C:, with 
c,a:. 

LEMMA 2. A self-dual code C having n (of order 2) as an automorphism, 
has a basis of the form ui, u2, . . . . u,, x1, rc(xi), . . . . xk, TC(X~) where dim C, = 
k + r, dim C* = k. 

ProoJ There is a l-l correspondence between cosets C, + xi and vec- 
tors yi= L(xj) E C*. For every basis y,, . . . . yk of C*, the corresponding 
cosets are “independent” and thus one can choose one element xi from 
each coset (i.e., L(x,) = yi). Let S= span{ yi, . . . . yk, x1 . . .xk}. L acting on 
S has kernel and image both of dimension k, thus dim S = 2k and 
y,, . . . . ykr xi, . . . . xk is a basis. But yi = xi + rr(xi) thus xi, X(X,), i = 1, . . . . k is 
also a basis for S G C. We can extend this basis to a basis of C by choosing 
appropriate ur, . . . . u,. 1 

We count the number of such an ordered basis for given C. Let c’ E C 
be the subspace spanned by the i chosen independent orbits (dim C’= 2i). 
Let Cl = {x E C’ 1 Z(X) =x). There are 2k - 2’ cosets of Cl to choose from 
and 2kf’ orbits in each coset and thus 

(2k-22’) 2ktr 

choices of an independent orbit. (Actually, we are counting each orbit 
twice). This gives 

k-l 

lJ (2k - 2’) 2k+’ (4) 
i=O 
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such orbit bases for C. We next choose the all-ones vector and then the 
remaining basis vectors in C,, which gives a number C(r) that we will 
compute later. The product of (4) and C(r) gives our result. 

Now we develop an upper bound on the number of such an ordered 
basis. Again having chosen i orbits which are a basis for a self orthogonal 
code of dimension 2i there are at most 2”-2’- 22i independent orbits to 
choose from. Thus we have at most 

k-l 

,I=l, 2”-2i-22i 

ordered bases of k independent orbits. Let N(r) be the number of 
appropriate extensions of these codes to self-dual codes. This gives at most 

nfli 2n-2i-22i N(r) 
n;32k-27 2”“‘C(u) 

self-dual codes having 71 as an automorphism for fixed choice of r. But, 

2n-2iw22i 2i(2-4i-- 1) 

2k+r(2k_2i)=2k+r(2k~i_1) 

<2n-2kp2i--r+l 

< 2n/2-2if 1. 

Since n/2 = 2k + r, (5) is thus less than or equal to 

(5) 

Next we must estimate N(r) and C(r). 
Having picking a subspace Ck of dimension 2k generated by k inde- 

pendent orbits, the choice of C:, is forced, as was noted earlier. Using the 
notation established earlier with Ck* = L(Ck) and C: the kernel of L with 
respect to Ck, recall that we defined a mapping which maps %-cycles to 
single coordinates; then Ck must correspond to the dual of the image of 
Ck* under this mapping. Thus we only need to consider the number of 
ways such a self-orthogonal (w.s.d.) code of dimension c can be extended 
to a self-dual code. There are 

f/2- 1 
N(r)= n 2 2r+fpr-j-2cfj 
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choices of an extension basis. There are 

f/-l 
C(r)= n y+.f/2--2C+I 

j=l 

choices of an extension basis for a given code (assuming the first choice is 
the all-ones vector). Thus 

N(,.) .f/2-- 22C+/-C-J-y+J 

-= 
rI 

C(r) i=l 
y+fP -2cfj 

02-l 

= n (2”2-‘+ l)=B(f). (7) 
J=I 

Combining (6) and (7) gives a bound on (5) and thus on A,(n): 

log A,(n) <log B(f) + kn/2 - k2 + 2k + o(n). (8) 

Note, there are at most n/2 choices for Y but this only contributes log n to 
the exponent, hence the o(n) term in (8). Since k <c/2 d n/4, (8) becomes 

(9) 

The maximum values of the RHS of (9) occur at either c=n/2 or when c 
is as small as possible (i.e., c = 1 when z E F and c= (42) log n when 
rt E S\F). Thus when 7t E F we obtain 

1% 
A,(n) B(n - 2) 
--<log--- 
B(n) 

B(n) +n/4 + 44 

< -z+n/4+o(n) 

< -n/4 + o(n). 

When z E S\F we obtain 

log A @) < cn -’ log n)2 + En log n + o(n) 
n --. 8 8 

n2 En log n 
<------+0(n). 

8 8 

Thus 

loi3 A,(n) ---G -~(l+o(l)). 
B(n) 
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Hence we can choose E sufficiently large (E > 8) so that n log y1 
log(A,(n)/B(n)) goes to negative infinity as n goes to infinity. This 
completes the proof of Theorem 1. 

5. EXAMPLE OF RIGID SELF-DUAL CODE 

We have a seeming anomaly in that almost all self-dual codes are rigid, 
but (until very recently [6]) there were no known (published) examples. In 
this section we construct an example. 

In [4] we have constructed a [48, 191 weakly self-dual code %? with 
trivial automorphism group. We can extend this code to a [48, 241 
self-dual code with a trivial automorphism group. 

F= 

1100000111000000000000000000000000 

0110000001110000000000000000000000 

0011000000011100000000000000000000 

0000110000000000111000000000000000 

0000011000000000001110000000000000 

1000001100000000000011000000000000 

0000000011100000000000001100000000 

0000000000111000000000000110000000 

0000000000001110000000000011000000 

0000000000000001110000000000001100 

0000000000000000011100000000000110 

0000000000000000000000000000011111 

0000000000000000000000110000110001 

1111111000000000000000000000000000 

0000000000000000000111100000000011 

0000000110000000000001111000000000 

0000000000000000000000011111100000 

0000000000000011000000000001111000 

0001100000000111100000000000000000 

FIG. 1. Face-vertex incidence matrix of graph G 
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The code %? is constructed using a face-vertex incidence matrix of a cubic 
planar graph with trivial automorphism group. The graph G (see Fig. 2) 
has a trivial automorphism group. This graph has 34 vertices and 19 faces. 
Let F be the face-vertex incidence matrix of G (Fig. 1). 

In the matrix F the first thirteen rows correspond to the faces of degree 
live and the fourteenth row corresponds to the face of degree seven. We 
define the matrix A as 

We have 

LEMMA 3. A is a generator matrix for a [48, 191 self-orthogonal code V. 

We extend this code to a self-dual code as follows: consider the cosets of 
V in Vi. If we choose live mutually orthogonal codewords a,, a2, a3, a4, 
as, in ‘+?’ so that they belong to different cosets of %7 in %” (other than U) 
and they are linearly independent, then 

D= (@u {al, a2, a3, a4, a5>) 

FIG. 2. A graph with trivial automorphism group. 
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is a self-orthogonal code of length 48 and dimension 24, i.e., D is a self-dual 
code. We have chosen aI, a2, a3, a4, a5, where the vectors have the 
following supports: 

a,: 2, 3, 5, 6, 9, 13, 16, 20, 25, 27, 31, 33 

a2: 1, 5, 9, 16, 19, 21, 25, 29, 32, 34 

as: 1, 2, 4, 5, 36, 37, 38, 40 

a4: 1, 2, 33, 34, 36, 40, 45, 47 

a5: 1, 7, 10, 11, 19, 38, 42, 45, 52. 

(Note that one can think of the vector ai as the characteristic vector of the 
corresponding set of supports.) 

THEOREM 2. The code D defined above is a rigid self-dual code. 

ProoJ: A generator matrix of D is 

By the selection of a,, a2, u3, a4, a5, D is a self-dual code. Using the 
computer we have determined that the minimum distance for the code is 
six and that the number of codewords of weight six is 18. 1 

So the only codewords of weight six are the 18 rows of A having weight 
six. Let M be the matrix that we obtain by deleting the thirteenth row of 
A; the rows of M are the codewords of weight six in D. If n; is an 
automorphism of D it must permute the rows of M. Observe that the last 
coordinate place is not covered by a codeword of weight six. Hence any 
automorphism of D must fix the last coordinate place. Define 

and 

X={ill<i<34}, Y= {j/35dj<47} 

supp(u)= {jlz$= 1,1 <j<48). 

Any i, i E X is covered by at least two codewords of weight six while any 
j, jE Y is covered by exactly one codeword of weight six. Therefore, no 
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automorphism of D can interchange elements of X and Y. Hence X and Y 
are fixed under any automorphism of D. Now let TL be an automorphism 
of C. We will consider three cases: 

(1) Assume 7c fixes every element of X. If u is a codeword of weight 
six, supp(u) n X determines U. Hence in this case n must be the trivial 
automorphism. 

(2) Assume n: fixes every element of Y. So 7~ must permute the rows 
of F fixing the fourteenth row; this means 7c must permute the faces of 
the graph other than the outside face. Moreover, since the vertices 
{ 1, 2, 374, 5, 6, 7) are the only coordinate places covered by exactly two 
codewords of weight six, 7~ must permute this set. So n sends each face of 
G to a face, which implies that n is an automorphism of G, i.e., IX = e. 

(3) 7~ moves both X and Y. As it is explained above, the restriction 
of 71 onto X must be an automorphism of the graph. So the restriction is 
trivial. Then by (1) we obtain 71 = e. 

We remark that N. J. A. Sloane has randomly generated (many) self-dual 
codes of length 40 (as well as other orders) which are rigid. This suggests 
an interesting question: what is the smallest y1 such that there is a rigid self- 
dual code of length n? 
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