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1. Introduction

The theory of fuzzy sets was introduced by Zadeh in 1965 [1]. Fuzzy set theory is a powerful hand set for modeling
uncertainty and vagueness in various problems arising in the field of science and engineering. It has also very useful
applications in various fields, e.g., population dynamics, chaos control, computer programming, nonlinear dynamical
systems, fuzzy physics, fuzzy topology, nonlinear operators, statistical convergence, etc. (see [2-17]).

On the other hand, the study of stability problems for functional equations is related to a question of Ulam [ 18] concerning
the stability of group homomorphisms, which was affirmatively answered for Banach spaces by Hyers [19]. Subsequently,
the result of Hyers was generalized by Aoki [20] for additive mappings and by Rassias [21] for linear mappings by considering
an unbounded Cauchy difference. The paper by Rassias has provided a lot of influence in the development of what we now
call the generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations. Rassias [22] considered
the Cauchy difference controlled by a product of different powers of norm. The above results have been generalized by
Forti [23] and Gavruta [24] who permitted the Cauchy difference to become arbitrary unbounded. For more details about
the results concerning such problems, the reader is referred to [25-39]. Also, the stability of some functional equations in
the framework of fuzzy and random normed spaces has been established (see e.g., [40-53]).

Recently, interesting results concerning Cauchy-Jensen functional equation

x+y X—y\
f< > )+f( 5 )—f(X) (1.1)

have been obtained in [54-58]. The main purpose of this paper is to establish the stability result concerning the
Cauchy-Jensen functional equation in the setting of generalized fuzzy normed spaces and apply obtained results to study
the stability of the Cauchy and Jensen functional equations. The achieved results via this paper improve and extend some
recent well-known pertinent results.
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2. Preliminaries

In 1899, Hensel [59] discovered the p-adic numbers as a number theoretical analogue of power series in complex analysis.
Fix a prime number p. For any nonzero rational number x, there exists a unique integer n, such that x = %p"", where a
and b are integers not divisible by p. Then p-adic absolute value |x|, := p~™ defines a non-Archimedean norm on Q. The
completion of Q with respect to the metric d(x, y) = |[x—y|, is denoted by Q,, and it is called the p-adic number field. In fact,
Qp is the set of all formal series x = Z,finx agp*, where |ai| < p— 1 are integers (see for instance [60,61]). Note that if p > 2,
then [2"|, = 1in for each integer n but |2|, < 1. During the last three decades p-adic numbers have gained the interest
of physicists for their research, in particular in problems coming from quantum physics, p-adic strings and superstrings
[62,63]. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom.

Let K denote a field and function (valuation absolute) | - | from K into [0, c0). A non-Archimedean valuation is a function
| - | that satisfies the strong triangle inequality; namely, |x + y| < max{|x|, |y|} < |x| + |y| forallx, y € K. The associated
field K is referred to as a non-Archimedean field. Clearly, |1| = | — 1| = 1and |n| < 1forall n > 1. A trivial example of a
non-Archimedean valuation is the function | - | taking everything except 0 into 1 and |0] = 0. We always assume in addition
that | - | is non trivial, i.e., there is an z € K such that |z| # 0, 1.

Let X be a linear space over a field K with a non-Archimedean non-trivial valuation | - |. A function || - || : X — [0, o0)
is said to be a non-Archimedean norm if it is a norm over K with the strong triangle inequality (ultrametric); namely,
Ix 4+ Il < max{]||x||, |lyll} forallx,y € X.Then (X, || - ||) is called a non-Archimedean space.

Recently, Golef in [64] introduced a generalization of the concept of fuzzy normed spaces which includes some earlier
defined fuzzy normed spaces as special cases. We briefly recall some definitions and results used later on in the paper. For
more details the reader is referred to [64-71].

A triangular norm (shorter t-norm, [72]) is a binary operation * : [0, 1] x [0, 1] — [0, 1] which is commutative,
associative, non-decreasing in each variable and has 1 as the unit element. Basic examples are the tukasiewicz t-norm *,
* (a,b) = max{a + b — 1, 0}, the product t-norm «,, x,(a, b) = a - b and the strongest triangular norm x,,, x,,(a, b) =
min{a, b}. By an operation o on Ry = {x € R; x > 0} we mean a two place function o : [0, c0) x [0, c0) —> [0, 00)
which is associative, commutative, non-decreasing in each place and such that a o 0 = q, for all a € [0, c0). The most used

operations on Ry are oq(a, b) = a + b, on(a, b) = max{a, b} and o4(a, b) = (a? + bq)% [64,66].

Definition 2.1 (Golef [67]). Let X be a linear space over the field of real numbers R, and let N be a function defined on
X x [0, co) with values into [0, 1] satisfying the following conditions: forall x, y € X and s, t € [0, 00),

(N;) N(x,0) = 0.

(N3) N(x,t) = 1,forallt > 0, ifand only if x = 6.

(N3) N(x+y,s+1t) > N(x,s) » N(y, t).

(Ng) N(x,.):[0,00) — [0, 1] is left continuous.

(Ns5) N(ax,t) = N(x, I<§7I)' forallx € Xand o € R — {0};

then the triple (X, N, %) is called a fuzzy normed space. If we define on X the mapping x — F,, F,(t) = N(x, t), then the
triple (X, F, x) becomes a generalized probabilistic normed space [72] (the random variable associated to the distribution
function Fy can take the value co with a probability greater than 0). If the following condition is satisfied:

(Ng) lim;_, oo N(x,t) = 1, forallx € X,

then the triple (X, F, %) is a probabilistic normed space. Conversely, if (X, F, x) is a probabilistic normed space, and we
define N(x, t) = F,(t) then (X, N, x) becomes a fuzzy normed space. One can see a generality of fuzzy normed space. The
specific for the both fuzzy and probabilistic norms are the distinct areas of applicability and the different interpretation
ways.

Let ¢ be a function defined on the real field R into itself with the following properties:
(@) ¢p(—t) = ¢(t) forallt € R;
(@) ¢(1) =1;
(a3) ¢ is strict increasing and continuous on (0, 00);
(34) limg o ¢(O[) = 0andlim,_, & ¢(a) = 00.

As examples of such functions are: ¢(a) = |af; p(a) = |a|?, B € Ry; () = ij‘:] ,neNt.
Definition 2.2 (Golef [64]). Let X be a linear space over the field of real numbers R, and let N be a function defined on
X x [0, co) with values into [0, 1] satisfying the following conditions: forallx,y € X and s, t € [0, 00),

(Gg,) N(x,0) =0.

(Gg,) N(x,t) = 1forallt > Oifand only if, x = 6.
(Gr,) Nx+y,s0t) > N(x,5) *« Ny, t).

(Gg,) N(x,.) : [0, 00) — [0, 1] is left continuous.
(Gg,) N(ax, t) = N(x, ﬁ), forallx e X and a € R;
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then the triple (X, N, ») is called fuzzy ¢-normed space under operation ‘ o’. The axiom (Gy,) gives the connection between
the fuzzy norm of the product of a vector x by a real number « and the fuzzy norm of the vector x. This connection is
given by the contraction or dilation function ¢. This axiom is natural with a better fuzzy character and gives a consistent
generalization see Example 2.10 of [64].

If o = o4 then (X, N, %) is called a fuzzy ¢-normed space. If o = o, then (X, N, %) is called a non-Archimedean fuzzy
¢-normed space. If o = o, and ¢(«) = ||?, where 8 is a real number such that 0 < 8 < 1, then (X, N, %) is called a fuzzy
B-normed space. When 8 = 1 we say that (X, N, %) is a fuzzy normed space.

In the following, if o = o, or o = oy, then (X, N, %) (fuzzy ¢-normed space under operation "o ) is called a generalized
fuzzy normed space.

Recall that if (X, N, ) is a generalized fuzzy normed space, then a sequence {x,} in X is convergent if, for some x €
X, lim,_ oo N(x,—x, t) = 1forallt > 0.Inthat case, x is called the limit of the sequence {x,,} and we write N—lim,_, o, X, = x.
The sequence {x,} in X is a Cauchy sequence if for each t > 0 and k > 0, we have lim,_, oo N(X,1x — Xn, t) = 1. If every
Cauchy sequence in X is convergent, then the space is called a complete generalized fuzzy normed space.

We now study some properties of fuzzy ¢-normed spaces. For the non-Archimedean case the same results can be
similarly obtained.

Definition 2.3. By a ¢-normed space we mean a pair (X, || - ||), where X is a linear space, || - | is a real valued mapping
defined on X such that the following conditions are satisfied:

(nq) ||x]| > 0forallx € X and ||x|| = 0 if and only if x = 9;
(ny) |lo.x|| = ¢()||x|| foralle € Rand x € X;
(3) lIx+yll < lIxll + lly|l forallx, y € X.

For ¢(a) = || (0 < B < 1) one obtains a S-normed space and for ¢(«) = |«| one obtains an ordinary normed space.
Each ¢-norm space can be made a fuzzy ¢-norm space.

The continuity of the t-norm » and the inequality (Gp, ) imply that the limit of a sequence in a ¢-normed space is uniquely
determined. In what follows we suppose that a fuzzy ¢-norm N satisfies the following condition:

(Gg,) limi, oo N(x, t) = 1, forallx € X.

Example 2.4. Let (X, || - ||) be a ¢-normed space over the field R. Consider the t-norms x = %, and * = %,. Forallx € X
andt > 0let
N, t) = .
¢+ x|l

Then the triple (X, N, %) is a fuzzy ¢-normed space. It is called a standard fuzzy ¢-normed space.

Recall thatif X # {0} and (X, N, %) is a non-Archimedean fuzzy normed space with x of HadZié-type [65], then the valuation
of K is non-Archimedean; cf. [42]. Thus, if X is a real linear space and (X, N, ) is a non-Archimedean fuzzy normed space
with » of HadZi¢-type, then X = {0}; cf. [14].

Example 2.5. Let (X, || - ||) be a (non-Archimedean) normed space. For all x € X, consider

t

— . t>0,
N(x,t)zit+||x||
t <O0.

)

Then the triple (X, N, x,,) (under operation o,;) under operation o is a (non-Archimedean) fuzzy normed space.

Note that a non-Archimedean fuzzy normed space (X, N, x,,) over fields R or C, is trivial.

Example 2.6. Let (X, || - ||) be a real normed space. For all x € X, consider
_ lxi
N(X t) _Je t, t >0,
’ 0, t<o0.
Then the triple (X, N, x,) is a non-Archimedean fuzzy normed space. Moreover, if (X, || - ||) is complete, then (X, N, x,) is

complete.
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3. Generalized fuzzy approximately Cauchy-Jensen mappings

In this section, unless otherwise explicitly stated, we will assume that K is a non-Archimedean field, X is real linear space,
(Y, N, ) is a complete generalized fuzzy normed space and (Z, N’, x) is a fuzzy ¢-normed space.

Definition 3.1. Let ¢ be a function from X x X to Z:
(a) afunction f : X — Y is called a p-approximately Cauchy function, if

NF&+y) —fx) —f1). ) = N'(px, y), 0), (3.1)

(b) afunction f : X — Y is called a ¢-approximately Jensen function, if

xX+y ,
N <2f (2) —fe—-f, t) > N(px,y), 1), (32)
(c) afunction f : X — Y is called a ¢-approximately Cauchy-Jensen function, if
N (f (" §y> +f (X ;y> — 0. t) > N'(p(x.9). 0) (33)

forallx,y e Xandt > 0.

Theorem 3.2. Let £ € {—1, 1} be fixed and let f : X — Y be a -approximately Cauchy-Jensen function. If for some positive
real number « and some positive integer k with ¢ (k)¢ < ¢(a)¥,

ok X k') =a lp(x, y) (34)
forallx,y € X. Then the limit

T(x) =N — lim K f (k=0 x) (3.5)
exists forallx € X and T : X — Y is a unique additive function satisfying
(Fro@) + o) ¢
) O (58)’
forallx € X andt > 0, where @:1 @, =a10a0---0qa and
M(x, t) = N'(p(2x, 0), t) * N'(p(3x, —x), t) x - - - * N'(p(kx, (2 — k)x), t).

N|f(xX) —TX),toto---ot | >M|x,

Proof. By induction on j, we shall show that for eachj > 2,

N fGx) —jfx),toto---ot | =M t) =N (p(2x,0),t) x N'(p(3x, =x), t) x - - - x N'(p(jx, 2 = )x), t)  (3.7)
j—1
forallx € X and t > 0. Replacing x and y by 2x and 0 in (3.3), respectively, we obtain
N(f(2x) — 2f (x), t) = N'(¢(2x, 0), t)

forallx € X and t > 0. This proves (3.7) for j = 2. Let (3.7) hold for some j > 2. Replacing x and y by (1 4+ j)x and (1 — j)x
in (3.3), respectively, we get

N @) +fGx) —f((1+)x), ) = N'(((1+j)x, (1 —j)x), t)
forallx € X and t > 0. Hence

NIF(G+Dx) =+ Df(x),toto---ot | = NFX) +f({x) —f((1+)x), 1) «N | f(x) —jf(x),toto---ot
J j-1
> N'(p((14)x, (1 =)x), t) » Mj(x, t) = Mj1(x, t)
forallx € X and t > 0. Thus (3.7) holds for each j > 2. In particular

N|fkx) —kfx),toto---ot | >Mx1) (3.8)
k—1
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forallx € X and t > 0. By our assumption

M(k™"x, t) = M(x, ¢ (c)t) (3.9)
forallx € X and all t > 0. It follows from (3.8) and (3.9) that

N | Foo —kf (%),toto”-ot > M(x, p(a)t) (3.10)

k—1

forallx € X and t > 0. Replacing x by k~"x in (3.10), we obtain

Kfk™%) — KT Dx), (k) toto---ot | > MKk x, ¢p(c)t) = M(x, () 't)

k—1
forallx € X, t > 0 and each integers r > 0. So
Kf (k%) — K1 (kT Dx), (¢( )> toto---ot | > M(®, ¢c)t) (3.11)
v@) e

forallx € X,t > 0 and each integers r > 0. Hence
(k PR — kTR Vx), (k)Y (“’( )> foto. ot

() — T
MK %, p(a)t) = M(x, p(e) ($(c)) @+ P0)
forallx € X, t > 0 and each integers r > 0. Therefore
KTF(k %) — k™ CTFVF(RTHDx), (d’( )) toto---ot | =M, ¢(k)t) (3.12)
o (k) — -

forallx € X, t > 0 and each integers r > 0. It follows from (3.11) and (3.12) that

or —Lir ¢(k)
N(f(x) K f (k )Q( (a)) to t;3~1--ot

1+¢

>rﬁN KUF (k~tix) — KD f (=0 Dy (‘M)thoto...ot
—¢ ’ o(a)

2

_

=M\ x, (7¢( )+7¢(k)> ) (3.13)

forallx € X, t > 0 and each integers r > 0, where I_[j= a, = a; * ay x - - - * 4;. Replacing x by k=%™x in (3.13), we obtain

(¢(k))“’+m)

fm —{m £ (r+m) Z(r+m) oto---0
N | KEf (k~tmx) — KETEM (k™ )'2 e t tk_l t
zzw<k*‘3mx, (1er£¢<a>+ —- ¢(k>> ) (x, (%¢(a>+¥¢(k>) (¢(a>>‘"’r) (3.14)

forallx € X, t > 0and each integers m > 0, r > 0. Hence

r+lm—%ﬁ

k\Y
N k@mf(kfémx) _ kl(r+m)f(kfﬁ(r+m)x)’ O (d)()) toto---oft

o \‘/—J
j=tm+ 154 ¢(@) k-1

>M (x (ﬂzb(a) + u(l)(k)) t)
- ’ 2 2
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forallx € X, t > 0 and each integers m > 0, r > 0. By last inequality, we obtain

. (Hp() + o)t

N | Kf (k%) — kST () toto-rot | > , — .
—_— Or+lm—% (M)@
k=1 j=tm+ 156 \$(@)

(3.15)
J

forallx € X, t > 0and each integers m > 0, r > 0. Since ¢p(k)¢ < ¢ ()£, so {k“f (k™ x)},en is a Cauchy sequence in a
complete generalized fuzzy normed space. Hence, we can define a mapping T : X — Y such that

lim NETF(kx) —Tx), t) =1

forallx € X and t > 0. By (3.15) to obtain

(3@ + Fro)t

N f(X) _ ,<€rf(k7€rx)’ toto---oft > M X, 7% ol 17 (316)
k—1 @]:1775 <¢(Dl)>
forallx € X, t > 0and all r > 0. From which we obtain
N|T® —f(x),toto---ot | > NTx —k"f(k™"x),t) x N | K“F (k%) — f(x),toto---ot
k k—1
140 1-¢
o)+ S5-¢k))t
| @+ Fe00) 317)

= ) Qr_% M 4
j=17¢ \ ¢@)

J

forallx € X, t > Oand all r > 0. Taking the limit as r — oo in (3.17), we obtain (3.6).
It follows from (3.3)-(3.5) that

X4y X—y
N(T( 5 )—i—T( 5 )—T(x),tototot)
=n(r(57) - (e (57)) o) om (r (5 - (0 (57)) )
2 2 2 2
CNT ) — KFTx), £) % N (k“f (k—“ <¥>> FKUF (k“' (%)) —KF (k) c)

or
> N (o k), (6(0)t) = N' (w(x,y), (@> t)

¢ (k)

forallx,y € X and t > 0. Letting r — oo in the previous inequality, we obtain from ¢ (k)¢ < ¢(«)£ that

X+y X—y
N\{T T —TXx),t)=1
forallx,y € X and t > 0. This means that T satisfies (1.1). Puttingx = x+yandy = x — y in (1.1), we get

Tx+y)=TX +TQy)

forall x, y € X.So T is additive. Now, to prove the uniqueness property of T, let T’ : X — Y be another additive function
satisfying (3.6). It follows from (3.6) and (3.9) that

N|T®x) —T'(x),toto---ot| =N|K'Tk %) —kT'(k""x),toto---ot
2k 2k

> N| KTk %) — k" f(kx),toto---ot
k

er —LryN _ plry o=t
*N VK f(k~™'x) —k"T'(k""x),toto ot
k
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(ML) + SLeh) ¢
00 1)) (¢ (k)Y
@j:%‘z @ ()(;(a()q)b/é(j))
% (@@ (o) + Stok) ¢

o @) (@ (k)Y
=5 T 4@l

M| k%,

%

=M

N @@ o)+ 5 gt
o™ @) ($(k)Y
=5t ey

forallx € X and t > 0.Since ¢ (k)¢ < ¢(x)£, we obtain lim,_, .o M = 1, completing the proof

of uniqueness. O

Corollary 3.3. Assume that o = o, and apply Theorem 3.2, we find that the function T : X — Y is a unique additive function
satisfying the following inequality near the ¢-approximate Cauchy-Jensen functionf : X — Y,

14¢ 1-¢ ¢(k)?
%(b(a) + 2 9(@) - ¢(k)[

> (3.18)

Nfx) —Tkx),t) =M | x,

forallx € X andt > 0, where M (x, t) is defined as in Theorem 3.2. In this case, Y is a complete fuzzy ¢-normed space.
In particular, letting ¢ (o) = |a|? and £k < €a, we get to a result in fuzzy B-normed space as follows:

(leel? — [kIP) (1|l + ’Z;kag)t)

Nfx) —Tx),t) =M (X,
kla|P

forallx € X andt > 0. When 8 = 1 and x = %, we get to a result in fuzzy normed space which is defined in [2].

Remark 3.4. Let ¢ (k) < ¢(«). Suppose that the function t — N(f (x) — T (x), .) from [0, co) into [0, 1] is right continuous.
Then we obtain a better fuzzy (3.18) as follows,

NITG) —f@),s+t+t+--+t] >NTE —KFkx),s)*N | Kfkx) —f), t +t+---+t
— ——— —— ———
k—1 k—1

o)t
0
- ST
> (5)
j=0
tending s to zero we infer that

NU@%J@L03M<&¢W%ﬂMMQ

k—1
forallx e Xandt > 0.

Corollary 3.5. Assume that o = oy, and apply Theorem 3.2, we find that the function T : X — Y is a unique additive function
satisfying the following inequality near the ¢-approximate Cauchy-Jensen functionf : X — Y,

1+¢ 1—¢
N(f@x) —Tx),t) >M (x, <T¢(a) + T¢(k)> t)
forallx € X andt > 0, where M (x, t) is defined as in Theorem 3.2. In this case, Y is a complete non-Archimedean fuzzy ¢-normed
space.

In the next result, we investigate the generalized fuzzy stability of Cauchy equation.

Proposition 3.6. Let £ € {—1, 1} be fixed and let f : X — Y be a g-approximately Cauchy function. If for some positive real
number « and some positive integer k with ¢ (k)¢ < ¢ ()£ satisfying (3.4). Then there is a unique additive functionT : X — Y
such that

(Ho() + Sro)t

a (3.19)
oh o0\
k =154 \ 9

N|fx —Tx),toto---ot] >G|x,
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forallx € X and t > 0, where

G(x,t) = N'(¢p(x,%),t) * N'(p(x, 2X), t) x - - - * N'(p(x, (k — 1)x), ).

Proof. Replacing x and y by % and % in (3.1), respectively, we obtain

) (52) o) o (252).)

forallx,y € X andt > 0. By replacing N'(¢(x, ¥), t) in Theorem 3.2 by the right-hand side of (3.20), we find a unique
additive function T : X — Y such that(3.19) holds. O

Corollary 3.7 ([46], Theorem 3.1). Assume that £ = 1, ¢(a) = |a|, o = o4, x = %, and k = 2 and apply Proposition 3.6, we
find that the function T : X — Y is a unique additive function satisfying the following inequality near the p-approximate Cauchy
functionf : X — Y,

2—«a
N(f(x) - T(X)7 t) = N/ (‘P(X, X), Tt)

forallx e Xandt > 0.

Corollary 3.8 ([47], Theorem 3.1). In Proposition 3.6, let X be a vector space over K and Y be a complete non-Archimedean fuzzy
¢-normed space over K, then assume that £ = 1, ¢(o) = |a|, o = o,y and x = x,, and apply Proposition 3.6, we find that the
function T : X — Y is a unique additive function satisfying the following inequality near the p-approximate Cauchy function
f:X—>Y,

N(f(x) —TX),t) > Gn(x, at)
forallx € X and t > 0, where
Gm(x, t) = min{N'(p(x, x), t), N'(p(x, 2x), t), ..., N (o, (k — 1)x), t)}.
In the next result, we investigate the generalized fuzzy stability of Jensen equation.
Proposition 3.9. Let £ € {—1, 1} be fixed and let f : X — Y be a p-approximately Jensen function. If for some positive real

number o and some positive integer k with ¢ (k)£ < ¢ ()£ satisfying (3.4). Then there is a unique additive functionT : X — Y
such that

() + o)t

~ (3.21)
o0
e OF s (5)

NIf(x) —f(0) —TX),toto---ot | >Gj|x,

forallx € X and t > 0, where
G(x,t) = N'(p(x,%),t) * N'(p(x, 2X), t) - - - % N'(p(x, (k — Dx), t)
*N'(¢p(2x, 0), t) * N’ (¢ (3%, 0), t) * - - - * N'(p(kx, 0), t).
Proof. Let g(x) = f(x) — f(0) for all x € X, and then using (3.2), we get

N (2g (%) — g0 —g0). r) > N'(p(x.y). 1) (322)

forallx,y € X and t > 0. Replacing x by x 4+ y and y by 0 in (3.22), respectively, we get

N <2g (?) —g(x —l—y),t) > N'(p(x+y,0),t) (3.23)

forallx,y € X and t > 0. It follows from (3.22) and (3.23) that
NEgx+y) —gx) —g¥),tot) = N (@, y), t) * N'(p(x +y,0), t)

forallx,y € X andt > 0.Using the same argument as in the proof of Proposition 3.6, we can show that there exists a unique
additive function T : X — Y, which satisfies inequality (3.21). O
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Corollary 3.10 ([47], Theorem 4.1). In Proposition 3.9, let X be a vector space over K and Y be a complete non-Archimedean
fuzzy ¢-normed space over K, then assume that £ = 1, (o) = |a|, o = o,y and x = x,, and apply Proposition 3.9, we find that
the function T : X — Y is a unique additive function satisfying the following inequality near the @-approximate Jensen function
f:X—>Y,

N{f(x) —TX),t) > G(x, at)
forallx € X and t > 0, where
Gi(x, t) = min{N’(p(x, x), t), N'(¢p(x, 2x), t), ..., N'(p(x, (k — 1x), t),
N'(p(2x,0),t), N'(¢(3x,0), 1), ..., N (p(kx, 0), t)}.

4. Applications of generalized fuzzy stability

In this section, we investigate applications of generalized fuzzy stability to the stability of Cauchy-Jensen functional
equation in 8-normed spaces and non-Archimedean normed spaces.

Corollary 4.1. Let X be a B-normed space and Y be a complete fuzzy B-normed space. If there exist real numbers ¢ > 0 and
A F# % such that a mapping f : X — Y satisfies the inequality

X+y X—y
Hf( 5 >+f( 5 )—f(x)

forallx,y € X. Then there exists a unique additive mapping T : X — Y satisfies (1.1) and the inequality

<e(IxI* + Ilyll™) (4.1)

pr+1
6o =TI < el (4.2)
forallx € X, where BA > 1.

Proof. Forallx € X and t > 0, define the function N by

N(x,t) =

t+ x|

It is easy to see that (X, N, x,,) is a fuzzy B-normed space and (Y, N, x,,) is a complete fuzzy B-normed space. Denote
¢ 1 X x X —> R, the function sending each (x, y) to ¢ (||x||* + |ly||*). By assumption

3 (5) )

we note that if N’ : R, x R, —> [0, 1] given by
N/(X t) = #
b - t + |X| 9
then (R4, N', *,,) is a fuzzy -normed space. By Corollary 3.3 (for k = 2 and £ = 1), there exists a unique additive function
T : X —> Y satisfies Eq. (1.1) and
t
—————— = N(f() —TX),?)
t+If ) =Tl
248* _ 2P 246° _ 2Bt
2 M7 2Bt 4 2B g x|

v

N' (2“:-:||x||k,

Thus, we can find a additive function T : X —> Y such that (4.2) holds. O

The following example shows that the above result is not valid in non-Archimedean normed spaces.

Example 4.2. Let p > 2 be a prime number and define f : Q, — Q, by f(x) = x + 1. Since |2"|, = 1,

X+y X—y
f( > )+f<2)_f(X)p

for all x, y € X. Hence the conditions of Corollary 4.1 for ¢ = 1 and A = 0 hold. However for each r € N, we have

127f27"x) = 2" @7 TIR) | = 1271 = 2], = 1

for all x € Q,. Hence {27f(27"x)} is not a Cauchy sequence.
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However, we have the following result.

Corollary 4.3. Let X be a non-Archimedean normed space over Q, and Y be a complete non-Archimedean normed space over Qp,
where p > 2 is a prime number. Suppose that a Cauchy-Jensen function f : X — Y satisfies the inequality

Xty X=y\ _ ellxI* +ylhH, A<1;
”f( 2 )”( 2 ) f(x)”f{emax{uxu*, WM x> 1

forallx,y € X, where ¢ and A are non-negative real numbers. Then there exists a unique additive function T : X — Y satisfying

A +pHelxll*, 1 <1;
pellx|*, A>T

If&) =TI < {

forallx € X.

Proof. The proof is similar to the proof of Corollary 4.1 and the result follows from Corollary 3.5. O

Corollary 4.4. Let (Y, || - |) be a real complete normed space, (Y, N, x,) be a complete non-Archimedean normed space
in Example 2.6, (Z, N', x,) be the fuzzy normed space and f : X — Y be a p-approximately Cauchy-Jensen function. If for
some positive real number a and some positive integer k with k < «, inequality (3.4) holds, then there is a unique additive
function T : X — Y such that

k
e UW=TWIE > TTN (p(x, (2 = 1)), at) (4.3)
=2

forallx € X andt > 0, where ]_[J,z] 4, =40a;-0a...q.

Proof. The conclusion follows from Corollary 3.5. O
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