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In this paper we extend the notions of quasi-uniformities on topological
spaces to fuzzy topological space. We prove theorems corresponding to many
of the usual theorems. In particular we show every fuzzy topological space is
quasi-uniformizable and characterize uniformizability in terms of a type of
complete regularity. We also construct a natural uniformity on the fuzzy unit
interval.

1. INTRODUCTION

In [3] we generalized normality to fuzzy topological spaces as introduced in
[1], and characterized it by a sort of Urysohn’s lemma. In the process we
constructed an interesting fuzzy topological space, the fuzzy unit interval.

In this paper we generalize the notions of quasi-uniformities and uniformities
on topological spaces to fuzzy topological spaces. We prove theorems corre-
sponding to many of the usual theorems. In particular we show that every fuzzy
topological space is quasi-uniformizable. The fuzzy unit interval plays an
essential part in a characterization of uniformizability in terms of a type of
complete regularity. To achieve this we construct a natural uniformity on the
fuzzy unit interval.

The author wishes to thank Ralph Fox and Ivan Reilly for several useful
suggestions.

2. PRELIMINARIES

Throughout this paper (L, <, ') will be a completely distributive lattice with
order reversing involution ‘. An L-fuzzy set on a set X is any map A: X — L.
We interpret L as a set of truth values, and A(x) as the degree of membership of
x in the fuzzy set 4. When L is the lattice {0, 1} then the collection of fuzzy sets
corresponds to the characteristic functions of ordinary sets.
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We define the union, intersection, and complement of fuzzy sets as follows:

(Ll) Az’) (%) = y Ax) forxe X,

(N4)®=A4@w forxex,
A'(x) = A(x)’ for x € X.

We define a fuzzy topological space as a pair (X, 7), where + C LX (all maps
from X to L) and 7 is closed under arbitrary unions and finite intersections.
A set is called open if it is in 7, and closed if its complement is in 7. If (X, ;)
and (Y, 7,) are fuzzy topological spaces, then a map f: X — Y is said to be
continuous if for every r, open set U, f~Y(U) € 7, , where fY(U)(x) = U( f(x))
for x € X. The interior and closure of fuzzy sets are defined in the obvious
way (see [1]).

3. Quasi-UNIFORMITIES

Consider a quasi-uniformity on X in the usual topological sense. An element D
is a subset of X x X. We may define D: 2¥ — 2¥ by D(V) = {y|x€ V and
(%, ¥) € D}. Tt is obvious that V C D(V) and D(|J V,) = U D(V,) for ¥V and V,
in 2%, Conversely, given D: 2X — 2X satisfying V' C D(V)and D({ V,) = UD(V))
for V and V, in 2%, we may define D C X X X such that D contains the diagonal
by D = {(x,y) | y € D({x})}. Thus in defining a quasi-uniformity for a fuzzy
topology, we take our basic elements of the quasi-uniformity to be elements of
the set 2 of maps D: LX - LX which satisfy:

(Al) VCDV)for Vel
(A2) DUV, = U DV, for V,eLX
Before we define what we mean by a quasi-uniformity we need some pre-

liminary results.

Lemma 1. Suppose L is a completely distributive lattice and o € L. Then there
exists a set B CL such that sup B = « and if A CL satisfies sup A = o then for
every B € B there exists y € A such that § < y.

Proof. Consider all possible sets A CL such that sup 4 = a. Index these
sets {4, | j € J} and index the elements in the sets by 4; = {a; | € I;}. Consider

B:

A 2i)s | ieHIj( .

jeJ
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Then

sup B = V (/\ "‘i(z’)f)

ielll; \jeJ

= /\ ( V O‘i(i)j)

ced Niliel;

= A«

ieJ
= a.
Also Ao a0 < ayor for ke J. Thus for every B e B there exists y € 4,
such that 8 < y (for any ke J).

LEMMA 2. Suppose L is a completely distributive lattice and f: L — L satisfies

(al) o << f(o) for weL.
(22") o < B implies f(a) < f(B) for o, BeL.
Then f*: L — L defined by

= A (V)

supl=a vel’
is the greatest g: L — L which takes values less than or equal to f and satisfies

(al) o << g(e) for acl.
(a2) g(Viw) = V;g(a;) for o; € L.
Also f*(a) == Ve f(B) for B as in Lemma 1.
Proof. Clearly f* satisfies (al) and (a2'). Also f*(a) < f(«) for x€L.

Choose B as in Lemma 1. If sup I' = « then for every 8 € B there exists
v € I' such that 8 <C B. Hence

B\/Bf B < VFf )

which implies

)=V fB)

BeB

Suppose V; a; = «. Then we may find B, such that sup B; = «, and

fH) = V T8,

BieB;
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SO

Vi) =V V f8),

7 BieB;

= f*(w) since sup \ B; = a.
That f* is the greatest such g is obvious

DeriniTioN 1. Let f; : L — L and f, : L — L satisfy (al) and (a2) (as in
Lemma 2). Let g: L — L be defined by g{a) = fy(a) A f,(«) (so g satisfies (al)
and (a2')). Then we define fy A f,: L —L by f; A f, = g* (so f; A f, satisfies
(al) and (a2)).

Lemma 3. Suppose f; : L — L and f, : L — L satisfy (al) and (a2). Then

FAR@= A (Al Vi)

) Voo=a

Proof.

AAR@= A (VO AL)

supl'=oa vyel’

= A _(A(VA0] v [VA0])

supl'=o ACI " “ved

= A (A (V) A (V)

supl=a ACI vEA
= . v{\=a (filo) v fo(ea))-

Note that L¥ is a completely distributive lattice if L is. Hence Lemmas 1, 2,
and 3 may be applied with L replaced by L*. Thus (al) and (a2) are now con-
ditions (Al) and (A2). For D:L¥ —» LX and E: LX — LX we denote D A E by
DN E. Wesay DCE if D(V)C E(V) for every V eLX. We define D o E by

composition of functions. We are now in a position to define a quasi-uniformity.

DerFiNtTION 2. A (fuzzy) quasi-uniformity on a set X is a subset £ of 2
(the set of all maps satisfying (A1) and (A2)) such that:
Q) 2+ 3.
(Q2) DeP and DCEec 2 implies Ec 9.
(Q3) DeZ and Ec D implies D A Ec 9.
(Q4) D e 2 implies there exists E e 2 such that E« EC D.
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Note that this definition agrees with the usual definition for L = {0, I}.
Note that (Q3) may be replaced by

(Q3) D,eZ and D, € & imply there exists D € Z such that D C D, and
DCD,.

Also note that any subset # of 2 which satisfies (Q4) generates a fuzzy quasi-
uniformity in the sense that the collection of all D e 2 which contain a finite
intersection of elements of # is a quasi-uniformity. Such a set # is called a
sub-basis for the quasi-uniformity generated. If # also satisfies (Q3') then & is
called a basis.

Before we define the Fuzzy topology generated by a quasi-uniformity, we
state the following trivial proposition.

PropoSITION 4.  Suppose a map i: LX — LX satisfies the interior axioms:
(I #X)=2X.
(I2) VYTV for VeL?.
(13) iE(V)) =i(V) for V eLX.
(14) VW) =iV)Yni(W)for V, WelLX
Then v == {V eLX|i(V) = V} is a fuzzy topology and i(V) = Int(V).

DeriviTioN 3. Let (X, 2) be a quasi-uniformity. Define Int: L¥ — LX by
Int(V) == J{UelLX| D(U)C V for some D € Z}.

ProposITION 5. Int satisfies the interior axioms.

Proof. (11) and (I2) are trivially satisfied.

(13) is satisfied since:

If U and V are fuzzy sets and D € 2 is such that D(U) C V, then we can find
E € D such that E o EC D. So in particular E(E(U)) C V. Thus E(U) C Int(V),
which implies U C Int(Int V)). Hence Int(}) C Int(Int(1)), and since the other
inclusion follows by (I2) we have Int(V) = Int(Int(})).

(14) follows by (Q3).

DeriniTION 4. The fuzzy topology generated by D is the fuzzy topology
generated by Int.

Hence in particular we note that D(U) is a neighborhood of U in the topology
generated by D.

LemMA 6. Let (X, 1) be a fuzzy topological space. Suppose D, € 2 and D,(U)
is a neighborhood of U for any fuzzy set U (i = |, 2). Then (D, N Dy)(U) is a
neighborhood of U for any fuzzy set U.
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Proof. By Lemmas 1, 2, and 3
(D1 N Da)(U) = J(Dy(Uy) N Do(Uy)

for some fuzzy sets U; whose union is U. But D,(U;) is a neighborhood of U,
(Z =1, 2) and hence D\ (U;) N Dy(U,) is a neighborhood of U;. So there exist
open sets W; such that U; C W;C D,(U,) N Dy(U;). Hence W = (), W; is
open and UC W C U; (D(U;) N Dy(Uy)).

THEOREM 7. Every fuzzy topology is fuzzy quasi-uniformizable.

Proof. Let (X, 7) be a fuzzy topological space. Let G be any open set in 7,
Define

Dy(V)=X for VG,
=G for VCG.

So Dg o D = Dy . Thus by Proposition 6, {Dg; | D € 7} forms a sub-base for a
quasi-uniformity which generates the topology.
We may define quasi-uniform continuity between quasi-uniform spaces.

DeriniTION 5. Let (X, 2) and (Y, &) be quasi-uniform spaces. A map
fi: X — Y is said to be quasi-uniformly continuous if for every E € &, there
exists a D € @ such that D C f-1(E). That is, for VeLX, D(V)C f1E(f(V)).

PrOPOSITION 8. Every quasi-uniformly contimuous function is continuous in the
induced fuzzy topologies.

Proof. Letf: X — Y be quasi-uniformly continuous. Consider an open set
in the fuzzy topology generated by . So V' = | ) {U | E(U) C V for some E € &}.
If E(U)C V then there exists D € 2 such that

DfHU)CfMEHU)CFHEU))C V)  (Ref. [1]).
So f-Y(U) C Int f-%(V), and hence
U {fXU)| E(U)C V for some Ee &} C Int( f X(V)).

But /Y U,) = USfYU,) and hence {1 (V) ClInt( f Y(V)). That is, f~YV)

is open, which is the definition of continuity.



UNIFORMITIES ON FUZZY TOPOLOGICAL SPACES 565

We now prove a theorem corresponding to the characterization of quasi-
pseudo metrizability in terms of quasi-uniformities. We effectively define quasi-
pseudo metrizability in terms of a special sort of base for a quasi-uniformity.
There is a way of converting this quasi-uniformity into a map satisfying the
triangle inequality from X x X to a monoid, but this is no more than a nota-
tional change. The description in terms of this special base appears to be more
intuitively pleasing at the moment and so we leave it like this.

THEOREM 9 (Quasi-pseudo metrization). Let (X, 2) be a quasi-uniformity.
Then 2 has a base {D, | r € R, r > 0} such that D, o D, C D, , for r and s positive
reals if and only if 9 has a countable base.

Proof. (=) is trivial.

(=) conversely; suppose & has a countable base {U,|n =1, 2,3,...}.

We may rechoose {U,} such that U, o U, o U, C U, _, (see, for example, [4]).
Define ¢, c P fore >0by ¢, = U, if 27" L e << 27"V and ¢ (V) = X if
I < e (so that g, o d o b C by).
Define

Ds: kU ¢‘10"'0¢€k,

Ty e
D, is obviously in 2 since ¢, is. Now

() é.C D, trivially.
(2) D, C ¢, since:

fh=1¢,0 " ob, S trivially. Assume that % > 1 and if / << % and
€>0then ¢, oo, Cby (Where e + -~ 4 ¢ = e). Consider ¢, o+ o,
(where €; -+ +** - ¢, = ¢). Choose the largest j such that ¢ - - 4 ¢; < Ze.
Thus €,4 + *** -+ € < %e. By induction

B

$eo o b, C e
bein C e
Besr® 0 be S
Hence
b0 oy, Cheodeodbe,
C o -

Hence {D, | ¢ > 0} generates the same quasi-uniformity as {¢.} and hence as
{U,}. The family {D, | ¢ > 0} obviously satisfy D, D, C D, .

409/58/3-9
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4. UNIFORMITIES

Consider a uniformity in the usual topological sense. We define D1 by
(%, ¥) e D71 if and only if (y, x) € D. Equivalent statements are:

y e D({x}) if and only if  x e D){y}),

y ¢ D1({x}) ifand onlyif  x¢ D({y}),

D) Ty Handonlyif D3 Cied,

DY QU ifandonlyif DU)CV'.
This suggests the following.

DEermvITION 6. LetL be a completely distributive lattice with order reversing
involution ‘. Let f: L - L satisfy (al) and (a2). Then we define f~1: L — L by

fHe) = inf{B | f(B') < o}
ProrostTiOoN 10. (1) f(a) < B if and only if f~Y(B') < o'.
(2) f satisfies (al) and (a2).
G (fH*=1
(4) f<gifandonlyiff™ <g
() (fog)yt=gtof™
Proof. (1) (=) is trivial.
(<) holds since if f4(B') C o’ then
f&) <F(FHBY)
= 1(Vir 1760 <BY)
VoI <s
<B.
(2) (al) is trivially satisfied.
(a2) is true since
V F Y ) CB = fYoy) CB for all 4,
' <= f(B) C o for all ¢,

«f@) (V)
- f—l(Yai) CB.

Hence {3V o) = Vi f ().
(3), (4), and (5) follow by a similar argument.
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ProrosrTion 11.
(A =111y
Proof. Let 4 CL be such that sup 4 = « and if sup I' = « then for every

8 € 4 there exists y € I" such that § <{ y (as in Lemma 1).
Then

(fy A f) e
— ABI A f)B) < o)
~ABL A BB VABY) <w
( Vo np=8
- NBIV8E4, 36, B, suchthat fy A By = B and f(B) v ABS) < ),
BV, (/\ 33 [ 3B, , Bz such that B; A B, = B and f(B,) < &, fuB,) < 8}:,)’

ded

= V(ABABIAB)<E  and  f(B) < ¥)

de.d

= V. (£710) A £38)

= (f Il A f;l)((x) (by Lemma 3)

Now if L is a completely distributive lattice with order reversing involution ’,
then so is LX. Hence for every D: L¥ — LX in 2 we can define D as in Defini-
tion 6. Note that if & is a quasi-uniformity on X thensois -1 — {D-1| De &,
Also note that if De 2 then (DN D)1= DN D that is, DN D} is
symmetric.

We are now able to define uniform spaces.

DeFINITION 7. A quasi-uniformity & is a uniformity if it also satisfies
(Q5) De2 implies D1e 2,
or equivalently
(QS) 2 has a base of symmetric elements.
We introduced the fuzzy unit interval in [3]. It is defined as follows.

DerFintTioN 8. The fuzzy unit interval [0, 1}(L) is the set of all monotonic
decreasing maps A: R — L for which

Aty =1 for ¢t << 0,
At) =0 for ¢ >0,
after the identification of A: R—L and u: R — L if
Mt—) = p(t—) for teR,

and

A(t+) = p(t+) for teR
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where

A(t+) = sup A(s), etc.
s>t

We define a fuzzy topology on [0, 1](L) as the topology generated by the sub-
base {L,, R, | t € R}, where

Ly {0, 1(L) —~L
and
R,:[0,1](L)—~>L
are defined by
L) =AY,
Ry(A) = A(t+).
The fuzzy topology {R; | t € R} is called the right-hand topology.

"We can construct a uniform structure on [0, 1](L) as follows:

DeriniTION 9. We define B, : LX — LX by

B(U) =R,_, where ¢ is the greatest s € R such that UCL,,
=N {Rs—s |U gLs’}'

ProrositioNn 12. (1) B, satisfies (Al) and (A2).

@ B =N{Ly.|UCR}

(3) B.oB;C B, (so in particular B, o B,C B,).
Proof. (1) (Al) is true since L/ CR,_,.

(A2) is true since
U/\(—:L;A = VS >0 U,\ RSA—G
=. V 8 > 0 U UA .g U Rg'\_o
A

(@]

= ¥8>0 YU, C Ruyo
= V8>0 YU C Ris-s
- Uu ¢ L,
= B(UU) C R
= ki) B(U,)

and the other inclusion is trivial.
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(2) BJ(U) =N{VI|B(V)C U}
= N{L | B(LHC UY}
=L | R_.C U}
= N{Ly | UCR}
=Ly, where £ is the smallest s such that U C R/

(3) B(Bs(U)) = BAR,_5), where ¢ is the greatest s such that UCL/,
=Ry ;.
= Be+8( U)'

CoroLLARY 13. The set {B,.|e > 0} is a basis for a quasi-uniformity which
generates the right-hand topology.

Proof. Every open set in the topology generated by {B,} is open in the usual
right-hand topology since it is a union of sets of the form B(U) (=R, for some ).

Conversely R, is in the topology generated by {B,} since B(L,.,) = R, and
UessoLrse = Ry

COROLLARY 14. The set {B,, B;' | ¢ > 0} is a sub-basis for a uniformity on
[0, 1I(L). The topology generated by the uniformity is the usual ( fuzzy) topology.
This uniformity is called the usual uniformity for the usual fuzzy topology on

[0, 1I(L).

We are now in a position to characterize uniformizability.

TrEOREM 15. Let (X, D) be a uniform space and let D € 9. Suppose D(U)C V.
Then there exists a uniformly continuous function f: X — [0, 1J(L) such that

U) <fEN1-) <FHO+H) < V()  for xeX.
Proof. Construct fuzzy sets {4, | r € R} such that

(1) 4, = Xforr <0,
2) 4,= & forr > 1,
(B) 4=V,
4 A4,=U

and symmetric elements {D, | ¢ > 0} of the uniformity such that
D(4)C A,._. for reR.
Since D, is symmetric we have

D(4,) C A,

T+€ *



570 BRUCE HUTTON

Now define f: X — [0, 1](L) by f(x)(r) = 4,(x). Clearly f is well defined and

satisfies
Ulx) < fl2)(1—-) < f#)(0+) < V(x)  for xeX.
Hence we only need to show fis uniformly continuous. Clearly
S YR = 3U>t A, and L) = Qt 4,.

Hence
DfL,)) C DLA,_s) for any & >0,
Q At—&—s
Q U As-—25—-e
s>t

C fH(Beraa(Lt)-
Letting 8 = e we have D, C f-YB,.). Similarly D, C f-%(B;}) and so f is

uniformly continuous.

COROLLARY 16. Let (X, D) be a uniform space and U be an open set in the fuzzy
topology generated by U. Then there exists a collection {W,} of sets such that
U W, == U and continuous functions f, : X — [0, 1](L) such that

W@ <HE(-) <HEHOF) < U for xeX.
Proof. Since U is open then U = J{W | D(W)C U}. Apply the previous

theorem.

Note. The condition that for any open set U there exist a collection of sets
{W,} and continuous functions as above is equivalent to complete regularity for
the topological case (since {I¥,} might as well be all singletons contained in U).

We use this as our definition of complete regularity for fuzzy topological

spaces.
We now show the converse to Corollary 16 is true.

THaeEOREM 17. Suppose (X, 1) is a completely regular fuzzy topological space.
Then (X, 7) is uniformizable.

Proof. Theset{fYB),f~ 4B |f: X — [0, 1](L)is continuous and ¢ > 0}
forms a sub-base for a uniformity & since
(1) fUB) o fHBs) CfHBess)-
(2) fHB) =fHB)™

The uniformity induces the topology since
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(1) Any continuous function f: X — [0, 1}(L) is uniformly continuous in
(X, @) and so is continuous in the topology generated by & and so the topology
induced by & is coarser than 7.

(2) However, suppose U is open in 7. We may find {W,} such that
UW, == Uandf, : X — [0, 1}(L) such that

W) < filo)(1=) < f@)0+) < Ulw).

Hence in particular f3Y(By;)(W,) C U and so W, CInt(U) in the topology
generated by 2. Thus U is open in the topology generated by &.
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