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Smoothing effects

1. Introduction

The relativistic Landau-Maxwell system is one of the most fundamental and complete models for
describing the dynamics of a dilute hot plasma in which particles interact through Coulomb collisions
and their self-consistent electromagnetic field. For notational simplicity, we consider the following
normalized Landau-Maxwell system:

9 Fy + pﬂ ViFy+ (E + pﬂ x B) VpFy =C(Fy,Fy)+C(Fy, F), (11)
0 0
p P

WF_ + e ViF_ — (E oo X B) VpF_=C(F_,F_)+C(F_,Fy), (1.2)
0 0
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with initial condition F1(0,x, p) = Fg +(x, p). Here FL(t,x, p) > 0 are the spatially periodic number
density functions for ions (+) and electrons (—) at time t > 0, position x € T =[—m,7]? and mo-
mentum p = (p1, p2, p3) € R%. The energy of a particle is given by pg = v/1+ |p|2. To completely
describe a dilute plasma, the electromagnetic field E(t,x) and B(t,x) is coupled with Fi(t,x, p)
through the celebrated Maxwell system:

AE — Vy x B:—fﬁ{ﬂ—F_}dp, Ve B =0, (13)
5 Po
%B + Vy x E=0, vx-Ezf{u—F,}dp, (1.4)
R3

with initial condition E(0, x) = Eg(x) and B(0, x) = Bg(x). The collision between particles is modeled
by the relativistic Landau collision operator and its normalized form is given by

C(g.h(p)=V,- {/fP(P, Q{Vyeg(h(q) — g(p)th(q)}dq}, (1.5)

R3

where the four-vectors are P = (pg, p1, P2, P3) and Q = (qo, 1,92, q3). Moreover, the collision kernel
is given the 3 x 3 non-negative matrix

A(P,
o, 0)= 2L D o), (16)
Poqo

with
AP, Q)=(P-Q)*{(P-Q)? -1},
S(P,Q)={(P-Q*-1}5-(p-®(P-q+{(P- Q) -1}(p®q+q9p).

Here the Lorentz inner product is P- Q =poqo—p - q.
From the relativistic Landau-Maxwell system, we can obtain:

i/Ft)—i/Ft—O
i +( = - =0,

T3 xR3 T3 <R3
d
a{ / (pF+(t)+PF—(f))+/E(t)xB(t)}:Q
T3 xR3 B
d (1 , )
E{i / (p°F+“)+P0F—(f))+f|E(t)| + B }:0.

T3xR3 L&

From the Maxwell system and the periodic boundary condition of E(t,x), there exists a constant B

such that |T1—3| Jr3 B(t,x)dx = B.
We introduce the normalized relativistic Maxwellian J(p) = e P9, and the standard perturbation
fx(t.x,p) to J(p) as

Fy=]+Jfs.
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We introduce the notation F =[F4, F_]. By assuming that [Fo, Eo, Bo] has the same mass, total
momentum and total energy as the steady state [/, 0, B], then we have

/ﬂf+(t)= / JIf-©) =0, (1.7)

T3 xR3 T3 xR3
d
a{ f (VI f+® +pVTf-®) + / E(t)xsm}:o, (18)
T3 <R3 el
d (1 _
5{5 / (poﬂf+(t)+poﬂf_(t>)+/\5(t)|2+|B(t)—B|2}=0. (1.9)
T3 xR3 bl

For notational simplicity, we omit the integrating domains T> and R3, which correspond to variable
x and variable p respectively. For example, we sometimes write L3 , instead of L(T?; L3 (R®)). For any
integer N > 0, we define the Sobolev space

H;v:{f(x): Zuagfu&p@o}, Hgfp={f<x,p>: )3 ||8,?‘35f||&p<oo},

le|<N lo|+IBISN

and for N, s > 0, we define the weighted Sobolev space

HYp = {f“" P o laapr( ), < °°}’

la|+IBISN

where the multi-index o = (a1, a2, @3), |ot| = o1 + 02 + a3 and 3¢ = 3y, 92 Dy’ With x = (X1, X2, X3).
The notations for B are the same. It is obvious that H,’(\{’po = H)’:{p. We also define HyS, and HES' by

oo __ N 00,5 __ N,s
Hp= (Y Hdp HRG =) A2y
N>0 N>0

The global classical solution of the relativistic Landau-Maxwell system around the above steady
state in the periodic box has been obtained in [17]. The authors in [13] obtained the global solution
of the relativistic Landau equation near relativistic Maxwellian in the whole space. Recently, author
in [20] also proved that the relativistic Landau-Maxwell system near steady state in the whole space
has a global classical solution in the Sobolev space H,’(‘{p(R3 x R3) (N > 4) by the techniques in [12,13,
16,17]. By the results in [17,20], we easily obtain the following existence results of the global classical
solution.

Theorem 1.1. (See Strain and Guo [17].) Let N > 4 and Fo 1 (x, p) = ] + «/J fo,+(x, p) > 0. Assume that
[fo, Eo, Bo] satisfies the conservation laws (1.7), (1.8) and (1.9). There exists ko > 0 such that if

1 follgy, + [[[Eo. Bol[ v < ko

then there exists a unique global solution [F(t, x, p), E(t, X), B(t, X)] to the relativistic Landau-Maxwell sys-
tem (1.1)-(1.4). Moreover, there is a constant Cy > 0 such that

152 10.00: Y, + IE. B]“L?"qo.oo):Hi”) < Coko.
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It is obvious that for any s > 0, there exist constant C1 > 0 (depending on Cy and s) and C, > 0 (depending
on s) such that

IF 2o 0,00y 8y + ITE> B oo 0,00y < C1K0 + Ca-

Our main theorem states that the classical solutions obtained thanks to Theorem 1.1 satisfy the
following smoothness.

Theorem 1.2. Assume that [ fo, Eg, Bo] satisfies the conservation laws (1.7), (1.8) and (1.9) and that
Fo.+(x, p) = ] + /T fo.+(x, p) > 0. There exist C3 > 0 and € € [0, ko] such that

I follug, + IlEo. BO]HH;: < e€o,

the unique classical solution to the system (1.1)-(1.4) given by Theorem 1.1 satisfies (forany 0 <11 < T <
T <ooands > 0):

FeCX(lr. T H' (TP x R?)), (1.10)
under the assumptions that
|E@D e + [ B | e < C3. (111)

Remark 1.3. If E(t,x) =0, B(t,x) =0 and F; = F_, the system (1.1) and (1.2) turn into the simple rel-
ativistic Landau equation. Theorem 1.2 says that classical solutions to the relativistic Landau equation
given by Theorem 1.1 become immediately smooth with respect to all variables.

Remark 1.4. If E(t,x) = Vi¢(t,x) and B(t,x) = 0, the system (1.1)-(1.4) turn into the relativistic
Landau-Poisson system. Theorem 1.2 tells us that classical solutions to the relativistic Landau-Poisson
system given by Theorem 1.1 also become immediately smooth with respect to all variables by the
elliptic estimates (see Remark 3.6) without any extra assumption. This fact shows that nature that the
Maxwell system is hyperbolic may lead us to impose the assumption (1.11). Whether this assumption
is removed or not will be considered for the future study.

The smoothness of the solutions to the spatially homogeneous Landau equation has been inves-
tigated in [1]. Desvillettes and Villani [8] proved global existence, uniqueness and smoothness of
classical solutions to the spatially homogeneous Landau equation for hard potentials and a large class
of initial data. Guo [11] constructed global classical solutions near Maxwellians for a general Landau
equation in a periodic box by the nice energy method. Recently, Chen, Desvillettes and He [6] proved
that the classical solutions to the Landau equation obtained by Guo [11] become immediately smooth
with respect to all variables by some hints of [2,7] and [8]: roughly speaking, smoothness (in the
velocity variable) is produced by the elliptic property of the diffusive matrix to the Landau operator
in [8] and smoothness (in the position variable) is produced by the classical averaging lemma [2,3,9].

Although the classical (non-relativistic) Landau equation has been heavily studied [1,6,8,11,14,19],
the relativistic version has received scant attention [13,15,17]. Lemou studied the linearized relativis-
tic equation in [15]. In [17], Strain and Guo presented the global existence of classical solutions to
the relativistic Landau-Maxwell system (1.1)-(1.4) near steady state. Thanks to this breakthrough, we
possibly improve smoothness of the solutions to the relativistic Landau-Maxwell system in this work.
Although our main results are proved by using the novel idea of [6], there are several major new
difficulties in this paper. The first new difficulty is due to the complexity of the relativistic Landau
kernel (1.5). Unlike the classical Landau kernel, the relativistic version is not convolution-like and we
use the technique of the novel integration by parts introduced in [17] to overcome this difficulty. The
second one is the lower regularity of the solutions (N >4) in Theorem 1.1 and the N-derivative of
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the vector (bii) is bigger than N. We have to analyze detailedly the diffusive matrix (aﬁ) and the
vector (b,.i) and obtain the corresponding estimates. Lastly, the matrix (aii]'.) is different to the clas-
sical version due to the relativistic kernel and the proof of the ellipticity property of the classical
version in [6] cannot be applied here. We use the important findings of Lemou [15] to obtain the key
ellipticity property.

2. Basic estimates

In this section, we deduce some basic estimates which will be used repeatedly in the proof of
Theorem 1.2. If we write

3

a; (¢, x, p)=/¢"f'(P,Q)Fi(t,x,q>dq, by (t, x, p)=Z/®”<P, Q)dg; Fx(t, x,q)dg.
R3 j=1 R3
then the system (1.1) and (1.2) can be rewritten as
p p
BtF++—-VxF++ E+—XB 'VpF+
Po bo
=Vp - (a"VpF —bTFL)+ V- (a”VpFy —bFy), (21)
aF + 2 v - <E+£ xB) SV F_
bo Po
=Vp-(a"VpF_—b F_)+V,-(a"V,F_ —bTF_). (2.2)
Here a* (respectively b*) is the matrix (respectively the vector) with coefficients (aﬁ),‘j (respectively

(bl.i),-). In the following we will prove some L estimates of aﬁ and bii. We first define the relativistic
differential operator:

q . \" q . \* g0, \*
Ou(p,q) = <3p1 + *3q1> <3pz + *3qz> (3103 + —B%) ; (2.3)
Po Do Do

which is originally introduced in [17] and plays a key role in proving L*> estimates of al.j]F and bl.i. We
begin with the following integration by parts lemma.

Lemma 2.1. Given | 8| > 0, we have

o [oir.f@ia= Y [0n0i@ @6, 4, p.0ds. 24)

R3 1B11+1B21<IBl g3

where ¢§1 B (p, q) is a smooth function which satisfies

‘a;] azz(bllgl . (p7 q)’ g qu)m_h)l |p(‘)ﬂl [=1B]—=Iv2| , (25)
for all multi-indices v, and v,.

Proof. This lemma is similar as Lemma 3 in [17]. We prove (2.4) by an induction over the number of
derivatives |B|. Assume 8 =¢' (i=1,2,3). We write

do qo do
ap; = —%8(;,- + (3pi + %341) = _%3% + Oe;.
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Instead of hitting @ (P, Q) with dp;» we apply the rh.s. term above and integrate by parts over
— 129, to obtain

o [ @i @da= [ Ouip.Qf@da+ [, ) La f@as
R3 R3 R3 °
We can write the above in the form (2.4) with the coefficients given by
i i qo
bo 0P ) =1, ¢3,ei<p,q>=%.

Note that these coefficients satisfy the decay (2.5). This establishes the fist step in the induction.
Assume the result holds for all |8] < n. Fix an arbitrary B’ such that |8’| =n + 1 and write 35 =
Opp 85 for some multi-index g and

m =max{j: (8")/ > 0}.

By the induction assumption, we have

aﬁ’/@"f'(P,Q)f(q)dqz > apm/@glcp"f(P,Q)afzf(q)qbglﬁz(p,q)dq.
R3 Bil+BaI<IBl g3

We apply the last derivative the same as the case |8| =1 above. We have

= X /@em@g]d’“(P,Q)afzf(q)cﬁglﬁz(p,q)dq (2.6)
1Bt +121<I81 g5
ij 90 B2 B

_ i 4o

o2 /@ﬂl‘p (P, Q) danbq” f @5, 5,(P.4)dg (2.7)
1B l+121<181 g3

9. @il B do g

+ Z /()ﬁlgle(P, Q)35 f(@) <3pm + %qu)qbglﬁz (p,q)dq. (2.8)

1B11-+IB2I<IBIR3

We collect all the terms above and write it to the following form

- f O, 1P, Q) F @} 4, (p.q)dg.
Bi+Ba<P g3

We will check (2.5) by the terms (2.6), (2.7) and (2.8). For (2.6), the order of differentiation is
Br=B1+em.  f2=p2
and by the induction assumption, we have
|3;1 81"}2(1)51,52 (p, q)’ < quoﬂ\—\vﬂploﬁl\—\ﬁl—lvzl < qu)ﬂ \—Ivl\ploﬂl\—lﬁ I—Ivzl'
For (2.7), the order of differentiation is

B1 =B, B2=B2+em,
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and by the induction assumption, we have

o oL <%¢§1!52(p’q)>‘ < CqlfHF 1=l pIB1I=IBI=1=lvzl _ olB'l=wnl 1=z
For (2.8), the order of differentiation is

Br=B1. Br=5h2.
and by the induction assumption and Leibnitz rule, we have

8;18;2{<8Pm+p 80m>¢ﬁ Z(P,Q)”

pl]/31l—lﬁ\—1—lvzl < ngf’\—lvﬂpgm\—Iﬂ'l—lvzl' O

< CqLﬁH—l—Ile

Lemma 2.2. Let F(t, x, p) be the non-negative solution of the system (1.1)-(1.4) in Theorem 1.1. Then there
exists a constant C > 0 such that for any multi-indices o and B, we have

ogoag e x| <C Y Jogaf Fe(1+1p2) PO e, (2.9)
Bi<p
agopbEexpl<c Y ool Fe(t+1pR) T b %0, (2.10)
BB

Proof. We know from Lemma 2.1 that when |8| > 0, we have
8% a (e, x, p)—aﬁ/(bij(P, Q)% F+(q)dg
R3

- ¥ Op, P (P, Q)00 (@), 5, (p.q)da.
1B11+1B21<IBl g3

where ¢§1’ﬁ2 (p, q) satisfies

8,10 0] < Call I,

We will use the following splitting:
={lp—ql+Ilpxal =[lpl+1]/2},  B={lp—aql+lpxq <[lpl+1]/2}. (211
From Lemma 2 in [17], on the set .4 we have the estimate
|©p, U (P, Q)| < Cpy g8, (212)
and on the set B we have the estimate
65,27 (P, Q)| < Cpy " gflp —qI™". (213)

Thus on the set .4, the Holder inequality implies
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‘ / Op, U (P, Q>85283Fi(q>¢§1,ﬂ2(p,q)dq‘

— 6
<C/p0 PlglP1+e| o828 Fo(q)| dg

R3

1/2 12
< Cp&"”(/(l + |q|2)_4dq) (/|3528;”Fi]2(1 1 1gP) A1 dq)

R3 R3

1/2
gcpa\ﬂl<[’8ﬂzaal;i‘2(l+|q|2)(lﬁl+10)dq) .
R3

On the set 3, We use (2.13) to obtain
'/@m@”(ﬂ Q)afza;*u(qw,’?l,ﬁz(p,q>dq'
B

<C/pg‘ﬁ‘qlf‘”m—q|‘1|a§283Fi<q)|dq
R3

1/2 1/2
— _ -3 2 10
<Cp0“3‘(/|pfq| 2(1+1aP) dq) (/!35283&\ (1+1g2)"" )dq>
R3 R3
10 172
\ﬂ\(f|8ﬂ23aFi’ 14 1q2) 08 >dq> ’

where we have used the inequality

f|p—q|*2(1+|q|2)‘3dq<c.

R3

Therefore, we can obtain that

o ap k. x. p)| < Cﬂ;ﬂﬂaﬂ]a“ L(1+1p2) 7O L v,
11X

We know that
3 ..
ApbE, x, p):Za}f/@”(P, Q)% 8, F+(t, X, q)dq.
; J

This form is similar as the form of a; By the arguments similar as the above, we can prove the
second relation. O

Lemma 2.3. Let F(t, x, p) be the non-negative solution of the system (1.1)-(1.4) in Theorem 1.1. Then there
exists a constant C > 0 such that for any multi-indices o, and |8| > 0, we have
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la¢apbEt.x.p)|<C > (|o%0f Fa(t.x. p)|
1B1I<IBI-1

1/2— F B11+10)/2
Proof. By Lemma 4 in [17], we know

—ap,./@“(P, Q)quf(q)dq=4/<7>(P, Q) F@dq+x(p)f (D), (2.14)

R3 R3

where k (p) =277 pg [y (1+ |p|*sin®)~3/2sin6 d and
= P-Q -1/2
&(P.Q)=—={(P-Q)? -1}
Podo
By the similar arguments as Lemma 2.1, we have

a§f5<P,Q>f<q>dq= > 4/@,315(1’,Q)afzf(qm?ﬁ],ﬁz(p,q)dq, (2.15)

e B11+1821<IB g

where ¢§1,ﬂ2(p, q) is a smooth function which satisfies

‘8;1 8;2($§1,ﬁ2 (p’ q)’ < qu)m*‘vl|p(‘)ﬂl|*‘ﬂ‘*|v2‘, (216)

for all multi-indices v; and v,. On the other hand, we also know

05 ®P, Q) =P -Q{P-0)%-11""6 (L)
5 @(P,Q)=(P-Q){(P-Q)* -1} 51\ podo

We will use the following inequality in [10] and [17],

Ip—ql>+p x q?

1
<P-Q-1<=Ip—ql* (217)
2podqo 2

On the set A, we have

2p—ql>+2ipxq>=(Ip—al+1p xql)’ > %p5+ % > %pﬁ.
By (2.17) and the last display we have
P~Q+12P~Q—1>11—6%. (218)
From the Cauchy-Schwartz inequality we also have
0<P-Q—-1<P-Q<pogo+Ip-ql<2pogo. (2.19)

We use these last two inequalities to get
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— -1/2 1
|©p,@(P, Q)| =|(P- Q){(P~Q)2 -1} / @m(—)‘
Poqo
< C(poqo){P-Q —1)7"qy py P < cpy g (2.20)
By (2.17) we can obtain
Ip _CI|2 1 2
<P-Q-1<slp—q*. (221)
2poqo 2P

On the set BB, we have

053, Q)| =|P-O)fP-0)*-11""%0 <L>'
(0P P. Q| = |P- - Q) =1} oy (o

< C(poqo){P-Q —1}7V2(P.Q + 1}—1/2q61pal—\ﬂ1|

1/2— 1/2 _
< Cpy*Plgy?1p — g7 (2.22)

Recalling (2.20), the integral (2.15) on the set A is bounded by
‘ f @M(P,Q)aszf(q)a,Z],ﬁz(p,q)dq'
A

<cpy W f|q§,+‘ﬂ'a§2f(q)| dq
R3
1/2 1/2

< Cpa“‘ﬁ'(/(l + |q|2)’9dq) (f|a§2f<q)|2(1 +g?) P dq)

R3 R3

1/2

< Cpgl“ﬂ'</|a§2f(q)|2(1 MMENCESE dq>

R3

Recalling (2.22), the integral (2.15) on the set 3 is bounded by

’ f @wf(P,Q)a§2f<q>¢7§1,ﬁz<p,q>dq)
B

1
< Cpy/> P! /Iqé+"3'|p —ql7'8)” f(q)| dg
R3

1/2 1/2
1/2— — -9 2 +10
< Cpy/ ‘ﬂ'(/m—cn 2(1+1aP) dq) (/lafzf(q)l (1+1a12)" )dq)
R3 R3

1/2
_ 2 10
<cpl? \ﬂ|</|ang(q)| (14 Jqi2) P >dq) .
R3
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By the above inequalities, we can obtain
= - 1/2 2 (I181+10) 12
'/@mu’, Q)afzf(q)ﬁ]ﬁz(p,q)dq' < Cpy *'ﬂ'(f\afzf(qﬂ (1+1q1%) dq) :
R3 R3

By the similar arguments as the above, we also obtain
= 1/2 2 10 12
UcD(P, Q)f(q)‘ <Cpy/ (/!f(q)l (1+1a?) dq) :
R3 R3

Finally, we can obtain

logopbe.x.p)|<C Y ([o%0] Fu(t.x. p)|
[B11<1B1-1

+p(1)/2—\,3]| ” a)?{a/gl Fi(l + |p|2)(|51|+10)/2 ”Lf, «, x)).

Here we have used the fact that |3§K(p)| <C. O

Lemma 24. Let F(t, x, p) be the non-negative solution of the system (1.1)-(1.4) in Theorem 1.1. Then there
exists a constant C > 0 such that for any multi-indices o, we have

|09t x, p)| < CpY/2 0% Fat. x, ) (1 + |p|2)5||Lg.

Proof. By the integral by parts, we have
8fbf(t,x,p):/¢"f(1°,Q)aﬁ‘aq,»Fi(t,x, q)dg
R3

= _/aqjq>"f(P, Q)Y Fx(t. x. q)dg.
R3

On the other hand, we know from Lemma 3 in [17] that

N A(P,
> a0 (P. Q) 220D p gy g,
7 Poqo

On the set A, by (2.18) and (2.19), we get

A(P,Q)
Podo

(P-Qpi—a)| <CP- Q- Q)*—1}"*(po+py")

-3
_ p
< C(pogo)*(P-Q — 1} 3P0<C(POQO)2(q—g> po=Cqy.

We see that
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’/d’f‘(lﬁ, Q)a,?aqui(r,x,q)dq’
A

s 1/2 ) 10 1/2
<c(/(1+|q|2) dq) (fla;*Fi(r,xml (1+1q?) dq)
R3

R3

2 10 172
<C</|8§‘Fi(t,x,q)| (1+1q1?) dq) .
R3

On the set B, by (2.19) and (2.21), we get

A(P, Q)
Pboqo

<CP- QP> =1)""*(po+py")

(P-Qpi—qi)

< C(pogo)*(P-Q —1)73/2pg

3/2

< C(pog0)*(Pog0)*/*1p —al 3 po

9/2 7/2 —
=cpy%q)*Ip — a3,

We see that

‘/@U(P’ Q)agaqui(t,x,q)dQ‘
B

1/2

1/2
< cpgﬂ(/m +1gP?)"> Ip—q/7® dq) (/|83Fi<r,x, o (1+ |q|2)“’dq)

R3 R3
9/2 2 10 172
<cpy (/Iai"Fi(t,x,q)l (1+1al%) dq) .0
R3

Now we will prove the key ellipticity property for the matrix a* = (aﬁ).

Lemma 2.5. Let F be a non-negative solution of the system (1.1)-(1.4) given by Theorem 1.1. If || fo ”HLVP <e€o

for €g small enough, then there exists a constant K > 0 such that for any & € R3,
3
+ 2

D ai(t,x, piEigj = KIg. (223)

i,j=1
Proof. We will use the idea in [15] to prove this lemma. We first define

oIp)= [ (P Q)@ (2:24)

R3

For any p € R3, o(p) = (¢ (p)) is a symmetric positive-definite matrix satisfying o (Rp) = Ro (p)RT
for any transformation R belonging to the orthogonal groups O3(R). Let (p,r,7) be an orthogonal



3788 H. Yu /]. Differential Equations 246 (2009) 3776-3817

basis of R3. Using the invariance of o (p) under orthogonal transformation of R3, we easily deduce
that

Z o' (p)pirj = Z o' (p)pifj=0.
i,j=1 i,j=1
This means that (p,r,7) is an orthogonal basis of eigen-vectors of o (p). Thus, we get that o (p) has

a simple eigenvalue Aq(p) = (1/|p|2)Zaif(p)pipj associated with the eigen-vector p and a double
eigenvalue A2(p) = (1/Ir|?) Y. o (p)rirj associated with the eigen-space p*, that is,

M=o |Z/Z¢'1<P Q)pipjJ(g)dg,

i,j=1

12(p)= 15 / Z ®U(P, Q)rirj ] (q)dg.

R3l]l

Therefore, we can obtain that

ol (p) = M(P)I ‘2+K2(P){5u 'l”l’;} (2.25)

On the other hand, we know from [15] that there are constants ¢y, ¢z > 0 such that, as |p| — oo,
A (p) — c¢1 and A2(p) — c2 and that there exists a constant vg > 0 such that

A(p) =min(A1(p), 22(p)) > vo. for all p e R.

-, +

By the definition of a;; (t,x, p), we have
a (e, x. p>=/a>"f'<P,Q)J(q)dq+/¢"f'<P, V(@ f(t,x,q)dg.
R3 R3
By Theorem 1.1, we know that there is a constant S > 0 such that
fx(t, x,q) = —Seo.

By the non-negativity of the matrix @ (P, Q), we have

| 3 @i sV L xada > -Seo [ 3 0P, Qg Tada.

gs L=l R =1

Let &4 (p) be the integral of the r.h.s. of the above inequality. Then &% (p) has the same properties as
o (p) and there exist A1(p), A2(p) such that

”(p)—h(p)| 2 +Az(p){8u Tl'fl’;} (2.26)

with
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3
_ 1 L.
= W/ > @U(P. Q)pipjv/](q)dg.

R3 i,j=1

3
_ 1 i
Ka(p) = Wf > @U(P. Q)rirj/1(@) dg.

R3 1,j:1
By (2.12), (2.13) and (2.24), we know that there is a constant v{ > 0 such that
A(p) =min(A1(p), A2(p)) <vi, forall peR’.
Therefore, we have
D agtx pEg; > Y oV (p)Es; — Seo Yy oV (p)&i&j = (vo — Seov) €I
i,j=1 i,j=1 i,j=1
If choosing €y small enough and K = vy — Segv1, this completes the proof of Lemma 2.5. O

Remark 2.6. By the similar arguments as the above and using the spectrum theory about the classical
Landau operator in [7] we can also obtain the elliptic estimate corresponding to the classical Landau
operator, that is, Lemma 2.1 in [6].

3. Smoothness effects for classical solutions

In this section we shall prove Theorem 1.2. The proof will consist in an induction on the number
of derivatives (in x and p) which can be controlled. We first prove regularity of p variable.

Lemma 3.1. Let N > 4 be a given integer and F = [F, F_] be a smooth non-negative solution of the system
(1.1)-(1.4) given by Theorem 1.1. We suppose that forany T > 0, s > 0,

,<Ko. and |F; < KoT'/2,
t

”F”L?%[o,r]:Hﬁﬁ (0, TT;HY )

where Ko = Ko(s, T) is a constant.
Then there exists a constant C1 > 0, which depends on N, s, T, and Ky, such that

/ Vo (8295 F) (1 + IpI?)*?|” drdxdp < Ci, (31)
[0, T]1xT3 xR3
with |a| 4+ |B] < N.
Proof. We only consider the regularity of F,(t,x, p) about p because the regularity of F_(t,x, p)
can be proved by the similar arguments. By using Eq. (2.1), we know that h = (835 F,)(1 + |p|2)*/

satisfies the following equation (using Einstein’s convention for the repeated indices and denoting
g x Op '+)-

ah + pﬂ Veh =1+ 1411, (32)
0
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where

D _ 2
I=—>Y ¢ (8"“E+% xa“13> - Vpd® °‘1F+(1+|p|2)s/ , for|B|=0

a1 <a

Z Cﬂlaﬂ ﬁ1< )-Vx833§1F+(1+|p|2)5/2
1B1l<IBI

—V,- {( > ChagE x Y o Fy
a1 <a
+ Y cuch a;‘fl(ﬂ) x 321 Bog 1 b~ h F+>(1 +|p|2)5/2}
a1<a, fi<p po
—s(1+1p?)* 'p- ( 3 o Eay M af Fo
<o

+ ) Cglcg'a}fl(ﬂ)xa,?‘lsa,?*“laﬁ*ﬁ'F+>, for 8] > 0,
<o r<p bo

2)5/271 2)5/271

I = p, (a5 0p;h) — sajt (3p;£) (1 + |p| pi — dp;[safig(1+1p pj]

— 3, (b h) + b g(1+ 1p12)*"* ™" pi — oy, (b h) + b7 g(1+ pI) "' pi

s/2—1 s/2—1

i, a,1) =525, 201+ 19 i = [0+ 1pP) ']

m= 3 {on o5 a) (0,87 F) (14 1pP) 7]

ajtar=a, |a1|>1
= s(3a;) (99,052 F+) (14 1p12)* i

— O [(38"B7) (382 F) (L4 1) ]+ (35 7) (352 F) (14 1)y

o [ (087 i) 9 35 F) (14 1017) 7] = 505 ) (3,052 B2 ) (1 4+ 1)

—op [ (02 b7 ) (082 F4 ) (14 1p1%) %] + (870, ) a2 Fo (14 1pI2)** ' pi}, for |81 =0,

= 3 carch{op,[ (a5 8p" +)(apja°‘zaﬂ2F+)(1+|p|2)5/2]
ajtax=a, fr+p2=P, lo|+|B112>1
— (3 aﬂ1 +) ;08 aazaﬂz Fy)(1+ |P|2)5/271Pi +ap,[(0 851bf)(3)‘?23ﬂ2 F)(1+ |p|2)5/2]

s/2—1

—s 30[1 8ﬂ1 b+ 0‘2 aﬁZ F+)(] + |p|2) pi + 8}71 [(3011 3/3] )(ap] 3012 3}32 F+)( + |p|2)5/2]

(@
(2%
(9,207 ) 1+ 101)7> i [ (36795707 ) (282902 ) (1 4+ 1pP7))
(@

302298 F ) (14 1pl2)*"* ' i), for 18] > 0.

( )
s(a,‘j“a a;)
(0" 9p'b;)

Pl 8)-‘51

=S i

We only consider the case |8| > 0 because the case || = 0 is similar. Multiplying (3.2) by h and
integrating on (t, x, p), we estimate the resulting equation term by term.
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We see that
och+ £ . e |hdt dxdp = 1(||h(T)||22 — [h@|% )= e
TR 2 Lip Lp/ = 270
[0, T]1xT3 xR3
For the first term I of I, the Holder’s inequality entails that
‘ / I1hdtdxdp’ < C”h”L?([O,T];Lf,p)”F+”L[2([0,TJ;HQ;) < CTK%. (3.3)

[0,T]xT3 xR3

For the second term I of I, when |&1| < N/2, integral by parts and the fact that L°(T?) ¢ H2(T?)
imply that

/ I>h dtdxdp‘
[0,T]xT3 xR3

< C[[a5 . B, / (1987100 F oy |+ 0100 P FL]) |(Vp2) (1 + IpI?)’ | dt dxdp
[0, T]1xT3 xR3
<C Z sup”(‘))‘;‘ﬁ“l[f,B]HLE||F+||L?([O’T]:HQJ‘§)”(Vpg)(l—|—|p|2)s/2HL[2([0,T];Lip)
ool <1

s/2 HZ

<CellF4ll? el (1 + 1) 2o ry2,)0

L2([0,T1:HyYy

where we have used the fact that ||[E, B]“LtOO(H)I(\I) < Co.
If 1| > N/2, then |o — a1] + |8] < N/2 and we have

‘ / Izhdtdxdp‘

[0,T]xT3 xR3

< [ | B B 19 (a1 + 1pP)) ]z e
[0,T]xR3

< Csup|[ " [E. Bl / [ 05 F 1 o, | Vo (1 + 10P)°) ] dedp

[0,T]xR3
< Csup| (B B2 1F iz ry sy | (Vo) (1 + PP li20p2,)
/2112
< CellF el o rpnps, T IO+ [0 1112,

In any case, we can get

2

12hdfd’<dP‘ < CeKET + €] (Vp2) (1+ Ip1?)7? ”L?([O,TJ;LE.,J)'

[0, TIXT3 xR3
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Similarly we have that the term I3 has the following estimate:

/ IshddedP’ <CeKGT +€| (Vo) (14 1pP) ||i%<[o,n;L£.p>'

[0,T]xT3 xR3

For the term containing II, we write I = 2,121 II;, and then estimate term by term.

/ Ihdtdxdp = — / a;;(apjh)(apih)dtdxdp
[0, T]xT3 xR3 [0,T]xT3 xR3

== f a5 (9p;8) (9p, ) (1+ pI*)’ dt dxdp
[0,T]xT3 xR3
-1
—2s / a;;(apjg)g(1+|p|2)$ pjdtdxdp
[0, T]1xT3 xR3
-2
s’ f af1gP*(1+ p?)" “pipjdtdxdp.

[0,T]xT3 xR3
Denote the r.h.s. of the above identity as A; + Ay 4+ As. Thanks to Lemma 2.5, we get
s/2|2

A1 <—-K / |(Vo2)(1+1p1%) dtdxdp. (3.5)

[0,T]xT3 xR3

By Lemma 2.2 and the Sobolev embedding theorem, we see that

suplajj(t.x.p)| <€ 37 o Fu(1+ 1PP) 1012, < CKo. (36)
” o2

By (3.6) and the Hoélder's inequality, we get

—1/2
|A2] < CKo f IVpgllgl(1+1p?)* " dedxdp

[0, T]1xT3 xR3

< CKo(e[[ (Vo2 (1 +1PP)"* |2 0,112, + CTKD): (3.7)
and

|A3] < CKollF4 3 g . v < CTKG. (3.8)
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By (3.6), we obtain that

/ thdtdxdp’ <C / |a;;(apjg)(1 + |p|2)s_1/2g|cltdxdp
[0,T]xT3 xR3 [0,T]xT3 xR3
2

< CKo(e][ (Vo) (1 +1p2) " “L[Z([O,T];Lip) +CTKg).

For the term containing II3, we write
2-1
II3hdtdxdp =s / a;;(apjh)g(l + |p|2)5/ pjdtdxdp
[0,T]xT3 xR3 [0, T]xT3 xR3

-1
=S / a{‘]f(apjg)g(1+|p|2)5 pjdtdxdp
[0, T]1xT3 xR3

-2
+s° / a;lgl(1+1pP)° “pipjdtdxdp.

[0,T]xT3 xR3

By (3.6) and the above arguments, we easily get

L dtdxdp] < CKo(e]| (Vo) (1 + 1PP) " [f240 7112, + CTKS).

[0.T]xT3 xR3
Then we consider the term Il4. Integral by parts imply that
hdt dxdp = — - b)|h|? dt dxd
llahdtdxdp = -2 (9p;b;")In|* dt dxdp.
[0.T]xT3 xR3 [0,T]xT3 xR3

By Lemma 2.2 and the Sobolev embedding theorem, it is easy to know

sup|dp b (L | <C D0 a9 Fr ek (U 1PP) | ez
tx.p <2, 1p11<2 |

Therefore, we have the following estimate:

I4h dtdxdp‘ < CKZT.
[0,T]xT3 xR3
Now we turn to the term IIl. We write Il = 2?21 11I;. By integration by parts,

Because a,?; shares the same properties as a

o050 (0, 057947 F) (1 + 1) e il

[0,T]xT3 xR3

= / (595" a5}) (95,952 957 F4 ) (0, 2)(1 + pI?)" dt dxdp

[0, T]xT3 xR3

3793

(3.9)

(3.10)

the remaining terms of II has the similar as the above.
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—s / (85" 05" a}) (9p, 052052 F ) g (1 + Ip2)*" pidt dxdp.
[0,T]1xT3 xR3

For the first term, when 1 <|aq| 4+ |B1| < N/2 with N > 4, Lemma 2.2 implies that

< CKo,

(1811+10)/2
Sl)i]?)|} 0”8’31 +H <C Z H330+a1850F+(1+|P|2) 110/ ||L?O(L)2(.p)

01<2, Bo <Py
so that
(995" a57) (9p, 952957 F 1) (0, 2)(1 + pI?)” de dxdp
[0, T]1xT3 xR3

< CKo(Cell P lfy 10 7y sy TEl(Vpe) 1+ p12)"?| fg([m;&p)).
By Lemma 2.2, we have

o 8 a5 6%, )1 <C Y [ 0F e x. p(1 + |p[2) P10/ Iz (3.11)
Bo<hi

When |oq| 4+ |81]| > N/2 and then |o2| + |B2] < N/2, we have the following estimate
(35 95" a5;) (3p, 952957 F) (0, 2) (1 + pI?)" dt dxdp
[0,T]xT3 xR3

< / o5 05 af | o | (39,082 002 F) (1 4 1P12) 2 1| 0y ) (1 4 1PI2) 2 et

[0,T]xT3
S S B U NS L
ﬁ0<ﬁ1 [0,T]><T3
a o f2 2\8/2 2\S/2
X [[(3p;052 35" F4) (14 1p1%) 7| 2 [ @y @) (1 4 1p1%) 7 | 2 dxdt

<c Y Y e e x (14 1pR) O
Bo<Pr[o, 77 Po<hr »

< (Vo705 F) (14 1PP) " iz, | (V@) (14 1DP)° (14 1pP) 7 g dxat

2
<C Y (Vpaset o) (14 1pP) lieqo.riz,
gl <2

* <6||<Vpg>(1+IPIZ)S(HIPIZ)S/ZIILz(m 1112, T Ce > IF ”Lz (0.TI; H”“’O‘“O))
Bo<h

2\S/2

< CEKO ”F”LZ([O T]; HNS +€H (Vpg)(] + |p| ) ||L2([O T]; pr)v (3'12)

where we have used the facts that |oa| 4+ |B2]+2 < N and L®(T3) c H2(T?). By the similar arguments
as the above, we can prove that the second term of IIl; shares the same bound.
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As for the term Ill3, integration by parts implies that

[ (927 0f b)) (082052 F ) (1 + 1p1?)*|n dt dxdp
[0,T]xT3 xR3

__ / (38700 b7 ) (02 02 F 1 ) (8, 2) (1 + IpI?) de dxdp
[0,T]xT3 xR3

—s / (88198 b+) (92202 F1 ) g (1+ IpI1?)° ' pidedxdp.
[0,T]xT3 xR3

We only consider the first term of Il[3 and then the second term is treated similarly. When 1 < |oq|+
|B1] < N/2 —1, by the proof of Lemma 2.2, we easily get

ESE L2([0,T]:LES,)

<C Z Z H 851 ot Fi(l + |p|2)(|/31|+10)/2 ” 02, (3.13)
lero| <2 |Bol<IB1l+1

By using the above inequality, we have

' / (8595 b7 ) (85205 F1) (8p,8) (1 + IpI?)’ de dxdp
[0, T]1XT3 xR3

/212
< C” 3" aglmew([o,T];pr)(Cé ” (832352 F+)(1 + |p|2)s ”LZ([O,TJ;LE_,,)

/22
+e|(Vpe)(1+1pP)* ”Lf([o,r];Lip))

/2012
<Ce IIFIIi?([O’T];Hg;) +el Vo) (1 +1pP) " 20112,

Thanks to Lemma 2.2, we have

0 b x|y <€ D0 o Frex o (14 1p12) O, (314)
[Bol<IB11+1

By using (3.14), the similar arguments as (3.12) imply that, when N/2 <|oq| + [B1| <N —1

(02105 b+) (0205 F1) (9p, ) (1 + IpI?)’ de dxdp
[0,T]1xT3 xR3

<CeK3To + €| (Vo) (1+ |17|2)S/2 ”if([o,T];L,%,p)'

The case that |o1|+ |B1] = N and |az| + |B2| = 0 require more care because the term b,.Jr contains the
p-derivative of F,. In this case the total-derivatives of F, will be N + 1, which is impossible to be

controlled by Lemma 2.2 and our assumption. Thus we devise Lemmas 2.3 and 2.4 in order to treat
it.
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By Lemma 2.3 and || > 0, we know that

la¢afbEt.x.p)|<C Y. (|o%af Fu(t.x. p)|
1B11<IBI-1

T p BB e x, (1 + Iplz)('ﬂ”ﬂo)/zlhg). (3.15)

By the above inequality, we have

’ / (8% 95 b (9p,2) (1 + IpI?)° de dxdp
[0,T]xT3 xR3

<C Y ( / |02 08 Fo(t, x, p)||F+ (9p,2) (1 + IpI?)°| dt dxdp
1B11<IBl-1 [0, T]xT3 xR3

+ / Py 20 0f  Fatt x, (1 + Ip? )(‘ﬂl'“"”z!hg\mamg)(l+|p|2)s|drdxdp)

[0,T]xT3 xR3

/2 /2
<C[Fe(1+ |p|2)s ||L;>°([0,T];L;?p)(cé ”F+HL2([0 TLHY,) +€|Vpg(1+1pl )S “LZ([O T];HY p))

+ Z C H 8}(()[851 Fi(t, X, )(1 4 |p|2)(“31|+10)/2 || L%
BISIBI- (o 11 xR

Z)GH)/Z ”LfJ ” (apig)(l + |p|2)5|| 3 dtdx

/2 /2
<C|F+(1+ |p|2)s ||L[°°([O,T];H (C€ ||F+||L2 (10.T1:HY ) +€|Vpg(1+1pl )S ||L2([0 )12 p))

2)(1+S)/2 5/2

+C|[F+(1+1pl

HLOQ([O’T];L)?Q(I%))(”F+Hi2([0’T];H)IX,pN+4) +e€ vag(l + |p| ”LZ([O T]; L p))

< CeK3T + €[ (Vp8) (1 + Ipl )S/ZHLZ (0.TLL2 )"

Here we have used the Sobolev embedding theorem,

5/2

|Fe(1+ \PIZ)S/z Hm[o Thg) S <C|FL(1+1pP) )< CKp. (3.16)

HL“’([O TI;H}

By the similar arguments as the above, we can prove that the second term of Ill3 shares the same
bound. The other terms of IIl can be treated similarly and we omit it. Finally, we obtain that IIl has
the estimate:

‘ / mhdrdxdp‘<c61<3,T+Ce}|(vpg)(1+|p| )2

[0, T]1xT3 xR3

||L2<[0 T1:LZ )

By using the above estimates, we see that

o2 CK2 +CK3T
[(Vo2)(1+1p?) ”LZ([o T2, S T K_ce

If we take € > 0 small enough, we conclude the proof of Lemma 3.1. O
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We now turn to prove the regularity for x variable. From [6] and the case near vacuum about the
Boltzmann equation [2], we will resort to the averaging lemma of the relativistic version [3,9]. Now
we begin with

Lemma 3.2. Let N > 4 be a given integer and F = [F4., F_] be a smooth non-negative solution of the system
(1.1)-(1.4) given by Theorem 1.1. We suppose that forany T > 0,s >0,

y <Ko, and ) S KoT'/?,

”F”L?O([O,T];H)'Xﬁ ”F”L?([O,T],H)I(Vps

where Ko = Ko(s, T) is a constant. Then there exists a constant Cy > 0, which depends on N, s, T, and Ko,
such that

/ (8285 F) (1 + 1pI2)*"* [0 dedp < G, (3.17)

[0.T]xR3
with |a| + || < N.

Proof. Let p(t,x, p) = 8)‘}85 Fy(1+|p>)¢t9/2 To prove (3.17), we only need to prove

/ (1+|p|2)‘4( > |m|1/10

3
[0,T]xR3 meZ

pe.m. p)yz) dedp < G, (318)

where p(t,m, p) is the Fourier coefficient of p with respect to the x variable.
Let x := x(p) € C?O(R3) be a cutoff function which satisfies x (p) >0 and fR3 X (p)dp =1. We set
Xe(p) =€ x(£) and write

For the first term of the r.h.s. of the above equality, we get

/(1 +1pl) ¥ A, m, p) — (5t m, ) #p xe)(@)|* dp

R3
2
<f‘ /[ﬁ(t,m,p)—ﬁ(t,m,p—q)]xe@dq dp
R3 R3
5 1/2 2
< (/(/Iﬁ(t,m,p)—ﬁ(t,m,p—q)l dp) Xe(Q)dq>
R3 R3

2
N 2 N 2
<c<fxe<q)|q|dq> /vap(t,m,ml dp<Ce2/|vpp(t,m,p)| dp
R3 R3 R3

so that
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/ (1+|p|)“‘( Dm0, m, p) — ((t,m, ) #p xe)(p>|2) dtdp

3
[0,T]xR3 meZ

<cC / 3 €|V, p(t.m, p)|” de dp. (3.19)

3
[0,T]xR3 MEZ

Remembering that p(t,x, p) = h(1 + |p|), we see that p satisfies (3.2) with s replaced by s + 4.
Then we can write the equation satisfied by p under the form

Wt P =0tV (320)

Here V, - oy is the sum of the terms I, II; (i=1,3,4,6,8,10) and II; (i=1, 3,4, 5), while p; is the
sum of the remaining terms.

We claim that p1, p2 € L2([0, T1; Lip). We only present the estimates for the terms I, IIy, IIs, Il
and IIl3 in the case || > 0, the others being similar.
It is obvious that

1/2
11 ”L[Z([O,T];Lfvp) < C||F+”L?([O,T];H,’:";+4) < CKoT / .

As for the term I, when || < N/2, we use the Sobolev’s inequality and Theorem 1.1 to obtain

2

/ ‘(331533*‘“ OBF, + b <p£> x 90 Bag 1 9h F+) (1+1p12) ™ drdxdp
0

[0, T]xR3 xT3

< Clog"E. B[ 1 f (|08~ Fo|* + |02 =108~ Fy ) (1 + 1p2) " de dxdp

[0, T1xR3 xT3

o 2 2 2
< CJ0" B B[y 1 F+ Wz g 1y, et < CKGT

When |o1| > N/2 and then |o — oq| 4 | 8] < N/2, we use the Sobolev’s inequality and Theorem 1.1 to
obtain

2
/ ‘(a;’“sa;"*‘“ Wy +ap (%) x 051 Bag "1 ap ! F+>’ (1 +1p?)*™ dt dxdp
[0, T]xR3 xT3

_ (54+4)/2 12
<c [ (oo re (1412
[0.7]
+[ag o) L (14 1p2) T2 i,‘?c(Lf,))“ o '[E, B]”ig dt
<C||3>71[Ea31||§?°a3)/ > (||3g_al+a°35F+(1+|P|2)<S+4)/2||fip
[0,T] lvol <2

ool R (1 1pP) T e

o 2 2 2
S COME. Bl oz IF+132 (g 1y paisre) < CKOT-
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For the term I3, the similar arguments imply that it shares the same bound. As for the term I,
we know from (3.6) that

N Z
”aij apjp“L[Z([O,T];L%p) < CKO”3Pjp”L?([0,T]:L§,p) < CKoy/ Cr,

where the last inequality holds thanks to Lemma 3.1 (applied to p).
As for the term II5, by Lemma 2.2 and the Sobolev embedding theorem, it is easy to get

sup b (t.x.p)[<C D0 [0 Faex P (1 +1PP) iz, < CKo-
t.x,p lo 12, 1111

As a consequence, we have

s/2+1 <CK§T1/2.

||"5||L$([0,T];L§_p) < C”b?g(l + |p|2) pi”Lf([o,T];Lf_p) S

As for the term Ill1, when 1 < |a1] + |B81] < N/2 with N > 4, we know from Lemma 2.2 that

ayap1 at ao+a o 2\ (111+10)/2
supfstaplag| <€ B, [T (1+1pr)
lotol <2, Bo< P

HL°C(L2 ) X < CKo.

This implies that

[0 05" ) 0, 252057 ) (1 + 1) 20 1112,

2)(S+4)/2

< C[[ (3, 082952 F+) (1 + 1p| iz 0.z, < Ko o2

From the proof of Lemma 2.2, we see that
(1B114+10)/2

||a,'?“a§1ag||L§o<c S | o Fete x p) (1 + pI?)
1Bol<IB1I+1

HL,Z,'
When |oq|+ |81| > N/2, then |oq| + |B1| < N/2 and we obtain from (3.11) that

/ | (35" 85 ) (8p, 57 052 F4 ) (1 + IpI? )22 4t dxdp
[0,T]><R3><T3

(s+4)/2 ||

< [ laapali e saf ) 1+ 1pP) dtdx

[0,T]xT3

<c 3 |85 a5 Fyo e, x, p) (1 + IpI?)
ol <IA1I+1 10 7513

(1B11410)/2 H22
LP

(o020 ) (14 1912

<C Z I( dp; agﬁazaﬂz Fi)(1+Ipl )(SH)/Z HL°°([0 T1L2 )
loo|<2

X H 8;’” Bgo F+(f, X, p)(l + |P|2)(|ﬁl‘+10)/2 ||L2([0 Tl pr)

2\ (1811+10)/2
< NPT o gy |8 300 B 66 Y (4 1pP) PO 1y < CRGT
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In any case we know that IIl; has the estimate
271/2
T4 ”Lf([O,T];Lip) < CKT V-,

For the term III3, we proceed like for the corresponding term in the proof of Lemma 3.1. We use (3.13),
(3.14) and (3.15) and consider the cases |«1| + |B1]| < N/2, N/2 < |oq]| + |B1] < N and |oq| + |B1]| =N
separately in order to get

(s+4)/2

@500 ) B0 E) (4 102 gy, < CIGTY.

Finally, we indeed see that p1, o2 € L?([0, T1; L,z(’p).
Now according to (2.23) in Theorem 2.3 (averaging lemma of the relativistic version) of [2], we
can prove that

T
m'/? /\(ﬁ(t, m. p) sy X) ()] dt < (| xe P =D (1 +1aP) |10 + [ Ve (P = (1 +1a) 1)
0

x(

N 2 . 2
+]prc.m, ')”Lf([o,T];Lf,) +[f2(om, ')HL?<[0,T];L§,))~

pO.m.)j; +

. 2
pC.m. L2([0,T1:L3)

Since || xe(p — @) (14 1q1*) [l e < Ce (1 + |p|?), we see that

/ (1+1p2) 7Y 1m0 p(e.m, p) xp x (p)[* de dp
[0,T]xR3 mez?

<) m| 073 (€78 + %) (| p0,m, ‘)Hig +]pc.m, ')”i?([O,T];L%)

mez3
n 2 N 2
+[o1Cm. 12(0,13:13) T |p2(.m. | Lf([o.T];Lf,))' (3.21)
If we choose € = |m|~1/29, we can bound (3.19) by using Lemma 3.1. Then we can bound (3.21) by the

facts that p(0,-,) € L3, and p, p1, p2 € LZ([0, T]; L} ). This completes the proof of Lemma 3.2. O
The following lemma will improve the regularity of F about x variable.

Lemma 3.3. Let N > 4 be a given integer and F = [F, F_] be a smooth non-negative solution of the system
(1.1)-(1.4) given by Theorem 1.1. We suppose that forany T > 0,s >0,

y <Ko, and ) S KoT'/?2,

N ge o, 7 1 N2 o, 7y

where Ko = Ko(s, T) is a constant. Then for any T > 0, t; € [0, T] and s > 0, there exists a constant C3>0,
which depends on N, s, T, t1 and Ko, such that

_/ | (6205 F)(1+ |P|2)S/2 H?,;/w dtdp < C3,

[t1,T]1xR3

with |at| + |B] < N.
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Proof. We denote § = 1/20 for notational simplicity. Let gs k(t, X, p) = Agh(t, x, p)\k|"3’% for k e T3,
where Aph(t, x, p) =h(t,x+k, p) —h(t,x, p) and h(t,x, p) = (8,‘3‘851’)(1 +|pI®)*/2. Lemma 3.2 tells us
that || gs ll 2 L€ L%([0, T]) so that for some tg € [0, t1], ||g(;_k(t0)||i2 < Cy/t1. Noticing that

X.p, Xx,p.k

N ~ 2
/ (5. dk = Clm[? ) .

T
In order to prove Lemma 3.3, we only need to prove
> mi® )|’ dtdp < Cs,
[t;.TIxR3 €2

> m|® |ham)|* dedpdk < Cs,

3
[t1, TIxR3xT3 MEZ

or

/ ||g6,k||i[)s( dedp < Cs. (3.22)

[t1,TIxR3
In order to prove (3.22), we first prove that
> IVpgskl*dtdxdpdk < Ca. (3.23)
[to. TIXT3 xR3 xT3 MEZ?
This step is similar to the proof of (3.1), the main difference being that we now have an additional

integration with respect to k.
We now write down the equation satisfied by gs x:

3
0 &s.k + pﬁvxgs,k =(V+V +VDIk73, (3.24)
0

where

V=-v,. i 3 e <Ak(a“153“—“1 Fy)+ % x Ap(8%1Ba* F+)>}(1 +1p»)%, 1B1=0,

a1 <a

v=— Y cgla;f*f’l(ﬂ) V02O ALF 4 (14 1p1?)7? = v, - {( 3 e A(a Eag T 5 L)
B11<I8I Po an<a
+ Z Cg1 C§1 agl <£) x A,{(ag1333—a1 ag—fh F+)) (1 + |p|2)5/2}
a1 <a, Hi<p bo

—s(1+pl?)*"p- ( 3 o A Eag T 95 L)

a1 <a

+ Y cunchey (ﬂ)><A,<(8,‘§”Ba,‘j"“‘85_ﬁlF+)), for |8] > 0,
a1 <a, f1<B bo
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V= 8pi(Ak(a;;apjh)) - sAk(ag(Bpjg))(l + |p|2)s/2_] 2)5/2—1pj]

s/2—1

pi — 3p; [sAk(a52) (1+ Ip|
pi — p, (Au(by 1)) + sk (b g) (1+ 1p1)7* ' i

22 pi — by [sAn(a;2) (1 +1p12)

— 0pi (Ak(bh)) +sAk(bg) (1 + IpI?)

+ dp; (Ar(ag;0p;h)) — sAr(ag; (0p;2) (1 + [P pjl.

vi= Y om0 ) (0,07 F4) (1 +10P) ]

artay=a, a1 >1
(310 (39,382 1)) (1 + 1p12)"> ™" pi — (o, [ (375 (052 ) (1 + 1pI12) %)
(@b ) (352 F)) (14 1p12)2 " pi + i [ A (05 ) (9, 882 F1)) (1 + 1p12) ]
(35107 (39,352 F1)) (1 + 1p1P) > pi = dp, [ Ak (08 57) (052 F4)) (1 + 1p 7))
(35"b; ) (

0y by ) (852 F1)) (1 + Ip2)"* ' pi}. for g1 =0

oy o+
()l]b

V= > cor o [An( (5795 @) (99,0800 F4)) (1 + 1p12) 7]
ajtop=c, 1+B2=p, lai|+|p11=>1

_sAk((B;)‘laﬂl +)(8pja;¥23 ))(1+|p|z)s/271pi
o+ O[S (05207 ) (579 F4) (1+ 10I7) ]
— SAk((B)‘(xl 3511717") (3;12 852 F+))(] + |p|2)s/2—1pi

iy [l (35 0105 (0, 52007 F)) (1 -+ 19P) ]
— s (08850 ) (3, 05002 P )) (1 + 191) T
[l (05007 (07002 1)) (1 + 1pI?) ]

s/2—1

—sac((8 95 b7) (082952 F1)) (1 + 1p12)7* by}, for 18] > 0.

We still consider the case |8| > 1. We multiply Eq. (3.24) by g5« and then on (t, x, p, k) in the domain
[to, T1 x T2 x R? x T3. We only estimate the terms containing the terms of IV, the first and fourth term
of V and the first term of VI, denoted by V4, IV,, IV3, V1, V4 and VI; respectively, since the estimates
for the other terms are similar. For the first term IV, we get

' / V185 klkl™ =33 dt dxdp dk

[to,T]xT3 xR3 xT3

2 -3
C( O Wi AF (14 1P IR gy sz, )+ 188k n)' (3.25)
IB11<18I P e

From (3.17), we easily know for any s >0 and |¢|+ |B| < N

2% |k~ 03 dt dxdp dk < C. (3.26)

| AkdgapF(1+1pP)

[to, TIXT3 xR3 xT3
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By using (3.26) we can prove that the r.h.s. of (3.25) is bounded by some constant C > 0. For any
function f(x) and g(x),

A(fg®) = fx+k)AgX) + gX) A f(%).

For the term IV,, we use integral by parts to obtain

IVzga,klkIﬂS*% dt dxdp dk
[to, TIXT3 xR3 xT3

=[{< > Ak(ERER TGP FL) +

oy (£> x Ax(0y" Boy o) M F+)>
a1 <a a1, fr<p

Po
NS/2,,,—5—3
x (14 1pl°)" k=2 }Vpga,kdtdxdpdk.

We only estimate the first part of the r.h.s. of the above equation and then the second part is treated
similarly. We know that

A(O BB MO FL) = 0 E(x+ k) Ak (08 a8 Fy) + (99 90 Fy ) Ak (821 E).

We only consider the first part of the r.h.s. of the above equation also because the second part can be
estimated in the same way. Then when || < N/2, we know that

0§ B0 oz < CIOE B0 o sy < C-

By using the above inequality we can obtain

OV E(x+ k) Ar(98 0L FL) (14 1p12) k1=~ 2 V) g5 s dt dxdp dk
[to, TIXT3 xR3 xT3

s/2

< Cllan@apF) (1 +10P) IR g ryz, o + N80k g a2

<CeCa+€lVpeskliagey 1y (3.27)
XD,

When |oq| > N/2, we can obtain

A E(x+ k) AL (98 0L FL ) (1+ 1pI2) 1k~ 2 V) gs s d dxdp dk
[to, T1XT3 xR3 xT3

< / [0 EGe+ o 2 | Aw(05 ™ 0 F1) (1 + 1pI2)*

[to, TIXT3 xR3

_5—3
k1772 || o IV 8.4l de dxdp dk

<OV E(x + k) HLFC(“O,”;L%) (ce Z | A(8 038 FL) (1 + |p|2)5/2
lero| <2

_5—32 2
x k|77 LAty T2 0 T 6”Vpg&"”L?([ro,ﬂ;Lf,,k_X))

<CeCo+elVpgoklfagy i (3.28)
XD,
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We will consider the first term V1 of V. We can write
_s_3 _s_3
Vilk| 02 = Bp, (a5 (X + k) (9p; 85.6)) + Ip; (Ak(a) Bp ) K| -2).

We denote the r.h.s. of the above equality by By + B;. After integration by parts,

B1gs kdtdxdp dk

[to, TIXT3 xR3 xT3

=_ / a,.J]r. (x4 k) (0p, Z5.1) (3p; 85 1) dt dxdp dk
[to, TIXT3 xR3 xT3
=— f aa?(x + k) [3p, (Akg) ][, (Ak©)](1 + 1pI1?)* k=223 dt dxdp dk
[to, TIXT3 xR3 xT3
—1 28—
—2s / af (x+ 10 [3p (Ak2) ] (Akg) (1 + Ip?)° pjlk| =73 dr dxdp dk
[to, TIXT3 xR3 xT3
2 -2 25—
—s? / af (x+1)| (A (1 +1p1?)" pipjlkl =3 dt dxdp dk,
[to, TIXT3 xR3 xT3

where g = 8,‘2‘85F+. We write the r.h.s. of the above equality as B 1+ B1,2 + B1,3. Since F4 is a
spatially periodic function, we obtain from Lemma 2.5 that

s/2

Bii<—K Ik~ | dt dxdp dk. (3.29)

[Vo(Ak®)](1+1p?)
[to, TIXT3 xR3 xT3

Thanks to Lemma 2.2, we know that

5
”aiJJr'(x+I‘)||L;>°([0,T];L§°kp) S Z Jo2° Fe(1+1p1%) ”L?"([O,T];L)z(_p) < CKo.
h lorg| <2

Using the Holder’s inequality and Lemma 3.2, we get

Batscko [ (vl 7))

[0, TIXT3 xR3 xT3
x ([(akg)| (1 + 1p1?) 21153 ) de dxdp di
< CKo(€ | [Vpae](1 -+ 1pP) I [fa iz o+ CeCo).
Similarly we can obtain
|B1,3] < CCaKo.

As for the term containing B, we use (3.26), integration by parts and the following inequality

Akl <€ 3 [(AR3F)(1+1p1) [, < CKo.
lao|<2



H. Yu /]. Differential Equations 246 (2009) 3776-3817 3805

so that we can obtain

‘ / By gs kdtdxdp dk

[to, TIXT3 xR3 xT3

2, _5_32 ~
< Co (€ [Vp@r@ )1+ 1DP) P72 oy gz )+ CeCa).
As for the term containing V4, we use (3.26), integration by parts and the following inequality

| Auby s, <€ D7 [(Ak80p,F4) (1 +1pP)° 2, < CKo.
loeo] <2

so that we can obtain

‘ f Vags Ikl =2 dt dxdp dkl

[to, TIXT3 xR3 xT3

< CKole | [Vo@e)] (1 + 1) 72 Loy 2 )+ CeCa).
As for the terms containing VI;, we write

o[ 598°a5) (0 598° P ) (1 -+ 19P2) =3
= oy, [ (05 05" e +-10) (0 059 A F) (1 + pI2) ™Ik =02
+ (057 95" ) (0 2057 B4 ) (1 -+ 1p1) 02,
and we denote it by D1 + D;. By integration by parts,
D1gs kdtdxdp dk
[to. TIXT3 xR3 XT3

- f (85" 05" as (e + ) (3p, 0 02 AkF 1) (8, 85,10 (1 + 1D 2)2 |k|=5=3 dt dxdp dk

[to, TIXT3 xR3 xT3

- / (805" 0t (e + k) (3p, 052 052 AF ) (9p, (Ak) (1 + pI?)° k|72 =2 dt dx dp dk

[to, TIXT3 xR3 xT3

- / (805" 0 (x+K)) (3,082 057 AeF ) (Arg) (1 + p1%)° U pilk| =253 de dxdp dk.

[to, TIXT3 xR3 xT3

We write the r.h.s. of the above equality as D11 + D1,2. When |aq] + [81] < N/2, Lemma 2.2 ensures
that

(IB11+10)/2
lay! 3g'ai“;(x+k) ”Lf"([O,T];L)‘?Ck) < Z Hagﬁm 350F+(1 + |P|2) i “LfO([o,TJ;Lip)'
' lo|<2, Bo<P1

Thanks to (3.26), we get
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s/2

D111 < CKo(e | (V)] (14 1pP) K77 oy 2

s/2

+Ce | (9p, 3520} AkF4) (1 + 1p12) k=2 ”if([to,T];szk))

< CKo (€] [Vp(Are)] (1 + Ip1?) 7?1k =53 | ig +CeC).

([0, TLZ , )

When |oq|+ |81| > N/2, we obtain from Lemma 2.2 that

(B aglag(t,x, p) ”L;;o <C Y |t Fe(1+ |p[2)A11+10)72 “Lg’
Bo<h

so that

Dut<c [ ool | @n a0 A (14 1pP) iR

[to, TIXT3 xT3
x| (Vo (ak®) (1 + 1p12) k173 5 dedxd

s/2

P> / | (3,057 052 AF) (1 + 1p12) %1k =23

<P 7113

H L (L2)

x ”agl agl Fi(x+ k)(l + |p|2)(|51\+10)/2 HL)Z(‘p H (Vp (Akg))(l + |p|2)5/2|k|—2873 HLip dt dk

<) | By 052052 Ao ) (14 D)= |
012, o< Py 1 “

k

x [ oy 850 Frx+hk)(1+ |p|2)(|ﬁ1 14+10)/2

s/2

< CKo(e | [Vp (k)] (1 +1pP2) 2 =03 [2.riz, )+ CeCa).

Thus in any case we get

ID1.11 < CKo(€ | [Vpar@)](1+ 1) Ik [ 2 +CeCa).

(0. TL )
Similarly, we can obtain
ID12] < CKo(K3T + C2).

As for D,, by integration by parts, we get

Dy gs kdtdxdp dk
[to, TIXT3 xR3 xT3
2
—— [ e s o 0 k) @250 (1 + 1P
[to, TIXT3 xR3 xT3
- f (35 95" Avass) (9,082 052 F1) (3p, Axg) (1 + [p12)* kI =23 dt dxdp dk

[to, TIXT3 xR3 xT3

k| ~5=2 dt dxdp dk

liz, 1o (ae@) (14 1pP) 1272 o

(3.30)
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-1 25—
—s / (831351Aka;;)(Bpj832852F+)(Akg)(1+|p|2)5 pilk|=2%=3 dt dxdp dk.

[to, TIXT3 xR3 xT3

We denote the r.h.s. of the above equality by Dy 1 + Dy 2. When |a1|+|81] < N/2, Lemma 2.2 ensures
that

o op" (v i, < 30 R rF (1 1pP) TR
T lool<2, Bo<h

Thanks to the above inequality we can obtain

Dot [ faaf (avap)l
[to, TIxR3xT3

x 95, 082987 Fi | 12 | 0 Ak 12 (1 + 1p1?) kI 72> de dp dik

(B114+10)/2 53
<C Z ||3§°+“185°(A;¢F+)(1+|p|2) 1A11+10)/ k|52
lool<2. Bo<Pi ) 71513

Iz
L},

s/2

x (3,005 F1 (14 1pI2)"* | 2 9, Ak (1 4+ 1pI2) i =277 dedk

s/2

_s—3 2 ~
< CKo(e | [Vo k@) J(1+1pP) ™72 iz 712 ) + CeCa)-

When |oq| + |81] > N/2, we obtain from Lemma 2.2 that

”agl 851 (Aka;lj») ” I <C Z ” 8)(‘)(1 350(A[<F+)(1 + |p|2)(|ﬂ1 [+10)/2 ”L% )
Boh

Thanks to the above inequality we can obtain

D211 <C / X" 05" (Aeaf) | e
[to, T]xR3 xT3

s/2

< [y, 08200 F (14191 | | 0 ) (1 4+ 197)72 5 k122 e

(IB11+10)/2,, —s—3
<c ¥ ot 950 AP (1 -+ 1pP2) 17O k=0
o0l <2, Bo<Prp Tpem3

2
I,

x 09,880 202 (14 1p12) 12 [ gy deg)(1+ 1) 23], ek

s/2

< CKo (€] [Vp(ae@)] (14 1pP) 21772 [Fo g 2 )+ CeCa).

Similarly we can get
ID2,2] < CKo(KGT + C2).

Finally the term VI; has the following estimate
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3
’ / VI1gs Ikl ~°~2 dt dxdp dk
[to, TIXT3 xR3xT3

< CKo (€] [Vp(Ae®)] (1 + 1p1) 7?1k~ ||f§<[ro,n;L§,,_,<> +Ce(K3T + C2)).

As for the terms containing VI3, we write

Op, [ A (951957 b7 ) (35207 F 1)) (1 + 1p 1) [l =3
= 0p,[ (3195 1b (x + K0) (08202 A F 1) (1 + 1p12) 1k 02

+0p, [(927 08 AbF) (992082 F L) (1 + 1pI2)* 2Tk 2,

and we denote it by E1 + E». By integration by parts,

E1gs xdtdxdpdk

[to, TIXT3 xR3 xT3

- f (02705 (x + K0) (092052 AL F 1) (9p; 25,00 (1 + 1P12) 21k 0~ 2 de dxdp di
[to, TIXT3 xR3 xT3

= / (885" b (x + k) (85207 AkF+) (3p, (Akg)) (1 + [p1?) |k =%~ dt dxdp dk
[to, T]XT3 xR3 xT3

- / (01081 bF (x+K)) (892052 Ak F1 ) (Arg) (1 + Ip2)* pilk| =253 dt dxdp dk.
[to, TIXT3 xR3 xT3

We write the r.h.s. of the above equality as Eq,1 + E1,2. When |a1]| + 81| < N/2, Lemma 2.2 ensures
that

o5 0" b (x+ k) HLfO([o,TJ:L

o0
x.k,p)

< ) Jagetegfop, (14 |pj2)P1I+1072

< CKp.
) ~X
loro| <2, ol <IB11+1

” L°([0.T1:L2

Thanks to (3.26) and the Hoélder inequality, we get

s/2

|E1.11 < CKo(e [V (Arg)] (1 + 1p1%) 21k~ 2 IZ2t0.r32,  + CeCa)-

When N/2 < |aq| 4+ |B1] < N — 1, we obtain from Lemma 2.2 that

|ag a0 bt (x+ ko) | p<Co X A ABOF, (x+k)(1 4 |p2) 111072 I
1Bol<IB1l+1

so that



H. Yu /]. Differential Equations 246 (2009) 3776-3817 3809

Bl <c [ 1ot ool @20 Ak (0 + 10k

[to, TIXT3 xT3

X [[(Vp(8k8)) (14 pI2) kI 773 | dedxdk

<c X / [ (052 95% AkF) (14 P12 21K 7277 iz
1BoI<IBIH ) Fyers

(1811+10)/2 /2

x 0% 8B Fy (x+ k) (14 [pP) iz, 1 (Vo (a@) (1 +1p2)* K772 5 dedk

<c ¥ (@508 Ak ) (14 1P k=022
loto <2, 1Bo < IB11+1 g0 7 P

)(\ﬁ1 |+10)/2

x | 050 Foo(x + k) (1 + 1p? iz, 1(Vp(2e2) (1 + 1pI?) Ik~ lngpkdf

2, _§5-32 ~
< CRol€ | [¥p (Ae@)] (14 1pP) K772 [y rig2 )+ CeCa).
When |oq| + |81]| = N with |81]| > 0, we obtain from Lemma 2.3 that

K19y b ekl <€ Y (|19 (x|
1Bol<IB11—1

+ p(1)/2—|f30| ||8;<1850 F+(X + k)(.l + |p|2)(‘ﬁ1 |+10)/2 ” L%J)

By using the above inequality, we have

(02705 b (x + 1)) (AkF1) (9, (Ak®)) (1 + [pI?)° k|5~ 2 dt dxdp dk
[to, TIXT3 xR3 xT3
<c X 01950 F , (x + 1) || (AR F 1) (1 + [pI?) 2 k| 37372
|Bol<IB11—1 [£0.T] X T2 x R3 XT3
x |(Vp(Ak®) (1 + Ip1?)"? k|53 | de dxdp dk

1/2| (1811+10)/2

+C / Do

[to, TIXT3 xR3 xT3

|00 F1 (x+ k) (1+ P12 i

s/2

X |(AF) (14 1p2) 211 =73/2 ][ (V5 (Ae)) (1 + [pI?) /2 kI 5=2 | de dxdp dik

<C Z E 81?0 F+”Lt°°([t0.T];L)2(vp) ||8)‘<’78§(AkF+)(1 + |p|2)
|@|+IB1<4, |Bol<IB11—-1

_s_3
x k|72 “L?([to,r];Lﬁ_m (Vo (Akg) (1 + |P|2)

s/2

/28— 3
K] 2||L$([to,T]:L§,p_k)

e Y o af" Fr e+l (14 1p2) PO
BB, e

s/2

x [ AkF 1+ 1pR) KT o [ (Tp(Ak®) (1 +10P) K2 5 dtdk)
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s/2

< CKo (€| [Vo (M@ J (1 +121) I3 [, iz )+ Cel)

+ ko el [Tpau@) 1+ 020 s

+Ce Y [ @kF (1 1) I g iz >>

= x,p.k
lo|<2

< CaCeko + €| [V k)] (1 -+ 1P) K172 [ Fa 1y

2 .
x,p,k)

Here we have used (3.26) and the Sobolev embedding inequality:

5/2” 3/2” < CKo.

|F(1+1p?) LR0.THLE) S Cl[F+(1+1p%) L ([0, TT; H )

Thus in any case we get

s/2

1E111 < Co(e] [V (A (14192 K1 [y )+ CeCa). (3.31)

Similarly, we can obtain
|E1.2 < CKo(K3T + C3). (3.32)

As for E;, by integration by parts, we get

E)gs kdtdxdp dk
[to, TIXT3 xR3 xT3

s/2

=— / (921951 AkbiF) (9p, 052 0L F1) 9py 25,0 (1 + 1p1?) k15~ 7 dedxdp dk

[to, T1XT3 xR3 xT3

- / (85 95" Akb;") (3p, 052 957 F1.) (8p, Akg) (1 + 1pI?)° k| ~2073 dt dxdp dk

[to, T1XT3 xR3 xT3

-1 28—
—s f (85 95" Arb;?) (3p, 052957 F1.) (M) (1 + 1p1?)* pilk| =203 dt dxdp dk.
[to, TIXT3 xR3 xT3
We denote the r.h.s. of the above equality by E; 1 + E» 2. These two terms can be estimated in the

same way. We do not detail the computation, but we should notice that the cases || + |81 < N/2,
N/2 <|a1]+ |81l <N —1 and |o1]| + |B1] = N are considered separately. As a consequence,

1E21 < CKo (€] [Vp(ae@)] (14 101) ™73 o, riiz ) +Cea).

Finally, we can obtain that

CeCoKo + CK3T
(0, THLZ , ) K — Ce

5/2 (3.33)

I1Vp (Aeg)] (1 +1pP) =2 7

If we take € > 0 small enough, we can prove (3.23).
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In order to prove (3.22), we will use the method of the proof of Lemma 3.2. We introduce p;; =
g.x(141p»? and write

ﬁé,k(t7 m, p) = [ﬁ&,k(t’ m, p) - (ﬁ&k(t» m, ) *p X€)(p)] + (ﬁ&k(t» m, ) *p XG)(p)7

where p(t,m, p) is the Fourier coefficient of p with respect to the x variable and the parameter €
will be chosen.
Following the proof of (3.19), we can obtain

(1 +|p|)*“( Dm0 ps (e, m, p) — (Bt m, ) #p Xe)(P)’z) dt dp dk

[to, TIXR3 XT3 mez3
<C 3 m| 10|V, e, m, p)|* de dpdk. (3.34)
[to, T]xR3 xT3 MEZ?

Notice that p; k is the solution of Eq. (3.20) where s is replaced by s + 4. Thus we have

p _s—3
Upsct 2 Paic= Py + Vi AT KT 2. (3.35)

Here V, v,ogzlg is the sum of the terms IV;, V; (i=1, 3,4,6,8,10) and VI; (i=1, 3, 4, 6), while ,05(1,3 is
the sum of the remaining terms.

We claim that pg,zlkra*%, p§2,3|k|*5*% € L2([to, T]; Lip ,)- We only present the estimates of IV,

and VI3 in the case |8| > 1 here, the others being similar. We write
Ar(05 EdR o FL) = 08 E(x + k) A (88105 Fy ) + (05 "0 F1) A (85 E).

We only consider the first part of the r.h.s. of the above equation also because the second part can be
estimated in the same way. Then when |o1| < N/2, we know that

|ox" Ex + HLoo([ro,n;L;fk) < OO EG A oty rrizpecayy < C€-

By using (3.26) and the above inequality we can obtain

o8 B+ a3 F) (14 10P) I 1 <6V

When |oq| > N/2, we can obtain

021 E(x+ k) A (9908 F1 ) (1 + 1p12) 7 k1=~ 2 | de dxdp di
[to, T1XT3 xR3 T3
< / 3 E e+ Ko 3 | A(3 ™ 0 Fi ) (1 + D)2 K153 | 3 ded
[to, T] XT3 xR3
s/2

<[ Bt Hf%,n;&)( 2 Ian(@ T 00 R 1+ 1pP?)

_s—32

2
boj k| HL?([IO,T]:Lka_x))'
Q0|

Now we consider the term VI3. We write
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A3 357 ) (05235 F4)) (1 + 1) 1k =072
= (020 b (x+ 1) (372057 AkF) (1 + [p2) T 2 kg 53

(s+4)/2

(305" bl ) @579 F ) (14 11) Tk

and we only estimate the first term of r.h.s. of the above equality, the second being similar. When
lae1| +1B1] < N/2, Lemma 2.2 ensures that

B 0oz < 2 P14 )

” L°([0.T1:L2 p)°
lorg] <2, |Bol <1B11+1

Thanks to (3.26), we get

(65" b x4 ) @0 k) (1 -+ 19 I s < Koy

When N/2 < |oq| 4+ |81]| < N — 1, we obtain from Lemma 2.2 that

e ol <€ 3 A E e (14 (o) 0

[Bol<IB1l+1

Iz
LP

so that

(s+4)/2

(8585 by (x + k) (352 852 AkF+) (1 + pI?) ki ==2 | dt dxdp dk

[to, TIXT3 xR3 xT3

<c ¥ o5 0 B et 1+ pI2) PO
Bol<IB1I+1 . 1p3 ’

x || (082052 AkF ) (1 + |P|2)(5+4)/2|’<|757% Hig@(L,%) dtdxdk
(1B11+10)/2 2
<C > a1 T e iz,

lo|<2, |Bol<IB1l+1

) (s+4)/2

x [ (0802052 ArF ) (1 + pI? [t < CKoCy.

(Lto.TLLZ , )
When |o1| + |81]| = N with |81] > 0, we obtain from Lemma 2.3 that
oy ap' b k)| <C DT (| a0 Fy(x + k)|
|Bol<IB11—1

p11+10)/2
pé/z ‘ﬁOl”axaapﬂOF (} k)(-l |P|2)(‘ il )/ “L%)
By the above inequality, we have

(s+4)/2

(88705 bF (x + ) (AkF ) (1 + [p ) k== | dt dxdp dk

[to, TIXT3 xR3 xT3

<c ) / 1027080 F , (x + k) |2 (ARF ) (1 + [p2) S |1k 723 dt dedp dik

1ol SIAI=T "1 71413 <R3 <3
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+C f ”3,?850F+(x+k)(1 + |p|2)(lﬂ1\+10)/2

[to, TIXT3 xR3 xT3

||L§,

x | (AF) (14 1p12) ™ |1k 723 de dxdp dk)

N

2
¢ Z ” o' ago F+“Lw([ro,r];L§_p)
|@|+1B1<4, |Bol <IB11-1

)(s+5)/2|k|_5__

x || 0f (AkF1) (1 + IpI? 3 ”52([0,T];L§ ")

+c Y |agal Fyx+ k) (1 + IpP?)
IBISIBI-1 g, 73

(1B11+10)/2 sz
L p

X [ ARF (1 -+ 1p12) 277 [ g de

<CK3C+CK3 . a8 (akF) (1+1p12) 21k — 3 | imo,mip o
@i<2 ”

Here we have used (3.26) and the Sobolev embedding inequality:

s/2 s/2

|F+(1+1p?) HL?"([O,T];L)‘;?F,) <CF(1+1p1%) ||L§C([0,T];H;{p) < CKo.

Proceeding like in the estimate for (3.21), we can get

Im|1/2 / (1+1pP) ™" Y 1mi| s (e, m, p) p x (p) [ dt dp dk

3
[to, T]xR3 T3 meZ

<C Z Im|* (€ + € %) (|| 5.0, m, ‘)”ig + [ oicm, ')Hif([o,r];Lf,k)

meZ3
. 2 n 2
+| pgllg( m, ‘)”Lf([O,T];LfJYk) + Hp(;],:( m, ) Lf([O,T];L;_k))’ (3.36)

Choosing € = |m|~% and using (3.34) and (3.23), we get

f (14192~ 32 ImP |2yt m, p)[2dedp i < G,

[to, TIXR3 XT3 meZz?
which implies the estimate (3.22). This ends the proof of Lemma 3.3. O

Now if iterating Lemma 3.3 twenty times, we end up with a time t; > 0 small enough such

that ||F||L2(ltl T} HN1s) < 00 We need to transform L2 into L estimate. For this, we consider
L Hx p

B =295 F)(1+ |p2)*/2 for |a| + |BI < N + 1.
From the Maxwell system (1.3) and (1.4), we have

p

9%E . —
x Po

R3xT3

d
o0 Py — oy F-Yaxdp = — |0 E| + 7B ).

Then for any |o| < N+ 1 and ¢t € [11, T], we can obtain from (1.11) that
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2 2
HagE(t)HLf"([ﬁ.TJ;L,Z(vp) + H agB(t)”LfO([rl,TJ;Li_p)

<clog el + o Bl +CT{og Fa = o F-} (1 +1pP) [fa gy pz,) <G5 337)

Remark 3.4. If E(t, x) = Vyo (t,x) and B(t, x) =0, we use the spatially periodic condition to obtain

Z ” o' de’(t)“LfO([n,T];Lf) <€ Z ”83] F(t)”L?“([ﬁ,T];Lip)’ (3.38)
SN log | <le| =1
[Vxé Ol e, 2y < CNF e a2, (339)

By the similar arguments as Lemma 3.1, we easily know
Vpp e LE ([t T1: L ).

We claim that p satisfies an equation of the type
— p — —
3t,0+%'vxp=,01+vp',02,

with p1, p2 € L2([1, T; L3 ). Indeed, since we know that [E, B] € L°([t1, T]; HY'™'), F € L°([0, T1;
Hyy) and L2([z1, T]; Hyp*) and Vpp € L2 ([t1, T1; L3 »), we can follow the proof of the fact that p;
and p; (in (3.20)) belong to L7 ([, T]; L2 ).

Multiplying now the above equation by p, and integrating on [t., T] x T> x R3, where t, > 7; small

enough such that p(ty,-, ") € Lip, we get

1, 2 _ 2 _ _
i(Hp(t)”LE_p - ”p(t*)HL;p) <ol e, .02 ) 1P 2 e, 02 )

T 102M2 e, o112 ) 1 Vp P2 e, 1212 ) -

We thus obtain g € L([t., t]; L2 ).
By Lemmas 3.1-3.3 and the above arguments, we can have the following proposition:

Proposition 3.5. Let N > 4 be a given integer and F = [F, F_] be a smooth non-negative solution of the
system (1.1)-(1.4) given by Theorem 1.1. We suppose that forany T >0, s > 0, ”F”L*”C([O 1Y) < Ko, where

t UL Hxp
Ko = Ko(s, T) is a constant. Then forany T > 0, t, € [0, T] and s > 0, there exists a constant Cg > 0, which
dependson N, s, T, t, and Ky, such that

IF e e, vty < Co (3.40)

Proof of Theorem 1.2. By using Proposition 3.5 and the assumption (1.11) repeatedly, we get by in-
duction of N that forany 0 <7 <T <oo and s >0,

fely([r, T HYS).

We now prove by induction on n that 9]'F € L°([t, T]; Hff’,;s). By the above, this is true for n = 0.
Let us assume that the induction hypothesis holds for any integer k < n. Then for all multi-indices o
and B, any s >0,
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2 p 2
b e E+ 192)" + (08 [ £ vigare) | ) 1+ o)

n
+ > Y cachichv,: (3}3,‘?1 Eorog2al F
ayt+ax=c, f1+p2=p 1=0

+ap! (%) x olog Bap 1 ag2 9l F+)(l +1p1?)"?

— Z an] C/Sl C[ [(3 3(11 3/31 )(an 13(128/32 ap,ap] F+)(1 + Ipl )3/2
a1 tar=a, f1+p2=p4 1=0

+ (0" 0f ap,a) (979820520, F1 ) (1 + 1p2)
— (3o a8 b ) (P ae2 02 ap Fu) (1 + p2)*?
— (8la2 80 apb) (02202 F ) (1 + 1pP2)*?
+ (8fo 9 ar;) (3192 0] 0y, p, F ) (1 + [ 2)2
+ (8f0 9 p,ai;) (31382 010y, o) (1 + 1p2)
— (02195 b7) (07102208 0, 1) (1 + 1p17)?
= (@2

1951 n—laaz 4f2 2\5/2
+ . o
30y by ) (719529, F ) (1+ Ip 7)) (3.41)

By (1.11), (3.41), d['F € L° ([T, T]; HX ) *) and the Maxwell system (1.3) and (1.4), we get, for any multi-
index og and 71 < T <t < T, that

” 8fagUB“Lf°([r,T];L§) < ||VX3>?OE||L§°([1,T];L§) <G
”afagoE”L?O([r,T];L,z)

< ”VXB??OB”L?O([LT];LE) + C” {830F+ - 3301:*}(1 + |p|2)4”Lf0([r,T];L§p) <G

By the above inequalities, we can obtain, for any integer | and any o, that

80K LE. B[ e 71,12 < Cs. (3.42)

We first estimate the second term of the Lh.s. of (3.41). We see that

H (3*”85 [% ' V"(afﬂ)])(l +1pP?)*"*

/2
<Y ozl P (1 1) gz
LIy p) B1<B

By the induction hypothesis the above term is bounded.
The third term of the Lh.s. of (3.41) can be bounded by

C” 3tla>‘<)(] [E, B]”LSC(L;”) ” 8;1_183281/?F+HL?°(L%!,)

S C” 3t13)?[1 (E, B]”L[wmf) ” 3{1—18;12 35 F+||L[°°(Lip)

By the induction hypothesis and (3.42), we know the above term is bounded.
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By Lemma 2.2 and the Sobolev embedding theorem, we know

” al{a}‘}l 851 al;; ” g <C Z ”8!831 850 Fi(l + |p|2)(|ﬂ1 [+10)/2 “L?O(I-I)%p)7
Bo<pi
|alog af b ||L;>°(L;_°,,) <C Y et AFL(1+ |p|2)(\ﬁ1|+10)/2 ”L?O(H,%p)'
[Bol<IB11+1

By the induction hypothesis, we know the above term is bounded. By using these two bounded terms,
we can prove that the other terms of r.h.s. of (3.41) are in L°([7, T]; L,zcyp). Therefore, we know that

for some constant Cg > 0,
/2 p
108805 3+ F-)](1 4 1p1P) " 0z, < Co.
This ends the proof of Theorem 1.2. O

Remark 3.6. By using (3.38) and (3.39), the similar arguments as the above imply that classical solu-
tions to the relativistic Landau-Poisson system satisfy (1.10) without any extra assumption.
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