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Abstract

In a setup of type IIB superstring compactification on an orientifold of a T6/Z4 sixfold, the presence of 
geometric flux (ω) and non-geometric fluxes (Q, R) is implemented along with the standard NS–NS and 
RR three-form fluxes (H , F ). After computing the F/D-term contributions to the N = 1 four dimensional 
effective scalar potential, we rearrange the same into ‘suitable’ pieces by using a set of new generalized 
flux orbits. Subsequently, we dimensionally oxidize the various pieces of the total four dimensional scalar 
potential to guess their ten-dimensional origin.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

String compactifications and gauged supergravities have quite remarkable connections via re-
lating the background fluxes in the former picture with the possible gaugings in the later one 
[1–9]. Application of successive T -duality operations on three-form H -flux of type II orientifold 
theories results in various geometric and non-geometric fluxes, namely ω, Q and R-fluxes. More-
over, in a setup of type IIB superstring theory compactified on T6/(Z2 ×Z2), it was argued that 
additional fluxes are needed to ensure S-duality invariance of the underlying low energy type IIB 
supergravity, and in this regard, a new type of non-geometric flux, namely the P -flux, has been 
proposed as a S-dual candidate for the non-geometric Q-flux [9–11]. The resulting modular com-
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pleted fluxes can be arranged into spinor representations of SL(2, Z)7, and the compactification 
manifold with T - and S-duality appears to be an U -fold [12–14] where local patches are glued by 
performing T - and S-duality transformations. Since fluxes can induce potentials for various four-
dimensional scalars, the same are useful for moduli stabilization and constructing string vacua, 
and hence connections with gauged supergravity provide a channel to look into phenomenolog-
ical window, see [15–17] and the references therein. Moreover, in recent years, non-geometric 
setups have been found to be useful for hunting de-Sitter solutions as well as for building infla-
tionary models [18–23]. A consistent incorporation of various kinds of possible fluxes makes the 
compactification background richer and more flexible for model building.

Although the origin of all the geometric and non-geometric flux-actions from a ten-dimen-
sional point of view still remains to be (clearly) understood, there have been significant amount 
of phenomenology oriented studies via considering the 4D effective potential merely derived by 
knowing the Kähler and super-potentials. However, some significant steps have been taken to-
wards exploring the form of non-geometric 10D action via Double Field Theory (DFT) [24]1 as 
well as supergravity [8,28,29].2 In this regard, toroidal orientifolds have been always in the center 
of attraction because of their relatively simpler structure. Moreover, unlike the case with Calabi 
Yau compactifications, the explicit and analytic form of metric being known for the toroidal 
compactification backgrounds make such backgrounds automatically the favorable ones for per-
forming explicit computations. Therefore, the simple toroidal setups have served as promising 
toolkits for investigating the effects of non-geometric fluxes and also in studying their deeper 
insights via taking baby steps towards knowing their ten dimensional origin. For example the 
knowledge of metric has helped in anticipating the ten-dimensional origin of the geometric flux 
dependent [8] as well as the non-geometric flux dependent potentials [28,29]. Considering a gen-
eral form of superpotential with the presence of H , ω, Q, R-fluxes in a simple T6/(Z2 ×Z2)

toroidal orientifold of type IIA and its T-dual type IIB model, the subsequently induced four 
dimensional scalar potentials have been oxidized into a set of respective pieces of an underly-
ing ten-dimensional supergravity action [28]. This dimensional oxidation process has suggested 
some peculiar flux combinations to be useful in the ten-dimensional picture, and the same have 
been further extended with the inclusion of P -flux, the S-dual to non-geometric Q-flux in [29]. In 
addition, with recent attractions triggered in developing axionic models of inflation after BICEP2
and PLANCK [34–36], a generalization of [28,29] to include involutively odd axions B2 and C2

is desirable not only from the point of view of seeking better understanding of the non-geometric 
10D action but also for axionic inflation model building. For explicit construction of some type-
IIB toroidal/CY orientifold examples with odd-axions, see [37–43].

Motivated by these aspects, in this article, we implement the presence of odd-axions in the 
dimensional oxidation process of [28] via considering the untwisted sector of type IIB superstring 
theory compactified on an orientifold of T6/Z4. This setup happens to be nontrivial enough 
as compared to the mostly studied toroidal example of T6/(Z2 ×Z2)-orientifold in two sense: 
(i) Having h1,1

− (X) = 2, it can accommodate the involutively odd axions, and hence can have the 
structure of usual flux orbits being corrected via B2-axions similar to type IIA compactification 
on T6/(Z2 ×Z2)-orientifold case [8,28]; and (ii) it can induce D-terms involving non-geometric 
R-fluxes also due to non-trivial even (2, 1)-cohomology as h2,1

+ (X) = 1. On top of these, this 

1 For recent reviews and more details on flux formulation of DFT, see [25–27].
2 Related to the study of ten-dimensional non-geometric action, see also [30–32] in β-supergravity framework as well 

as [33] for exceptional field theory.
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Table 1
Orientifold invariant states.

φ gμν B2 C0 C2 C4

(−)FL + + + − − −
�p + + − − + −
σ∗ + + − + − +

setup represents the case of frozen complex structure moduli as h2,1
− (X) = 0, and hence is simple 

enough for explicit computations. With these ingredients, the present toroidal setup provides 
some interesting and enlightening features of ten-dimensional origin of the 4D non-geometric 
type IIB scalar potential.

The paper is organized as follows: the section 2 provides some relevant features of type IIB 
orientifold compactifications followed by an explicit example of T6/Z4-orientifold. In section 3, 
we compute the full scalar potential via considering F - and D-term contributions. In addition, we 
invoke the various corrections to flux orbits induced by inclusion of odd axions. Using these new 
flux-orbits, in section 4, we first rearrange the total scalar potential into ‘suitable’ pieces which 
are subsequently oxidized into a ten-dimensional non-geometric action. Finally we conclude in 
section 5 with a short Appendix A providing various components of fluxes/moduli allowed under 
the orientifold action.

2. Setup

2.1. Type-IIB orientifolds and splitting of various cohomologies

Let us consider Type IIB superstring theory compactified on an orientifold of a Calabi–Yau 
threefold X. The admissible orientifold projections fall into two categories, which are distin-
guished by their action on the Kähler form J and the holomorphic three-form �3 of the Calabi–
Yau [44]:

O =
{

�p σ with σ ∗(J ) = J , σ ∗(�3) = �3 ,

(−)FL �p σ with σ ∗(J ) = J , σ ∗(�3) = −�3
(2.1)

where �p is the world-sheet parity transformation and FL denotes the left-moving space–time 
fermion number. Moreover, σ is a holomorphic, isometric involution. The first choice leads to ori-
entifold O9- and O5-planes whereas the second choice to O7- and O3-planes. The (−)FL �p σ

invariant states in four-dimensions are listed in Table 1. The massless states in the four dimen-
sional effective theory are in one-to-one correspondence with harmonic forms which are either 
even or odd under the action of σ . Moreover, these do generate the equivariant cohomology 
groups Hp,q

± (X). Let us fix the following conventions for the bases of various equivariant coho-
mologies counting the massless spectra,

• The zero-form: 1, which is even under σ .
• The even two-forms: μα , counted by α = 1, . . . , h1,1

+ .

• The odd two-forms: νa , counted by a = 1, . . . , h1,1
− .

• The even four-forms: μ̃α , counted by α = 1, . . . , h1,1
+ .

• The odd four-forms: ν̃a , counted by a = 1, . . . , h1,1
− .

• A six-form: 	6 = dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6, which is even under σ .
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Here, we take the following definitions of integration over the intersection of various cohomology 
bases,∫

X

	6 = f,

∫
X

μα ∧ μ̃β = d̂ β
α ,

∫
X

νa ∧ ν̃b = d b
a

∫
X

μα ∧ μβ ∧ μγ = kαβγ ,

∫
X

μα ∧ νa ∧ νb = k̂αab (2.2)

Note that if the four-form basis is chosen to be dual of the two-form basis, one will of course have 
d̂

β
α = δ̂

β
α and d b

a = δ b
a . However for the present work, we follow the conventions of [45], and 

take the generic case. In addition to the splitting of H 2(X) and its dual H 4(X)-cohomologies, 
we also need to know the splitting of three-form cohomology H 3(X) into even/odd eigenspaces 
under a given involution σ . Considering the symplectic basis for these even and odd cohomolo-
gies H 3+(X) and H 3−(X) of three-forms as symplectic pairs (aK, bK) and (Ak, Bk) respectively, 
we fix∫

X

aK ∧ bJ = δK
J ,

∫
X

Ak ∧Bj = δk
j (2.3)

Here, for the orientifold choice with O3/O7-planes, set of values {J, K} ∈ {1, . . . , h2,1
+ } counting 

the vector multiplet while {j, k} ∈ {0, . . . , h2,1
− } counts the number of complex structure moduli. 

For orientifolds with O5/O9-planes, the counting of indices goes as {J, K} ∈ {0, . . . , h2,1
+ } and 

{j, k} ∈ {1, . . . , h2,1
− }.

Now, the various field ingredients can be expanded in appropriate bases of the equivariant 
cohomologies. For example, the Kähler form J , the two-forms B2, C2 and the R–R four-form 
C4 can be expanded as [44]

J = tα μα, B2 = ba νa, C2 = ca νa

C4 = Dα
2 ∧ μα + UK ∧ aK + UK ∧ bK + ρα μ̃α (2.4)

where tα is two-cycle volume moduli, while ba , ca and ρα are various axions. Further, (UK , UK ) 
forms a dual pair of space–time one forms and Dα

2 is a space–time two-form dual to the scalar 
field ρα . Due to the self-duality of the R–R four-form, half of the degrees of freedom of C4 are 
removed. Note that the even component of the Kalb–Ramond field B+ = bα μα , though not a 
continuous modulus, can take the two discrete values bα ∈ {0, 1/2}. Further, since σ ∗ reflects 
the holomorphic three-form, in the orientifold we have h2,1

− (X) complex structure moduli zã

appearing as complex scalars. Finally, one has Table 2 summarizing the N = 1 supersymmetric 
massless bosonic spectrum [44].

Using the pieces of information developed so far, one can collect a complex multi-form of 
even degree 	even

c defined as under [46,47],

	even
c = eB2 ∧ CRR + i e−φRe(eB2+i J )

= (C0 + i e−φ) + (
C2 + (C0 + i e−φ)B2

)
+

(
C

(0)
4 + C2 ∧ B2 + 1

2
(C0 + i e−φ)B2 ∧ B2 − i

2
e−φJ ∧ J

)
≡ τ + Ga νa + Tα μ̃α (2.5)
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Table 2
N = 1 massless bosonic spectrum of Type IIB Calabi Yau orientifold.

Chiral multiplets h
2,1
− zã

h
1,1
+ (tα, ρα)

h
1,1
− (ba, ca)

1 (φ,C0)

Vector multiplet h
2,1
+ UK

Gravity multiplet 1 gμν

This suggests the following forms for the appropriate chiral variables appearing as the complex 
bosons in the respective N = 1 chiral superfields,

τ = C0 + i e−φ , Ga = ca + τ ba ,

Tα =
(

ρα + κ̂αabc
abb + 1

2
τ κ̂αabb

a bb

)
− i

2
καβγ tβ tγ . (2.6)

Here, we have changed the four-cycle volume moduli into Einstein-frame by absorbing e−φ

factor (appearing in i2e−φJ ∧J ) in eqn. (2.5) via redefining the two-cycle volume moduli as JE =
e−φ/2J . In the definition of variable Tα , we have dropped in index ‘E’ in tα . Also a redefinition 
of the intersection numbers as compared to the ones given in the definitions of eqn. (2.2) is made 
as: καβγ = ( ˆd−1) δ

α kδβγ and κ̂αab = ( ˆd−1) δ
α k̂δab .

The low energy effective action at second order in derivatives is given by a supergravity the-
ory, whose dynamics is encoded in a Kähler potential K , a holomorphic superpotential W and 
the holomorphic gauge kinetic functions. These building blocks are written in terms of the afore-
mentioned appropriate chiral variables. In our case of present interest, the generic form of Kähler 
potential (at tree level) is given as,

K = − ln (−i(τ − τ)) − ln

⎛
⎝i

∫
X

�3 ∧ �̄3

⎞
⎠ − 2 ln

(
VE (τ,Ga,Tα; τ ,Ga,T α)

)
(2.7)

where VE is the Einstein frame volume of the Calabi–Yau manifold. Unfortunately, VE is only 
implicitly given in terms of the chiral superfields as it is, in general, non-trivial to invert the last 
relation in (2.6).

To express the various geometric as well as non-geometric fluxes into the suitable orientifold 
even/odd bases, it is important to note that in a given setup, all flux-components will not be 
generically allowed under the full orientifold action O = �p(−)FLσ [3,9]. For example, under 
the effect of (�p(−)FL), only geometric flux ω and non-geometric flux R remain invariant while 
the standard fluxes F , H and non-geometric Q-flux are anti-invariant [3,9]. Therefore, under the 
full orientifold action, we can only have the following components of the standard fluxes (F, H)

and the geometric as well as non-geometric fluxes (ω, Q and R),

F ≡
(
Fk,F

k
)

,H ≡
(
Hk,H

k
)

,ω ≡
(
ωa

k,ωak, ω̂α
K, ω̂αK

)
,

R ≡
(
RK,RK

)
, Q ≡

(
QaK, Qa

K, Q̂αk, Q̂α
k

)
. (2.8)

The structure in which the presence of these flux-components is manifest, can be arranged via 
the possible three-form components as under [45],
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H = HkAk + Hk Bk, F = FkAk + Fk Bk,

ωa ≡ (ω � νa) = ωa
k Ak + ωakBk, Q̂α ≡ (Q � μ̃α) = Q̂αkAk + Q̂α

kBk

ω̂α ≡ (ω � μα) = ω̂α
KaK + ω̂αKbK, Qa ≡ (Q � ν̃a) = QaK aK + Qa

KbK,

R • 	 = RKaK + RKbK (2.9)

These are relevant for writing down the superpotential contribution as we will see in a moment. 
Moreover, with these definitions, we have the following non-trivial actions of fluxes on various 
3-form even/odd basis elements [45],

H ∧Ak = −f −1Hk	6, H ∧Bk = f −1Hk	6

ω �Ak =
(
d−1

)
a

b ωbk ν̃a, ω �Bk = −
(
d−1

)
a

b ωb
k ν̃a

Q �Ak = −
(
d̂−1

)
α

β Q̂α
k μβ, Q �Bk =

(
d̂−1

)
α

β Q̂αk μβ, (2.10)

and

R • aK = f −1 RK 1, R • bK = −f −1 RK 1

ω � aK =
(
d̂−1

)
α

βω̂βK μ̃α, ω � bK = −
(
d̂−1

)
α

βω̂β
K μ̃α

Q � aK = −
(
d−1

)
a

bQa
K νb, Q � bK =

(
d−1

)
a

b QaK νb. (2.11)

For writing the flux-superpotential, we further need to define a twisted differential operator, D in-
volving the action from all the NS–NS geometric as well as non-geometric fluxes. Following the 
conventions of [45], the same can be expressed as,

D = d + H ∧ . − ω � . + Q � . − R • . (2.12)

Now, a generic form of flux superpotential, which includes all the allowed geometric as well as 
non-geometric flux contributions, can be considered as,

W =
∫
X

[
F +D	even

c

]
3
∧ �3

=
∫
X

[
F + τ H + ωa Ga + Q̂α Tα

]
3
∧ �3. (2.13)

Note that, only odd-ωa and even-Q̂α components of geometric and non-geometric fluxes are 
allowed by the choice of involution to contribute into the superpotential. Further, the holomorphic 
three-form, �3 which is odd under involution, can be generically written in terms of coordinate-
and period- vectors in the symplectic basis (Ak , Bk) as under,

�3 =ZkAk −Fk Bk (2.14)

Using the definitions of various flux-actions given in (2.9), we have the following expansion of 
the three form appearing in (2.13),(

F + τ H + ωa Ga + Q̂α Tα

)
=

(
Fk + τ Hk + ωa

k Ga + Q̂αk Tα

)
Ak +

(
Fk + τ Hk + ωak Ga + Q̂α

k Tα

)
Bk (2.15)
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Subsequently, one arrives at the following generic form of the superpotential

W = −
[(

Fk + τ Hk + ωak Ga + Q̂α
k Tα

)
Zk

+
(
Fk + τ Hk + ωa

k Ga + Q̂αk Tα

)
Fk

]
. (2.16)

As also observed in [45,17], one should note that R-flux does not appear in the superpotential. In 
the absence of non-geometric P-flux which is S-dual to Q-fluxes, this form of superpotential is 
generic at the tree level.

2.2. An explicit example: type IIB on a T6/Z4-orientifold

We consider the type IIB superstring theory compactified on a toroidal orbifold T6/Z4 with 
the following redefinition of complexified coordinates on T6 [45],

z1 = x1 + i x2 + eiπ/4 (x3 + i x4)

z2 = x3 + i x4 + ei3 π/4 (x1 + i x2)

z3 = x5 + i x6 (2.17)

The orbifold action Z4 is given as

�(Z4) : (z1, z2, z3) −→ (i z1, i z2,−z3) (2.18)

The holomorphic involution σ is chosen to be,

σ : (z1, z2, z3) −→ (−ei π/4 z1, ei π/4 z2,−i z3) (2.19)

The hodge number for T6/Z4 orbifold is h2,1 = 1 and h1,1 = 5 which results in splitting 
into even/odd eigenspaces of (1, 1)-cohomology with h

1,1
+ = 3 and h

1,1
− = 2 and those of 

(2, 1)-cohomology with h2,1
+ = 1 and h2,1

− = 0. This even/odd splitting of hodge numbers en-
sures that there are three Kähler moduli Tα and two involutively odd axions Ga . Further, there 
will not be any complex structure moduli, however a vector multiplet will appear in the four 
dimensional N = 1 effective theory due to non-trivial (2, 1)-even sector as h2,1 = h

2,1
+ = 1.

Now, the three involutively even- and two odd-harmonic (1, 1)-forms can be written in the 
following manner [45],

μ1 = i

4

(
dz1 ∧ dz1 + dz2 ∧ dz2

)
= dx1 ∧ dx2 + dx3 ∧ dx4

μ2 = i

2
√

2

(
dz1 ∧ dz1 − dz2 ∧ dz2

)
= dx1 ∧ dx3 + dx1 ∧ dx4 − dx2 ∧ dx3 + dx2 ∧ dx4

μ3 = i

2

(
dz3 ∧ dz3

)
= dx5 ∧ dx6 (2.20)

and

ν1 = 1 − i

4

(
dz1 ∧ dz2 + i dz1 ∧ dz2

)
= dx1 ∧ dx3 − dx1 ∧ dx4 + dx2 ∧ dx3 + dx2 ∧ dx4

ν2 = −e−iπ/4 (
dz1 ∧ dz2 − i dz1 ∧ dz2

)
= dx1 ∧ dx2 − dx3 ∧ dx4. (2.21)
4
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The respective even/odd dual four-forms can be written as under,

Even: μ̃1 = μ1 ∧ μ3, μ̃2 = μ2 ∧ μ3, μ̃3 = 1

2
μ1 ∧ μ1

Odd: ν̃1 = ν1 ∧ μ3, ν̃2 = ν2 ∧ μ3 (2.22)

The toroidal orientifold under consideration also has a single non-trivial six-form

	6 = dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6 (2.23)

while there is no harmonic 1-form and the dual five-form. For the present setup, the details of 
various non-vanishing intersection numbers defined in eqn. (2.2), are given as under [45]

f = 1

4
, d̂β

α = diag

(
1

2
,−1,

1

4

)
, db

a = diag

(
−1,−1

2

)
(

k113 = 1

2
, k223 = −1

)
and

(
k̂311 = −1, k̂322 = −1

2

)
. (2.24)

Now, as one can expand the (1, 1)-Kähler form J as J = t1 μ1 + t2 μ2 + t3 μ3 from eqn. (2.4), 
therefore using the intersection numbers given in eqn. (2.24), the volume of the sixfold in Einstein 
frame is simplified as,

VE ≡ 1

3!
∫
X

J ∧ J ∧ J = 1

4
t3

(
(t1)

2 − 2(t2)
2
)

(2.25)

where the Kähler cone conditions for Einstein frame two-cycle volume moduli are given as 
t1 > 0, t3 > 0, (t1)2 > 2(t2)2 to ensure the positive definiteness of the overall volume.

3. Scalar potential and search of new generalized flux orbits

The four-dimensional scalar potential receives contributions from F-terms and D-terms, which 
we discuss in detail now. Subsequently, we will come to the search of some new generalized flux 
orbits at the end of this section.

3.1. F-term contributions

The F-term contributions to the N = 1 scalar potential are computed from the Kähler and 
super-potential via

VF = eK
(
Kij̄DiW Dj̄W − 3|W |2

)
. (3.1)

3.1.1. Writing the Kähler potential (K)
To express the Kähler potential in terms of chiral variables, we have to rewrite the volume 

expression (2.25). Note that, the last term in Tα represents the Einstein frame valued volume 
of the even four-cycles, and can be expressed in terms of the two-cycle volumes tα’s. For that 
purpose, a simplified version of chiral variables Tα is,

Tα = −i

(
1

2
καβγ tβ tγ − 1

2
e−φ καab babb

)
+

(
ρα + κ̂αab cabb + 1

2
C0κ̂αab babb

)
, (3.2)

which using C0 = c0, e−φ = s and intersection numbers given in eqn. (2.24) results in



466 P. Shukla / Nuclear Physics B 902 (2016) 458–482
T1 = −i t1 t3 + ρ1, T2 = −i t2 t3 + ρ2

T3 = −i

[(
t2
1 − 2 t2

2

)
+ s (2b2

1 + b2
2)

]
+

(
ρ3 − 4b1 c1 − 2b2 c2 − c0 (2b2

1 + b2
2)

)
. (3.3)

From now onwards we switch the upper indices in tα’s and ba/ca’s to the lower places for 
simplicity in presentation. Considering Im(Tα) = −τα results in

τ1 = t1 t3 := σ1, τ2 = t2 t3 := σ2,

τ3 =
(
t2
1 − 2 t2

2

)
+ s (2b2

1 + b2
2) := σ3 + s (2b2

1 + b2
2), (3.4)

where we have also expressed Einstein-frame quantities σα := 1
2 καβγ tβ tγ in terms of τα’s. Sub-

sequently, the overall volume given in eqn. (2.25) can be rewritten as below,

VE = 1

4

√
τ 2

1 − 2 τ 2
2

√
τ3 − 2 s b2

1 − s b2
2 ≡ 1

4

√
σ 2

1 − 2σ 2
2

√
σ3 (3.5)

Now, the Einstein frame internal metric is

gE
ij =

⎛
⎜⎜⎜⎜⎜⎝

t1 0 t2 −t2 0 0
0 t1 t2 t2 0 0
t2 t2 t1 0 0 0

−t2 t2 0 t1 0 0
0 0 0 0 t3 0
0 0 0 0 0 t3

⎞
⎟⎟⎟⎟⎟⎠ (3.6)

which can be rewritten in terms of τα’s by using the relations: t1 = 4VE τ1
τ 2

1 −2 τ 2
2

, t2 = 4VE τ2
τ 2

1 −2 τ 2
2

and 

t3 = 4VE

τ3−s (2 b2
1+b2

2)
. Note that, the NS–NS axions appear in the internal metric while the same 

being written in terms of τα’s. Further, these four-cycle volumes τα’s have to be further expressed 
in terms of appropriate N = 1 coordinates {τ, Tα, Ga} given as follows,

VE ≡ VE(Tα,S,Ga) = 1

4

(
i(T3 − T 3)

2
− i

4(τ − τ)
κ̂3ab (Ga − Ga)(Gb − Gb)

)1/2

×
[(

i(T1 − T 1)

2

)2

− 2

(
i(T2 − T 2)

2

)2]1/2

. (3.7)

Given that h2,1
− (X) = 0 in the present case, the complex structure moduli dependent part of the 

tree level Kähler potential defined in (2.7) is just a constant piece which can be nullified via 
an appropriate normalization 

(
i
∫
X

�3 ∧ �̄3
) = 1. For example, we can consider Z0 = 1 and 

F0 = −i, and subsequently the canonically normalized holomorphic three-form �3 given in 
(2.14) can be expressed as,

�3 = 1√
2

(
A0 + i B0

)
. (3.8)

An appropriate normalization is important to make, and will be crucial later on while establishing 
the match among the two scalar potentials; one computed from K and W (plus D-terms) while 
the other one coming from the dimensional reduction of a 10D oxidized conjectural form. Now, 
by using the volume form (3.7), the simplified Kähler potential expression to be heavily utilized 
later simplifies down to the form,

K = − ln (−i(τ − τ)) − 2 lnVE(Tα, τ,Ga;T α, τ ,Ga) (3.9)
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3.1.2. Writing the superpotential (W )
Using eqn. (3.8) for canonically normalized holomorphic three-form �3, the generic non-

geometric flux superpotential expression given in (2.16) simplifies as under,

W = − 1√
2

[(
f0 + τ h0 + ωa0 Ga + Q̂α

0 Tα

)
− i

(
f 0 + τ h0 + ωa

0 Ga + Q̂α0 Tα

)]
,

(3.10)

where indices are summed with α = 1, 2, 3 and a = 1, 2 corresponding to three even (com-
plexified) divisor volume moduli and two odd-axions. Now, one can compute the F-term scalar 
potential using this superpotential (3.10) and the Kähler potential given in (3.9). Note that, al-
though when considered in real six dimensional basis, there are 10 independent geometric flux 
(ωij

k) as well as 10 independent non-geometric flux (Qij
k) components which are allowed by the 

orientifold projection as detailed in Appendix A, however for fluxes counted by the complex in-
dices, this superpotential (3.10) effectively involves only 4 geometric flux (ω0

a , ωa0) components 
and 6 non-geometric flux components (Q̂α0, Q̂α

0). In fact as we will see later, there are additional 
6 geometric flux components (ωα

1, ωα1) and 4 non-geometric flux components (Qa
1, Qa1) with 

complex-index which appear via D-term. Here one should recall that k = 0, K = 1, a = 1, 2 and 
α = 1, 2, 3.

3.2. D-term contributions

In the presence of a non-trivial sector of even (2, 1)-cohomology, i.e. for h2,1
+ (X) 
= 0, there 

are additional D-term contributions to the four dimensional scalar potential. Following the strat-
egy of [45], the same can be determined via considering the following gauge transformations of 
RR potentials CRR = C0 + C2 + C4,

CRR =
(
c0 + caνa + ραμ̃α + UK ∧ aK + UK ∧ bK + Dα

2 ∧ μα

)
(3.11)

−→ CRR +D(λKaK + λKbK)

Recall that the pair (UK, UK) appear in the expansion of RR four-form C4 as given in eqn. (2.4). 
The dimensional reduction of RR four-form on three-cycles can induce the relevant gauge fields 
in the four dimensional theory. Now using the flux actions on symplectic basis (aK, bK), the 
second line of eqn. (3.11) can be expanded as under,

CRR +D(λKaK + λKbK)

= Dα
2 ∧ μα +

(
c0 − f −1RKλK + f −1RKλK

)
+

(
cb − (d−1)a

bQa
KλK + (d−1)a

bQaKλK

)
νb

+
(
ρα − (d̂−1)α

β ω̂βKλK + (d̂−1)α
β ω̂β

KλK

)
μ̃α

+
(
(UK + dλK) ∧ aK + (UK + dλK) ∧ bK

)
(3.12)

Note that the pair (λK, λK) also ensures the 4D gauge transformations of quantities (UK, UK) as 
UK → UK + dλK and UK → UK + dλK . Recollection of various pieces as given in eqn. (3.12)
implies a shift in the respective RR axionic parts of the chiral variables {τ, Ga, Tα} via a redefi-
nition of c0, ca and ρα respectively. Subsequently the relevant variations of the chiral variables 
τ , Ga and Tα are given as,
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δτ ≡ δc0 = −f −1RKλK + f −1RKλK,

δGa ≡ δca = −(d−1)a
bQa

KλK + (d−1)a
bQaKλK

δTα ≡ δρα = −(d̂−1)α
β ω̂βKλK + (d̂−1)α

β ω̂β
KλK (3.13)

Following the strategy of [48,49], and given that the superpotential (2.13) is neutral under 
the gauge transformation (3.11), the D-terms can be computed through the Kähler deriva-
tives and variation of chiral fields (3.13) via Di = i (∂AK)(δφA

i ) where φA = {τ, Ga, Tα} and 
δφA = λi(δφA

i ) + λi(δφ
Ai). This results in the following D-terms,

DK = −i

[
f −1RK (∂τK) + (d−1)b

aQb
K (∂aK) + (d̂−1)α

β ω̂βK (∂αK)

]

DK = i

[
f −1RK (∂τK) + (d−1)b

aQbK (∂aK) + (d̂−1)α
β ω̂β

K (∂αK)

]
(3.14)

Note that we have both types of D-terms (DK , DK ) unlike [45] as we have not performed the 
symplectic transformations to rotate away half of the D-terms, namely DK . These two D-term 
pieces contribute to the four dimensional scalar potential in the following manner [45],

VD
(1) = 1

2
(Re G)−1JK DJ DK + 1

2
(Re G̃)−1

JK DJ DK , (3.15)

where (Re G)−1JK and (Re G̃)−1
JK represents the electric and magnetic gauge-kinetic cou-

plings. These can be determined by considering the holomorphic three-form before orientifold-
ing, say �(0)

3 which can be given as,

�
(0)
3 =Zk Ak −Fk Bk +XK aK − GK bK (3.16)

where Fk and GK are both considered to be functions of Zk and XK arising from N = 2 prepo-
tential before orientifolding is done. The electric gauge kinetic coupling is given by [44],

GKJ = − i

2

(
∂

∂XK
GJ

)
at XK=0

(3.17)

Similarly, magnetic gauge kinetic couplings, G̃ are computed by interchanging aK and bK by 
a symplectic transformation. Note that, gauge kinetic couplings (G and G̃) are holomorphic 
functions of complex structure moduli. Now using the expressions for the generic tree level 
Kähler potential (3.9), one finds that [44]

∂τK = i

2 s VE

(
VE − s

2
k̂αabt

αbabb
)

,

∂GaK = i

2VE

k̂αabt
αbb, ∂TαK = − i d̂α

β tβ

2VE

(3.18)

Subsequently, we have

DK = 1

2 s VE

[
RK

f

(
VE − s

2
k̂αabt

αbabb
)

+ s (d−1)b
aQb

K k̂αact
αbc − s tα ω̂αK

]

DK = − 1

2 s VE

[
RK

f

(
VE − s

2
k̂αabt

αbabb
)

+ s (d−1)b
aQbK k̂αact

αbc − s tα ω̂α
K

]
(3.19)

This form of D-term suggests the use of some new flux combinations as we will discuss later.
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3.3. Intuitive search for the generalized flux orbits

Let us perform an intuitive search for the correct flux combinations in the form of new gen-
eralized flux orbits modified by the presence of odd axions B2 and C2. Later on, we will show 
how our conjectured form of the new flux orbits is useful for a rearrangement of the total scalar 
potential via explicit calculation. For that purpose, we look into the superpotential components 
via the following three-form factor(

F + τ H + ωa Ga + Q̂α Tα

)
=

(
Fk + τ Hk + ωa

k Ga + Q̂αk Tα

)
Ak +

(
Fk + τ Hk + ωak Ga + Q̂α

k Tα

)
Bk

Now using the expansion of chiral variables we can club the different pieces into the following 
manner,(

F + τ H + ωa Ga + Q̂α Tα

)
=

[
Fk + i

(
sHk

)
− i

(
Q̂αk σα

)]
Ak +

[
Fk + i (sHk) − i

(
Q̂α

k σα

)]
Bk , (3.20)

where the symbol σα represents Einstein-frame four cycle volume given as: σα = 1
2 καβγ tβ tγ , 

and we propose the following flux combinations which generalize the Type IIB orientifold results 
of [28] with the inclusion of odd axions,

Hk ≡ hk, Q̂α
k = Q̂α

k, Fk ≡ fk + c0 hk

Hk ≡ hk, Q̂αk = Q̂αk, Fk ≡ f k + c0 hk (3.21)

where

hk = Hk + ωak ba + Q̂α
k

(
1

2
κ̂αabb

abb

)
,

hk = Hk + ωa
k ba + Q̂αk

(
1

2
κ̂αabb

abb

)
,

fk = Fk + ωak ca + Q̂α
k

(
ρα + κ̂αabc

abb
)

,

f k = Fk + ωa
k ca + Q̂αk

(
ρα + κ̂αabc

abb
)

. (3.22)

This is interesting to observe that similar to type IIA compactification on T6/(Z2 ×Z2)-orienti-
fold case [28], the H3 flux is receiving corrections of (ω�B2)- and Q̂�(B2 ∧B2)-type, also in the 
type IIB orientifold case. However, the same will not have a correction of R•(B2 ∧B2 ∧B2)-type 
because, such terms will involve intersection numbers κ̂abc which are zero by orientifold con-
struction itself. Also, while invoking the new flux orbits, we find that RR flux, F3 is having a 
correction of (ω � C2)- as well as Q̂ � (C4 + C2 ∧ B2)-type.

Now, motivated by the type IIA generalized flux orbits proposed in [28], it is tempting to 
guess that odd-indexed geometric flux components (ωak, ωa

k) will receive contributions of type 
Q � B2 as under,

�ak = ωak + Q̂α
k

(
(d̂−1) δ

α k̂δab bb
) �a

k = ωa
k + Q̂αk

(
(d̂−1) δ

α k̂δab bb
)

Q̂α
k = Q̂α

k, Q̂αk = Q̂αk . (3.23)
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However orientifold invariance does not allow for the presence of non-geometric R-fluxes in new 
geometric flux components �ak and �a

k .
Now let us also see if there is a possibility of combining other fluxes to construct corrections 

for geometric-flux orbits with even-indexed (K ∈ h
2,1
+ (X)) components. For that, we observe that 

we can rewrite the D-terms in eqn. (3.19) relevant for V (1)
D in the following manner,

DK = 1

2 s VE

[
f −1RK VE − s tα �̂αK

]
,

DK = − 1

2 s VE

[
f −1RK VE − s tα �̂α

K

]
, (3.24)

where the generalized version of geometric flux components are collected as under,

�̂αK = ω̂αK − (d−1)b
a Qb

K

(
k̂αac bc

)
+ f −1 RK

(
1

2
k̂αab ba bb

)

�̂α
K = ω̂α

K − (d−1)b
a QbK

(
k̂αac bc

)
+ f −1 RK

(
1

2
k̂αab ba bb

)
(3.25)

Therefore, we have a generalized version of the even/odd components of geometric flux, and for 
non-geometric flux it can be analogously given as under,

�̂α ≡ (� � μα) = �̂α
KaK + �̂αKbK, Qa ≡ (Q � ν̃a) =QaK aK +Qa

KbK (3.26)

where

QaK = QaK − f −1 db
a (RK bb) , Qa

K = Qa
K − f −1 db

a (RK bb). (3.27)

In [50], a modular completion of all these NS–NS and RR flux orbits have been proposed with 
the inclusion of P-fluxes which are S-dual to non-geometric Q-fluxes.

4. Suitable rearrangement of scalar potential and dimensional oxidation

Now, we will represent the four dimensional scalar potential into suitable pieces by utilizing 
our new generalized flux orbits and subsequently we will look for the possibility of oxidizing 
those pieces into ten dimensions. Here we will rewrite the full scalar potential in a particular 
form. The reasons for this rearrangement are as follows,

• The well known Bianchi identities expressed with background fluxes written in real six di-
mensional indices are given as [3],

Hm[abω
m

cd] = 0

ωm[bc ωd
a]m − Hm[ab Qc]md = 0

ωm[ab] Qm
[cd] − 4ω[c

m[a Qb]d]m + Hmab Rmcd = 0

Qm
[bc Qd

a]m − Rm[ab ωc]
md = 0

Rm[ab Qm
cd] = 0, (4.1)

where underlined indices are anti-symmetrized. Now, one has to compute the total scalar 
potential by converting all fluxes, appearing in the superpotential eqn. (3.10) and D-term 
eqn. (3.24), into real index components such as (Hijk , ωij

k , Qij
k , Rijk and Fijk). Subse-

quently, we can use this set of Bianchi identities (4.1) to simplify the total potential.
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• The subsequent representation of scalar potential is what we call a ‘suitable’ rearrangement, 
as it will be directly useful for invoking its ten-dimensional origin.

Fortunately, for the current toroidal setup, we can convert the superpotential (3.10) as well as the 
D-term (3.24) expressions into the ones written with real indexed flux components. This is the 
beauty of simplicity of toroidal models in which one can analytically compute all the relevant 
data including the internal six dimensional metric (unlike a generic CY case) for performing an 
explicit computation.

4.1. Rewriting the new generalized flux orbits

Let us first recall the various flux orbits and summarize those at one place. The flux orbits in 
NS–NS sector with orientifold odd-indices k ∈ h

2,1
− (X) are given as,

Hk = Hk + ωak ba + Q̂α
k

(
1

2
(d̂−1) δ

α k̂δab babb

)

Hk = Hk + ωa
k ba + Q̂αk

(
1

2
(d̂−1) δ

α k̂δab babb

)

�ak = ωak + Q̂α
k

(
(d̂−1) δ

α k̂δab bb
)

, �a
k = ωa

k + Q̂αk
(
(d̂−1) δ

α k̂δab bb
)

Q̂α
k = Q̂α

k, Q̂αk = Q̂αk (4.2)

while the flux components of even-index K ∈ h
2,1
+ (X) are given as,

�̂αK = ω̂αK − (d−1)b
a Qb

K

(
k̂αac bc

)
+ f −1 RK

(
1

2
k̂αab ba bb

)

�̂α
K = ω̂α

K − (d−1)b
a QbK

(
k̂αac bc

)
+ f −1 RK

(
1

2
k̂αab ba bb

)
Qa

K = Qa
K − f −1 db

a (RK bb), QaK = QaK − f −1 db
a (RK bb),

RK = RK, RK = RK . (4.3)

The RR three-form flux orbits are generalized in the following form,

fk = Fk + ωak ca + Q̂α
k

(
ρα + κ̂αabc

abb
)

,

f k = Fk + ωa
k ca + Q̂αk

(
ρα + κ̂αabc

abb
)

. (4.4)

Let us also mention that the action of various geometric as well as non-geometric fluxes on a 
given p-form, Xp = 1

p!Xi1....ipdx1 ∧ dx2 . . . ∧ dxp , can be equivalently defined as under [45],

(ω � X)i1i2...ip+1 =
(

p + 1
2

)
ω[i1i2 jXj |i3...ip+1] + 1

2

(
p + 1

1

)
ωj [i1 jXi2i3...ip+1]

(Q � X)i1i2...ip−1 = 1

2

(
p − 1

1

)
Qjk [i1Xjk|i2...ip−1] + 1

2

(
p − 1

0

)
Qjk

jXk|i1i2...ip+1

(R • X)i1i2...ip−3 = 1
(

p − 3
0

)
RjklXjkl|i1...ip−3] , (4.5)
3!
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where underlined indices are anti-symmetrized. Moreover, one can notice that the action of 
(non-)geometric-fluxes via �, � and • on a p-from changes the same into a (p + 1)-form, 
a (p − 1)-form and a (p − 3)-form respectively. Using these generic definitions, the three-forms 
pieces, (ωa Ga) and (Qα Tα) appearing in the superpotential (2.13) are expanded as under,

(ωa Ga) = 1

3! (ωa Ga)ijk dxi ∧ dxj ∧ dxk,

(Q̂α Tα) = 1

3! (Q̂
α Tα)ijk dxi ∧ dxj ∧ dxk (4.6)

where

(ωa Ga)ijk = 3 ω[ikm Gmk] + 3

2
ωm[im Gjk]

(Q̂α Tα)ijk = 3

2
Q[imn Tmnjk] + 1

2
Qm

mn Tn[ijk] . (4.7)

The details of the enumeration of various flux and moduli/axion’s components are summarized in 
the Appendix A, and guided by the type II orientifold results of [28], one finds that the even/odd-
indexed flux components can be equivalently combined as follows,

Hijk = Hijk + 3 ω[ikm Bmk] − 3Q[imnBmj Bnk]
�i

jk = ωi
jk − 2Q[j miBmk] − RmniBm[jBnk]

Qk
ij = Qk

ij − Rijk′
Bk′k, {i, j} ∈ {1,2, . . . ,6}

Rijk = Rijk . (4.8)

Here we also point out that, these flux orbits are very similar to those of type IIA compactified 
on T6/(Z2 ×Z2) orientifold [28] except an additional pieces RmnpBm[iBnjBpk] contributing 

to the H-flux orbit. One should note again that RlmnBl[iBmjBnk] piece of H-flux orbit trivially 
vanishes as a reflection of the fact that intersection number k̂abc with all three indices being odd, 
vanishes by the orientifold construction itself. Further, despite of the presence of flux components 
of kind ωmi

m and Qm
mn , in present setup, we find that contributions of type ωm[im Bjk] as well 

as Qm
mn Bn[i Bjk] to the flux orbits, which could have been expected from the most generic 

definitions in (4.7), are simply zero.

4.1.1. Rewriting the superpotential (W )
In our present setup, the overall structure gets much simpler because of the absence of com-

plex structure moduli as h2,1
− (X) = 0. This helps in writing both of the symplectic cohomology 

bases (Ak, Bk) and (aK, bK) as a constant linear combination of elements of real cohomology 
basis (αI , βJ ) given as under [45]

a1 = − i

2

(
dz1 ∧ dz2 ∧ dz3 − dz1 ∧ dz2 ∧ dz3

)
= β0 + β1 + β2 − β3

b1 = 1

2

(
dz1 ∧ dz2 ∧ dz3 + dz1 ∧ dz2 ∧ dz3

)
= α0 + α1 + α2 − α3

A0 = 1

2

(
dz1 ∧ dz2 ∧ dz3 + dz1 ∧ dz2 ∧ dz3

)
= α0 − α1 − α2 − α3

B0 = − i (
dz1 ∧ dz2 ∧ dz3 − dz1 ∧ dz2 ∧ dz3

)
= −β0 + β1 + β2 + β3 (4.9)
2
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where the following notation have been considered,

α0 = dx1 ∧ dx3 ∧ dx5 , β0 = dx2 ∧ dx4 ∧ dx6 ,

α1 = dx1 ∧ dx4 ∧ dx6 , β1 = dx2 ∧ dx3 ∧ dx5 ,

α2 = dx2 ∧ dx3 ∧ dx6 , β2 = dx1 ∧ dx4 ∧ dx5 ,

α3 = dx2 ∧ dx4 ∧ dx5 , β3 = dx1 ∧ dx3 ∧ dx6 . (4.10)

Subsequently, one can represent all the NS–NS flux components as Hijk, ωij
k , Qij

k , Rijk and 
RR flux components as Fijk . In this new basis we have,

�3 = 1√
2

[(
α0 − i β0

)
−

(
α1 − i β1

)
−

(
α2 − i β2

)
−

(
α3 − i β3

)]
, (4.11)

where 
∫

αI ∧ βJ = −f δI
J following from the definition of integration over the six-form 	6

given in eqn. (2.2). The normalization i
∫
X

�3 ∧ �3 = 1 remains intact as f = 1/4 for the 
present orientifold. After utilizing the various non-vanishing components of all the (non-)geo-
metric fluxes, the explicit form of superpotential (3.10) becomes

W = √
2 ×

[(
F246 + τH246 + G2

(
−ω15

1 + ω16
1 + ω25

1 + ω26
1
)

+ G1(−ω35
1 + ω46

1)

+ (Q15
4 + Q16

3) T1 + (Q15
1 − Q15

2 − Q16
1 − Q16

2) T2 − Q13
6 T3

)

+ i

(
F135 + τ H135 − G2(ω15

1 + ω16
1 + ω25

1 − ω26
1) − G1(ω36

1 + ω45
1)

− (Q15
3 − Q16

4) T1 + (Q15
1 + Q15

2 + Q16
1 − Q16

2) T2 + Q13
5 T3

)]
. (4.12)

Now, with the expansion known, it is easy to make the following connections for the two super-
potential expressions (3.10) and (4.12) which are the same [45],

ωa0 ≡
(

ω15
1 − ω16

1 − ω25
1 − ω26

1

ω35
1 − ω46

1

)
, ωa

0 ≡
(−ω15

1 − ω16
1 − ω25

1 + ω26
1

−ω36
1 − ω45

1

)
and

Q̂α
0 ≡

( −Q15
4 − Q16

3
−Q15

1 + Q15
2 + Q16

1 + Q16
2

Q13
6

)
, Q̂α0 ≡

( −Q15
3 + Q16

4
Q15

1 + Q15
2 + Q16

1 − Q16
2

Q13
5

)
.

4.1.2. Rewriting the D-term scalar potential V (1)
D

For computing the D-term contribution to the scalar potential, we first need to know the holo-
morphic gauge kinetic couplings. For that let us follow the strategy of [45] by considering the 
expansion of holomorphic three-form �3 before the orientifold projection has been made. In this 
case, the single complex structure modulus appears as a deformation in one of the coordinates of 
the complex threefold via z3 = x5 + U x6. Subsequently, using the definitions of z1 and z2 from 
eqn. (2.17) along with the modified z3 coordinated as above, we find that,

dz1 ∧ dz2 ∧ dz3 =
[
(α0 + i U α1 + i U α2 − α3) +

(
−U β0 + i β1 + i β2 + U β3

)]
,

(4.13)
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where we have used the definitions of αi and βj as given in eqn. (4.10). Further, using eqn. (4.9), 
we can rewrite the above form in terms of the complex bases of even/odd (2, 1)-cohomology as,

dz1 ∧ dz2 ∧ dz3 = 1 − i U

2

[(
A0 + i B0

)
+ i − U

1 − i U
(a1 − i b1)

]
. (4.14)

Under the orientifold projection, the complex structure modulus gets fixed as U = i, and there-
fore the second half piece corresponding to the even (2, 1)-cohomology bases vanishes. Recalling 
the fact that we have fixed the normalization after the orientifold projection in such a way that 
�

(−)
3 = 1√

2

(
A0 + i B0

)
, and for having a consistent normalization throughout, we can trace back 

the appropriate expression of the holomorphic three-form �3 in the present case as under,

�
(0)
3 =

√
2

1 − i U
dz1 ∧ dz2 ∧ dz3 = 1√

2

[
A0 + i B0 + i − U

1 − i U
(a1 − i b1)

]
. (4.15)

Now comparing the above form with the generic one as given in the eqn. (3.16) we find that 
G1 = iX 1, and after using eqn. (3.17), we get

G11 = − i

2

(
∂

∂X 1
G1

)
at X 1=0

= 1

2
. (4.16)

Subsequently, using the expressions (4.8) of flux orbits and the constant gauge kinetic coupling 
being 1/2, one gets the following additional pieces in the total D-term contributions [45],

V
(1)
D = 1

s2 V2
E

[(
4VE + t3 (2 s b2

1 + s b2
2)

)
R246 + t3 s b1 (Q15

1 − Q15
2 + Q16

1 + Q16
2)

+ t3 s b2 (Q15
3 + Q16

4) − t1 s (ω36
1 − ω45

1) − t2 s (−ω15
1 − ω16

1 + ω25
1 − ω26

1)

− t3 s ω14
5
]2

+ 1

s2 V2
E

[(
4VE + t3 (2 s b2

1 + s b2
2)

)
R135 − t3 s b2 (Q15

4 − Q16
3)

− t3 b1 s (−Q15
1 − Q15

2 + Q16
1 − Q16

2) − t1 s (ω35
1 + ω46

1)

− t2 s (−ω15
1 + ω16

1 − ω25
1 − ω26

1) − t3 s ω13
5
]2

.

From this, one has following relations of the even-indexed flux components in the matrix formu-
lation [45],

ω̂α
1 ≡

(
ω35

1 + ω46
1

−ω15
1 + ω16

1 − ω25
1 − ω26

1

−ω13
5

)
, ω̂α1 ≡

(
ω36

1 − ω45
1

−ω15
1 − ω16

1 + ω25
1 − ω26

1

ω14
5

)

and

Qa1 ≡
(−Q15

1 − Q15
2 + Q16

1 − Q16
2

−Q15
4 + Q16

3

)
, Qa

1 ≡
(

Q15
1 − Q15

2 + Q16
1 + Q16

2
Q15

3 + Q16
4

)
.

4.2. Rewriting the four dimensional scalar potential

Now, using these flux orbits (4.8), let us write the following pieces, which we will verify to 
be a ‘suitable’ rearrangement of the total scalar potential subject to satisfying a set of Bianchi 
identities (4.1),
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VHH = s

VE

[
1

3! Hijk Hi′j ′k′ gii′
E g

jj ′
E gkk′

E

]

VQQ = 1

s VE

[
3 ×

(
1

3! Qk
ij Qk′ i

′j ′
gE

ii′g
E
jj ′gkk′

E

)
+ 2 ×

(
1

2!Qm
ni Qn

mi′ gE
ii′

)]

VHQ = 1

VE

[
(+2) ×

(
1

2!Hmni Qi′
mn gii′

E

)]

VFF = 1

VE

[
1

3! Fijk Fi′j ′k′ gii′
E g

jj ′
E gkk′

E

]

VHF = 1

VE

[
(+2) ×

(
1

3! × 1

3! Fijk E ijklmn
E Hlmn

)]
≡ Generalized tadpoles

VFQ = 1

s VE

[
(+2) ×

(
1

4! × 1

2! Qi
j ′k′

Fj ′k′j σE
klmn E ijklmn

E

)]
≡ Generalized tadpoles

(4.17)

and

VRR = 1

s2 VE

[
1

3! R
ijk Ri′j ′k′

gE
ii′ g

E
jj ′gE

kk′

]

V�� = 1

VE

[
3 ×

(
1

3! �ij
k �i′j ′k

′
gii′

E g
jj ′
E gE

kk′

)
+ 2 ×

(
1

2!�ni
m �mi′

n gii′
E

)]

VR� = 1

s VE

[
(+2) ×

(
1

2!R
mni �mn

i′ gE
ii′

)]
(4.18)

where Fijk =
(
Fijk + 3 ω[ij m Cmk] − 3Q[imnBmj Cnk] + 3

2 Q[imn C
(4)
mnjk]

)
+ c0 Hijk has been 

utilized.
In order to understand and appreciate the nice structures within the aforementioned expres-

sions, we need to supplement the following,

• We have utilized some Einstein- and string-frame conversion relations given as VE =
s3/2 Vs , gE

ij = gij

√
s and gij

E = gij /
√

s. The metric is given in eqn. (3.6).
• The Levi-Civita tensors are defined in terms of antisymmetric Levi-Civita symbols εijklmn

and the same are given as: EE
ijklmn = √|gij | εijklmn = (4 VE) εijklmn while E ijklmn

E =
εijklmn/

√|gij | = εijklmn/(4 VE). The presence of extra factor of 4 is attributed to the in-
tersection numbers in eqns. (2.2)–(2.24), and one has to take care of this throughout for 
dimensional oxidation process.

• Further, the symbol σE
klmn denotes the Einstein-frame volume of the four-cycles written in 

components of the real 6D basis of the internal manifold.

Now, we verify the claim that eqns. (4.17) and (4.18) indeed represent the same 4D scalar po-
tential by providing intermediate connections. The first six pieces given in eqn. (4.17) consist 
of terms which come mostly from the F-term contribution VF , while the last three pieces in 
eqn. (4.18) consist of terms which are mostly coming from (a part) of D-term contributions 
which was earlier mentioned as V (1)

D . However, it is important to state that there is still some 
small mixing between these two sectors of F - and D-term contributions.
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The expressions of Kähler potential (3.9) and the superpotential (4.12) allow one to compute 
the effective four-dimensional scalar potential which results in 1302 number of terms via the 
F-term contributions. It is important to mention that due to the complicated nature of this orien-
tifold setup, unlike the case of T6/(Z2 ×Z2), we do not have a well separated rearrangement of 
pieces to catch inside VF and V (1)

D independently. Nevertheless, we still find that some pieces are 
nicely separable as follows,{

VHH, VFF, VHF, VFQ

}
⊂ VF ,

#(VHH) = 76 , #(VFF) = 520 #(VHF) = 200 , #(VFQ) = 292. (4.19)

Singling out such cleanly separable terms in pieces of (4.19) takes care of a huge number of 
terms, and so helps a lot in analyzing the remaining terms. The counting of these terms goes such 
that out of a total of 1302 terms of F-term contribution, we are able to rearrange 1088 terms in 
what we call a cleanly separable suitable form (for oxidation purpose). Thus we are only left 
with 214 terms of VF , which are clubbed to form other flux-orbits after being added with V (1)

D , 
and leaving behind some terms canceled by Bianchi identities. The type of terms which could be 
captured into the form of what we call ‘suitable’ rearrangement are indeed in the form as under,

VF + V
(1)
D = VHH + VFF + VHF + VFQ + VRR

+ VQQ + V�� + VHQ + VR� + . . . , (4.20)

where dots denote a collection of terms which are canceled by using the Bianchi identities (4.1). 
Interestingly, we find that R-flux contributions coming from D-term V (1)

D can be written in a very 
similar fashion to those of other pieces. Note that, although the terms VHQ, V��, VQQ and VR�
are not as cleanly separated, nevertheless they are indeed part of VF + V

(1)
D subject to satisfying 

a set of Bianchi identities (4.1).
Following the strategy of [29], we deliberately seek for topological terms VHF and VFQ in 

our rearrangement, because of the fact that such terms can be nullified via adding local source 
contributions such as brane/orientifold planes. Thus we propose additional D-term contributions 
for these local sources written with new generalized flux orbits to have a form as under,

V
(2)
D = −VHF − VFQ ⊃ {

VFH ,VFω,VFQ,BIs
}

(4.21)

As it has been seen in [29] also, this piece V (2)
D not only has contributions from various 

3/5/7-branes and 3/5/7-orientifolds but also involves some mixing of the other flux-squared 
pieces (killed via NS–NS Bianchi identities) while being written in terms of the new general-
ized flux orbits instead of usual generalized fluxes.

Finally, we conclude this section with the following rearrangement of total four dimensional 
effective scalar potential subject to satisfying a (sub)set of Bianchi identities (4.1),

Vtot ≡ VF + V
(1)
D + V

(2)
D = VHH + VFF + VRR + VQQ + V�� + VHQ + VR�, (4.22)

where various pieces are elaborated in eqns. (4.17)–(4.18).

4.3. Dimensional oxidation

Following the strategy of [28,29], we are now in a position to propose a dimensional oxidation 
of the four dimensional scalar potential (4.22). The rearrangement of the total potential is already 
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made to what we call a “suitable” form. Assuming all the fluxes to be constant parameters ap-
pearing as constant fluctuations around the internal background, now all we need to do is to fix 
the correct coefficients of the integral measure of the 10D kinetic terms. For that, we consider 
that the non-vanishing components of the 10D metric in string frame are

gMN = blockdiag
(e2φ

Vs

g̃μν, gij

)
, (4.23)

where g̃μν denote the 4D Einstein-frame metric. Subsequently, the ten-dimensional integral mea-
sure simplifies to,∫

d10x
√−g (. . .) �

∫
d4x

√−gμν

(
1

s4 V2
s

)
×

(∫
d6x

√−gmn

)
× (. . .)

�
∫

d4x
√−gμν ×

(
4

s4 Vs

)
× (. . .), (4.24)

as 
∫

d6x
√−gmn ≡ 4 Vs gives the string-frame 6D volume by using the string-frame version 

of the metric components given in eqn. (3.6). Just to recall that a factor of 4 appears due 
to choice of normalization following from the definition of integration over the six-form 	6
given in eqn. (2.2) where f = 1/4 in the current setup. Now the string frame version of the 
ten-dimensional action, which reproduces the four-dimensional scalar potential (4.22) upon a 
dimensional reduction, can be conjectured to have the following form,

S = 1

2

∫
d10x

√−g
(
LFF +LHH +L�� +LQQ +LRR +LHQ +LR�

)
(4.25)

where

LHH = −e−2φ

2

[
1

3!Hijk Hi′j ′k′ gii′ gjj ′
gkk′

]

L�� = −e−2φ

2

[
3 ×

(
1

3! �ij
k �i′j ′k

′
gii′gjj ′

gkk′
)

+ 2 ×
(

1

2!�ni
m �mi′

n gii′
)]

LQQ = −e−2φ

2

[
3 ×

(
1

3! Qk
ij Qk′ i

′j ′
gii′gjj ′gkk′

)
+ 2 ×

(
1

2!Qm
ni Qn

mi′ gii′
)]

LRR = −e−2φ

2

[
1

3!R
ijk Ri′j ′k′

gii′ gjj ′gkk′
]

LHQ = −e−2φ

2

[
(+2) ×

(
1

2!Hmni Qi′
mn gii′

)]

LR� = −e−2φ

2

[
(+2) ×

(
1

2!R
mni �mn

i′ gii′
)]

LFF = −1

2

[
1

3!Fijk Fi′j ′k′ gii′ gjj ′
gkk′

]
. (4.26)

Now, the (inverse-)metric components are written in string-frame. This completes our goal of 
implementing odd axions B2/C2 into the dimensional oxidation process proposed with non-
geometric Q-fluxes in [28], and further generalized with the dual P-fluxes in [29]. Moreover, 
the ten-dimensional pieces given in eqns. (4.25) and (4.26) can be further connected to the ten 
dimensional DFT action on the lines of [28].
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5. Conclusion

Following the strategy of [28,29], we have implemented the presence of involutively odd-
axions in the dimensional oxidation process. Considering an explicit example of type IIB 
compactification on an orientifold of T6/Z4 sixfold, we have first invoked a new version of 
generalized flux orbits previously proposed in [28] which have led to a possible rearrangement 
of the four dimensional scalar potential. This scalar potential has various (what we call) ‘suitable’ 
pieces which suggest to conjecture a ten-dimensional non-geometric action. As opposed to the 
most of the previous studies with Type IIB compactification on T6/(Z2 × Z2)-orientifold, this 
analysis with T6/Z4-orientifold has not only included odd-axions via having h1,1

− (X) 
= 0 but at 
the same time, it has also incorporated the additional D-term contributions which helps in inclu-
sion of non-geometric R-flux to have a broader framework having all NS–NS fluxes. This has 
been possible via considering the orientifold involution σ such that h2,1

+ (X) 
= 0 as opposed to 
the standard approach of studying type IIB-orientifold compactification with h2,1(X) = h

2,1
− (X)

in which cases, the R-fluxes could not be turned-on. In support of the proposal made in [28], the 
ten dimensional pieces as given in eqns. (4.25) and (4.26) should be valid beyond the present 
toroidal model, and the dimensional reduction on a generic orientifold of a complex threefold 
should induce all the respective F - and D-term contributions (subject to satisfying a set of 
Bianchi identities) in the four dimensional scalar potential. On these lines, this work may be 
considered as another step towards understanding the ten-dimensional origin of the most generic 
non-geometric 4D type IIB supergravity action equipped with all standard as well as (non-)geo-
metric NS–NS and RR-fluxes, and we hope to get back to it in near future.
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Appendix A. Components of fluxes surviving under the orientifold involution

Here we recollect various components of fluxes and p-forms which survive under the orien-
tifold involution [45],

• NS–NS H 3-flux:

H135, H245, H146, H236, H246, H136, H145, H235

where

H135 = −H245 = −H146 = −H236,

H246 = −H136 = −H145 = −H235 (A.1)

• R–R F 3-flux:

F135, F245, F146, F236, F246, F136, F145, F235

where
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F135 = −F245 = −F146 = −F236,

F246 = −F136 = −F145 = −F235 (A.2)

• Geometric ωk
ij -flux:

ω1
15, ω2

25, ω3
36, ω4

46, ω1
16, ω2

26, ω3
35, ω4

45, ω1
25, ω2

15,

ω3
46, ω4

36, ω1
26, ω2

16, ω3
45, ω4

35, ω1
35, ω2

45, ω3
26, ω4

16,

ω1
36, ω2

46, ω3
25, ω4

15, ω1
45, ω2

35, ω3
16, ω4

26, ω1
46, ω2

36,

ω3
15, ω4

25, ω5
13, ω5

24, ω6
14, ω6

23, ω5
14, ω5

23, ω6
13, ω6

24 (A.3)

where

ω1
15 = −ω2

25 = −ω3
36 = ω4

46, ω1
16 = −ω2

26 = ω3
35 = −ω4

45,

ω1
25 = ω2

15 = −ω3
46 = −ω4

36, ω1
26 = ω2

16 = ω3
45 = ω4

35,

ω1
35 = −ω2

45 = −ω3
26 = −ω4

16, ω1
36 = −ω2

46 = ω3
25 = ω4

15,

ω1
45 = ω2

35 = ω3
16 = −ω4

26, ω1
46 = ω2

36 = −ω3
15 = ω4

25,

ω5
13 = −ω5

24 = ω6
14 = ω6

23, ω5
14 = ω5

23 = −ω6
13 = ω6

24

• Non-geometric Qij
k -flux:

Q15
1 , Q25

2 , Q36
3 , Q46

4 , Q16
1 , Q26

2 , Q35
3 , Q45

4 , Q25
1 , Q15

2 ,

Q46
3 , Q36

4 , Q26
1 , Q16

2 , Q45
3 , Q35

4 , Q35
1 , Q45

2 , Q26
3 , Q16

4 ,

Q36
1 , Q46

2 , Q25
3 , Q15

4 , Q45
1 , Q35

2 , Q16
3 , Q26

4 , Q46
1 , Q36

2 ,

Q15
3 , Q25

4 , Q13
5 , Q24

5 , Q14
6 , Q23

6 , Q14
5 , Q23

5 , Q13
6 , Q24

6 (A.4)

where

Q15
1 = −Q25

2 = Q36
3 = −Q46

4 , Q16
1 = −Q26

2 = −Q35
3 = Q45

4 ,

Q25
1 = Q15

2 = Q46
3 = Q36

4 , Q26
1 = Q16

2 = −Q45
3 = −Q35

4 ,

Q35
1 = −Q45

2 = Q26
3 = Q16

4 , Q36
1 = −Q46

2 = −Q25
3 = −Q15

4 ,

Q45
1 = Q35

2 = −Q16
3 = Q26

4 , Q46
1 = Q36

2 = Q15
3 = −Q25

4 ,

Q13
5 = −Q24

5 = −Q14
6 = −Q23

6 , Q14
5 = Q23

5 = Q13
6 = −Q24

6

• Non-geometric Rijk-flux:

R135, R245, R146, R236, R246, R136, R145, R235

where

R135 = −R245 = R146 = R236,

R246 = −R136 = R145 = R235 (A.5)

• NS–NS B2-field:

B12, B13, B14, B23, B24, B34,

where
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B12 = −B34 ≡ b2,

B13 = −B14 = B23 = B24 ≡ b1 (A.6)

• R–R C2-field:

C12, C13, C14, C23, C24, C34,

where

C12 = −C34 ≡ c2,

C13 = −C14 = C23 = C24 ≡ c1 (A.7)

• R–R C4-field:

C1234, C1256, C3456, C1356, C2456, C2356, C1456,

where

C1256 = C3456 ≡ ρ1,

C1356 = C2456 = −C2356 = C1456 ≡ ρ2

C1234 ≡ ρ3 (A.8)
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