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1. Introduction

Let us consider the Schrédinger operator on RY with d > 3,
L=—A+V

where V >0 is a function satisfying, for some q > %, the reverse Holder inequality

1 ) c
— [ viid <— | Viyd
<|B|/ ) y) lB'gf (y)dy

B

for every ball B c RY. The set of functions with the last property is usually denoted by RHy.
It is well known that negative powers of the Schrodinger operator can be expressed in terms of the heat diffusion
semigroup generated by £ as

Iaf(x)ZC’“/zf(x)=/e’t£f(x)t°‘/2%, a>0.
0

For each ¢t > 0 the operator e~‘£ is an integral operator with kernel k;(x, y) having a better behaviour far away form the

diagonal than the classical heat kernel. Some useful properties of k; where obtained in [3,4,6]. As a consequence Z, f turns
out to be finite a.e. even if f belongs to LP with p greater than the critical index d/c. Particularly, in [1] the authors proved
that Z,, maps L%/® into an appropriate substitute of L denoted by BMO, which in fact is smaller than the classical BMO
space of John-Nirenberg.
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In this work we extend and improve their result by analysing the behaviour of Z, on weighted weak LP spaces with
p >d/a for a suitable class of weights. In order to do that we introduce a family of spaces BMOQ(W) that includes, as a
particular case, the space BMO . We point out that in the case of w =1 and p =d/«, we obtain a better result than that
in [1] since LP is strictly contained in weak LP.

It is worth mentioning that for w =1 the spaces BMO’Z are the duals of the HP-spaces introduced in [2] and [4], as it
can be easily checked from the atomic decomposition given there. For 8 = 0 such representation was already pointed out
in [1].

We also study the behaviour of Z, on BMO’Z(W) proving that, under appropriate conditions on the weight, they are
transformed into BMO” T (w). In proving such result we give a point-wise characterization of our spaces BMO’Z(W) when
0 < B < 1, which we believe to be of independent interest.

Finally, we remark that when the potential V belongs to RHy7, as it is the case of the Hermite differential operator, the
classes of weights for which we prove our boundedness results coincide with those obtained in [5] for V =0.

This article is organized as follows. In Section 2 we introduce the family of spaces BMO%(W) and we prove some basic
properties. In particular the aforementioned point-wise description is given in Proposition 4. The remaining two sections
contain the main results: Section 3 is devoted to the analysis of Z, acting on LP-°°(w) while Section 4 deals with the
boundedness on BMO/Z(W).

2. BMOi (w) spaces

For a given potential V € RHg, with q > %, we introduce the function
1 d
P (X) = sup r>0:ﬁ V<1, xeR
=
B(x,r)

Due to the above assumptions p(x) is finite for all x € R%. This auxiliary function plays an important role in the estimates
of the operators and in the description of the spaces associated to £ (see [1,3,4,7]).
The following propositions contain some properties of p that will be useful in the sequel.

Proposition 1. (See [7, Lemma 1.4].) There exist C and ko > 1 such that

X -y
PX)

ko
\X—yI)W1

—k[)
< <C 1+
) Py < CpX) ( 0®)

C_l,o(x)<1 +
forallx, y e RY.

Throughout this work, we denote w(E) = fE w for every measurable subset E ¢ RY, and CB = B(x, Cr), for xe RY, r > 0
and C > 0.

Proposition 2. (See [2].) There exists a sequence of points {X}p2 , in RY, so that the family By, = B(xk, p(x)), k > 1, satisfies

(1) Uk By = Rd-
(2) There exists N such that, for every k e N, card{j: 4B; N 4By # #} <N.

1

We denote by Llloc the set of locally integrable functions of RY. For n > 1 and w a weight, i.e. w >0 and w € Lo

say that w € D, if there exists a constant C such that

we

w(tB) < CtY"w(B),

for every ball BCR? and ¢t > 1.
It is easy to see that a weight w belongs to D = Un>1 D, if and only if it satisfies the doubling condition

w(2B) < Cw(B).

For B8 > 0 we define the space BMOIZ(W) as the set of functions f in Ll10c satisfying for every ball B = B(x, R), with
xeR?and R >0,

/|f—fs|<Cw(B)|B|f‘/d, with fazéff, (2)
B B
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and

/|f|<cW(B)|B|ﬁ/d, if R > p(x). 3)
B

Let us note that if (3) is true for some ball B then (2) holds for the same ball, so we might ask to (2) only for balls with
radii lower than p(x).

The constants in (2) and (3) are independent of the choice of B but may depend on f. A norm in the space BMO'i-(W)
can be given by the maximum of the two infima of the constants that satisfy (2) and (3) respectively.

The case 8 =0 and w =1 was introduced in [1] as a natural substitute of L°° in the context of the semigroup generated
by the operator £. As in that case we can replace condition (3) by the following weaker condition (4) that only takes into
account critical balls.

Proposition 3. Let § > 0 and w € Dy. If {x};2 ; is a sequence as in Proposition 2, then a function f belongs to BMO‘Z(W) if and only
if f satisfies (2) for every ball, and
11 < Cw(B(xe, px))) | px0)|",  forallk > 1. (4)
Bk, p (X))

Proof. Let f satisfy (4), and let B = B(x, R) be a ball with radius R > p(x). From Proposition 2 the set
F ={k: BN By # @}

is finite and

Z/wg(N—i—]) / w, (5)
kEFB" UkeF By
where N is the constant controlling the overlapping (see Proposition 2).
It is easy to see that for some constant C, By C CB for every k € F. In fact, if z € By N B, from (1),
Xk — 2|

ko '
< C2%
p(x0) ) P

P X)) < C,O(Z)(1 +
ko

[x —z|\ ko+1 R
< C2ko 1 < C2ko (1 —)
p(x)( o ) PO 0%

< C2k0+1 R,

/|f|<2/ |f|<2/|f|

keFBan keFBk

<CY wB Bl < By | w
keF keFBk
<c|B|P/? / w < C|B|ﬂ/d/w.
Uker Bk CB
Since we assumed that w is doubling the last expression is bounded up to a constant by w(B)|B|#/4. 0

Corollary 1. A function f belongs to BMO‘Z(W) if and only if condition (2) is satisfied for every ball B = B(x, R) with x € R and
R < p(x), and

If1 < Cw(B(x, o)) |p|", forallx e R (6)

B(x.p(x)

For >0 and w € L}, we define

w(2)
W/g (X, T) = / m .
B(x,r)

for all xe R? and r > 0.



B. Bongioanni et al. / ]. Math. Anal. Appl. 348 (2008) 12-27 15

We introduce a kind of Lipschitz space A‘Z(w) as the set of functions f such that
|[fx) = F| < C[Wg(x, Ix—yl) + Ws(y. 1x—yI)] (7)
and
|[Fx)] < CWp(x, p(x) (8)

for almost all x and y in R,
It is possible to define a norm in these spaces by taking the maximum of the two infima of the constants that satisfy
Eqgs. (7) and (8) respectively.

Remark 1. For almost every x € RY, Wpg(x,r) is finite for all r > 0, and it is always increasing as a function of r. Also, if w
satisfies the doubling condition, then we have
Wg(x,2r) <CWg(x,1), 9)

for almost every x € R? and r > 0, where the constant C does not depend on r or x.

Proposition 4. If0 < 8 < 1 and w satisfies the doubling condition, then
AL (w) = BMOL. (w),

and the norms are equivalent.

Proof. Let f be in BMO[Z:(W) with || f]| =1, x and y in R? Since f satisfies (2), from [5, Proposition 1.3] we obtain

BMOE. (w)

|f@) — fF)| < C[Wa(x.21x— yI) + Wg(y, 21x— yl)]

for all x and y Lebesgue points of f. Hence, Remark 1 implies that f satisfies (7).
To verify (8), if x € RY is a Lebesgue point of f, and B = B(x, p(x)), from (7) and condition (3), we have

1
\f(x)|<|m8/!f(x>f<y)!dy+ |B|/}f(y>\ y

c
< m(/Wﬁ(X, IX—J’I)dJ’+/Wﬁ(% IX—J/I)dJ/+W(B)IBIg>- (10)
B B

In the last sum, by Remark 1, the first term is

/Wﬁ("s Ix— yl)dy <|B|Wg(x, p(x)).

For the second term of (10), if y € B, we have B(y, |x — y|) C B(x,2p(x)), then

/Wﬂ(y, lx—yl)dy < / W(2)</| G ﬁdy>dz
B

B(x.2p(x))
< CIBIPw(B) < CIBIWg(x, p(x)).

Finally, the last term of (10) is bounded by

BT~ 1w(B) < W (x. p(x)).

and we have shown that (8) is satisfied.

In order to prove the other inclusion, consider || f| = 1. From [5, Proposition 1.3] we have that (7) implies (2). To

A8 (w)
see condition (3), let x e RY and R > p(x). If y € B(x, R), from Proposition 1,

<c ()(1+' ”')""“ ()( ! )%«R
X —_— < X S
PISEP ® RV

and thus by (8)
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w(2)
/!f(Y)\dyé —— 5 dzdy
|z —y|d=F
B(x,R) B(x,R) B(y,p(¥))
1
< w(z ——dydz
/ @ / z—yi s
B(x.CR) B(x,R)

< CRPw(B(x,CR))
<C|Bx B[ w(Bx, R),
where in the last inequality we have used the fact that w is doubling. O

Remark 2. Observe that in the last proof (see inequality (10)) we have shown that (6) and (7) with |x— y| < p(x) implies (8),
and thus conditions (6) and (7) imply that f belongs to A[Z(W).

3. Z, on LP>°(w) spaces

We begin by stating a series of lemmas that will be useful in proving the main results. We omit the proofs though we
provide references where they can be found.

For LP-*°(w), p > 1, we mean the space of measurable functions f such that

1/p
{x: A > t} ) (11)

w(x)
is finite. The quantity (11) is not a norm (triangular inequality fails) but it turns to be equivalent to a norm. Clearly, the
Lebesgue spaces LP(w) ={f: fRd |f/w|P < oo} are continuously embedded in LP-*°(w).
As usual p’ denotes the Hélder conjugate exponent of p.

[f]p,w = (Suptp

t>0

Lemma 1. (See [5].) Let p > 1 and w a weight in RHyy. If f is a locally integrable function and B is a ball in RY then, there exists a
constant C such that

/|f|<cW<B)|B|*%[f1p,w.
B

For t > 0, let k; be the kernel of e*£. Then, the kernel of Z, is given by the formula

o]

dt
Ka(x,y) = / ke (x, y)t“/z? (12)
0

Some estimates of k; are presented below.

Lemma 2. (See [6].) Given N > 0, there exists a constant C such that for all x and y in RY,

x—yI2 —N
ke(x, y) < Cctd/2e= "t (1 + i + Vi ) '
pX Py

As a consequence of the previous lemma we have

Ke(x, ) < ——— 13
Dl( _V) |X—y|d_°[ ( )

for all x and y in RY.

Lemma 3. (See [4, Proposition 4.11].) Given N > 0 and 0 < § < min(1,2 — g), there exists a constant C such that

|x — Xol ’ —d/2 J"*{‘z «/l_' «/E N
\kr(x,y)—kt(XO,y)!<C<7)t e ¢ (1+m+@> ,

forall x, y and xo in RY with |x — xg| < +/t.
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A function v is rapidly decaying (see [3]) if for every N > 0 there exists a constant Cy such that

lw o] <cn(1+ )"

If  is a real function on R? and ¢t > 0, we define

_ 1 X
Ye(x) = WV/<E)

We will also need some estimates for the kernel

qe(x, ¥) =ke(x, y) —ke(x, ),

forall x,y € R? and t > 0, where Izt is the kernel of the classical heat operator e tA,

Lemma 4. (See [3].) There exists a rapidly decaying function v > 0 such that

d
VENT
qr(x,¥) < C(m) Ye(x—y)
forallx, yinR% and t > 0.

Lemma 5. (See [3].) For every 0 < § < min(1,2 — g) and C, there exists a rapidly decaying function v such that

|ge(x. y +h) —qe(x. )| < C ( il ) Ve (x —
PX)
. d . —
forallx, y andin R® and t > 0, with |h| < Cp(y) and |h| < "‘4—”'.

In [1] the authors obtain boundedness of Z, from L%® into BMO, = BMO%. The next theorem presents an extension of
this result to LP spaces with p greater than d/«. Moreover, LP-*° spaces are considered instead of LP.

Theorem 1. Let us assume that the potential V belongs to RHq with q > d/2 and set §p = min{1,2 — —} Let0<a<d, 2 <p<
and w € N D,, where <1-— + —|— , then the operator Z,, is bounded from w) into w
=+ and w € RHyy N Dy, where 1 <7 <1 1, then th Ty is bounded from LP->°(w) into BMO%.~ d/"( ).

Proof. We need the following fact: if f is a locally integrable function and B a ball in RY, then

_1 a_1
W(B)/Ia(|fXZB|)<C|B|d P [flpw- ”
B

To get this estimate, from (13), we have

1F)l
dydx.
w(B)/ (1 x28]) < (B)//\x—yvf—“ yer

Let xo be the center of B and r its radius. Applying Tonelli’s theorem, the last integral is

d a_1
[lrwl [ =Sty <c [fwldy < cwnpFF s,
2B B 2B

where the last inequality is due to Lemma 1, finishing the proof of (14).

In order to see that Z, f is in BMO‘Zfd/p(w), in view of Corollary 1, it is enough to check that there exists a constant C
such that the two following conditions hold:

(i) For any xg € R4
1

a 1
- Zo f1 < C|B(xo, d"p w-
w(B(x0, p(X0))) / \Za f1 < C|B(X0, p(x0))[* P [f1p,

B(xo,0(x0))

(ii) For every ball B = B(xp,r) with r < p(xp) and some constant cp

W(B)/|Zaf(x)*CB‘dX<C|B‘d P[flpw-
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We first prove (i). Let B = B(Xp, R) with R = p(xo). Splitting f = f1 + f2, with f1 = f x2p, by the claim (14), we have

1 a_1
W/ﬂam«ww P 1w
B

To deal with f,, we split the integral representation of Z, as follows. Let x € B,

R? 00
To fo(X) :fe’tﬁfz(x)t“/2’1dt—i—/e"ﬁfz(x)t%’] dt. (15)
0 R2

For x € B and y € R?\ 2B, we have |xg — y| < C |x — y|, then for the first term of (15), we have

R? R?
[eenwertal=| [ [ kenfoyda
0 0 RA\2B
RZ
< 1 - 1
0 Rd\2B
RZ
M/2
—d+a t
gc/t T / ( 2) |f(y)|dydt
Ix—yl
0 RI\2B
RZ
gC/thgw,ldt / Oy,
X0 — I
0 RI\2B

where M is a constant to be determined later and C depends on M.
Splitting the domain of the second integral into dyadic annuli 2t B\ 2¥B, and applying Lemma 1 we get

Lf ) f Lf W)
f X0 — y[M _Z o —ym ¥
(2B)° =lk+1p\2kp

1 1
<R_M22k_M f |f(w)|dy
k=1

2k+1p

d
SCR*P [f]p WZ 2k+lB *k(ﬁ"rM)

d d
<CW(B)R_F_M[f]p’WZz_k(E+M_d'7), (16)
k=1

where the last inequality follows from the fact that w € Dy,.
The last series converges if M > dn — =. Therefore, for such M,

RZ
d
< CW(B)R_F_M[f]p,W/[(Mfd+a)/271 dt
0

R2
/e*tﬁfz(x)t“/zq dt

0

=Cw®B)[BI7 2 [flpw-

For the second term of (15), we use the extra decay of the kernel k¢ (x, y) given by Lemma 2. Thus, we can choose M as
above and N > M so that,

o0 o0
/ et f (0192 de| = / / ke, )| £ ()| dy e/ e
R? R2 R4\2B

o0

x—y|2
<C f / t@ a2 o Ne= 7 | £ y)| dy de

R2 R4\2B
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and the last expression is bounded by

° ¢ M/2
Cp(X)N / t(a—d—N)/Z—] / <m> |f(y)| dy dt.
i RI\2B

As x € B, we have p(x) ~ p(xo) = R. Then, the last expression is bounded by a constant times

o0
RN/t(Mﬂx—di)/Zfl dt / [f ()] dy.
]
X0 — I
R? RA\2B

Since M +a —d — N < 0, the integral in t converges. Then, splitting the second integral in the same way as before, the
last term is bounded by
a—94-d @ _1_4
CwB)R™ ? " [flpw=Cw(B)|B[? 7 "[flpw

and we have proved (i).
Now we will see (ii). Let B = {x e RY: |x — xo| <}, with r < p(xp). We set f = f1; + f> with f; = fx2z and

[o¢]

CB :/e’tﬁfz(xo)t“/z’ldt.

r2

By the claim (14) we have

1 1 1
W/}Ia(f)—cs‘<W/Zx(lfll)‘*‘ﬁ/’za(fz)—%‘
B B B
wld 1
< B/ l/p[f]p,w+mf|za(f2)_CB|~
B

For the second term, we will show that

1

|Za f2(x) — c5| < CW(B)BIT 7' [f1p,w. (17)
Let x be in B and split Zy f2(x) as in (15). For the first term we can proceed as before to obtain that

r2

/e—tﬁfz(x)to(/Z—l dt

0

a_1_4

<CwB)BIT 7 [ flpw.

The remaining part, by the definition of cg, is bounded by

o0 o0
/ et £, (0t dt — cg| < f / ke (x, ¥) — ke (o, )| | £ ()| dy €227 de
r2 r2 RA\2B

and by Lemma 3, for any 0 < § < Jp the last integral is majorised by

o0 )
X —x0l\" —ayz, -y a/2-1
C — )t e dyt dt.
sf/<ﬁ> |f)]dy

r2 RI\2B

Since |xo — x| < r, applying Fubini’s theorem the last integral is bounded by
o0
r? / |FW) /t*<d*a+a)/zef%%dy.
RI\2B 2

2
Now, changing variables s = @ we obtain the bound

o0
® / | Lf () dy/S(d—aH)/zefs/cdj.

X — y|d7a+5 S
RI\2B
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Since the integral in s is finite, we only need to estimate the integral in y. We perform the same calculation as in (16)
with M =d — o + 8. But now, to make the series convergent we need n <1 — «/d + 3/d + 1/p which holds true by our
assumption on 7, and taking § close enough to 8p. Notice this is the only place where we have used the condition on the

d
size of 7. In this way the above expression can be controlled by W(B)ro‘_i_d[f]p,W and so (17) is proved. O

4. 7, on BMOIZ(W) spaces

The definition of BMO’Z(W) only establishes a control for the averages over balls with radii greater than p at their centres
(see (3)). However, for lower radii some kind of estimate can be proved.

Lemma 6. Let w € D, withn > 1and f € BMO” '~ (W). Then, for every ball B = B(x, 1), we have

B/d p(x)

/Ifl < CIIfIIBMO/f(W)W(B)IBI max{l, (_r
B

ifn>1orp>0,and

/lfl C||f||BMO£(W)W(B)maX{] 1+log(p(x))},

ifn=1and B =0.

’

d'l—d+/3}

Proof. Let f € BMO’Z(W). If r > p(x) the conclusion follows from condition (3). If r < p(x), let jo = Llogz(@)j + 1, where
|-] denotes the greatest integer function. Then

Jo—1

Cl
|B|/|f| 2 iz [ F@ = faslz+ 2 [

2/B 2i0B
Jo ) B4
<Cl S lpyof oy 2 W(2'B)[27B[ 77,
j=0

since r2J9 > p(x). Using now that w € Dy, we get

dn—d+p
PX)
/|f| C||f||BMOﬂ(W)w(B)|B|ﬂ/d§jzﬂd" "+“”<cnanMoﬂ(W)w(B>|B|ﬂ/d(—r ) :
j=0

inthecase n>1or 8>0.If =1 and g =0, we have
Jo

3 2idn- d+’3)—10<1+10g2(p(r ))’

j=1

and the proof is finished. O

Theorem 2. Let us assume that the potential V belongs to RHq with q > d/2 and set §op = min{1,2 — g}. Let0<a <1, 820
a+pB<dpand, weDywith1<n<1+ 80— “ do—a=p , then the operator Z, is bounded from BMO” '~ (w) into BMO/S+O[(W).

Proof. Since o > 0, BMO” +a( w) = AP +a(w) with equivalent norms, due to Proposition 4. Hence we can prove boundedness
from BMO’Z(W) into AﬁJra(w) Let f e BMO”, '~ (W). We will see that for x and y in RY, we have

[ Zeef 0 = Za f )| < CUS gy, o) (W (% 1x = Y1) + Wi (3 1x = y1)] (18)
provided |x — y| < p(x), and
|Zo, f ()| du < ||fIIBMOg:(W)p(X)“"‘W(B(x, p(x)). (19)

B(x.p(x)

B+a

The above inequalities (18) and (19) would imply that Z, f belongs to A'."" (w) (see Remark 2).
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Suppose ||f||BMO¢; w) = 1 and let us start with (19). We split the inner integral, as usual, in local and global parts. If we
L
call B=B(x, p(x)), then

/}Iaf(u)]du</</+ / )Ka(u,z)\f(z)\dzdu.
B

B 2B (2B)

By estimate (13), the first term is bounded by
(2)
// |u|f |d| - dzdu < /!f(z)‘dzf " u< C”f||BMO‘2(w)p(X)a+ﬁW(B)'

lu—z
Ct

For the second term, using Lemma 2 and the change of variables s = , we have

// /kt(u z)‘f(2)|d2t"‘/2 du<C// /t (d-a+N)/2= M7 p(u)N’f(z)|dz%du

B 0 (2B)¢ B 0 (2B)

gC/s(d_“+N)/2e_s(15—S/ / p(u)Nllidzdu.
u

— Z|d7a+N
B (2B)¢

If u € B(x, p(x)) then p(u) < Cp(x) (Proposition 1), and also |u — z| > |x — z|/2 for all z € B(x,2p(x))¢. Hence, the last
expression is bounded by

CpNtd / |f(iz)‘dz. (20)

|x — zld—a+N
(2B)¢

If we call Bj = 2iB, we may split the last integral into annuli, use that f € BMO”. -(w) and w € Dy to obtain

|f(2)] |f(2)]
/ |x — Z|d —a+N dZ<Z f z|d a+N dz

@By k=1, 1 \By

< py—ta- NZZ k(d—ar+N) / I£(2)|dz

k=1 Bit1

o0
< Cp(x)~HHatP=N N "o =kd=a=FtNy (B )
k=1

(o]
< Cp(x)7d+0l+ﬂ*NW(B) Z 27’((d7(¥*,3+N7d1]) .
k=1
If we choose N large enough, the last sum is finite, thus (20) is bounded by a constant times
P P w(B(x, p(x))).
and we have shown that (19) is satisfied.

To see (18), let |x — y| < p(x),

p(x)?

IZa f0) = Tu f ()] < f [ ki 2) ~ Ky, )] (0 4zt

/ /Iq(x 2) — ke(y, z)]f(z)dzt“/zd ) (21)

(X)2 ]Rd
For the first term, if t > p(x)?, since |x — y| < p(x), we have |x — y| < +/t, hence Lemma 3 allows us to get

Ldt

o (22)

//]kt(x,z)—kt(y,z)||f(z)|dzt “ldr < cslx—y)° // |f(z)|dzt( dra=8)/

p(x)2 R4 (0?2 RY

for each 0 < § < 8. If t > p(x)?, calling B = B(x, +/t) we estimate the inner integral as

/ /|f|+tM/2Z / I)lf_(ZZ)I'M

Rd k=0 2k+1 B\ZkB
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for some M > 1 to be chosen. Since f € BMO’Z(W) and t > p(x)?, the first integral is bounded by w(B)t#/2. To deal with
the sum in k, we use again f € BMO’Z(W), and then w e Dy, to obtain

- f @ -
M/2 —kM
t dz<2 2
E / x—z]¥ E / [f]
k:02k+13\2k3 k=0 2k+1p

< b2 i 2—k(M—,B)W(2I<+1 B)
k=0

oo
< CtP2w(B) Z 2—kM—p—dn)
k=0

and the sum is finite for M large enough. Therefore, since |x— y| < p(x) < 4/t and —d +a + 8 — 8 +dn < 0 choosing § close
to Jp, (22) is bounded by

0 00
= y[? / w(B(x, \ﬁ))t(fdwjtﬁﬂs)/z% < Clx— yPw(B(x, [x— y])) [ t(7d+oc+/375+dn)/2%
p(x)? Ix—y[?
< Cw(B(x. [x— yl))lx — y|~HHetP
< CWoqg(x, Ix— yl).
To deal with the second term of (21), we set
e (%, y) =ke(x, y) —ke(x, ),

forall x,y e R? and t > 0, where Et is the classical heat kernel as before. Then we have

p(x)?
/[kt(x, 2) —ke(y,2)]f (2)dzt*/? ? ST+,
0 Rd
where
p(?
I= //[qt(x,a—qt<y,z>]f<z>dzt“/2%'
0 Rd
and
p?
= //[l?c(x,Z)—fcr(y,Z)]f(Z)dzt“/zd;‘.
0 Rd

To estimate I, calling B = B(x, 4|x — y|), we split R? into two regions and write
ISh+L+1s
with
pX)? J
t
I = / /!qr(x,Z)—qr(y,z)llf(Z)Idzt”‘/2 -
0 B¢
o)?
a2t
I= lac(x, 2)|| f (2)| dzt -
0 B
and
p(X)?

d
Is = / /!qf(y,Z)Hf(Z)}dzt"‘/z?t.
B

0
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If z € B¢, we are in the hypothesis of Lemma 5 and therefore, given 0 < § < &, there exists a rapidly decaying function v
such that

p(x)?

I <Clx—yP? f /Wi . |f<)|dzta/2‘“
0

B¢

x—JI x—z]\" a/2dt
=€ ( (X)) //( p(x)) iz =0|f (@) dze* =

where in the last inequality we have used Proposition 1.
The inner integral is

|X—Z| Sko o0 |X—Z| Sko

/<1+ ) Vez—x|f@)|dz= f (1+—) Ve(z = 0| f(2)] dz,
p(x) - p(x)

B¢ J=0p\B; 4

where Bj = B(x,2/"3|x — y|). Thus I; < I11 + I12, where

p(x)? Jo sko /2dt
In=C <,0(X) ) / Z / ( o(x )> %(Z—X)‘f(z)}dzt -

lfﬁ";‘)J, and Iy, the same but summing up from jo+ 1. If j < jo and z€ B\ Bj_1, then (1 + 'X )5"0 <C,

and since Y (z — x) < Ct/2/|x — z|4+€, for some € > 0 fixed, we obtain

X -y wrer2 At < [f ()|
111<C< o) ) / terer — Z / x—Z\d+f

clx—yPe LI
e 2, [l

with jo = [logs(

From Lemma 6 and the fact that w € Dy, in the case n > 1 or g > 0,

Jjo dn—d+p
22 ”d“)/lf(Z)ldKCZZ 65 e 18, 55

+3 |y —
pars s prs 23 x—y
,o(x)d” d+B je
|X |dn d (B)ZZ
(X)dﬂfdeﬂ
o w(B).
|x — y|en

Therefore, we have

e |x—y|)““"*“ wB) . wB)
e = ylimeB = = yjdap

(23)

since by hypothesis 1< n < W +1and |x — y| < p(x), and thus § —a — 8 —dn +d — € > 0, choosing € small enough
and § close to .
As for the case $ =0 and 1 =1, using Lemma 6 and the inequality

1+ log(t) < Ct¢/2, (24)

for t > 1/8, we arrive to the same estimate of I1; proceeding as before.
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t(M— d)/2

Next we estimate I1. For M > 8ko + dn + 8, we have ¢;(z —x) < C
|x — z| > p(x). Therefore

- Also if ze Bj\ Bj_1 for j > jo, then

p(x)?

8+68ko 0
x—yl / (M—d+a)/2 9t sk / |f (@)
I <C t - E 2J8ko d
2 ( p(x) ) t z—xM
0

j=jo+1 Bj\Bj_1

|x — y|PHoko—M 20 i(M—3ko)
Cp(x)5+5kofm+dfa Z 27 0 /‘f(z)‘dz
j=jo+1 B;

Since for j > jo, the radius of Bj is 2/+3|x — y| > p(x), then

/!f(z)ldz < Cw(Bj)|B;|P/? < c2/@tP)x — y|Pw(B),

Bj
and thus
—M+38ko+5—a+d 00
Iy <c X2 _ wB) S g Idkodn—f)
p(x) |x—yl|d-a=b &
j=jo+1

d—dn+s—a—p
<C(|X—y|> w(B)
p(X) |x — y|d—a=p
w(B)

_ 25
|x — y|d-a—F (25)

with an appropriate choice of §.
To deal with Iy, let M > d. From Lemma 4, being t < p(x)?,

NAE! x—z\ ™
ol <<( 55 ) (147 5) (26)

Then we may write

Iy = I + I,
where
Ix—y[? it
m=c [ [laxa|lf@lderS
0 B
and
p(x)?
a/zdt
Iy = lgc(x. 2)|| f(2)| dzt s
lx—y|? B

To take care of I; let B, = B(x,+/t) and N = Llogﬂ‘“’%”')]. Using estimate (26), we have

If (@)
flace ollsjec < ()a(/'f'“wz/| )

M2 |f(2)]
p(X)o(flle Z / x—zm

1=0j+1,2i,

d—d  / N+1
7]M
p(X)O(Z /Ifl)

2/B,
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and since every ball in the last sum has its radius less than 8o (x), we can apply Lemma 6 and that w € Dy, to obtain

@Bo—dn)/2 N .
/}qt(x, 2)||f(@)]dz< CW ( Zz](Md+d77)W(2]Bt)>
j=0

B

t(o—dm)/2 >
S O soanra—p W (BV) Zzij(Mid)
—dn+d—g
p(x)%0=dn =
t(o—dm/2

pGopo-anrap W (B0

where the last sum is finite since M > d.
Hence,

[x—y[?

¢ t(30+0l*d77)/2W(B[) %

< -
In < p(x)50*d77+d*ﬁ

c lx—yP? it

< - (Bo—p—dn-+d)/2 a

PR / t Waip(x, Vt) ;
0

c rd dt
- - (8o—B—dn+d)/2 =~ _
< p(x)éofdnﬂifﬂ t t W(x+ﬂ(xy X y|)
—p—dn+d
x=yI\*~"
c( = Wers (. 1x— y1). (27)

Since 8o — B —dn+d>a >0, and |x — y| < p(x), we have I < Wy g(x, [x — yI).
To deal with I, we use again (26) and Lemma 6, to get

o0

dt
I = / /ych(x,z>||f<z>|dzr”‘”T
[x—y|*> B

oo

dt
<Cp~™ / gerthom /2 = f |1
B

[x—y[?

w(B) (|x - yl)“"””‘
x =yl =P\ p(x)

w(B)
W <CWqig (x, [x — Y|)7 (28)

sinced—dn+38y— B8 >a>0,and |x—y| < pX).
The case B =0 and n =1 is performed using Lemma 6 and inequality (24) with € < §p, following the same steps as

in (27) and (28) respectively.
We can also obtain that

I3 < CWaip(x, [x = yI) (29)

following the same lines as in I, but exchanging x by y and integrating over B(y, 8|x — y|).
From (23), (25), (27)-(29) we obtain

I <CWeqp(x, X —yl).
To see Il < CWy44(x, [x — y|) we refer to the reader to [5, p. 238]. In fact, since ke is a convolution kernel,

/[fq(x, 2) —ke(y, 2)]dz=0.

Rd
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So we have
p(x)?
= /[’zt(X, z) — lzt(y,z)][f(z) - fB]dea/2 ? < + 11,
0 Rd
where
o)?
Ih = / f|f<f<x, 2) —ke(y, 2| f(2) - fB|dzt°‘/2%
0 B
and
p(x)?
Il = / /|f<f(x, 2) —ke(y, 2| f(2) - fB|dzr°‘/2%
0 B
with B = B(x, |[x — y|).
Applying

[x=yl

- - e~
[ke(x, 2) = ke (v, 2)| < €=y Ix = ylIx 2|

and changing variables s = we have

_t
[x=yl”
p(x)l _lx=yl

ce a/zd | f(2) — fBl
I < |x—y|/|f(z) falIx—1z / r— dz < |x—y| ||ﬁﬂdz.
Since w € Dy, from Lemma 4.7 in [5], the last expression is bounded by
— _ yld-a=B
I y|/ — z|d ) dz< Cw(B)— yI P,

where the last inequality is due to Lemma 3.9 in [5].
To deal with II4,

P(X)z o0 x—
f/}kr(x 2)||f@) - fB}dZt“/2 C/f — }f(z) fB|dzt”‘/2dt=C ULde' dz
td/ t |x — z|d—
o B 0B B
and denoting B; =27/B, we obtain
If@ — fbl , |f (@) — fBl
x — z|d—« _kZ(; / x—z|d—o
Bj\Bj+1
00 9 —
<c2< ) f\f(z)—f3|
o \x=yl
- o

00 i d—a—-p
<C w(B;
g(w—yl) el

oo 2j d—a—pB
w(z)
CZ / PR ﬂdz

k=0B\B 1
w(2)
|x — z|d——B

finishing the proof of the theorem. O
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