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3 : . ;
Communicated by C.A, Weibel mdeg(Tame(C?)), and since for other known examples of wild automorphisms the

multidegree is of the form (1, dy, d3) (after permutation if necessary), we give the very
first example of a wild automorphism F of C? with mdeg F ¢ mdeg(Tame(C?)).

We also show that, if dy, d, are odd numbers such that gcd (dy,d;) = 1, then
(dy, dy, d3) € mdeg(Tame(C?)) if and only if d3 € d;N + d,N. This a crucial fact that
we use in the proof of the main result.
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1. Introduction

Let us recall that a tame automorphism is, by definition, a composition of linear automorphisms and triangular
automorphisms, where a triangular automorphism is a mapping of the form

X1 X1
X3 X2 + fa(x1)
T:C">{ . . eC".
Xn Xn +fa(X1, ..o, Xp—1)
Recall also that an automorphism is called wild if it is not tame.
The multidegree of any polynomial mapping F = (F,...,F,) : C" — C", denoted as mdegF, is the sequence

(degFy, ...,degF,). We will denote by Tame(C") the group of all tame automorphisms of C", and by mdeg
the mapping from the set of all polynomial endomorphisms of C" into the set N". In [3] it was proved that
(3,4,5),(3,5,7), (4,5,7), (4,5, 11) ¢ mdeg(Tame(C?)). Next in [5] it was proved that (3, d», d3) € mdeg(Tame(C3)),
for 3 < d, < ds, if and only if 3|d; or d; € 3N + d,N, and in [4] it was shown that for d3 > d, > d; > 3, where d; and d,
are prime numbers, (d;, d», d3) € mdeg(Tame(C?)) if and only if d3 € d;N + d,N. In this paper we give a generalization of
this result (Theorem 2.1 below), and using this fact we show the following theorem.

Theorem 1.1. The set mdeg(Aut(C3))\mdeg(Tame(C?)) is infinite.

Notice that the existence of wild automorphisms does not imply the above result. For example Nagata’s famous example
is wild, but its multidegree is (after permutation) (1, 3,5) € mdeg(Tame(C?)), because for instance the map C> >
(x,y,z) =~ (x,y + x>,z 4+ x°) € C* is a tame automorphism.
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2. Tame automorphisms of C3 with multidegree (d;, d,, d3) with gcd(d;, d>) = 1and odd d,, d,

In the proof of Theorem 1.1 we will use the following generalization of the result of [4].

Theorem 2.1. Let d3 > d, > d; > 3 be positive integers. If d; and d, are odd numbers such that gcd (dq, d,) = 1, then
(dy, dy, d3) € mdeg(Tame(C?)) if and only ifd3 € diN + d,N, i.e. if and only if d3 is a linear combination of d; and d, with
coefficients in N.

In the proof of this theorem (which is an appropriate adaptation of the proof of the result of [4]) we will need the following
results that we include here for the convenience of the reader.

Theorem 2.2 (see e.g. [1]). Ifdy, d, are positive integers such that gcd(dq, d;) = 1, then for every integer k > (d; — 1)(d, — 1)
there are kq, k, € N such that

k = kidy + kyds.
Moreover (dy — 1)(d; — 1) — 1 ¢ d{N + d,N.
Proposition 2.3 ([3], Proposition 2.2). If for a sequence of integers 1 < dy < --- < d, thereisi € {1, ..., n} such that
di = i kid; withk; € N,
j=1
then there exists a tame automorphism F of C" with mdegF = (dq, ..., d,).

Proposition 2.4 ([5], Proposition 2.4). Suppose that f,g € C[Xi, ..., X,] are algebraically independent and such that f ¢

Clgl.g¢C [f] (h means the highest homogeneous part of h). Assume that degf < degg, put

degf
P=—i
ged (degf, degg)
and suppose that G(x, y) € C[x, y] with deg, G(x,y) = pq+71,0 <r < p. Then

degG(f,g) > q(pdegg — degg — degf + deglf, g]) + r degg.
In the above proposition [f, g] means the Poisson bracket of f and g defined as the following formal sum:

Z ﬂaig_ﬂaig [X- X']
ax; X ax;ax; ) U

1<i<j<n

of 9g  of g
d - deg | oo — oo ) X Xi] ¢
eglf. gl = max eg{(axi axX; 09X 9X; [ ]

and

where by definition deg [X;, X;] = 2 for i # j and deg 0 = —oo0.
From the definition of the Poisson bracket we have
deg[f, gl < degf +degg
and by Proposition 1.2.9 of 2],
deglf,g]l =2+ max deg

1<i<j<n

of g 9of ag
8x,~ 8Xj an 8x,~
if f, g are algebraically independent, and [f, g] = 0if f, g are algebraically dependent.
The last result that we will need is the following theorem.

Theorem 2.5 ([6], Theorem 3). Let F = (Fy, F», F3) be a tame automorphism of C>. If deg F; + degF, + degF; > 3 (in other
words if F is not a linear automorphism), then F admits either an elementary reduction or a reduction of types I-IV (see [6],
Definitions 2-4).

Let us recall that an automorphism F = (Fy, F,, F3) admits an elementary reduction if there exists a polynomialg € C[x, y]
and a permutation o of the set {1, 2, 3} such that deg(F51) — g(Fs(2), F5(3))) < degF,(1y; in other words, if there exists

an elementary automorphism t : C> — C3 such that mdeg (r o F) < mdegF, where (dq,...,d,) < (ki,..., k)
means that d; < k foralll € {1,...,n} and d; < k; for at least one i € {1,...,n}. Recall also that a mapping
T =(71,...,Ty) : C" — C"is called an elementary automorphism if there existsi € {1, ..., n} such that
A )X forj # 1,
G (X1, Xn) = { Xi+8 X1, .., Xio1, Xig1, ..., Xg)  forj=i.
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Proof (of Theorem 2.1). Assume that F = (F;, F», F3) is an automorphism of C3 such that mdegF = (d;, d>, d3). Assume
also that ds ¢ diN + d,N. By Theorem 2.2 we have

d3 < (di — 1)(dy — 1). (1)
First of all we show that this hypothetical automorphism F does not admit reductions of types I-IV.

By the definitions of those reductions (see [6], Definitions 2-4), if F = (Fy, F,, F3) admits such a reduction, then 2| deg F;
for some i € {1, 2, 3}. Thus if ds is odd, then F does not admit a reduction of types I-IV. Assume that d; = 2n for some
positive integer n.

If F admits a reduction of type I or II, then by the definition (see [6], Definitions 2 and 3) we have d; = sn or d, = sn for
some odd s > 3. Since d;, d, < d3 = 2n < sn, we obtain a contradiction.

If F admits a reduction of type Il or IV, then by the definition (see [6], Definition 4) we have either

n<d; gin, d, = 3n,
or
5
di=-n -n<d, <3n.
2 2

Sinced;,d, < d3; =2n < %n, 3n, we obtain a contradiction. Thus we have proved that our hypothetical automorphism F
does not admit a reduction of types I-IV.

Now we will show that it also does not admit an elementary reduction.

Assume, to the contrary, that

(F1, F, F5 — g(F1, Fy)),

where g € C|[x, y], is an elementary reduction of (F;, F», F3). Then deg g(F;, F;) = deg F3 = ds5. But, by Proposition 2.4, we
have

degg(Fy, ;) > q(dydy — dy — dy + deg[Fy, F2]) + rds,

where deg, g(x, y) = qd; +r with 0 < r < d;. Since Fy, F, are algebraically independent, deg[F;, F,] > 2 and so
didy —dy — dy +deg[Fy, F,] > didy —dy —dy +2 > (dy — 1)(d2 — 1).

This and (1) imply that ¢ = 0, and that

di—1

gy =) &y,
i=0

Since lcm(d, dy) = d1d-, the sets
diN, d, + diN, ..., (dy — Ddy +diN
are pairwise disjoint. This yields

di—1
d3 = deg Zgi(Fl)Fé = max (degF;degg;+idegF,).
=0 i=0,....,d1—1
Thus
di—1
d; € U (rdy + diN) C d{N + d;N,

r=0

contrary to assumption.
Now, assume that

(F1, F, — g(F1, F3), F3),
where g € Cl[x, y], is an elementary reduction of (F;, F,, F3). Since d3 ¢ d;N + d;N, we get d; { d3. This implies that
d
=— >1
ged (dq, d3)
Since d; is odd, we also have p # 2. Thus by Proposition 2.4,
degg(Fy, F3) > q(pd3 — d3 — dy + deg[Fy, F3]) + rds,

where deg, g(x,y) = qp +rwith0 < r < p. Since p > 3, we find that pd; — d3 — d + deg[F;, F3] > 2d; — di + 2 > ds.
Since we want to have degg(F, F3) = d,, it follows that g = r = 0, and so g(x,y) = g(x). This means that
d, = degg (Fy, F3) = degg (Fy). But this contradicts d; ¢ d{N (remember that gcd (dq, d3) = 1).

Finally, if we assume that (F; — g(F,, F3), F>, F3) is an elementary reduction of (F;, F,, F3), then in the same way as in the
previous case we obtain a contradiction. O

p
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3. Proof of the theorem
LetN : C3 5 (x,y,2) = (x+ 2y(y?> + zx) — z(y* + zx)%, y — z(y* + zx), z) € C3 be Nagata’s example and suppose that
T:C3> (x,y,2) — (z,y,x) € C3. We start with the following lemma.
Lemma 3.1. Foralln € Nwe have mdeg(T oN)" = (4n—3,4n—1,4n+ 1).

Proof. Wehave T oN(x,y,z) = (z,y — z(y* + zx), x + 2y(y? 4 zx) — z(y? + zx)?), so the above equality is true forn = 1.
Suppose that (f,, g, h,) = (T o N)" for f,, g, h, € C[X, Y, Z]. One can see thatgl2 + hify = Y? +ZX, and by induction that
g2 + hufy = Y? 4 ZX for any n € N\{0}. Thus

(fat1> 815 hn1) = (T o N) (fo, &n, hn)
= (hna &n — hn (gr? + hnfn) afn + 2hn (gﬁ + hnfn) - hn (g;f + hnfn)z)

= (hu. g — ho (V2 4+ 2X) . fy + 20, (Y2 4 2X) = by (Y2 + 2X)°)

So if we assume that mdeg(f,,, gn, hy) = (4n —3,4n — 1, 4n+ 1), we obtain mdeg(f;+1, &r+1, 1) = 4n+1, (4n+ 1) +
2,(4n+1)+2-2)=4n+1)—-3,4n+1)—-1,4n+ 1)+ 1). O

By the above lemma and Theorem 2.1 we obtain the following theorem.
Theorem 3.2. For every n € N the automorphism (T o N)" is wild.

Proof. Forn = 1 this is the result of Shestakov and Umirbaev [6,7]. So we can assume that n > 2. The numbers 4n—3, 4n—1
are odd and gcd(4n — 3,4n — 1) = gcd(4n — 3,2) = 1. Since 4n — 3 > 2, we have 4n + 1 ¢ (4n — 3)N 4 (4n — 1)N.
Then by Theorem 2.1, (4n — 3,4n — 1,4n + 1) ¢ mdeg(Tame(C?)) for n > 1. This proves that (T o N)" is not a tame
automorphism. 0O

Let us notice that in the proof of the above theorem we have also proved that
{(4n—3,4n—1,4n+ 1) : n € N, n > 2} C mdeg(Aut(C>))\mdeg(Tame(C>)).

This proves Theorem 1.1.
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