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Abstract

We discuss the properties of codimension-two branes and compare them to codimension-one branes. In particular
that for deficit angle branes the brane energy–momentum tensor is uniquely related to integration constants in the bulk
We investigate chiral fermions whose wave functions are concentrated on the brane, while all their properties in the
four-dimensional world can be inferred from the tail of the wave function in the bulk, thereby realizing a holographic pr
We propose holographic branes for which the knowledge of the bulk geometry is sufficient for the computation of all
properties of the observable particles, independently of the often unknown detailed physics of the branes.
 2003 Elsevier B.V.Open access under CC BY license.
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Our observable world may be a submanifold o
higher-dimensional world—a three-brane [1,2]. Mo
precisely, all or some of the observable particles m
correspond to higher-dimensional excitations w
wave functions concentrated on the brane or in
close neighborhood of it. In the limit of an infinitel
small brane thickness the energy–momentum te
becomes singular on the brane, just like the ene
density of a membrane in ordinary three-dimensio
space. In this scenario our world therefore correspo
to a higher-dimensionalspacetime with singularities
a scenario that has been envisaged long ago in va
contexts [3–5].

In superstring theory, the concept of a brane w
motivated by the D-brane solutions (for a revie
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see [6]), and especially by the work of Horava a
Witten [7]. Their model consists of an 11-dimension
spacetime withZ2 orbifold symmetry and two 10
dimensional boundaries (9-branes) on which the S
dard Model matter is located. After the appearanc
these papers, a large amount of work was spen
codimension-one branes [8,9] (for a review, see [1
Recently, branes of codimension two also came
the focus of interest [11–15].

In this Letter we work out some fundamental diffe
ences between branes of codimension one and t
of higher codimension. In particular, we concentr
on the relation between the brane and the ‘bu
i.e., the higher-dimensional space outside the bra
singularity. In contrast to codimension one we find t
for codimension two or larger the properties of t
brane can be determined from the bulk geometry
a similar situation holds for the excitations, the bra
point of view becomes an option—one could equa
well describe the physics by the properties of the b
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and its excitations. This situation has a familiar an
ogon in our usual four-dimensional world, namely t
black hole with metric given by the line element

ds2 =
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2

(1)+ r2(dθ2 + sin2 θ dφ2).
The parameterM can be seen as the mass of
object sitting atr = 0 which is intuitively correct if
one considers a black hole created by a collap
star. This corresponds to the brane point of vi
However it could equally well be taken as simply
free parameter of the isotropic vacuum solution
the Einstein equations, without giving it a physic
meaning. We may call this the bulk point of vie
Without a way of probing the singularity direct
the two points of view cannot be distinguished
observation.

We show that singular objects of codimension t
or larger are much more restricted than those
codimension one. There is not much freedom for
hoc adjustments of the brane properties, independe
of the properties of the bulk. In that sense, mod
of codimension two or larger have more predict
power than codimension-one brane models. In sh
whatever ‘sits’ on the brane has a ‘tail’ in the bu
The geometry of the bulk has to obey the fie
equations. For a given ground state geometry
spectrum of normalizable excitations in the bulk
fixed [16], including those whose wave functio
become singular on the brane. In particular, we sug
that this bulk spectrum will determine the observa
particles with vanishing or small mass.

An analogy for the difference between codimens
one and two can be found in common physi
a charged particle, located between the plates
capacitor, does not ‘feel’ how close the plates a
since the electric field is constant, independent
the distance. A codimension one singularity (pla
is not detected in the bulk. This is different fro
a particle traveling through the field of a charg
wire (codimension two) or another point partic
(codimension three). Here it feels the closeness
the source through the 1/r- or 1/r2-behavior of the
field. Similar statements are true for branes in hig
dimensions. Consider a 3-brane in five-dimensio
AdS-space with bulk metric given by [8]

(2)ds2 = σ(ρ)gµν dxµ dxν + dρ2,

whereσ(ρ)= e−kρ for ρ > ρB , σ(ρ)= ek(ρ−2ρB) for
ρ < ρB , andgµν is the four-dimensional Minkowsk
metric. It is a codimension one brane (C1B) withρ
denoting the coordinate of the codimension andxµ

the space and time coordinates of the four-dimensi
‘observable world’. The metric (2) is a solution of th
five-dimensional Einstein equations with cosmolo
cal constant. It is continuous at the location of
brane atρB , but the derivatives of the metric jum
We note thatρB is not determined by the bulk solu
tion of Einstein’s equations. In other words, the bu
solution does not ‘feel’ the closeness of a brane. Fr
the point of view of an ‘observer’ in the bulk, the bra
could be located anywhere, at arbitraryρB . Its only ef-
fect is a jump in the first derivative of the ‘warp facto
σ(ρ) which can only be ‘seen’ whenρB is reached
For that reason, C1B’s can be put in ‘by hand’. O
can arbitrarily choose the position and tension in
der to fulfill certain phenomenological requiremen
e.g., gauge hierarchy, orbifold symmetry [8], witho
affecting the bulk. We will see that this is not the ca
for any other codimension.

The situation is similar for cosmological solutio
[17–20]. The only effect of the brane is a local jum
of the first metric derivatives, determined by the Isr
junction conditions. In fact, C1B cosmology can
seen in two ways, depending on the coordinate sys
one uses. First, one can regard the position of the b
as fixed. In this case (the brane-based point of vie
the bulk cosmology seems to depend on the br
properties (its tension, energy and pressure) such
the time dependence of the bulk metric is genera
by the brane. Alternatively, one can use coordina
in which the bulk geometry depends only on bu
quantities (the bulk-based point of view). Then t
bulk is static if there are no source terms, or the b
cosmology is driven by a bulk scalar field or simila
In these coordinates, the brane cosmology is an e
of the brane traveling through the bulk, showing t
brane and bulk solutions are independent of each o
(see [20] and references therein).

Now we turn to codimension-two branes. We co
sider a six-dimensional metric of the form

(3)ds2 = σ(ρ)gµν dxµ dxν + γ (ρ) dθ2 + dρ2.
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Heregµν is the metric of a four-dimensional de S
ter-, Minkowski-, or anti-de Sitter spacetime wi
cosmological constantΛ4. Extra space is labeled b
the radial coordinateρ, running from 0 to∞ or to a
finite valueρ̄, and by the angular coordinateθ , running
from 0 to 2π . The system is assumed to be invaria
underθ -rotations, such that all quantities depend o
on ρ. As ρ → 0, we requireγ → (1 − λ/2π)2ρ2

and σ goes to a finite constantσ0 which can be
rescaled to be 1. Here,λ = 0 corresponds toρ = 0
being a regular point in the internal space, wher
λ �= 0 corresponds to a ‘defect’ situated atρ = 0 with
deficit angleλ. This is what we call a deficit angl
brane (DAB). The circumference of a circle in intern
space at radiusρ is then(2π − λ)ρ instead of 2πρ.
A bulk test particle can measure the singularity
surrounding it, although the brane does not induce
curvature in the bulk. Forλ > 0 the singularity is a
familiar cone, whereas a negative deficit angleλ < 0
may be called an ‘anticone’. We will denote by ‘cusp
all singular structures withλ �= 0. The conical defec
(λ > 0) is a straightforward generalization of a straig
infinitely extended string in four dimensions, whe
the z-coordinate is now replaced by the coordina
�x on the three-brane. If the space terminates at s
finite ρ̄, another DAB may be located atρ = ρ̄. These
are the spacetimes we are most interested in, s
they may account for a finite number of light chir
fermions [21].

To be specific, we are interested in the singu
solutions of the six-dimensional Einstein–Maxw
theory [5],

(4)S =
∫
d6x

√
g

(−R+ 2Λ

16πG6
+ 1

4
FABF

AB

)
,

whereG6 is the six-dimensional gravitational co
stant. The field equations are

(5)GBA =RBA − 1

2
RδBA = −ΛδBA + 8πG6T

B
A ,

(6)T BA =
(

−FACFBC + 1

4
FCDF

CDδBA

)
,

(7)∂A
(√
g FAB

) = 0.

HereT BA is the energy–momentum tensor in the bu
generated by the Abelian gauge field strengthF . The
spacetime symmetries require thatFρθ is the only non-
vanishing component of the field strength tensor, si
FBC = ∂BAC − ∂CAB , Aµ = 0,Aρ = 0 (by a suitable
gauge transformation) andAθ = a(ρ). The Maxwell
equations then imply

(8)Fρθ = Cσ−2√γ ,
whereC is a constant of integration. The Einste
equations can be rewritten [3] as the equation
motion of a particle in a potential,

z′′ = −∂V/∂z,
(9)V (z)= 5

16
Λz2 − 25

24
Λ4z

6/5 + 25

12
πG6C

2z−6/5,

where primes denote derivatives with respect toρ and

(10)σ = z4/5, γ =Az′2z−6/5.

HereΛ4 andA are two more free integration con
stants. The arbitrariness ofA implies that for any so
lution z(ρ) one can find a geometry with an arbitra
deficit angleλ at ρ = 0. The solutions of the six
dimensional Einstein–Maxwell theory were discuss
in [5] (see also [3] for the Einstein theory,C = 0) and
reviewed in [13]. They can be classified into seve
types.

If Λ> 0 andC �= 0, the potential has a minimum
with oscillatory solutions of Eq. (9). The ‘particle
starts moving atρ = 0, z = z0, z′ = 0, i.e., γ = 0,
and rolls through the minimum of the potential un
it comes to rest (γ = 0) at someρ̄, z̄, V (z̄) = V (z0)
on the other side. The validity of the solution
restricted to the range 0< ρ < ρ̄ since on both side
the coordinate system becomes singular withγ = 0.
Depending on the deficit angleλ this may be a true
singularity (λ �= 0) or only a coordinate singularit
(λ= 0). We will discuss the relation betweenλ and the
integration constantsC, A, Λ4 below. In function of
their values we have two, one or zero true singularit
associated to a corresponding number of branes.
most generic solution has two branes atρ = 0 and
ρ = ρ̄. (This type of solution also exists ifΛ4> 0 and
C = 0 and was already mentioned in Ref. [3], althou
the appearance of a conical defect was not discu
there.) In the following, we will concentrate on th
first type of solution.

The original paper [5] has taken the point
view that the pointρ = 0 or ρ̄ is not included
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into the manifold if a nonzero deficit angle occu
The singularity was seen as a property of the b
geometry, completely determined by the integrat
constants of the bulk solution. The modern ‘bra
point of view’ [13] asserts that an object called bra
sits atρ = 0 or ρ̄ and determines the geometry d
to its tension via the Einstein equations. These
descriptions describe exactly the same solution
are therefore equivalent. Different implications f
physics for the two points of view could only arise
objects would be located on the brane which canno
described from a bulk point of view, as it is certain
possible for codimension-one branes. Then a br
point of view would be necessary in order to descr
these objects. But, as we will propose below, it see
very natural to consider ‘holographic branes’ whe
the properties of all excitations can be determin
from the knowledge of their tail in the bulk. Then, f
the computation of observable quantities it would
unnecessary to speak of a brane, while the brane p
of view can still be considered as being quite use
for intuition.

Another class of solutions of Eq. (9) was cons
ered in [3]. It occurs for pure six-dimensional Einste
gravity (C = 0) withΛ> 0 andV (ρ = 0) > 0. In this
case spacetime terminates in a singularity at finitρ̄
wherez→ 0, γ → (ρ̄ − ρ)−6/5 andσ → (ρ̄ − ρ)4/5.
This type of singularity was discussed extensively
[3], and these solutions were generalized to an a
trary number of extra dimensions in Ref. [22]. In t
codimension-two case an additional DAB is possi
at ρ = 0. We show here that the singularity atρ̄ cor-
responds to a type of higher-dimensional black ho
with time replaced by a spacelike coordinate. Inde
the properties of the singularity atρ̄ can best be under
stood in another coordinate system. By an appropr
rescaling of four-dimensional spacetime and introd
ing the variabler =D(ρ̄ − ρ)2/5 with an appropriate
constantD, the metric around̄ρ, i.e., aroundr = 0,
can be brought into the form

(11)ds2 → M

r3 dθ
2 + r3

M
dr2 + r2gµν dx

µ dxν.

Up to the signature, this is just the(r → 0)-limit of
the six-dimensional analogue of the Schwarzschild
lution with mass parameterM andθ replacing time.
Hence the singularity corresponds to a singular p
in the five-dimensional space generated by the coo
natesxµ andρ. Let us emphasize that in this caseθ
is the internal coordinate of the singularity andxµ are
external, complementary to the brane situation. (
periodicθ the topology of this ‘stringlike’ singularity
is S1.) The odd nature of this singularity makes it u
likely to construct a realistic model out of these so
tions. They were shown to be classically unstable [
and lead to an infinite number of chiral fermions [2

Finally, a third type of solutions exists forC = 0
and Λ < 0. Now spacetime does not terminate
finite ρ, and bothσ and γ diverge exponentially a
ρ → ∞. In this case there is no way to get a realis
model unless infinity is shielded by a codimension-o
four-brane at finiteρ̄, a possibility which we do no
consider.

In this Letter we concentrate on the deficit an
brane [5]. We first adopt the brane point of view whe
one or two cusps are included into the manifold
branes. We want to relate the properties of the bra
to the free integration constants appearing in the b
point of view. Actually, the general setting does n
depend on the number of external dimensionsD. We
therefore generalize four-dimensional spacetime
constant curvature space of arbitrary dimensionD,
with cosmological constantΛD , metric gµν (µ and
ν now running from 0 toD − 1) and total number o
dimensionsd =D+2. The three-branes are recover
for D = 4. In order to calculate the brane tension,
follow the lines of Ref. [24]. We first assume the bra
to have a finite thickness 0� η < ε and then take the
limit ε→ 0.

Plugging the field strength (8) into our express
(6) for the bulk energy–momentumtensorT BA one gets
the non-vanishing components

(12)T νµ = 1

2
C2σ−4δνµ,

(13)T θθ = T ρρ = −1

2
C2σ−4.

All components approach a constant asρ → 0 or ρ̄.
Hence, the bulk fields do not provide us with a
singular sources. If the deficit angle atρ = 0 does not
vanish another energy–momentumtensorT̃ BA has to be
introduced, which is restricted to the brane, 0� ρ < ε.
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The Einstein equations for the metric (3) are then

(14)

Gµν = δµν
[
D − 1

2

σ ′′

σ
+ (D − 1)(D− 4)

8

σ ′2

σ 2

+ D − 1

4

σ ′γ ′

σγ
+ γ ′′

2γ
− γ ′2

4γ 2

]
− ΛD

σ

= −Λδµν + 8πGd
(
T µν + T̃ µν

)
,

(15)

Gθθ = D

2

σ ′′

σ
+ D(D − 3)

8

σ ′2

σ 2 − D

D − 2

ΛD

σ

= −Λ+ 8πGd
(
T θθ + T̃ θθ

)
,

(16)

Gρρ = D(D − 1)

8

σ ′2

σ 2
+ D

4

σ ′γ ′

σγ
− D

D− 2

ΛD

σ

= −Λ+ 8πGd
(
T ρρ + T̃ ρρ

)
.

Only two of the equations are independent due to
Bianchi identities.

The brane tension components can be defi
as the integral over the components of the ener
momentum tensor

(17)µ
(ε)
i = −

ε∫
0

dρ σD/2
√
γ T̃

(i)
(i) (ρ),

wherei = ν, θ, ρ and the brackets mean that there
no summation. Using Eqs. (14)–(16) we can expr
the ρ-integrals overT̃ (i)(i) in terms of integrals ove
geometrical quantities. Since we wish to consider
limit ε→ 0, in whichT̃ BA will diverge in order to give
a finite tension, the contribution from theΛ-,ΛD- and
T BA -terms may be neglected in these integrals. As
example one obtains

µ
(ε)
θ = − 1

8πGd

ε∫
0

dρ σD/2
√
γ

(18)×
[
D

2

σ ′′

σ
+ D(D − 3)

8

σ ′2

σ 2

]
.

For two particular combinations of brane tensions
ρ-integral can be performed explicitly

(19)
(
σ (D−2)/2σ ′√γ )∣∣ε

0 = −16πGd
D

(µθ +µρ)
and

(20)

(
σD/2

√
γ ′ )∣∣ε

0 = −8πGd

(
µν − D − 1

D
µθ + 1

D
µρ

)
.

Here |ε0 means the difference between the express
evaluated atρ = ε andρ = 0, and Eqs. (19) and (20
generalize the result of [24].

Up to this point we have only used the general fo
of the metric (3) and the higher-dimensional Einst
equation. We implicitly assume that our model a
solution is valid for ρ � ε, whereas in the ‘inne
region’ ρ < ε more complicated physics may pla
a role, modifying the field equations but not t
symmetries of the metric. (In this sense we defi
the energy–momentum tensor in the inner region
include all parts in the field equations except
Einstein tensor.)

In order to proceed we need some additional inf
mation about the inner region. Within the brane po
of view one assumes that there is no real singula
at ρ = 0. Sufficient resolution and understanding
the physics at extremely short distances should ra
turn the brane into an extended object with finite thi
nessε. In consequence, a manifold that is regular
ρ = 0 obeys

(21)σ ′|ρ=0 = 0,
√
γ ′|ρ=0 = 1, γ |ρ=0 = 0,

and we choose a scaling of the four-dimensio
coordinatesxµ such thatσ |ρ=0 = 1. We next turn to
our solution for smallρ which should be valid for
ρ > ε. Since for this solution the ‘particle’ starts
rest atz= 1 for ρ = 0, one finds by linearization

(22)z(ρ)= 1− α

2
ρ2, α = ∂V

∂z

∣∣∣∣
z=1

and therefore

σ(ρ)= 1− 2

5
αρ2, σ ′(ρ)= −4

5
αρ,

(23)γ (ρ)=Aα2ρ2, γ ′(ρ)= 2Aα2ρ.

Hereα is related to the deficit angleλ by

(24)
√
γ =

(
1− λ

2π

)
ρ = √

Aαρ

or√
γ ′ (z→ 1)= 1− λ

2π
= √

A
dV

dz

(25)= √
A

(
5

8
Λ− 5

4
Λ4 − 5

2
πG6C

2
)
,

where the last relation holds for the particular exam
with D = 4. Up to corrections of the orderO(ε) we
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(26)

(
σ (D−2)/2σ ′√γ )∣∣ε

0 = 0,
(
σD/2

√
γ ′ )∣∣ε

0 = − λ

2π
.

In the same approximation we note that the integr
in Eq. (18) is of the orderε. This will not be changed
by ‘regularizing’ the brane in the inner region and w
concludeµ(ε)θ =O(ε2). Combining this with Eq. (26
and taking the limitε → 0 we arrive at the fina
relation between the brane tensions and the de
angle

(27)µν = λ

16π2Gd
, µθ = µρ = 0.

This equation constitutes the link between the br
and bulk points of view. Within the brane point of vie
an object with tensionµν �= 0,µθ = µρ = 0 produces
a deficit angle in the geometry according to Eq. (2
This in turn limits the allowed solutions of the Einste
equations. From the bulk point of view the general
lution has free integration constants which are rela
to the deficit angle by virtue of Eq. (25). One may co
siderλ as one of the independent integration consta
The discussion of the deficit angle atρ̄ proceeds in
complete analogy. We finally observe that a posit
brane tensionµν corresponds to a positive deficit a
gle. (In our conventionsµν > 0 means positive energ
density and negative pressure.) We do not restrict
discussion toµν � 0 and we will see below that a ne
ative brane tension with negative deficit angle is p
ticularly interesting.

Let us now turn to matter and ask to what ext
it can be located on the brane or in the bulk. W
are particularly interested in massless fermions wh
can be considered as the analogue of the quarks
leptons in our world. The failure to obtain zero or ve
small fermion masses was one of the major obsta
in the early developments of Kaluza–Klein theori
This obstacle has been overcome by the connec
to chirality. The chirality index [25,26] accounts fo
a mismatch in the number of left-handed and rig
handed fermions in a given complex representatio
the gauge group. A nonzero chirality index guarant
massless fermions. Even though not purely topolog
this index depends only on very rough features
the geometry—in our case on the deficit angles [2
For our model we are interested in a mismatch
left-handed and right-handed fermion modes that h
a given chargeQ with respect to theU(1) gauge
group. ThisU(1)-symmetry arises from the isomet
of rotations in internal space (or shifts inθ ).

We first recall the situation from the bulk poi
of view [21] and generalize it to the most gene
situation with two branes atρ = 0 and ρ= ρ̄.
Since the gauge field must become a pure ga
at the singularities it is determined by two integ
‘monopole’ numbersm0, m1 and the six-dimensiona
gauge couplinge [5],

(28)Aθ(ρ→ 0)= m0

e
, Aθ (ρ→ ρ̄)= m1

e
.

In turn, this expressesC as a function ofm0, m1 and
the other two integration constantsΛ4,A [5]. The gen-
eral solution can therefore be characterized by
continuous deficit anglesλ0 and λ1 (at ρ = 0 and
ρ = ρ̄, respectively) and two integer monopole nu
bersm0,m1. Consider now a charged six-dimension
Weyl spinor and perform an expansion in eigensta
of the Abelian chargeQ [21],

Ψ (ρ, θ, x)= χ+
kn(ρ)exp(inθ)ψLkn(x)

(29)+ χ−
kn(ρ)exp

(
i(n+ 1)θ

)
ψRkn(x).

(Summation overk andn is implied andk labels the
modes with givenn, typically the eigenstates of th
mass operator.) Hereχ+

kn andχ−
kn are eigenstates o

the ‘internalγ 5-matrix’ τ3 with opposite eigenvalues
Due to the six-dimensional Weyl constraint the p
itive eigenvalues ofτ3 are associated to left-hande
four-dimensional Weyl spinors whereas the nega
eigenvalues correspond to right-handed Weyl spin
The charge operator of theU(1)-isometry isQ =
−i∂θ + 1

2τ3 such that the four-dimensional spino
ψL,R,kn(x) have chargeQ = n+ 1

2. The chirality in-
dex counts the difference of modes inχ+

kn and χ−
kn

with givenQ,N+(Q)−N−(Q). Since the eigenstate
to the mass operator with nonvanishing mass occu
pairs inχ+ andχ− the imbalance can only arise fro
the eigenstates with zero mass. More precisely,
chirality index also substracts the corresponding nu
ber for the opposite charge, and the number of m
less four-dimensional chiral fermions with chargeQ
is given by the index

(30)
ν(Q)=N+(Q)−N−(Q)−N+(−Q)+N−(−Q).
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In our case internal charge conjugation impl
N−(Q)=N+(−Q) and we can, therefore, restrict th
analysis to the zero mass eigenmodes inχ+.

The solution for the zero modesχ+
0n was found to

be

(31)χ+
0n(ρ)=Gσ−1(ρ)γ−1/4(ρ)exp

((
n+ 1

2

)
I (ρ)

)
,

where

(32)I (ρ)=
ρ∫

ρ0

dρ γ−1/2(ρ),

with ρ0 an arbitrary point in the interval(0, ρ̄) andG
is a normalization constant. The spinorsψL,0n(x) cor-
respond to propagating fermions only if their kine
term is finite after dimensional reduction. (This co
dition is equivalent to the condition that the action
mains finite for an excitationψL,0n(x) which is local
in four-dimensional space.) We, therefore, require [
the integral

(33)

∫
dρ σ 3/2γ 1/2

∣∣χ+
0n

∣∣2 ∝
∫
dρ σ−1/2 exp

(
(2n+ 1)I

)
to be finite. Our task is therefore the determination
the values ofQ (or n), for which the normalizability
condition (33) is fulfilled.

Possible problems with normalizability can on
come from the ‘cusps’ atρ = 0, ρ = ρ̄ where γ
vanishes quadratically (cf. Eq. (23)),γ = (1− λ0

2π )
2ρ2

or γ = (1− λ1
2π )

2(ρ̄−ρ)2, respectively. Therefore, th
functionI (ρ) diverges logarithmically at the cusps,

I (ρ)→
(

1− λ0

2π

)−1

lnρ for ρ→ 0,

(34)I (ρ)→ −
(

1− λ1

2π

)−1

ln(ρ̄ − ρ) for ρ→ ρ̄.

Thus the normalizability condition gives a constra
on the charge from each brane. Finiteness aro
ρ = 0 holds for

(35)Q>−1

2

(
1− λ0

2π

)
and finiteness aroundρ = ρ̄ requires

(36)Q<
1

2

(
1− λ1

2π

)
.

For vanishing deficit anglesλ0 = λ1 = 0 no mass-
less spinors exist sinceQ is half integer and−1

2 <

Q < 1
2 therefore has no solution. This situation a

holds for positive deficit anglesλ0 � 0, λ1 � 0. For
λ0 = 0 the massless spinors must have positiveQ (cf.
Eq. (35)) and exist if a cusp is present atρ̄ with nega-
tive deficit angleλ1< 0. In this case the chirality inde
depends on the deficit angleλ1 [21]. Thus the mass
less spinors with positiveQ are connected with th
brane atρ̄ (λ1 < 0). Inversely, the massless spino
with negativeQ are associated with a brane atρ = 0
(λ0< 0). In case of branes atρ = 0 andρ = ρ̄ we find
massless spinors both with positive and negativeQ.
For equal deficit anglesλ0 = λ1 their number is equa
N+(Q)=N−(Q). One concludes that a chiral imba
ance (nonvanishing chirality index) is only realized
the two branes are associated with different deficit
gles.

Starting from the bulk picture we have learned t
the possible massless fermions (matter) are assoc
with the singularities or branes [21,27]. For a giv
chargeQ the left-handed fermions are linked to o
brane and the right-handed ones to the other. A dif
ence in the deficit angles of the two branes can th
fore lead to chirality. This finds its corresponden
within the brane point of view: in a certain sense
left-handed particles withQ> 0 ‘live’ on the brane at
ρ̄ and those withQ < 0 on the other brane atρ = 0.
Indeed, forQ> 0 the probability density diverges fo
ρ→ ρ̄,

√
g

∣∣χ+
0n

∣∣2 ∝ σ 2γ 1/2
∣∣χ+

0n

∣∣2 ∝ (ρ̄ − ρ)− 2Q
1−λ1/2π ,

(37)
∣∣χ+

0n

∣∣2 ∝ (ρ̄ − ρ)−( 2Q
1−λ1/2π +1)

,

with a corresponding behavior forQ< 0 and ρ→ 0.
In contrast to the behavior of the energy–mom

tum tensor this concentration is, however, not of
δ-function type. It rather obeys an inverse power l
singularity with a tail in the bulk. This type of bran
fermions can be classified from the bulk geome
which must obey the corresponding field equatio
More precisely, the number and charges of the c
ral fermions on the brane are not arbitrary any m
but can be computed as functions of the integra
constants of the bulk geometry. This is a type
‘holographic principle’ which renders the model mu
more predictive—the arbitrariness of ‘putting mat
on the brane’ has disappeared. This predictive po
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extends to the more detailed properties of these fe
ons, like Yukawa couplings to the scalar modes of
model. These couplings can be computed [28] with
any knowledge of the details of the brane. The ins
sitivity with respect to the details of the brane is
lated to the dual nature of the wave functionχ+

0 . Even
thoughχ+

0 (ρ) diverges forρ → ρ̄, the relevant inte-
grals for the computation of the properties of the fo
dimensional fermions converge forρ → ρ̄. They are
therefore dominated by the ‘tail’ of the wave functio
in the bulk.

In analogy to the previous discussion we may im
ine a ‘regularized brane’ without singularity atρ̄. The
existence of normalizable massless fermions then
quires that also the mass operator and therefore
functional form (31) of the zero modes gets modifi
by the additional physics on the brane. Otherwise,
regular behavior of the metricγ → (ρ̄ − ρ)2 would
render the continuation of the zero mode forε > 0 into
the inner region unnormalizable. We can then im
ine that the regularized wave functionχ+

0 reaches a
constant,χ+

0 (ρ → ρ̄) = cρ̄ , where the proper defini
tion of Eq. (29) everywhere on the manifold requir
cρ̄ = 0 for n �= 0. This ‘regularized picture’ also se
the stage for the question if additional massless fer
ons could live on the brane without being detecta
from the bulk. In the most general setting without fu
ther assumption the answer is partly positive. We s
expect that the wave functions of such ‘pure bra
fermions’ have a tail in the region̄ρ − ρ > ε. In this
bulk region the tail of such a wave function has to ob
Eq. (31). Nevertheless, we can now consider a va
Q which violates the condition (36). Such a mo
would look unnormalizable if continued toρ→ ρ̄ but
may be rendered normalizable by the physics on
brane. In contrast to the modes obeying the co
tion (36) the physical properties of the correspond
four-dimensional fermion would be completely dom
nated by the physics on the brane, with negligible
fluence of the bulk geometry. Indeed, for regulariz
branes the usual dimensional reduction by integra
over the internal coordinates can be performed with
distinction between pure brane fermions and fermi
obeying the conditions (35), (36). For the pure bra
fermions the relevant integrals will be dominated
the brane region̄ρ − ρ < ε.

Unfortunately, without further knowledge of th
physics on the brane the assumption of such p
brane fermions remains completely ad hoc, with
any predictive power except that the chargeQ should
be larger than the bound (36). (Pure brane fermi
would be needed for chirality in case of a posit
deficit angle.) Postulating the existence of pure br
fermions without knowledge of the detailed physics
the brane amounts more or less to postulating tha
physics of the fermions is as it is observed—this
not very helpful for an explanation of the properti
of realistic quarks and leptons. This situation is v
different for the chiral fermions obeying the boun
(35), (36) for which all observable properties a
connected to the bulk geometry and therefore seve
constrained for a given model.

As an interesting candidate for the computat
of charges and couplings of quarks and leptons
therefore propose the notion of ‘holographic brane
For holographic branes all relevant excitations t
are connected to observable particles in the effec
four-dimensional world at low energies are of t
type of the massless fermions obeying the constra
(35), (36). In other words, all relevant properties
the brane, including the excitations on the brane,
reflected by properties of the bulk geometry and b
excitations. The holographical principle states that
observable properties can in principle be underst
both from the brane and bulk point of view, with
one to one correspondence. In practice, the deta
properties of the brane are often not known such
actual computations of observable quantities can
performed in the bulk picture of a noncompact inter
space with singularities.

In summary, our approach gives a unified view
three main ideas, namely (i) that we may live on
brane in a higher-dimensional world [1,2], (ii) th
the higher-dimensional world may not be a dire
product between four-dimensional and internal spa
with free integration constants associated to the w
ing [3], and (iii) that internal space may be nonco
pact with cusps or other singularities, leading to
interesting spectrum with chiral fermions [4]. The
ideas were proposed long ago and are put here
a more modern framework in the language inheri
from string theory.

In particular, we propose the notion of holograp
branes for which the properties of the observable p
ticles in our effective four-dimensional world are d
termined by the geometry of the bulk. In this ca
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no detailed knowledge of the physics of the bra
is needed for the computation of observable qua
ties. The brane point of view becomes unneces
(while still being useful) and the notion of a noncom
pact space with singularities is sufficient. For ho
graphic branes also the effective gauge coupling
determined by the bulk solution such that a realis
size of these couplings typically requires a charac
istic scale of internal space of the order of the Pla
length. Nevertheless, a very small cosmological c
stant could result from the dynamical selection of o
of the free integration constants [3,5] and similar
a small gauge hierarchy [5]. The small characteri
size of internal space may be used as an additi
argument in favor of the holographic property: if t
Planck length corresponds to the fundamental len
scale of a unified theory it seems not very natural t
decisive physics should be associated with the de
of the brane on length scales much smaller than
Planck length. Finally, holographic branes offer an
teresting perspective for a realistic ‘phenomenolo
of our world. Within 18-dimensional gravity couple
to a Majorana–Weyl spinor a spectrum of quarks a
leptons with the observed quantum numbers and a
teresting hierarchical structure of masses and mix
has been proposed along these ideas [29]. This m
may find a new justification within spinor gravity [30
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