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Abstract

We discuss the properties of codimension-two branes and compare them to codimension-one branes. In particular, we show
that for deficit angle branes the brane energy—momentum tensor is uniquely related to integration constants in the bulk solution.
We investigate chiral fermions whose wave functions are concentrated on the brane, while all their properties in the effective
four-dimensional world can be inferred from the tail of the wave function in the bulk, thereby realizing a holographic principle.
We propose holographic branes for which the knowledge of the bulk geometry is sufficient for the computation of all relevant
properties of the observable particles, independently of the often unknown detailed physics of the branes.

0 2003 Elsevier B.VOpen access under CC BY license.

Our observable world may be a submanifold of a see [6]), and especially by the work of Horava and
higher-dimensional world—a three-brane [1,2]. More Witten [7]. Their model consists of an 11-dimensional
precisely, all or some of the observable particles may spacetime withZ, orbifold symmetry and two 10-
correspond to higher-dimensional excitations with dimensional boundaries (9-branes) on which the Stan-
wave functions concentrated on the brane or in a dard Model matter is located. After the appearance of
close neighborhood of it. In the limit of an infinitely these papers, a large amount of work was spent on
small brane thickness the energy—momentum tensorcodimension-one branes [8,9] (for a review, see [10]).
becomes singular on the brane, just like the energy Recently, branes of codimension two also came into
density of a membrane in ordinary three-dimensional the focus of interest [11-15].
space. In this scenario our world therefore corresponds  In this Letter we work out some fundamental differ-
to a higher-dimensional spacetime with singularities— ences between branes of codimension one and those
a scenario that has been envisaged long ago in variousof higher codimension. In particular, we concentrate
contexts [3-5]. on the relation between the brane and the ‘bulk’,

In superstring theory, the concept of a brane was i.e., the higher-dimensional space outside the brane-
motivated by the D-brane solutions (for a review, singularity. In contrastto codimension one we find that

for codimension two or larger the properties of the
brane can be determined from the bulk geometry. If
T E-mail addresses: schwindt@thphys.uni-heidelberg.de a similar situation holds for the excitations, the brane

(3.-M. Schwindt), c.wetterich@thphys.uni-heidelberg.de point of Vi?W become§ an option—one .COU|d equally
(C. Wetterich). well describe the physics by the properties of the bulk
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and its excitations. This situation has a familiar anal- AdS-space with bulk metric given by [8]
ogon in our usual four-dimensional world, namely the

black hole with metric given by the line element ds? = o (p)guv dx" dx" + dp?, 2
whereo (p) = e~ ** for p > pg, o (p) = kK(P—=2r8) for

2M 2m\ 1 p < pg, andg,, is the four-dimensional Minkowski

ds” = (1_ T) di® + (1_ T) dr? metric. It is a codimension one brane (C1B) wijth

denoting the coordinate of the codimension artd
+r2(d6® + sir? 6 d¢?). (1) the space and time coordinates of the four-dimensional
‘observable world’. The metric (2) is a solution of the
The parameter can be seen as the mass of an five-dimensional Einstein equations with cosmologi-
object sitting atr = 0 which is intuitively correct if  cal constant. It is continuous at the location of the
one considers a black hole created by a collapsedbrane atpp, but the derivatives of the metric jump.
star. This corresponds to the brane point of view. We note thatpp is not determined by the bulk solu-
However it could equally well be taken as simply a tion of Einstein’s equations. In other words, the bulk
free parameter of the isotropic vacuum solution of soplution does not ‘feel’ the closeness of a brane. From
the Einstein equations, without giving it a physical the point of view of an ‘observer’ in the bulk, the brane
meaning. We may call this the bulk point of view. could be located anywhere, at arbitrany. Its only ef-
Without a way of probing the singularity directly fectis a jump in the first derivative of the ‘warp factor’
the two points of view cannot be distinguished by & (p) which can only be ‘seen’ whepy is reached.
observation. For that reason, C1B’s can be put in ‘by hand’. One
We show that singular objects of codimension two can arbitrarily choose the position and tension in or-
or larger are much more restricted than those of der to fulfill certain phenomenological requirements,
codimension one. There is not much freedom for ad e.g., gauge hierarchy, orbifold symmetry [8], without
hoc adjustments of the brane properties, independentlyaffecting the bulk. We will see that this is not the case
of the properties of the bulk. In that sense, models for any other codimension.
of codimension two or larger have more predictive  The situation is similar for cosmological solutions
power than codimension-one brane models. In short, [17-20]. The only effect of the brane is a local jump
whatever ‘sits’ on the brane has a ‘tail’ in the bulk. of the first metric derivatives, determined by the Israel
The geometry of the bulk has to obey the field junction conditions. In fact, C1B cosmology can be
equations. For a given ground state geometry the seen in two ways, depending on the coordinate system
spectrum of normalizable excitations in the bulk is one uses. First, one can regard the position of the brane
fixed [16], including those whose wave functions as fixed. In this case (the brane-based point of view),
become singular on the brane. In particular, we suggestthe bulk cosmology seems to depend on the brane
that this bulk spectrum will determine the observable properties (its tension, energy and pressure) such that
particles with vanishing or small mass. the time dependence of the bulk metric is generated
An analogy for the difference between codimension by the brane. Alternatively, one can use coordinates
one and two can be found in common physics: in which the bulk geometry depends only on bulk
a charged particle, located between the plates of aquantities (the bulk-based point of view). Then the
capacitor, does not ‘feel’ how close the plates are, bulk is static if there are no source terms, or the bulk
since the electric field is constant, independent of cosmology is driven by a bulk scalar field or similar.
the distance. A codimension one singularity (plate) In these coordinates, the brane cosmology is an effect
is not detected in the bulk. This is different from of the brane traveling through the bulk, showing that
a particle traveling through the field of a charged brane and bulk solutions are independent of each other
wire (codimension two) or another point particle (see [20]and references therein).
(codimension three). Here it feels the closeness of  Now we turn to codimension-two branes. We con-
the source through the/#- or 1/r2-behavior of the sider a six-dimensional metric of the form
field. Similar statements are true for branes in higher
dimensions. Consider a 3-brane in five-dimensional 5% =0 (p)guv dx" dx" +y (p) d6® + dp. (3)
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Here g,, is the metric of a four-dimensional de Sit- Fgc =dpAc —3dcAp, A, =0,A, =0 (by a suitable
ter-, Minkowski-, or anti-de Sitter spacetime with gauge transformation) andly = a(p). The Maxwell
cosmological constantly. Extra space is labeled by equations then imply

the radial coordinatge, running from 0 tooo or to a

finite valuep, and by the angular coordinaterunning Fpo = Co2./y, (8)
from O to 2r. The system is assumed to be invariant

underd-rotations, such that all quantities depend only where C is a constant of integration. The Einstein
on p. As p — 0, we requirey — (1 — 1/2m)%p? equations can be rewritten [3] as the equation of
and o goes to a finite constantp which can be motion of a particle in a potential,

rescaled to be 1. Here, = 0 corresponds tp =0

being a regular point in the internal space, whereas ;" = —jVv/jz,

A # 0 corresponds to a ‘defect’ situated@at= 0 with 5 o5 25

deficit anglex. This is what we call a deficit angle  V(z) = —Az% — == A48+ =7 GeC?2755, (9)
brane (DAB). The circumference of a circle in internal 16 24 12

space at radiug is then(2r — 1)p instead of Zp. where primes denote derivatives with respegt tand
A bulk test particle can measure the singularity by

surroundin_g it, although the brane dogs not i_ndqce any 5 — 745, y = Az7'% %5, (10)
curvature in the bulk. Fok > 0 the singularity is a

familiar cone, whereas a negative deficit angle 0 Here A4 and A are two more free integration con-

may be called an ‘anticone’. We will denote by ‘cusps’ stants. The arbitrariness df implies that for any so-
all singular structures with. # 0. The conical defect  lution z(p) one can find a geometry with an arbitrary
(A > 0) is a straightforward generalization of a straight deficit angleAx at p = 0. The solutions of the six-
infinitely extended string in four dimensions, where dimensional Einstein—Maxwell theory were discussed
the z-coordinate is now replaced by the coordinates in [5] (see also [3] for the Einstein theory,= 0) and
X on the three-brane. If the space terminates at somereviewed in [13]. They can be classified into several
finite p, another DAB may be located at= p. These types.
are the spacetimes we are most interested in, since If A > 0 andC # 0, the potential has a minimum,
they may account for a finite number of light chiral with oscillatory solutions of Eq. (9). The ‘particle’
fermions [21]. starts moving afp =0, z = z0, 2 =0, i.e.,y =0,

To be specific, we are interested in the singular and rolls through the minimum of the potential until
solutions of the six-dimensional Einstein—Maxwell it comes to resty = 0) at somep, z, V(z) = V(zo0)

theory [5], on the other side. The validity of the solution is
restricted to the range @ p < p since on both sides
S :/de @(M + }FABFAB), (4) the coordinate system becomes singular witk= 0.
167 Ge 4 Depending on the deficit angbe this may be a true

where Gg is the six-dimensional gravitational con- singularity (. # 0) or only a coordinate singularity

stant. The field equations are (A = 0). We will discuss the relation betwegmnd the
integration constant§’, A, A4 below. In function of
GE=RE - }RS/‘? =—A88 +87GeT?, (5) theirv_alues we have two, one or zerotrue singularities,
associated to a corresponding number of branes. The
T8 = (—Fyc FBC + }FCDFCD(SB 6) most generic solution has two branespat 0 and
A 4 Al p = p. (This type of solution also exists if4 > 0 and
A (\/E FAB) —o. @) C =0 andwas already mentioned in Ref. [3], although

the appearance of a conical defect was not discussed
HereTf is the energy—momentum tensor in the bulk, there.) In the following, we will concentrate on this
generated by the Abelian gauge field strengthThe first type of solution.
spacetime symmetries require tifgp is the only non- The original paper [5] has taken the point of
vanishing component of the field strength tensor, since view that the pointp = 0 or p is not included
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into the manifold if a nonzero deficit angle occurs.
The singularity was seen as a property of the bulk
geometry, completely determined by the integration
constants of the bulk solution. The modern ‘brane
point of view’ [13] asserts that an object called brane
sits atp = 0 or p and determines the geometry due
to its tension via the Einstein equations. These two
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Hence the singularity corresponds to a singular point
in the five-dimensional space generated by the coordi-
natesx” andp. Let us emphasize that in this cage

is the internal coordinate of the singularity antl are
external, complementary to the brane situation. (For
periodicé the topology of this ‘stringlike’ singularity

is S1.) The odd nature of this singularity makes it un-

descriptions describe exactly the same solution and likely to construct a realistic model out of these solu-

are therefore equivalent. Different implications for
physics for the two points of view could only arise if

objects would be located on the brane which cannot be

described from a bulk point of view, as it is certainly

tions. They were shown to be classically unstable [23]

and lead to an infinite number of chiral fermions [21].
Finally, a third type of solutions exists far =0

and A < 0. Now spacetime does not terminate at

possible for codimension-one branes. Then a branefinite p, and bothe andy diverge exponentially as

point of view would be necessary in order to describe

o — oo. In this case there is no way to get a realistic

these objects. But, as we will propose below, it seems model unless infinity is shielded by a codimension-one

very natural to consider ‘holographic branes’ where
the properties of all excitations can be determined
from the knowledge of their tail in the bulk. Then, for

four-brane at finitep, a possibility which we do not
consider.
In this Letter we concentrate on the deficit angle

the computation of observable quantities it would be brane [5]. We first adopt the brane point of view where
unnecessary to speak of a brane, while the brane pointone or two cusps are included into the manifold as
of view can still be considered as being quite useful branes. We want to relate the properties of the branes

for intuition.

Another class of solutions of Eqg. (9) was consid-
ered in [3]. It occurs for pure six-dimensional Einstein
gravity (C =0) with A > 0 andV (p =0) > 0. In this
case spacetime terminates in a singularity at fipite
wherez - 0,y — (p — p)~ %5 ando — (o — p)¥/>.

to the free integration constants appearing in the bulk
point of view. Actually, the general setting does not
depend on the number of external dimensidnsWe
therefore generalize four-dimensional spacetime to a
constant curvature space of arbitrary dimension
with cosmological constandp, metric g, (1 and

This type of singularity was discussed extensively in v now running from 0 toD — 1) and total number of

[3], and these solutions were generalized to an arbi- dimensiongl = D + 2. The three-branes are recovered
trary number of extra dimensions in Ref. [22]. In the for D = 4. In order to calculate the brane tension, we
codimension-two case an additional DAB is possible follow the lines of Ref. [24]. We first assume the brane

at p = 0. We show here that the singularity @tcor-
responds to a type of higher-dimensional black hole,
with time replaced by a spacelike coordinate. Indeed,
the properties of the singularity atcan best be under-

to have a finite thicknessQ n < € and then take the
limit ¢ — 0.

Plugging the field strength (8) into our expression
(6) for the bulk energy—momentumtengﬁ one gets

stood in another coordinate system. By an appropriate the non-vanishing components

rescaling of four-dimensional spacetime and introduc-
ing the variable = D(p — p)%° with an appropriate
constantD, the metric aroung, i.e., aroundr = 0,
can be broughtinto the form

3
ds? = M 02+ T 02 4 2t dy? (11)
r3 M S '

Up to the signature, this is just the — 0)-limit of

the six-dimensional analogue of the Schwarzschild so-

lution with mass parameteWl andé replacing time.

T)=>C%""%), (12)
[% 0 1 2 _—4
T =T =-5C (13)

All components approach a constant@s> 0 or p.
Hence, the bulk fields do not provide us with any
singular sources. If the deficit angle@t= 0 does not
vanish another energy—momentum terﬁﬁmas to be
introduced, which is restricted to the branes ® < €.
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The Einstein equations for the metric (3) are then

GM=6M|:D—10_” (D—l)(D—4)U_/2
v v 2 o 8 o2
D-1cy" y" y'?*7 Ap
4 oy 5‘@]‘7
= —AS8! +81G4(T) +T1), (14)
oD DD=3s% D 4p
2 0 8 o2 D-2 o
= —A+81G.(T) + TY), (15)
go_PP-ba? Doy D ap
p 8 62 40y D-2c0
=—A+81Gy(Tf +TF). (16)

Here |5 means the difference between the expression
evaluated ap = ¢ andp =0, and Egs. (19) and (20)
generalize the result of [24].

Up to this point we have only used the general form
of the metric (3) and the higher-dimensional Einstein
equation. We implicitly assume that our model and
solution is valid forp > ¢, whereas in the ‘inner
region’ p < ¢ more complicated physics may play
a role, modifying the field equations but not the
symmetries of the metric. (In this sense we define
the energy—momentum tensor in the inner region to
include all parts in the field equations except the
Einstein tensor.)

In order to proceed we need some additional infor-
mation about the inner region. Within the brane point

Only two of the equations are independent due to the Of view one assumes that there is no real singularity

Bianchi identities.

at p = 0. Sufficient resolution and understanding of

The brane tension components can be defined the physics at extremely short distances should rather
as the integra' over the Components of the energy— turn the brane into an extended ObjeC'[ with finite thick-

momentum tensor

€

0

nesse. In consequence, a manifold that is regular at
p =0 obeys

V¥lp=0=1.  ylp=0=0. (21)
and we choose a scaling of the four-dimensional

0J|,o:0=Oa

wherei = v, 6, p and the brackets mean that there is coordinatesc* such thato|,—0 = 1. We next turn to
no summation. Using Egs. (14)—(16) we can express our solution for smallp which should be valid for

the p-integrals overf((,.i)) in terms of integrals over

o > €. Since for this solution the ‘particle’ starts at

geometrical quantities. Since we wish to consider the rest atz = 1 for p =0, one finds by linearization

limit e — 0, in which Tf will diverge in order to give
a finite tension, the contribution from the-, Ap- and
Tf—terms may be neglected in these integrals. As an

example one obtains

€

1
(€) _ D/2
o — doo
9 8]TGd/ \/7

0
|:D o” D(D-3) 0’2]
X | =— — |-

2 0 8 o2 (18)

For two particular combinations of brane tensions the

p-integral can be performed explicitly

167G,
(0 P22 )=~ 7; (o + 1) (19)
and
D—1 1
(0727 o= ~81Ga (1~ 25 o+ S ).

(20)

o aVv
=1--p° =— 22
z2(p) 27 T (22)
and therefore
(0) =1 Zap? (o) = —2
o(p)= 5% o (p)=—gap,
y(p)=Ad?p?, Y/ (p)=2Ad%p. (23)
Herea is related to the deficit angleby
A
«/?=<1—g)p=«/2ap (24)
or
A dv
! 1 = 1 _—= A _—
Vr' @@= 1 - 7z
5 5 5 2
=VAlsA—-As— = 2
\/_<8 2 4 27‘[G6C ), (25)

where the last relation holds for the particular example
with D = 4. Up to corrections of the orde? (¢) we
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infer left-handed and right-handed fermion modes that have
2 a given chargeQ with respect to thel/(1) gauge

(0 P22 fy)|g=0. (P2 /y')|y= —5 group. ThisU (1)-symmetry arises from the isometry

(];6) of rotations in internal space (or shiftsé.

o ] We first recall the situation from the bulk point

In the same approximation we note that the integrand of view [21] and generalize it to the most generic

in Eq. (18) is of the orde¢. This will not be changed  sjtyation with two branes ap = 0 and p= 4.

COﬂCMd?MéG) = 0_(6_2)- Combining this with Eq. (26)  at the singularities it is determined by two integer

and taking the limite — 0 we arrive at the final ‘monopole’ numbersng, m1 and the six-dimensional

relation between the brane tensions and the deficit gauge coupling [5],

angle

mo . om
N Ae(p—>0)=7, Ao(p— p)=—=. (28)
Mv=T6r2G,” M=H= 0. (27) In turn, this expresse€ as a function ofng, m1 and

the other two integration constamg, A [5]. The gen-
eral solution can therefore be characterized by two
continuous deficit anglesg and A1 (at p = 0 and

o = p, respectively) and two integer monopole num-
bersmg, m1. Consider now a charged six-dimensional
Weyl spinor and perform an expansion in eigenstates
of the Abelian charg® [21],

This equation constitutes the link between the brane
and bulk points of view. Within the brane point of view
an object with tensiom,, # 0, ug = u, = 0 produces
a deficit angle in the geometry according to Eq. (27).
This in turn limits the allowed solutions of the Einstein
equations. From the bulk point of view the general so-
lution has free integration constants which are related
ders as.one of e independent ineration conetants. ) = Fin P SRV
The discussion of the deficit angle Atproceeds in + X (P) €XPi (1 + 1)0) i (). (29)
complete analogy. We finally observe that a positive (Summation ovek andn is implied andk labels the
brane tensiomn, corresponds to a positive deficit an- modes with givem, typically the eigenstates of the
gle. (In our conventiong, > 0 means positive energy mass operator.) Herg,; and x,,, are eigenstates of
density and negative pressure.) We do not restrict our the ‘internaly°-matrix’ z3 with opposite eigenvalues.
discussion tqu, > 0 and we will see below thataneg- Due to the six-dimensional Weyl constraint the pos-
ative brane tension with negative deficit angle is par- itive eigenvalues ofr3 are associated to left-handed
ticularly interesting. four-dimensional Wey! spinors whereas the negative

Let us now turn to matter and ask to what extent eigenvalues correspond to right-handed Weyl spinors.
it can be located on the brane or in the bulk. We The charge operator of th& (1)-isometry is Q =
are particularly interested in massless fermions which —;3, + %fg, such that the four-dimensional spinors
can be F:onsidered as the gnalogue of the quarks ande’R’kn(x) have charge) = n + % The chirality in-
leptonsin qurworld. The failure to obtain ZEroorVery  gey counts the difference of modes )@4; and g,
small fermion masses was one of the major obstacles, i+, givenQ, N*(0)— N~ (Q). Since the eigenstates

mhFhe sarlylder\]/elogments of Kalqu_Klr?'” theories. 1, the mass operator with nonvanishing mass occur in
This obstacle has been overcome by the connection ,irq i+ andy ~ the imbalance can only arise from

to chirality. The chirality index [25,26] accounts for o eigenstates with zero mass. More precisely, the

a mismatch in the number of left-handed and right- .pirajity index also substracts the corresponding num-

handed fermions in a given cor_npl_ex representation of per for the opposite charge, and the number of mass-
the gauge group. A nonzero chirality index guarantees g4 for-dimensional chiral fermions with char@e
massless fermions. Even though not purely topological is given by the index

this index depends only on very rough features of
the geometry—in our case on the deficit angles [21]. v(Q)=NT(Q) =N (Q) — Nt (=Q)+ N~ (- Q).
For our model we are interested in a mismatch of (30)
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In our case internal charge conjugation implies
N~(Q) = NT(—Q) and we can, therefore, restrict the
analysis to the zero mass eigenmodegin

The solution for the zero mode@‘; was found to
be

xa (p) = Go )y Y4 (p)exp((n + 3)1(p)), (31)
where
,
I(p) = / dpy~%(p),
PO

with pg an arbitrary point in the intervaD, o) andG

is a normalization constant. The spin@rs, o, (x) cor-
respond to propagating fermions only if their kinetic
term is finite after dimensional reduction. (This con-
dition is equivalent to the condition that the action re-
mains finite for an excitatioty ;. o,(x) which is local

in four-dimensional space.) We, therefore, require [21]
the integral

/d,oo3/2y1/2|)(8;1|2dfdpo_l/zexp((Zn + 1)1)

(33)
to be finite. Our task is therefore the determination of
the values ofQ (or n), for which the normalizability
condition (33) is fulfilled.

Possible problems with normalizability can only
come from the ‘cusps’ ap =0, p = p wherey
vanishes quadratically (cf. Eq. (23)= (1 — 52)%p?
ory = (1 51)2(5 — p)?, respectively. Therefore, the
function I (p) diverges logarithmically at the cusps,

(32)

30\ 1
I(p)—)(l——o> Inp forp— 0,
2

-1
I(p) — —<1 — ﬂ) In(o —p) forp—p. (34)
2

Thus the normalizability condition gives a constraint

415

For vanishing deficit angles = A1 = 0 no mass-
less spinors exist sinc@ is half integer and—% <
0 < % therefore has no solution. This situation also
holds for positive deficit anglesg > 0, A1 > 0. For
Ao = 0 the massless spinors must have posigvéct.

Eq. (35)) and exist if a cusp is presentaawith nega-
tive deficit anglev; < 0. In this case the chirality index
depends on the deficit anglg [21]. Thus the mass-
less spinors with positivg) are connected with the
brane atp (A1 < 0). Inversely, the massless spinors
with negativeQ are associated with a brane@t 0
(Ao < 0). In case of branes at=0 andp = p we find
massless spinors both with positive and negative
For equal deficit angleky = A1 their number is equal,
N1t(Q) = N~(Q). One concludes that a chiral imbal-
ance (nonvanishing chirality index) is only realized if
the two branes are associated with different deficit an-
gles.

Starting from the bulk picture we have learned that
the possible massless fermions (matter) are associated
with the singularities or branes [21,27]. For a given
chargeQ the left-handed fermions are linked to one
brane and the right-handed ones to the other. A differ-
ence in the deficit angles of the two branes can there-
fore lead to chirality. This finds its correspondence
within the brane point of view: in a certain sense the
left-handed particles witl® > O ‘live’ on the brane at
o and those withQ < 0 on the other brane at= 0.
Indeed, forQ > 0 the probability density diverges for
p—> P,

2 2 _ 20
Ve |xgh |m ooy 2|y |7 o (6 — o) TR,
2 —(=22_11
X, o (5 — o)~ T Y, (37)
with a corresponding behavior f@ < 0 and p— 0.

In contrast to the behavior of the energy—momen-
tum tensor this concentration is, however, not of the
s-function type. It rather obeys an inverse power law
singularity with a tail in the bulk. This type of brane

on the charge from each brane. Finiteness aroundfermions can be classified from the bulk geometry

o =0 holds for
1 Xo

—(1-=—= 35
0--3(1-22) (35)
and finiteness around= p requires

1 A

(1= 22, 36
0~ 2( Zn) (36)

which must obey the corresponding field equations.
More precisely, the number and charges of the chi-
ral fermions on the brane are not arbitrary any more
but can be computed as functions of the integration
constants of the bulk geometry. This is a type of
‘holographic principle’ which renders the model much
more predictive—the arbitrariness of ‘putting matter
on the brane’ has disappeared. This predictive power
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extends to the more detailed properties of these fermi- brane fermions remains completely ad hoc, without
ons, like Yukawa couplings to the scalar modes of the any predictive power except that the cha@ehould
model. These couplings can be computed [28] without be larger than the bound (36). (Pure brane fermions
any knowledge of the details of the brane. The insen- would be needed for chirality in case of a positive
sitivity with respect to the details of the brane is re- deficit angle.) Postulating the existence of pure brane
lated to the dual nature of the wave functi}ogﬁ. Even fermions without knowledge of the detailed physics on
thoughxar(,o) diverges forp — p, the relevant inte-  the brane amounts more or less to postulating that the
grals for the computation of the properties of the four- physics of the fermions is as it is observed—this is
dimensional fermions converge for— 5. They are ~ not very helpful for an explanation of the properties
therefore dominated by the ‘tail’ of the wave function of realistic quarks and leptons. This situation is very
in the bulk. different for the chiral fermions obeying the bounds
In analogy to the previous discussion we may imag- (35), (36) for which all observable properties are
ine a ‘regularized brane’ without singularity at The connected to the bulk geometry and therefore severely
existence of normalizable massless fermions then re- constrained for a given model.
quires that also the mass operator and therefore the As an interesting candidate for the computation
functional form (31) of the zero modes gets modified of charges and couplings of quarks and leptons we
by the additional physics on the brane. Otherwise, the therefore propose the notion of ‘holographic branes’.
regular behavior of the metrig — (o — p)2 would For holographic branes all relevant excitations that
render the continuation of the zero modedor 0 into are connected to observable particles in the effective
the inner region unnormalizable. We can then imag- four-dimensional world at low energies are of the
ine that the regularized wave functig%+ reaches a  type of the massless fermions obeying the constraints
constant,xar(,o — p) = ¢, where the proper defini- (35), (36). !n oth_er words, qll r_elevant properties of
tion of Eq. (29) everywhere on the manifold requires the brane, mcludmg the excitations on the brane, are
¢; =0 for n # 0. This ‘regularized picture’ also sets reflected by properties of the bulk geometry and bulk
the stage for the question if additional massless fermi- €xcitations. The holographical principle states that the
ons could live on the brane without being detectable observable properties can in principle be understood
from the bulk. In the most general setting without fur- both from the brane and bulk point of view, with a

ther assumption the answer is partly positive. We still
expect that the wave functions of such ‘pure brane
fermions’ have a tail in the regiop — p > €. In this

bulk region the tail of such a wave function has to obey

one to one correspondence. In practice, the detailed
properties of the brane are often not known such that
actual computations of observable quantities can be
performed in the bulk picture of a noncompactinternal

Eq. (31). Nevertheless, we can now consider a value SPace with singularities.

QO which violates the condition (36). Such a mode
would look unnormalizable if continued {@— p but

In summary, our approach gives a unified view of
three main ideas, namely (i) that we may live on a

may be rendered normalizable by the physics on the brane in a higher-dimensional world [1,2], (ii) that

brane. In contrast to the modes obeying the condi-
tion (36) the physical properties of the corresponding
four-dimensional fermion would be completely domi-

nated by the physics on the brane, with negligible in-
fluence of the bulk geometry. Indeed, for regularized

the higher-dimensional world may not be a direct
product between four-dimensional and internal space,
with free integration constants associated to the warp-
ing [3], and (iii) that internal space may be noncom-
pact with cusps or other singularities, leading to an

branes the usual dimensional reduction by integration interesting spectrum with chiral fermions [4]. These
over the internal coordinates can be performed without ideas were proposed long ago and are put here into
distinction between pure brane fermions and fermions @ more modern framework in the language inherited

obeying the conditions (35), (36). For the pure brane
fermions the relevant integrals will be dominated by
the brane regiop — p < €.

Unfortunately, without further knowledge of the

from string theory.

In particular, we propose the notion of holographic
branes for which the properties of the observable par-
ticles in our effective four-dimensional world are de-

physics on the brane the assumption of such pure termined by the geometry of the bulk. In this case
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no detailed knowledge of the physics of the brane
is needed for the computation of observable quanti-
ties. The brane point of view becomes unnecessar
(while still being useful) and the notion of a noncom-
pact space with singularities is sufficient. For holo-
graphic branes also the effective gauge coupling is
determined by the bulk solution such that a realistic
size of these couplings typically requires a character-
istic scale of internal space of the order of the Planck
length. Nevertheless, a very small cosmological con-
stant could result from the dynamical selection of one
of the free integration constants [3,5] and similar for
a small gauge hierarchy [5]. The small characteristic

size of internal space may be used as an additiona

argument in favor of the holographic property: if the
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