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Abstract 

A group G is said to have finite rank I’ if every finitely gcncrated subgroup of G is at most 

r--generator. If L’ is a positive integer we let !I& denote the class of nilpotent groups of class at 

most c. and !llT the class of groups in which every proper non-91,. subgroup has finite rank. Our 

main thcorcm shows that if G is a locally (soluble-by-finite) group in the class !U* then either 

G is nilpotent of class at most r or G has finite rank. An analogous result holds for locally 

soluble (Qt’)“-groups, where PI’ denotes the class of metabelian groups. WC give an example to 

show that locally finite (gI’)*-groups need neither have finite rank nor be metabelian. @ 1999 
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1. Introduction 

It was shown in [3] that a locally (soluble-by-finite) group G has finite rank if every 

locally soluble subgroup of G has finite rank; here a group G is said to have (finite) 

rank I’ if every finitely generated subgroup of G is r--generated. The motivation for 

establishing results such as this arises from the classic thcorcms of Merzljakov [IO] 

and Sunkov [ 161 concerning groups with rank restrictions on their abelian subgroups. 

Other results of this type are mentioned briefly in [3,14] provides an appropriate survey 

(in addition to some new results). 

A locally soluble group with all abelian subgroups of finite rank need not have finite 

rank [I 01. In the opposite direction, so to speak, one may consider groups in which 

every proper non-abelian subgroup has finite rank. The question as to which groups are 
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“minimal non-finite rank” is far from having been answered satisfactorily. (A group G 

is minimal non-9 if every proper subgroup of G has property .Y’ but G does not.) Our 

main purpose here is to show that in a locally (soluble-by-finite) group, finiteness of 

rank of the whole group can be inferred from that of the proper non-abelian subgroups. 

Indeed, considerably more than this may be shown. For a positive integer c let 91,. 

denote the class of nilpotent groups of class at most L’, and 91,: the class of groups in 

which every proper non-%, subgroup has finite rank. We shall prove the following. 

Note that there is no corresponding result if we replace 91,. by 91, the class of all 

nilpotent groups; e.g., the Heineken-Mohamed groups [6] are locally nilpotent, non- 

nilpotent and of infinite rank but have all proper subgroups nilpotent. However, there is 

an analogue of Theorem A for the class of locally nilpotent groups, namely Theorem B 

below. 

We now proceed to obtain a generalization of Theorem A. Recall first that a group 

G is locally graded if every finitely generated non-trivial subgroup of G has a finite 

non-trivial image. Denote by /1 the set of closure operations {L, R, P, P}; thus a class c 

of groups is n-closed if it is closed under the formation of local systems, subcartesian 

products and both ascending and descending normal series. In [2], cernikov considers 

the class X obtained by taking the il-closure of the class of locally graded periodic 

groups. It is routine to show that every X-group is locally graded. (We have been 

unable to locate an example of a locally graded group which is not in X. Certainly 

.X is a very extensive class of groups.) The main result of [2] is that an X-group of 

finite rank is almost locally soluble. i.e.. has a locally soluble normal subgroup of finite 

index. Suppose that G E .t’ n !)I;*. and let F be an arbitrary finitely generated subgroup 

of G. From the %,*-property and 121, WC see that F is soluble-by-finite, The following 

is then a consequence of Theorem A. 

Now, let L9L denote the class of locally nilpotent groups. The following result will 

be established, the notation being [he obvious one. 

A similar observation to that above gives the following generalization. 



Having established some positive results with regard to the class 91,?, one might 

direct attention to groups in the class (%“)* for some d. where 81” denotes the class 

of soluble groups of derived length at most d. However, as we shall see in Section 3, 

a locally finite group in (‘rl’)* need not be metabelian or of finite rank, and so we 

restrict our attention to locally soluble groups. Even here we have had only limited 

success; part of the problem seems to result from our lack of knowledge concerning 

(infinite) soluble groups all of whose proper subgroups have derived length at most 

4 23). 

Theorem C. Let G hr u lodl~~ soluhl~ <~wLrp in the clu.ss (+X2)*. Tlwn citlwr G is 

tnetcrlx~liun or G bus ,finitr runk. 

It is natural to ask whether the conclusion of Theorem C holds for other classes of 

generalized soluble groups, for instance, the class of radical groups. In fact, just a little 

extra work shows that Theorem C may be extended so as to cover a very large class 

of groups, one which is obtained in a manner similar to that which gave the class .t’ 

mentioned above. We shall prove the following. 

We have already remarked that Theorem C does not extend to locally (soluble-by- 

finite) groups. It is also possible to find groups in the class !!I* which are neither 

abelian nor of finite rank; some such groups are exhibited in Section 3. 

We conclude this introduction with the rather trivial observation that the metabelian 

group G = A x(x). where A is an infinite elementary abelian 3-group and x is the 

inverting automorphism, has all of its proper subnormal subgroups abelian but is neither 

abelian nor of finite rank. 

2. The proof of the theorems 

Throughout this section, 91 denotes the class of groups of finite rank. Our first aim 

is to establish Theorem B, and we approach the proof by means of a sequence of 

lemmas. 

Proof. Let N be the product of all the proper normal subgroups of G. If N # G then 

G/N is simple and hence of prime order, and the result follows. Suppose then that 

N = G. Since, a locally soluble group of finite rank has an ascending characteristic 



series with abelian factors [ 13, Lemma 10.391, G is hyperabelian. If G is abelian then 

the result is clear; otherwise every abelian subgroup of G has finite rank and therefore, 

by [I], so does G. 0 

Proof. We shall assume that G $ L!U U 91, so that G has infinite rank and there exists 

a finitely generated non-nilpotent subgroup F‘ of G. If G/G’ has infinite rank, then 

there is a proper subgroup H of G such that FG’<: H and H/G’ has infinite rank. 

Since F 2 H, H is not locally nilpotent and we have a contradiction. Thus, G’ has 

infinite rank. Now FG’ is neither locally nilpotent nor of finite rank so it follows that 

G = FG’. Suppose that the finitely generated abelian group G/G’ is a direct product of 

non-trivial subgroups. Then there exist proper normal subgroups A,B of G such that 

G’ is a proper subgroup of both A and B, and G == AB. However, A and B are locally 

nilpotent since they have infinite rank. This implies that G = AB is locally nilpotent, a 

contradiction. Therefore, the result is clear if G # G’ and we may assume that G is 

perfect. 

By Lemma 1 and Zorn’s Lemma, G has a maximal locally nilpotent subgroup S 

of infinite rank and it follows that S is a maximal subgroup of G. If every proper 

normal subgroup of G is contained in S then all such subgroups are contained in 

core&$ and it follows that G/core (;S is simple and therefore cyclic. This contradicts 

our assumption that G is perfect, and consequently, G = NS for some proper normal 

subgroup N. Now G/N g S/S n N is locally nilpotcnt and perfect. Consequently, G,‘N 

is not finitely generated. It follows that if every proper subgroup of G which contains 

N is locally nilpotent, then G is also locally nilpotent, a contradiction. Thus, N is 

contained in a proper subgroup of G which is not locally nilpotent and so N has finite 

rank. Now, Lemma 1 implies that G,‘N has proper subgroups of infinite rank and so 

N is locally nilpotent. Therefore, we may assume that N is the Hirsch-Plotkin radical 

of G. Thus, every proper normal subgroup C/N of G/N has finite rank, otherwise C 

has infinite rank and is therefore locally nilpotent and then C < N. It follows (see [ 13, 

Section 6.31) that G/N is hypercentral. However, G/N is perfect, and it is well known 

that the hypercentre of a perfect group is equal to its centre. Thus, G= N and G is 

locally nilpotent. This contradiction completes the proof. 0 

We can now deal with the locally soluble case of Theorem B. 

Proof. Assume the result false, so that, by Lemma 2, G’ E L’JI and G/G’ is a non-trivial 

finite cyclic group. Observe that every nilpotent image of G is cyclic. Furthermore, 

since G $ L’JI, there exists a finitely generated non-nilpotent subgroup F of G. Let R 

be the finite residual of G. 



Suppose first that G/R is infinite and let A4 denote an arbitrary normal subgroup 

of finite index in G. Clearly, A4 has infinite rank and, since FM contains the finitely 

generated non-nilpotent subgroup F, we deduce that G = FA4. Thus, the derived length 

of G/M 2 F/F f’A4 is at most the derived length of F. and it follows that G/R is 

soluble. Therefore, G has an infinite soluble image and, since G/G’ is finite, we de- 

duce that there exists a G-invariant subgroup A of finite index in G’ such that AIA’ 

is infinite. Let D be any subgroup of A such that A’< D and A/D is periodic and of 

finite rank. Since A has finite index in G and A!D has finite rank we deduce that 

A;!core(;D has finite rank. Thus, G.!coreGD has finite rank and so C = corec;D has in- 

finite rank. Therefore, G = FC. Now, A;C has finite index in the finitely generated 

group G/C 2 F!‘F n C and so A/C is finitely generated. Thus, A/D is finitely gen- 

erated and is isomorphic to a section of G/C. Therefore, A/D is a finite group that 

can be generated by s elements, where s is the rank of G/C. We have shown that all 

periodic images of AI’A’ that have finite rank are finite s-generator groups. It follows 

easily that A/A’ is finitely generated, and hence, that GiA’ is finitely generated but 

infinite. 

Let N:A’ be a normal subgroup of finite index in G.!A’. Let X be any subset of 

CIA’ such that GiA’ = (X,/V/A’). If (X) = G,iA’ for all such sets .A’, it follows that 

N./A’ 5 @(G/A’), the Frattini subgroup of G/A’, and so @(G/A’) has finite index in 

G/A’. However, a finitely generated soluble group that is finite modulo its Frattini 

subgroup is itself finite [9] and since G/,4’ is infinite we deduce that (A’) # G/A’ for 

some A’ C G/A’ with G/A’ = (X, NJ’A’). Now, G/A’ is polycyclic so each proper subgroup 

of G/A’ is contained in a proper subgroup of finite index. Since G/N is an image of 

(X) we see that every finite image of G/A’ is a section of a proper subgroup of finite 

index in G/A’. If K/A’ has finite index in G/A’ it follows that K has infinite rank and 

so K is locally nilpotent. Thus, every finite image of G/A’ is nilpotent. However, G.IA’ 

is polycyclic and hence residually finite. Therefore, G/A’ is residually nilpotent and 

hence abelian. Thus, G/G’ is infinite. a contradiction. 

We deduce that G,‘R is finite. This implies that R has no non-trivial finite images 

and therefore, arguing as above with R/R’ in place of A/A’, that R has no non-trivial 

abelian images; that is. R is perfect. Let W be an arbitrary proper G-invariant subgroup 

of R. If IV has infinite rank then G = FW and R/W is isomorphic to a subgroup of 

the soluble group F/F f’ W, a contradiction, since R is perfect. Thus, W has finite 

rank and is therefore contained in the hypercentre i(R) of R (as in Lemma 2). Since 

t(R) # R we deduce that R,!:(R) is a chief factor of G, and hence is abelian [ 13, 

p. 1541, contradicting R = R’. The lemma is proved. q 

Proof. Suppose that G has infinite rank and let H denote the locally soluble radical 

of G. Since H has finite index in G, H has infinite rank. It follows that every proper 

subgroup of G that contains H is locally nilpotent. Thus, every proper subgroup of 



G/H is locally nilpotent. and hence, nilpotent. By [ 151, G,IH is soluble and it follows 

that G/H is trivial. Thus, G is locally soluble and the result follows from Lemma 3. 0 

Our final requirement for the proof of Theorem B is the following. 

Proof. Again we shall assume the result to be false. 

We suppose first that G' # G. Suppose that there exists a proper subgroup N 

of G such that G’ 5 N and N has infinite rank. Then every proper subgroup of G 

that contains N is locally nilpotent. If G!N is not finitely generated then evidently G 

is locally nilpotent, a contradiction. If G/N is finitely generated then it is finite and so 

G is ahnost locally nilpotent, contmdicting Corollary 4. Therefore, every proper sub- 

group of G that contains G’ has tinite rank. Since an abelian group with all its proper 

subgroups of finite rank itself has tinite rank, we deduce that G,/G’ has finite rank. 

However, G’ has finite rank and it follows that G has finite rank, a contradiction. 

Therefore, G is perfect. 

A result of Sunkov [ 161 asserts that a locally finite group in which all abelian 

subgroups have finite rank is almost locally soluble. Thus, Corollary 4 implies that 

G contains an abelian subgroup of infinite rank and so Zorn’s Lemma and the (L!U)*- 

hypothesis imply that G contains a maximal subgroup S which is locally nilpotent. 

If G = NS for some proper normal subgroup N then we may argue as in the proof 

of Lemma 2 to obtain a contradiction (appealin g to [ 161 in place of Lemma 1 at the 

appropriate stage). Thus. G/core(;S is simple, and since Corollary 4 implies that G is 

not almost locally soluble, WC deduce that II = C;/‘corec;S is an infinite simple group. 

Now, H is locally finite and every proper subgroup of H is locally nilpotent or of finite 

rank. Since locally finite groups of finite rank arc ahnost locally soluble [ 161, it follows 

that every proper subgroup of I-/ is almost locally soluble, and hence [8] shows that 

H is isomorphic either to EX(2. F) or S?(F) for some locally finite field F having 

no proper infinite subfields. But each of these groups has a proper non-L!X-subgroup 

of infinite rank [12], and the proof is complete. 0 

Proof of Theorem B. Let G be a locally (soluble-by-finite) group in the class (LS)* 

and suppose, for a contradiction. that G is neither locally nilpotent nor of finite rank. 

By Corollary 4, G is not almost locally soluble. Now, G contains a finitely generated 

non-nilpotent subgroup F and for each i = I, 2,. . a finitely generated subgroup r, of 

rank i. Thus, T = ( TI, Tz,. .) is a countable group of infinite rank and so G = (F, T) 

is countable. Therefore. we may write G = lJ,>, G, where G, < G,+l for all i, each G, 

is finitely generated and Cl $91. Let R, be the soluble radical of G, for each i and let 

H = (Cl, R?, RJ.. .). Then /I is non-L91 and has the locally soluble normal subgroup 

(RI, R,, .) of finite index. llencc. H has finite rank Y, say, by Corollary 4. Since G 

is not almost locally soluble, there is no bound for the indices (G; : R,(, and hence, by 

Propositions 2.1 and 2.4 of [3] no bound for the ranks of the socles of the groups 



G,jR,. By [ 13. Lemma IO.391 there is an integer tl such that R,“” is periodic for all i 

and thus, by [3. Proposition 3.31 we may choose the G, such that each has a normal 

locally finite subgroup 4, of rank /I,. where II, < /?,+I for all i. Write A = (A1,.41,A3.. .). 

Then A is locally finite, of infinite rank and therefore locally nilpotent. by Lemma 5. 

But then AC, is neither locally nilpotent nor of finite rank so that G = AC,, which is 

almost locally soluble. This is a contradiction, and the theorem is proved. 0 

Proof of Theorem A. Let G be as stated and suppose that G @ !&U!H. By Theorem B, 

G is locally nilpotent and then, by Lemma I, G has a proper subgroup of infinite rank, 

and hence, has a maximal subgroup S which is nilpotent. Since G has no simple 

non-abelian images it is not perfect; arguing as in the proof of Lemma 2 we have 

G’E!$ and G.‘G’ finite and cyclic. Let F be a finitely generated non-!)I,. subgroup 

of G. If G’!G” has infinite rank then it has a G-invariant subgroup H/G” of infinite 

rank such that G”H also has infinite rank. But then FH is a proper non-Y& subgroup 

of infinite rank, a contradiction. It follows that G’ has finite rank, by [ 13, Theorem 

2.261, and we have the contradiction that GE !I{. I7 

Proof of Theorem C. Let G be a locally soluble group in the class (91”)” and suppose. 

for a contradiction, that G is neither metabelian nor of finite rank. 

We first show that G is not perfect. Now, by Lemma 1, G contains a proper subgroup 

of infinite rank which must be metabelian. It follows easily from Zorn’s Lemma that 

there exists a maximal subgroup S of G that is metabelian and of infinite rank. If every 

proper normal subgroup of G is contained in S then G/coreGS is non-trivial, locally 

soluble and simple. Thus, G has a non-trivial abelian image. On the other hand, if 

G = NS for some proper normal subgroup N of G, then G/N Y S,‘N f’s is metabelian 

and non-trivial. and therefore. has a non-trivial abelian image. We deduce that G # G’. 

Since G is not metabelian it contains a finitely generated subgroup F that is not 

metabelian. If G/G has infinite rank then there exists a proper subgroup H of G 

such that FG’ 5 H and H/G’ has infinite rank. Thus, H has infinite rank but is not 

metabelian. This contradiction shows that G/G’ has tinite rank, and hence, that G’ 

has infinite rank. Now. FG’ is neither metabelian nor of finite rank so FG’ = G and 

G.‘G’ E F/F n G’ is finitely generated. Thus, G;G’ has maximal subgroups. Let A4 

be a maximal subgroup of G that contains G’ and note that G/A4 is finite. Since G’ 

is of infinite rank and G’ # G we deduce that M is metabelian and therefore G is 

metabelian-by-finite. 

Suppose that G is finitely generated and let G/U be an arbitrary finite image of G. 

Arguing as in the proof of Lemma 3 we see that G/U is a homomorphic image of 

a proper subgroup X;Z of some abelian-by-finite image G/Z of G. Since G is finitely 

generated, x/Z is contained in a maximal subgroup K/Z of G/Z, and of course IG : Kl 
is finite. Thus, core(;K has finite index and is therefore of infinite rank. Thus, K has 

infinite rank and hence is metabelian. Therefore, every finite image of G is a section 

of a metabelian group and so is metabelian. But G is residually finite [5, Theorem I] 

and so G is metabelian, a contradiction. Consequently, G is not finitely generated. 



Let B denote an arbitrary finitely generated subgroup of G. Then (F,B) is a finitely 

generated (proper) subgroup of G that is not metabelian. Thus, (F,B) and in particular 

B. has finite rank. Hence. every finitely generated subgroup of G has finite rank. 

Let D be a proper normal subgroup of finite index in G, so that DE ‘21’ and G = DF. 

Suppose that D’ has finite rank. Then so has D’(Di 1 F) = V, say, which is normal in G, 

and G/V has infinite rank. Further, D/V is abelian and of finite index in G/V, which 

splits as (D/V) x (Fb’/I’). Choose J/V to bc a proper subgroup of D/V such that 

D/J has finite rank and Ict L = core(;J. Then L has infinite rank and FL < G, and we 

have a contradiction. Thus, D’ has infinite rank and G = FA for some normal abelian 

subgroup A. Since F is finitely generated and metabclian-by-finite it is residually finite. 

Then n,z , (F n A)” = I. Note that (F n A ),‘(F fl A )” is finite since F has finite rank. It 

follows that there is a positive integer II such that F/(F n A)” $ PI’ since otherwise F 

is residually metabelian. and hence, metabelian. Now (F n A)” is normal in G, and it 

is clear that F/(F n A)” f Gi( F n ,4 )” # A,‘( F fl A)“. Furthermore, F/( F n A)” @ 91’ and 

A/( FnA)” has infinite rank since (F~~IA)” has finite rank, being a subgroup of F. Thus, 

G/(F n A)” is a locally soluble group in the class (\‘I’)* that is neither metabelian nor 

of finite rank. Therefore, there is no loss in assuming that (F n A)” = I and F n A has 

finite order k, say. 

Let Y be an arbitrary non-91’ subgroup of F. Then G = YA and so F = Y(F n A), 

which shows that Y has index at most k in F. We may therefore choose Y to be a 

minimal non-‘%’ subgroup of F. Certainly Y is finitely generated, and hence, residually 

finite. Arguing as before, if Y is intinite then it is metabelian. Consequently, Y is finite 

so G/A is finite. It now follows easily that .4 contains a G-invariant subgroup W of 

infinite rank such that FW < G. Since FIG’ is neither metabelian nor of finite rank, we 

have a contradiction that completes the proof. L-1 

Proof of Theorem C’. Let C denote the class of locally soluble groups and let G 

belong to 9) n (‘rl’)*. By Theorem C it suffices to prove that G is locally soluble, and 

an obvious induction allows LIS to assume that GE is for some i. E /1. If /. = L there 

is nothing to prove. 

Next, let i = R. Suppose that If is an arbitrary finitely generated subgroup of G. 

Then HERE and in fact H is residually soluble. If there is a normal subgroup N 

of H such that N has infinite rank and ff:‘N is a non-trivial soluble group then H is 

soluble since N is metabelian by hypothesis. Thus. we may assume that every nor- 

mal subgroup in a residual system for H whose factors are soluble has finite rank. 

Furthermore, if N is such a normal subgroup and if H/N has a proper subgroup of 

infinite rank then, again, N is metabelian and H is soluble. If every proper subgroup 

of H/N has finite tank then H/N has finite rank and therefore so does H. Thus, we 

may assume that H has finite rank and since R’S 5 .X, Cernikov’s theorem [2] implies 

that then H is soluble-by-finite. Let (N,}, E, bc a residual system for H such that H/Ni 

is soluble. If K is the soluble radical of H then ff!KN, is soluble of derived length at 

most d = (H : Kl and KN/N, is soluble of derived length at most 1. the derived length 

of K, for each i. Hence, ff!N, is soluble of derived length at most CI + 1 for each i, so 



H(“+‘) < N, for each i and it follows that H is soluble in any case. Thus, G is locally 

soluble. 

If i = P then we may suppose G is finitely generated and show that G is soluble. 

Then there exists A aG such that G/A is a non-trivial soluble group: as above, we may 

assume that A has finite rank and that every proper subgroup of G/A has finite rank 

so that G has finite rank, by Lemma I. Let 

H=R(G)= n{NaGlG/NEZ} 

Then, G/H E RZ. By the case i = R it follows that G/H E 8. Suppose that H # I. 

Since H E PZ, H/R(H)E RZ as above, so that H/R(H) is hyperabelian of finite rank 

by [ 13, Lemma 10.391. Hence, G/R(H) is hyperabelian of finite rank, so is locally 

soluble and H = R(H ), a contradiction. Thus, G is locally soluble in the case when 

i. = r;. 

Finally, if GE fiE we use transfinite induction on the length of an E-series {G7} 

in G. and we may assume that the series terminates at some successor ordinal p. Let 

G,I_I = N so that I # G/N E G. If N has infinite rank then G is metabelian-by-locally 

soluble, so G is locally soluble. If N has finite rank then we may assume that every 

proper subgroup of GIN has finite rank so Lemma I implies that GIN, and hence, G 

has finite rank. Then G is hyperabelian of finite rank by [ 13, Theorem 10.393, so G is 

locally soluble by [ 13, Theorem 10.38]. This completes the proof. 0 

3. Some examples 

In this section we present a few examples of groups in the class YI* which are neither 

abelian nor of finite rank. In view of Theorem A’, some highly non-elementary con- 

struction is sure to be involved; we utilise the following remarkable result of Ol’Sanskii 

[I 11. 

Given this theorem it is rather easy to produce groups of the kind we want. We 

content ourselves with two examples. 



Example 1. There is a 2-generator countably infinite simple group with every proper 

subgroup of finite rank, which does not have finite rank. 

Proof. For each natural number i let G, be a countable group of rank I’, and without 

involutions, and suppose that I’, , 1 > I; for all i. Then, the group G guaranteed by 

Ol’Sanskii’s theorem which is constructed using the Gi is easily seen to be of the 

desired type. 0 

Example 2. There is a 2-generator countably infinite simple group with all proper 

non-abelian subgroups of finite rank which has abclian subgroups of infinite rank. 

Proof. Let G,, GZ be free abelian groups of infinite rank. Then the group G obtained 

from G, and GZ via Ol’Sanskii’s construction clearly has abelian subgroups of infinite 

rank but it has no proper non-abelian subgroups and is therefore in the class YI*. 0 

Finally, we show that Theorem B cannot be extended so as to cover locally finite 

groups. 

Example 3. There exists a locally finite simple group of infinite rank in the class 

@I?)“. 

Proof. Let F be an infinite locally finite field all of whose proper subfields are finite, 

and let G = fSL(2, F). Write F as the ascending union of finite subfields F,, G the 

union of subgroups G,, where G, ” PSL(2, F,) for each i. Let H be a non-metabelian 

subgroup of G. From [17, Theorem 6.251 we see that, for ahnost all i, H n G, is 

isomorphic either to PSL( 2. K, ) or PGL(2, K,) for some subfield K; of F,. It follows 

easily that either H is finite or H :: G. Thus, every proper subgroup of G is either 

metabelian or finite, but of course G is non-metabelian and of infinite rank. 0 
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