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The role of domain wall junctions in Carter’s pentahedral model is investigated both analytically and
numerically. We perform, for the first time, field theory simulations of such model with various initial
conditions. We confirm that there are very specific realizations of Carter’s model corresponding to square
lattice configurations with X-type junctions which could be stable. However, we show that more realistic
realizations, consistent with causality constraints, do lead to a scaling domain wall network with Y-type
junctions. We determine the network properties and discuss the corresponding cosmological implications,
in particular for dark energy.

© 2009 Elsevier B.V. Open access under CC BY license. 
1. Introduction

There is now overwhelming observational evidence that our
Universe is presently undergoing an era of accelerated expansion
[1,2]. In the context of general relativity such period can only be
explained if the universe is permeated with an exotic dark energy
component violating the strong energy condition. The dark energy
is often described by a nearly homogeneous scalar field minimally
coupled to the other matter fields. If the scalar field is static then
it is equivalent to a cosmological constant but the more interesting
case is definitely that of a dynamical scalar field [3].

Nevertheless, the dark energy role is not necessarily played by
a (nearly) homogeneous field. In fact, it has been claimed that a
frozen domain wall network could naturally explain the observed
acceleration of the universe [4]. However, this possibility has been
seriously challenged by recent observational results which favor a
dark energy equation of state parameter, w , very close to −1 (note
that w = −2/3 + v2 � −2/3 for domain walls, where v is the root
mean square velocity). Furthermore, although it is possible to build
(by hand) stable domain wall lattices there is strong analytical and
numerical evidence that no such lattices will ever emerge from
realistic phase transitions [5–9]. This provided strong support for
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a no-frustration conjecture invalidating domain walls as a viable
dark energy candidate.

Still, it has been argued that winding domain wall models with
X-type junctions could give rise to static lattice type configurations
thus accounting for at least a fraction of the dark energy density
[10–13]. Carter’s pentahedral model [10,13] has been constructed
as an example of a model having an odd number of vacuum con-
figurations giving rise to an even type system through the forma-
tion of X-type junctions. However, in [5,6] the claim that Carter’s
pentahedral model would form X-type junctions has been chal-
lenged and it was argued that Y-type junctions would be formed
instead. In this Letter we definitely settle this question.

Throughout the Letter we use units in which c = h̄ = m = 1,
where the mass scale, m, can be chosen arbitrarily.

2. The model

Consider the action

S =
∫

d4x
√−gL, (1)

where Φ and Ψ are complex scalar fields,

L = X + Y − V , (2)

V (Φ,Ψ ) is the scalar field potential,

X = 1

2
Φ∗

,μΦ,μ, (3)

Y = 1
Ψ ∗

,μΨ ,μ, (4)
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and the superscript ∗ stands for the complex conjugate. Carter’s
pentahedral model has a potential given by [10,13]

V = V 0
((|Φ|2 − 1

)2 + (|Ψ |2 − 1
)2)

+ Vε

(|Φ|2|Ψ |2(cos θ + cosχ) + 2/(1 − ε)
)
, (5)

where Φ = |Φ|eiφ , Ψ = |Ψ |eiψ , 0 < ε < 1, Vε = εV 0, θ = 2φ + ψ

and χ = 2ψ − φ. The potential has five minima with V = 0 satis-
fying cos θ = cosχ = −1 and |Φ|2 = |Ψ |2 = 1/(1 − ε).

If ε = 0 then Eq. (5) represents the standard Mexican hat poten-
tial. Hence, the model allows for cosmic string solutions associated
with regions where the phase of Φ and/or Ψ changes by 2nπ ,
where n is an integer. The string width is roughly δs ∼ V −1/2

0 and
consequently its energy per unit length is given by

μ ∼ δ2
s V 0 ∼ 1. (6)

For ε � 1 the static domain wall trajectories connecting differ-
ent minima may be calculated to first order in ε assuming that
|Φ| = |Ψ | = 1 everywhere. In this case

L = 1

2
φ,μφ,μ + 1

2
ψ,μψ,μ − V (φ,ψ)

= 1

10
θ,μθ,μ + 1

10
χ,μχ,μ − V (θ,χ), (7)

with the potential given approximately by

V (θ,χ) = Vε(cos θ + cosχ + 2)

= 2Vε

(
cos2(θ/2) + cos2(χ/2)

)
. (8)

Assuming that |Φ| = |Ψ | = 1 everywhere would be enough to
guarantee that Y-type junctions never occur, as long as the en-
ergy density remains finite everywhere. If the above condition is
relaxed then Y-type junctions are no longer forbidden and will be
associated with cosmic strings (|Φ| ∼ |Ψ | ∼ 0 on the string core).

Consider a planar static domain wall perpendicular to the z
direction and assume that θ = θ(z) and cos(χ/2) = 0. The only
non-trivial equation of motion is given by

1

10

(
dθ

dz

)2

= 2Vε cos2(θ/2), (9)

or equivalently

dθ

cos(θ/2)
= ±√

20Vε dz, (10)

which has the solution

tan2
(

π + θ

4

)
= e±√

20Vε z, (11)

for a domain wall located at z = 0. Using Eq. (11) it is straightfor-
ward to show that

cot

(
π + θ

2

)
= ∓ sinh

(
z

δw

)
, (12)

where δw = 1/
√

20Vε is the domain wall thickness. In the follow-
ing we shall drop the ∓ sign. It will be sufficient to realize that for
each solution θ = θ(z), there will also be another solution given by
θ = θ(−z).

The energy density, ρ , associated with the domain wall is

ρ(z) = 1

10

(
dθ

dz

)2

+ 2Vε cos2(θ/2)

= 4Vε cos2(θ/2), (13)
where Eq. (9) was used to obtain the final result. Finally the do-
main wall tension associated with a simple domain wall trajectory
is given by

σ =
+∞∫

−∞
ρ(z)dz = 8Vεδw . (14)

In the case of a compound wall, in which both θ and χ vary along
the wall, the corresponding tension is twice that of a simple do-
main wall

σII = 2σ . (15)

In Carter’s pentahedral model there is a simple domain wall
trajectory between any of the five minima of the potential, with ei-
ther constant θ or χ . For constant θ there is a simple domain wall
trajectory between any two adjacent minima, with phases (φ,ψ),
in the sequence

1. (7π/5,−9π/5) 2. (π,−π) 3. (3π/5,−π/5)

4. (π/5,3π/5) 5. (−π/5,7π/5) 1. (−3π/5,11π/5). (16)

Here φ and ψ vary in five successive steps of ∓2π/5 and ±4π/5
respectively thus maintaining θ = constant (note that the phases
are defined up to a multiple of 2π ). These trajectories are illus-
trated on the lower panel of Fig. 1 by the red path (darker grey in
black and white) on the surface of a torus with line element

dl2 = R2
1 dφ2 + (R1 cosφ + R2)

2 dψ2 (17)

where R1 < R2, representing the configuration space (φ,ψ).
If χ is a constant then there is a simple domain wall trajectory

between any two adjacent minima in the sequence

1. (−13π/5,−9π/5) 4. (−9π/5,−7π/5) 2. (−π,−π)

5. (−π/5,−3π/5) 3. (3π/5,−π/5) 1. (7π/5,π/5). (18)

In this case φ and ψ vary by successive steps of ±4π/5 and
±2π/5 respectively thus maintaining χ = constant. These trajec-
tories are illustrated by the green path (lighter grey in black and
white) on the lower panel of Fig. 1.

There are Y-type junctions connecting three simple domain
walls trajectories. Surrounding a Y-type junction there are two do-
main walls with constant θ (or χ ) and another one with constant
χ (or θ ). A simple example is the configuration

1. (−3π/5,π/5) 4. (π/5,3π/5)

3. (3π/5,−π/5) 1. (7π/5,π/5), (19)

which corresponds to two domain walls with constant χ (1–4 and
1–3) and one with constant θ (3–4). The above trajectory is illus-
trated by the red path on the left upper panel of Fig. 1. The overall
change in the phase φ is equal to 2π . In fact there must always be
jump of 2π in either φ or ψ around a Y-type junction.

Another example corresponding to a Y-type junction is the con-
figuration

1. (−3π/5,π/5) 2. (−π,π)

5. (−π/5,7π/5) 1. (−3π/5,11π/5), (20)

where two domain walls with constant θ (1–2 and 1–5) and one
with constant χ (2–5) meet. In this case it is the overall change in
ψ that is equal to 2π . This trajectory is illustrated by the red path
on the right upper panel of Fig. 1.

What about X-type junctions? Is there a trajectory in which φ

and ψ are continuous around a X-type junction? The answer is
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Fig. 1. On the left and right upper panel two possible paths, corresponding to Y-type
junctions, are illustrated on the surface of a torus representing the configuration
space (φ,ψ). On the left and right middle panel two possible paths, corresponding
to stable (left panel) and unstable (right panel) X-type junctions, are illustrated. The
green line on the right middle panel represents a possible decay channel of the
unstable X-type junction into two stable Y-type ones. On the lower panel the green
and red paths (lighter and darker grey in black and white) illustrate the trajectories
with constant χ and θ , respectively. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this Letter.)

yes. For example, both φ and ψ can be made continuous around
the X-type junction described by the following configuration

1. (7π/5,π/5) 2. (π,π) 4. (π/5,3π/5)

3. (3π/5,−π/5) 1. (7π/5,π/5). (21)

This trajectory is illustrated by the red path on the left middle
panel of Fig. 1. As correctly pointed out in [10,13], Carter’s penta-
hedral model allows for square domain wall lattice solutions that
are stable, if ε is sufficiently small. However, as we will show in
the following section, such lattices are never generated from real-
istic initial conditions.

Around a X-type junction where three walls with constant θ

(or χ ) meet one wall with constant χ (or θ ), both φ and ψ must
change by a factor of 2π . Consider the following example which is
illustrated by the red path on the right middle panel of Fig. 1

1. (−3π/5,−9π/5) 2. (−π,−π) 5. (−π/5,−3π/5)

3. (3π/5,−π/5) 1. (7π/5,π/5). (22)

In this case the energy of the junction associated with the pres-
ence of a string is greater, by a factor of 2, compared to Y-type
junctions. Hence, the string does nothing for the stability of the
junction. Such X-type junction would be unstable and decay into
a pair of Y-type junctions, even if ε is small (the green line rep-
resents a possible decay channel). This is the reason why, in the
Fig. 2. Matter-era evolution of a realization of Carter’s pentahedral model with
ε = 0.2. The simulation starts with random initial conditions with all the five min-
ima having identical probability. Note that Y-type junctions are much more frequent
than X-type ones. From left to right and top to bottom, the horizon is approximately
1/10, 1/8, 1/6 and 1/4 of the box size, respectively.

context of Carter’s pentahedral model, Y-type junctions are pre-
ferred, with the exception of very specific realizations.

3. Simulations

In order to test our analytical expectations we will now present
the results of a few 2562 simulations in two spatial dimensions.
Although these simulations are relatively small in size and dynam-
ical range, they are more than enough to support our analysis. In
all the simulations we use the PRS algorithm [14] modifying the
domain wall thickness in order to ensure a fixed comoving reso-
lution. More details about the numerical code can be found in [9]
and references therein.

Fig. 2 shows four snapshots of a matter era simulation of a real-
ization of Carter’s pentahedral model (ε = 0.2) with random initial
conditions. At each grid point, one of the minima was randomly as-
signed, all the minima having equal probability. The cosmic time t ,
is increasing from left to right and top to bottom (the horizon
is approximately 1/10, 1/8, 1/6 and 1/4 of the box size respec-
tively). The simulations show that Y-type junctions are much more
frequent than X-type ones. This is not surprising since the proba-
bility that the combination of two Y-type junctions will give rise to
one stable X-type can be easily calculated and is equal to 2/9, as-
suming that the corresponding minima are randomly chosen with
equal probability, subject to the constraint the same minima can-
not be assigned to both sides of a domain wall. On the other hand,
the probability that the collapse of a square domain with Y-type
junctions at the vertices will give rise to a stable X-type junction
is equal to 1/21, again assuming a random configuration. Fur-
thermore, this does not take into consideration that stable X-type
junctions may break into two Y-type junctions if enough energy is
available. However, some rare stable X-type junctions can still be
identified in the simulations.

Fig. 3 is similar to Fig. 2 except that now ε = 0.05. As a conse-
quence, the energy density inside the domain walls is reduced by
a factor of 4 while their thickness increases by a factor of 2. On
the other hand, the strings remain roughly the same. Of course,
in the ε → 0 limit the dynamics would be completely dominated
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by the strings. However, in this limit the thickness of the domain
walls becomes very large (δw ∝ ε−1/2) and the domain wall net-
work would no longer be well defined. In any case, this would not
help domain walls as a possible dark energy candidate since, in
that case, the contribution of the junctions to the energy density
would be the dominant one, thus leading to an equation of state
parameter significantly greater than −2/3. Moreover, the strings
have a small impact on the overall dynamics as long as the av-
erage domain wall energy density dominates over that associated

Fig. 3. Same as Fig. 1, except that now ε = 0.05.
with the junctions. This happens for σ L 
 μ ∼ 1 or equivalently
δw/L � 1, where L is the characteristic scale of the network. Such
condition is always verified as long as the thickness of the do-
main walls is much smaller their typical curvature scale. In fact,
the string energy per unit length (μ ∼ 1) of a stable Y-type junc-
tion is of the same order as the energy per unit length of a stable
X-type junction (∼Vεδ

2
w ∼ 1), which means that X-type junctions

are configurations of delicate equilibrium, susceptible to decay in
the presence of relatively small perturbations. Hence, even the rare
stable X-type junctions which appear in the simulations would
probably not be there if the domain wall thickness had not to be
artificially enlarged in order to ensure that the domain walls were
resolved by the numerical code.

Fig. 4 shows the configuration space distribution for the last
time step of the simulation in Fig. 2. On the left panel x and y
axis represent φ and ψ , respectively. The left panel shows that
only simple domain wall trajectories with constant θ = 2φ + ψ (or
χ = 2ψ − φ) appear in the simulations. On the right panel, the
x and y axis represent Re(Φ) = |Φ| cosφ and Im(Φ) = |Φ| sin φ,
respectively. The five different minima corresponding to a constant
value of |Φ| = √

1/(1 − ε) � 1.11, as well as the corresponding do-
main wall trajectories in Φ , can be easily identified. Fig. 5 is similar
to Fig. 4 except that now ε = 0.05 so that the minima on the left
correspond to |Φ| � 1.01. As a result, the domain wall trajectories
appear as nearly circular orbits on the left panel of Fig. 5.

Fig. 6 shows the evolution of a hand-made periodic square lat-
tice realization of Carter’s pentahedral model with ε = 0.2. The
initial configuration of minima was chosen to allow for X-type
junctions corresponding to a continuous φ and ψ , and X-type junc-
tions around which both φ and ψ change by a factor of 2π . As
expected, the simulations show that the former are stable while
the later are unstable and decay into two stable Y-type junctions.
Fig. 4. The configuration space distribution for the last time step of the simulation in Fig. 2. On the left panel the x and y axis represent the phases φ and ψ , respectively.
On the right panel the x and y axis represent Re(Φ) = |Φ| cos φ and Im(Φ) = |Φ| sin φ.

Fig. 5. The same as in Fig. 4 for ε = 0.05.
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Fig. 6. Evolution of a periodic square lattice of Carter’s pentahedral model. The
initial configuration of minima was chosen to allow for both stable and unstable
X-type junctions.

It is also possible to choose the initial conditions in a way that
a square lattice with only X-type junctions is formed and we have
verified that such a configuration is stable, as claimed by Carter
[10,13]. However, one should bear in mind that it corresponds to a
very specific set of initial conditions which would violate causality,
if they were to extend over scales larger than the particle horizon.

4. Conclusions

In this Letter we confirmed that there are very special real-
izations of Carter’s pentahedral model, corresponding to square
lattice configurations with X-type junctions, which could be sta-
ble. However, we have shown that more realistic realizations of
Carter’s pentahedral model, such as those with random initial con-
ditions, give rise to a network with Y-type junctions. This leads
to a domain wall network whose properties are virtually indistin-
guishable from those of a specific realization of the ideal class of
models with 4 real scalar fields (and 5 minima), with similar initial
conditions. The ideal class of models has been studied in detail in
[7,9] where a compelling evidence for a gradual approach to scal-
ing, with L ∝ t , was found both in the radiation and matter eras. As
a result, and in spite of its very interesting topological properties,
Carter’s pentahedral model does not naturally lead to a frustrated
network with v ∼ 0 and L � t , a necessary condition for domain
walls to provide a contribution to the dark energy budget. There
are other models which allow for X-type junctions (see for exam-
ple, [15,16]) but they also do not lead to a frozen network, starting
from random initial conditions [7,9].

Acknowledgements

We thank Carlos Herdeiro and Lara Sousa for useful discus-
sions. This work is part of a collaboration between Departamento
de Física, Universidade Federal da Paraíba, Brazil, and Departa-
mento de Física, Universidade do Porto, Portugal, supported by the
CAPES-GRICES project. This work was also funded by FCT (Portu-
gal) through contract CERN/FP/83508/2008.

References

[1] E. Komatsu, et al., WMAP Collaboration, Astrophys. J. Suppl. 180 (2009) 330,
0803.0547.

[2] J. Frieman, M. Turner, D. Huterer, Annu. Rev. Astron. Astrophys. 46 (2008) 385,
0803.0982.

[3] E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753, hep-
th/0603057.

[4] M. Bucher, D.N. Spergel, Phys. Rev. D 60 (1999) 043505, astro-ph/9812022.
[5] P.P. Avelino, C.J.A.P. Martins, J. Menezes, R. Menezes, J.C.R.E. Oliveira, Phys. Rev.

D 73 (2006) 123519, astro-ph/0602540.
[6] P.P. Avelino, C.J.A.P. Martins, J. Menezes, R. Menezes, J.C.R.E. Oliveira, Phys. Rev.

D 73 (2006) 123520, hep-ph/0604250.
[7] P.P. Avelino, C.J.A.P. Martins, J. Menezes, R. Menezes, J.C.R.E. Oliveira, Phys. Lett.

B 647 (2007) 63, astro-ph/0612444.
[8] R.A. Battye, A. Moss, Phys. Rev. D 74 (2006) 023528, hep-th/0605057.
[9] P.P. Avelino, C.J.A.P. Martins, J. Menezes, R. Menezes, J.C.R.E. Oliveira, Phys. Rev.

D 78 (2008) 103508, arXiv:0807.4442.
[10] B. Carter, Int. J. Theor. Phys. 44 (2005) 1729, hep-ph/0412397.
[11] R.A. Battye, B. Carter, E. Chachoua, A. Moss, Phys. Rev. D 72 (2005) 023503,

hep-th/0501244.
[12] R.A. Battye, E. Chachoua, A. Moss, Phys. Rev. D 73 (2006) 123528, hep-th/

0512207.
[13] B. Carter, Class. Quantum Grav. 25 (2008) 154001, hep-ph/0605029.
[14] W.H. Press, B.S. Ryden, D.N. Spergel, Astrophys. J. 347 (1989) 590.
[15] H. Kubotani, Prog. Theor. Phys. 87 (1992) 387.
[16] D. Bazeia, F.A. Brito, L. Losano, Europhys. Lett. D 76 (2006) 374, hep-th/

0512331.


	The role of domain wall junctions in Carter's pentahedral model
	Introduction
	The model
	Simulations
	Conclusions
	Acknowledgements
	References


